arXiv:1301.7671v2 [hep-th] 13 Feb 2013

DAMTP-2013-8

The Hamiltonian Form of Topologically Massive Supergravity

Alasdair Routh^1

1 Department of Applied Mathematics and Theoretical Physics, Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge, CB3 0WA, U.K.

email: A.J.Routh@damtp.cam.ac.uk

ABSTRACT

We construct a “Chern-Simons-like” action for N = 1 Topologically Massive Supergravity from the Chern-Simons actions of N = 1 Supergravity and Conformal Supergravity. We convert this action into Hamiltonian form and use this to demonstrate that the theory propagates a single massive ( 2,^3_2 ) supermultiplet.

1 Introduction

Theories of gravity in spacetimes of three dimensions (3D) have been studied extensively over the past few decades, both as tools for understanding gravity in four or more dimensions and for their own intrinsic interest. It is well-known that in 3D, massless spin-2 particles have no local degrees of freedom, and correspondingly 3D General Relativity (GR) is “trivial”. One thing this suggests is that studying 3D GR and its quantisation could be a helpful tool on the way to understanding the quantisation of 4D GR, see for example [1, 2]. It also suggests that in order to find a “non-trivial” 3D gravity theory, one should look at models of interacting massive spin-2 particles. Massive gravity is of general interest [3] and understanding the situation in 3D could help the development of more complicated 4D models.

In 3D a massive spin-2 particle has one local degree of freedom, and the first theory of such a particle to be discovered was Topologically Massive Gravity (TMG) [4]. This theory breaks parity, as a parity invariant theory must have two massive spin-2 particles of opposite helicities. Recently, this has been realised by another massive gravity model, New Massive Gravity (NMG) [5, 6], which propagates two modes of the same mass and opposite helicities and is parity invariant. The combination of the two models is called Generalised Massive Gravity (GMG) which propagates two modes of different masses and opposite helicities, and TMG and NMG can be realised as limits of this more general model.

The above discussion generalises to supergravity. The 3D massless super-multiplet containing a spin-2 particle as its highest spin state also has no local degrees of freedom, and so like its bosonic counterpart, 3D supergravity is “trivial”. Supersymmetric counterparts of TMG, NMG and GMG have been found [7–9], and in this paper we will be particularly interested in the N = 1 supersymmetric extension of TMG, called N = 1 Topologically Massive Supergravity (TMSG) first described in [10].

3D General Relativity [1, 11] and Conformal Gravity [12] can both be formulated as Chern-Simons theories of the 3D Poincaré Group (or A/dS Group if a cosmological constant is included) and Conformal Group respectively. In this form, their actions are integrals of 3-form Lagrangians constructed from exterior products of 1-forms and exterior derivatives. These 1-forms are the dreibein, spin-connection and in the case of Conformal Gravity extra fields corresponding to special conformal transformations and dilatations. TMG was originally formulated by adding together the action of 3D GR and an alternative gauge-fixed second-order action for Conformal Gravity, but it was recently noticed that one could get the same theory by combining the two Chern-Simons actions [13], putting TMG into “Chern-Simons-like” form. By this we mean that it is similar to a Chern-Simons theory in that it is described by an action which is the integral of a 3-form Lagrangian constructed from 1-form fields and exterior derivatives. However we do not require that the action arises from a group structure as in an actual Chern-Simons theory. Such “Chern-Simons-like” actions are worth considering for their interesting and useful properties. They are constructed without the use of a metric, they are relatively simple to work with, and importantly they are first-order. This last point relates to the fact that we treat the spin connection as an independent variable, to be determined by the field equations.

Being first-order makes these actions very easy to put into Hamiltonian form. As any term can only have one time-derivative, after a time/space decomposition the actions are automatically in the form “P · Ẋ − λ_iC_i”. The spacelike components of the 1-form fields can be interpreted as canonical variables X, P while the time components of the fields are always non-dynamical and act as Lagrange multipliers λ_i imposing various constraints C_i. We can use the Hamiltonian analysis described by Dirac in [14] to find any additional constraints which must be included. The “P · Ẋ” term defines Poisson brackets between the dynamical variables, and using these elementary Poisson brackets, the Poisson brackets of the constraints can be computed. We can then distinguish socalled first-class and second-class constraints and hence determine the number of physical modes the theory propagates.

In [13], “Chern-Simons-like” actions for TMG, NMG and GMG were found and their constraint structures analysed as described above, agreeing with previous results in [15– 21]. The aim of this paper is to extend that work to three different N = 1 supergravity theories. We will use a component approach, but superspace methods for Conformal Supergravity and TMSG have recently been studied in [22].

We will first review N = 1 Supergravity and Conformal Supergravity in their Chern- Simons forms. The Supergravity action is well-known, and while the first-order Chern- Simons version of the Conformal Supergravity action has almost been constructed several times in the literature [23–25], the explicit expression given here is perhaps novel. We will then use these theories to construct a “Chern-Simons-like” version of TMSG and finally transfer each supergravity theory into Hamiltonian form and analyse the constraint structure to determine the number of degrees of freedom each has.

2 The Supergravity Theories

We will begin our analysis by presenting the Chern-Simons forms of the 3D Supergravity and Conformal Supergravity actions from which we construct TMSG, which will allow us to introduce our conventions. We will then discuss TMSG itself. For a more thorough discussion of the corresponding bosonic theories using the same formulation and conventions, see [13], of which this paper is an extension^1.

2.1 Supergravity

Let us first recall the Einstein-Cartan formulation of 3D gravity. This model uses the dreibein e^a = e_μ^adx^μ, a Lorentz-vector valued one-form which gives rise to the metric g_{μν} = η_{ab}e_μ^ae_ν^b, and the spin connection ω_μ^a =^1_2 ϵ^{abc}ω_{μbc}, another 1-form which in three dimensions can be dualised as shown. We also dualise the Riemann tensor R^a = 1 2 ϵ^{abc}R_{bc} = dω^a +^1_2 ϵ^{abc}ω_bω_c, and define the covariant derivative of a Lorentz-vector valued one-form, Dh^a = dh^a +ϵ^{abc}ω_bh_c. We implicitly take the wedge product of adjacent forms.

In this notation the standard Einstein-Hilbert action becomes the integral of the Lagrangian three-form

1The field named h^a in this reference corresponds to −2f^a here, which is a more natural scaling in the context of Conformal Supergravity.

L_{EC} = 1 2 √ −g (R − 2Λ) dx^0dx^1dx^2 = −e_aR^a + Λ 6 ϵ^{abc}e_ae_be_c . (2.1)

This is a “first-order” formulation, we consider the spin connection to be an independent variable rather than a fixed function of the dreibein. Varying both of the forms, we get the following Euler-Lagrange equations corresponding to (e, ω) respectively R^a − Λ 2 ϵ^{abc}e_be_c = 0 , De^a = 0 . (2.2)

De^a is the torsion which the second equation sets to be zero. This determines the spin connection to be the usual one, which we will call ω(e). The first equation is then equivalent to the Einstein equation, G_{μν} + Λg_{μν} = 0. Note that this form of the action for GR is first order in time derivatives, which will be important when we look at the Hamiltonian form later.

We can extend this action to a supergravity action by introducing a gravitino, an anti-commuting Majorana spinor valued 1-form, ψ_μ^α. Define the covariant derivative of a spinor valued one-form, Dχ = dχ +^1_2 ω_aγ^aχ where the γ^a satisfy { γ^a, γ^b } = 2η^{ab} with the (− + +) convention, and whenever a representation of the γ^a is called for we will use a real representation defined in terms of the Pauli matrices

γ^0 = iσ_2 , γ^1 = σ_1 , γ^2 = σ_3 . (2.3)

Our supergravity action is L_{SEC} = −e_aR^a − 2ψ̄Dψ − λ^2 6 ϵ^{abc}e_ae_be_c + λe_aψ̄γ^aψ . (2.4) The cosmological constant is Λ = −λ^2, non-positive in supergravity. Again vary each form to get the Euler-Lagrange equations corresponding to (e, ψ, ω)

R^a + λ^2 2 ϵ^{abc}e_be_c − λψ̄γ^aψ = 0 , Dψ + λ 2 e_aγ^aψ = 0 , De^a − ψ̄γ^aψ = 0 . (2.5)

The third equation is the usual supergravity torsion condition, which defines the spin connection in terms of the dreibein and the gravitino, we will denote this spin connection ω(e, ψ). The first and second equations are then the standard trivial equations of motion for the graviton and gravitino in 3D.

2.2 Conformal Supergravity

Conformal Supergravity can be constructed as the Chern-Simons theory of the 3D N = 1 superconformal algebra, Osp(1|4) [23–25], just as Conformal Gravity has been constructed as the Chern-Simons theory of the conformal group [12]. As a Chern-Simons theory, Conformal Supergravity has a field corresponding to each transformation generator in the N = 1 superconformal algebra. The translations and Lorentz rotations give rise to e^a and ω^a respectively, and the supersymmetry transformations correspond to ψ. There are also special conformal transformations, conformal supersymmetry transformations and dilatations, so we must introduce new 1-form fields f^a, ϕ (an anti-commuting Majorana spinor) and b associated to these.

To construct the action, we have followed the working of [24], and explicitly written out their expression (3.1) in terms of the basic forms

L_{CSG} = 1 2 ω_adω^a + 1 6 ϵ_{abc}ω^aω^bω^c −2f_a(De^a − be^a − ψ̄γ^aψ) +4ψ̄Dϕ + 1 2 bdb − 2bψ̄ϕ − 2e_aϕ̄γ^aϕ . (2.6)

P^a Q J^a S K^a D δe^a (D − b)ξ^a 2ϵ̄γ^aψ −ϵ^{abc}λ_be_c 0 0 Ωe^a δψ −ξ^aγ_aϕ (D −^1_2 b)ϵ −^1_2 λ_aγ^aψ e_aγ^aη 0^1_2 Ωψ δω^a −2ϵ^{abc}f_bξ_c 2ϵ̄γ^aϕ Dλ^a 2η̄γ^aψ −2ϵ^{abc}e_bχ_c 0 δϕ 0 −f_aγ^aϵ −^1_2 λ_aγ^aϕ (D +^1_2 b)η χ_aγ^aψ −^1_2 Ωϕ δf^a 0 0 −ϵ^{abc}λ_bf_c −2η̄γ^aϕ (D + b)χ^a −Ωf^a δb −2f_aξ^a 2ϵ̄ϕ 0 −2η̄ψ 2e_aχ^a dΩ Table 1: Transformations of fields under the superconformal algebra

To find the equations of motion, first eliminate every variable except e^a and ψ using their equations of motion

f : ω_μ^a = ω_μ^a(e, ψ, b) ≡ ω_μ^a(e, ψ) + ϵ_μ^{aν} b_ν ω : R^a − 2ϵ^{abc}e_bf_c − 2ψ̄γ^aϕ = 0 b : db − 2ψ̄ϕ + 2e_af^a = 0

ϕ : 4Dψ − 2bψ + 4e_aγ^aϕ = 0 . (2.7)

Using the Bianchi identity DDe^a = ϵ^{abc}R_be_c, one can see that the ω and ϕ equations imply the b equation. As with Conformal Gravity, this is because b can be gauged away by special conformal transformations, so we can set it to be zero as it must drop out of the final equations of motion. The ϕ equation determines ϕ(e, ψ) and then the ω equation defines f^a(e, ψ)

ϕ_μ = − 1 2 e^{−1}γ_ν γ_μR^ν f_{μν} = 1 2 S_{μν} (e) + fermions , (2.8) where e is the determinant of the dreibein, R^μ = ϵ^{μνρ}D_ν ψ_ρ and S_{μν} (e) ≡ R_{μν} −^1_4 Rg_{μν} is the 3D Schouten tensor.

The e^a and ψ equations then give the equations of motion for the bosonic and fermionic modes. This action is of course invariant under the superconformal algebra, the action of which is shown in the table above.

2.3 Topologically Massive Supergravity

Just as the TMG Lagrangian can be constructed as −1 × the Einstein-Cartan Lagrangian +^1_μ × the Conformal Gravity Lagrangian [13], TMSG can be constructed as −1 × the Supergravity Lagrangian +^1_μ × the Conformal Supergravity Lagrangian. This “Chern- Simons-like” action, which we will demonstrate is equivalent to the TMSG action given in [10], is

L_{T MSG} = e_aR^a + 2ψ̄Dψ + λ^2 6 ϵ^{abc}e_ae_be_c − λe_aψ̄γ^aψ + 1 μ { 1 2 ω_adω^a + 1 6 ϵ_{abc}ω^aω^bω^c − 2f_a(De^a − be^a − ψ̄γ^aψ) +4ψ̄Dϕ + 1 2 bdb − 2bψ̄ϕ − 2e_aϕ̄γ^aϕ } . (2.9)

Now consider the relation between the Euler-Lagrange equations of this theory and those of Chern-Simons Conformal Supergravity above. The TMSG equations are

f : ω_μ^a = ω_μ^a(e, ψ, b) ω : R^a − 2ϵ^{abc}e_bf_c − 2ψ̄γ^aϕ = −μbe^a b : db − 2ψ̄ϕ + 2e_af^a = 0

ϕ : 4Dψ − 2bψ + 4e_aγ^aϕ = 0 , (2.10)

which differ from the corresponding Conformal Supergravity equations only by the extra term on the right hand side of the ω equation. Notice that the ω equation which determines f^a(e, ψ, ϕ, b) is linear in f^a, so write f^a = f^a_0 + f^a_1 , where f^a_0 is the solution of the Conformal Supergravity equations above. Then the ω and b equations become

− 2ϵ^{abc}e_bf_{1c} = −μbe^a , 2e_af^a_1 = 0 . (2.11)

The first equation is equivalent to

f_{1[μν]} = 1 2 μe^{−1}ϵ_{μνρ}b^ρ , (2.12) while the second equation says that the left hand side of this equation vanishes, implying b = 0. The first equation then sets f^a_1 = 0. This implies that f^a is the same as in Conformal Supergravity, and we can determine that ϕ is as well.

Looking ahead to the Hamiltonian formulation, after choosing a time co-ordinate on our space time, the b_i will be dynamical variables, and the equation b = 0 indicates the presence of constraints on them. As in [13], it will make later calculations simpler if we have as few constraints as possible, so we can consider setting b_μdx^μ = b_0dx^0 in the Lagrangian. Although b_i = 0 is a consequence of the equations of motion, this change may in principle alter the theory as it eliminates the two equations of motion of b_i, so we must check that the equations of motion are unaltered. Our previous analysis holds until the step where we determine f^a_1 = 0 and b = 0. The single b_0 equation becomes

f_{1[ij]} = 0 , (2.13)

and the ω equation becomes

f_{1[ij]} = 1 2 μe^{−1}ϵ_{ij0}b^0 , (2.14)

which implies that b_0 = 0 and thus f^a_1 = 0. This was the only place we used the b equation, so the final equations of motion do not change, and we may set b_i = 0 in the Lagrangian without changing the theory.

Now we have expressions for all variables in terms of e^a and ψ, the Euler-Lagrange equations for these two variables then give us the equations of motion for Topologically Massive Supergravity, the former being the Topologically Massive Gravity equation with extra fermion terms and the latter an equation for ψ. If we substitute the expressions for ϕ and f^a into the Lagrangian to make it depend on e^a and ψ only, it becomes

L_{T MSG} = e_aR^a + 2ψ̄Dψ + λ^2 6 ϵ^{abc}e_ae_be_c − λe_aψ̄γ^aψ + 1 μ { 1 2 ω_adω^a + 1 6 ϵ_{abc}ω^aω^bω^c − e^{−1}R̄^μγ_ν γ_μR^ν } , (2.15)

where ω_μ^a = ω_μ^a(e, ψ) implicitly. This is the same as the usual result [10, 26, 27] with a cosmological constant^2.

3 Hamiltonian Formulation

Now that we have first order Lagrangians for our theories, we can easily convert them into Hamiltonian form and then perform an analysis of the Poisson brackets structure of the constraints to determine the number of degrees of freedom of each theory [14]. We will introduce the necessary concepts by working through the simpler theories first. The analysis for the purely bosonic theories was performed in [13].

2Our Lagrangians have an overall factor of^1_2 and our field ψ is scaled by a factor of^1_2 compared to [10].

3.1 Supergravity

Consider the theories given by integrating each Lagrangian 3-form we have discussed over a 3-manifold with a Cauchy hypersurface. We will assume the spacetime can be foliated by spacelike surfaces indexed by a time t such that we can decompose our forms as, for example, e_μ^adx^μ = e_0^adt + e_i^adξ^i. We transfer our Lagrangian 3-forms into the usual Lagrangians by L = L dx^0dx^1dx^2, getting expressions which are first order in time derivatives for each of our theories.

Our first example, Supergravity, has Lagrangian

L_{SEC} = ϵ^{μνρ} ( −e_μ∂_ν ω_ρ − 1 2 ϵ^{abc}e_{μa}ω_{νb}ω_{ρc} − 2ψ̄_μ∂_ν ψ_ρ + ω_{μa}ψ̄_ν γ^aψ_ρ − λ^2 6 ϵ^{abc}e_{μa}e_{νb}e_{ρc} + λe_{μa}ψ̄_ν γ^aψ_ρ ) . (3.1)

To make the necessary calculations easier, rescale the fields as e^a → −e^a ψ → 1 2 ψ . (3.2)

Decompose the spacetime directions into time and spacelike directions L_{SEC} = ϵ^{ij} e_{ja}ω̇_i^a − 1 2 ϵ^{ij}ψ̄_jψ̇_i + e_{0a}C^a_e + ω_{0a}C^a_ω + ψ̄_0C_ψ , (3.3)

The fields e_{0a}, ω_{0a} and ψ_0 can be seen to be non-dynamical, and act as Lagrange multipliers imposing the constraints C^a_e , C^a_ω and C_ψ respectively, defined as

C^a_e = ϵ^{ij} (∂_iω_j^a + 1 2 ϵ^{abc}ω_{ib}ω_{jc} + λ^2 2 ϵ^{abc}e_{ib}e_{jc} − λ 4 ψ̄_iγ^aψ_j)

C^a_ω = ϵ^{ij} (∂_ie_j^a + ϵ^{abc}e_{ib}ω_{jc} + 1 4 ψ̄_iγ^aψ_j ) C_ψ = ϵ^{ij} (−∂_iψ_j − 1 2 ω_{ia}γ^aψ_j + λ 2 e_{ia}γ^aψ_j ) . (3.4)

This Lagrangian is now in Hamiltonian form, by which we mean that it is a symplectic term minus a Hamiltonian. The Hamiltonian of a time reparametrisation invariant theory like all those we are working with must vanish, so takes the form of a collection of constraints. The symplectic term tells us the Poisson brackets of the theory { ω_i^a(ξ), e_j^b(ζ) } = ϵ_{ij}η^{ab}δ^{(2)}(ξ − ζ) { ψ_i^α(ξ), ψ_j^β (ζ) } = −ϵ_{ij} ϵ^{αβ} δ^{(2)}(ξ − ζ) . (3.5)

Note that the Poisson brackets of commuting variables are anti-symmetric while the Poisson brackets of anti-commuting variables are symmetric. To work out the number of degrees of freedom the theory has, we must calculated the matrix of Poisson brackets of constraints, { C^A_x (ξ), C^B_y (ζ) } |_{C=0} = P^{AB}_{xy} δ^{(2)}(ξ − ζ) , (3.6)

where x, y label the fields, e, ω, ... and A, B a Lorentz index for e, ω, f a spinor index for ψ, ϕ and is absent for b. We evaluate this matrix on the constraint surface, where all constraints are set to 0. The rank of this matrix will then be the number of second class constraints in the theory, the rest being first class. We use the formula “dimension of physical phase space = dimension of phase space - (2 × number of first class constraints) - (1 × number of second class constraints)” to work out the number of physical modes, which is half the dimension of the physical phase space as in [13].

To compute the Poisson brackets of the constraints, we integrate them against test functions, arbitrary smooth functions with compact support so all surface terms vanish C(α) = ∫ d^2ξα_a(ξ)C^a(ξ) , (3.7)

and find

{C_ω(α), C_ω(β)} = C_ω(α × β) {C_ω(α), C_e(β)} = C_e(α × β) {C_ω(α), C_ψ(η̄)} = − 1 2 C_ψ(α_aη̄γ^a) {C_e(α), C_e(β)} = λ^2C_ω(α × β) {C_e(α), C_ψ(η̄)} = λ 2 C_ψ(α_aη̄γ^a) { C_ψ(η̄), C_ψ(ξ̄ } = − 1 2 C_e(ξ̄γ^aη) + λ 2 C_ω(ξ̄γ^aη) . (3.8)

The algebra of Poisson brackets closes, equivalently all Poisson brackets are zero when evaluated on the constraint surface, so all the constraints of the theory are first class. The dimension of the phase space is 16, as e_i^a and ω_i^a have 6 components each and ψ_i has 4, and there are 8 constraints as e^a_0 and ω^a_0 have 3 components each and ψ_0 has 2. The physical phase space therefore has dimension 16 − (2 × 8) − (1 × 0) = 0; as expected there are no propagating modes.

3.2 Conformal Supergravity

Now we do the same thing for Conformal Supergravity, which has Lagrangian

L_{CSG} = ϵ^{μνρ} { 1 2 ω_{μa}∂_ν ω_ρ^a + 1 6 ϵ_{abc}ω_μ^aω_ν^bω_ρ^c −2f_{μa}(∂_ν e_ρ^a + ϵ^{abc}ω_{νb}e_{ρc} − b_ν e_ρ^a − ψ̄_ν γ^aψ_ρ) +4ψ̄_μ∂_ν ϕ_ρ − 2ω_μψ̄_ν γ^aϕ_ρ + 1 2 b_μ∂_ν b_ρ − 2b_μψ̄_ν ϕ_ρ − 2e_{μa}ϕ̄_ν γ^aϕ_ρ } . (3.9)

It will again be convenient to rescale some of the fields to simplify the calculation; change f^a → − 1 2 f^a , ψ → 1 2 ψ , ϕ → 1 2 ϕ . (3.10)

The Lagrangian then decomposes into

L_{CSG} = 1 2 ϵ^{ij} ω_{ja}ω̇_i^a + ϵ^{ij} f_{ja}ė_i^a + 1 2 ϵ^{ij} b_jḃ_i + ϵ^{ij} ψ_jϕ̇_i

+ω_{0a}C^a_ω + f_{0a}C^a_f + e_{0a}C^a_e + b_0C_b + ψ̄_0C_ψ + ϕ̄_0C_ϕ , (3.11)

where the constraints are

C^a_ω = ϵ^{ij} (∂_iω_j^a + 1 2 ϵ^{abc}ω_{ib}ω_{jc} + ϵ^{abc}e_{ib}f_{jc} − 1 2 ψ̄_iγ^aϕ_j) C^a_f = ϵ^{ij} (∂_ie_j^a + ϵ^{abc}ω_{ib}e_{jc} − b_ie_j^a − 1 4 ψ̄_iγ^aψ_j)

C^a_e = ϵ^{ij} (∂_if_j^a + ϵ^{abc}f_{ib}ω_{jc} + b_if_j^a − 1 2 ϕ̄_iγ^aϕ_j)

C_b = ϵ^{ij} (∂_ib_j − e_{ia}f_j^a − 1 2 ψ̄_iϕ_j)

C_ψ = ϵ^{ij} (∂_iϕ_j + 1 2 f_{ia}γ^aψ_j + 1 2 ω_{ia}γ^aϕ_j + 1 2 b_iϕ_j)

C_ϕ = ϵ^{ij} (∂_iψ_j + e_{ia}γ^aϕ_j + 1 2 ω_{ia}γ^aψ_j − 1 2 b_iψ_j ) . (3.12)

We can compute the Poisson brackets as well, which have been conveniently normalised by the rescaling done earlier { ω_i^a(ξ), ω_j^b(ζ) } = ϵ_{ij} η^{ab}δ^{(2)}(ξ − ζ) { e_i^a(ξ), f_j^b(ζ) } = ϵ_{ij} η^{ab}δ^{(2)}(ξ − ζ) {b_i(ξ), b_j(ζ)} = ϵ_{ij} δ^{(2)}(ξ − ζ) { ψ_i^α(ξ), ϕ_j^β(ζ) } = ϵ_{ij} ϵ^{αβ} δ^{(2)}(ξ − ζ) . (3.13)

Again use the test function method to calculate the Poisson brackets of the constraints

{C_ω(α), C_ω(β)} = C_ω(α × β) , {C_ω(α), C_f (β)} = C_f (α × β) {C_ω(α), C_e(β)} = C_e(α × β) , {C_ω(α), C_b(σ)} = 0 {C_ω(α), C_ψ(η̄)} = − 1 2 C_ψ(α_aη̄γ^a) , {C_ω(α), C_ϕ(η̄)} = − 1 2 C_ϕ(α_aη̄γ^a) {C_f (α), C_f (β)} = 0 , {C_f (α), C_e(β)} = C_ω(α × β) + C_b(α · β) {C_f (α), C_b(σ)} = −C_f (α^aσ) , {C_f (α), C_ψ(η̄)} = − 1 2 C_ϕ(α_aη̄γ^a) {C_f (α), C_ϕ(η̄)} = 0 , {C_e(α), C_e(β)} = 0 {C_e(α), C_b(σ)} = C_e(α^aσ) , {C_e(α), C_ψ(η̄)} = 0 {C_e(α), C_ϕ(η̄)} = −C_ψ(α_aη̄γ^a) , {C_b(σ), C_b(τ)} = 0 {C_b(σ), C_ψ(η̄)} = − 1 2 C_ψ(ση̄) , {C_b(σ), C_ϕ(η̄)} = 1 2 C_ϕ(ση̄) { C_ψ(η̄), C_ψ(ξ̄) } = 1 2 C_e(ξ̄γ^aη) , { C_ψ(η̄), C_ϕ(ξ̄) } = 1 2 C_ω(ξ̄γ^aη) − 1 2 C_b(ξ̄η) { C_ϕ(η̄), C_ϕ(ξ̄) } = C_f (ξ̄γ^aη) . (3.14)

The algebra closes again, so all constraints are first class and Conformal Supergravity has 28 − (2 × 14) − (1 × 0) = 0 propagating modes, as expected.

3.3 Topologically Massive Supergravity

The Topologically Massive Supergravity action, setting b_i = 0 as we have earlier checked does not alter the theory, is

L_{T MSG} = ϵ^{μνρ} { e_μ∂_ν ω_ρ + 1 2 ϵ^{abc}e_{μa}ω_{νb}ω_{ρc} + 2ψ̄_μ∂_ν ψ_ρ − ω_{μa}ψ̄_ν γ^aψ_ρ + λ^2 6 ϵ^{abc}e_{μa}e_{νb}e_{ρc} − λe_{μa}ψ̄_ν γ^aψ_ρ }

+ 1 μ ϵ^{μνρ} { 1 2 ω_{μa}∂_ν ω_ρ^a + 1 6 ϵ_{abc}ω_μ^aω_ν^bω_ρ^c −2f_{μa}(∂_ν e_ρ^a + ϵ^{abc}ω_{νb}e_{ρc} − b_ν e_ρ^a − ψ̄_ν γ^aψ_ρ) +4ψ̄_μ∂_ν ϕ_ρ − 2ω_μψ̄_ν γ^aϕ_ρ − 2b_μψ̄_ν ϕ_ρ − 2e_{μa}ϕ̄_ν γ^aϕ_ρ } . (3.15)

The Poisson bracket structure is not affected by an overall factor in the Lagrangian so consider the Lagrangian μL , the case μ = 0 is Conformal Supergravity which we have already dealt with. Redefine fields ẽ^a = μe^a , Ω^a = ω^a + μe^a , k^a = 1 μ (−2f^a − 1 2 μ^2e^a) , ψ̃ = √μψ , χ = 1 μ (4ϕ + 2μψ) , (3.16)

and then drop the tildes we have introduced for convenience.

After rewriting everything in terms of these new variables and decomposing the spacetime directions, the Lagrangian becomes

μL_{T MSG} = 1 2 ϵ^{ij} Ω_{ja}Ω̇_i^a + ϵ^{ij} k_{ja}ė_i^a + ϵ^{ij}χ̄_j ψ_j

+Ω_{0a}C^a_Ω + k_{0a}C^a_k + e_{0a}C^a_e + b_0C_bψ̄_0C_ψ + χ̄_0C_χ , (3.17)

where the constraints are, writing l =^λ_μ

C^a_Ω = ϵ^{ij} [ ∂_iΩ_j^a + 1 2 ϵ^{abc}Ω_{ib}Ω_{jc} + ϵ^{abc}e_{ib}k_{jc} − 1 2 ψ̄_iγ^aχ_j ]

C^a_k = ϵ^{ij} [ ∂_ie_j^a + ϵ^{abc}Ω_{ib}e_{jc} − ϵ^{abc}e_{ib}e_{jc} − ψ̄_iγ^aψ_j ]

C^a_e = ϵ^{ij} [ ∂_ik_j^a − 1 2 (1 − l^2)ϵ^{abc}e_{ib}e_{jc} + ϵ^{abc}k_{ib}Ω_{jc} − 2ϵ^{abc}e_{ib}k_{jc} −(1 + l)ψ̄_iγ^aψ_j + ψ̄_iγ^aχ_j − 1 8 χ̄_iγ^aχ_j ]

C_b = ϵ^{ij} [ −e_{ia}k_j^a − 1 2 ψ̄_iχ_j ]

C_ψ = ϵ^{ij} [ ∂_iχ_j + 2k_{ia}γ^aψ_j + 2(1 + l)e_{ia}γ^aψ_j + 1 2 Ω_{ia}γ^aχ_j − e_{ia}γ^aχ_j ]

C_χ = ϵ^{ij} [ ∂_iψ_j + 1 2 Ω_{ia}γ^aψ_j − e_{ia}γ^aψ_j + 1 4 e_{ia}γ^aχ_j ] . (3.18)

The complicated field redefinitions earlier were designed to simplify the Poisson brackets as much as possible { Ω_i^a(ξ), Ω_j^b(ζ) } = ϵ_{ij} η^{ab}δ^{(2)}(ξ − ζ) { e_i^a(ξ), k_j^b(ζ) } = ϵ_{ij} η^{ab}δ^{(2)}(ξ − ζ) { ψ_i^α(ξ), χ_j^β(ζ) } = ϵ_{ij} ϵ^{αβ} δ^{(2)}(ξ − ζ) . (3.19)

We can now work out the Poisson brackets of the constraints. As we are interested in whether the constraints are first or second class, for brevity we shall ignore all multiples of constraints which appear on the right hand side of these equations, equivalently we shall work out the Poisson brackets evaluated on the constraint surface.

{C_Ω(α), C_Ω(β)} = 0 , {C_Ω(α), C_k(β)} = 0 ,

{C_Ω(α), C_e(β)} = 0 , {C_Ω(α), C_b(σ)} = 0 ,

{C_Ω(α), C_ψ(η̄)} = 0 , {C_Ω(α), C_χ(η̄)} = 0 ,

{C_k(α), C_k(β)} = − ∫ d^2ζ α_aβ_bϵ^{ij} e_i^ae_j^b , {C_k(α), C_e(β)} = ∫ d^2ζ α_aβ_bϵ^{ij} e_i^ak_j^b , {C_k(α), C_b(σ)} = − ∫ d^2ζ ϵ^{ij} [ ∂_iσα_ae_j^a − σα_aϵ^{abc}e_{ib}e_{jc} ] , {C_k(α), C_ψ(η̄)} = ∫ d^2ζ 1 2 ϵ^{ij} α_aη̄e_i^aχ_j , {C_k(α), C_χ(η̄)} = − ∫ d^2ζ 1 2 ϵ^{ij} α_aη̄e_i^aψ_j ,

{C_e(α), C_e(β)} = − ∫ d^2ζ α_aβ_bϵ^{ij} [ k_i^ak_j^b + (1 + l)^2ϵ^{abc}(ψ̄_iγ_cψ_j

−(1 + l)ψ̄_iγ_cχ_j + 1 4 χ̄_iγ_cχ_j) ] , {C_e(α), C_b(σ)} = ∫ d^2ζ ϵ^{ij} [ ∂_iσα_ak_j^a + ϵ^{abc}σα_a ( 3 2 (1 − l^2)e_{ib}e_{jc} + 2e_{ib}k_{jc} )

+2(1 + l)σα_aψ̄_iγ^aψ_j − σα_aψ̄_iγ^aχ_j ] , {C_e(α), C_ψ(η̄)} = ∫ d^2ζ 1 2 ϵ^{ij} α_aη̄ [ −k_i^aχ_j − 4(1 + l)^2ϵ^{abc}e_{ib}γ_cψ_j + 2(1 + l)ϵ^{abc}e_{ib}γ_cχ_j ] , {C_e(α), C_χ(η̄)} = ∫ d^2ζ 1 2 ϵ^{ij} α_aη̄ [ k_i^aψ_j + 2(1 + l)ϵ^{abc}e_{ib}γ_cψ_j − ϵ^{abc}e_{ib}γ_cχ_j ] ,

{C_b(σ), C_ψ(η̄)} = ∫ d^2ζ ϵ^{ij} [ − 1 2 ∂_iση̄χ_j + 4(1 + l)e_{ia}ση̄γ^aψ_j − e_{ia}ση̄γ^aχ_j ] , {C_b(σ), C_χ(η̄)} = ∫ d^2ζ ϵ^{ij} [ 1 2 ∂_iση̄ψ_j − e_{ia}ση̄γ^aψ_j ] , { C_ψ(η̄), C_ψ(ξ̄ } = ∫ d^2ζ ϵ^{ij} [ −(1 + l)^2ϵ^{abc}e_{ia}e_{jb}ξ̄γ_cη + 1 4 ξ̄χ_iη̄χ_j ] , { C_ψ(η̄), C_χ(ξ̄ } = ∫ d^2ζ ϵ^{ij} [ 1 2 (1 + l)ϵ^{abc}e_{ia}e_{jb}ξ̄γ_cη − 1 4 ξ̄ψ_iη̄χ_j ] , { C_χ(η̄), C_χ(ξ̄ } = ∫ d^2ζ ϵ^{ij} [ − 1 4 ϵ^{abc}e_{ia}e_{jb}ξ̄γ_cη + 1 4 ξ̄ψ_iη̄ψ_j ] . (3.20)

We want to work out the rank of the 14 × 14 matrix of Poisson brackets P^{AB}_{xy} . Compared to a purely bosonic theory, there is potentially an additional complication as this matrix is a supermatrix. We are trying to find the number of independent second class constraints, which is the number of linearly independent rows or columns of the matrix. A set of vectors {v_i} is linearly independent if λ^iv_i = 0 ⇒ λ^i = 0. If we allow the {v_i} to be Grassmann odd, we can use the same definition as long as we also allow the {λ^i} to be Grassmann odd, and then everything procedes as in the bosonic case.

To minimise the amount of calculation necessary, first notice that since the three C^a_Ω commute with everything, as in [13] we can separate these conditions out, using them to pick the local frame e_1^a = (0, 1, 0), e_2^a = (0, 0, 1) and reducing the problem to finding the rank of the 11 ×11 submatrix, P̂ formed by removing the Ω rows and columns. Next, we compute { C^0_k (ξ), C_b(ζ) } = 2δ^{(2)}(ξ − ζ) , (3.21)

and that all other Poisson brackets with C^0_k vanish. The b column is therefore linearly independent of the other columns, and similarly the b row is linearly independent of the other rows. Let the 10 × 10 submatrix formed by removing the b row and column of P̂ be denoted Q. Reorder the rows and columns so

P̂ = ( Q v w 0 ) . (3.22)

Now recall that the rank of a matrix, the dimension of its column space col(M) and the dimension of its row space row(M) are all equal. By linear independence of the b row and column

rank(P̂ ) = dimcol ( Q v w 0 ) = dimcol ( Q w ) + 1 = dimrow ( Q w ) + 1 = dimrow ( Q ) + 2 = rank(Q) + 2 . (3.23)

The problem therefore reduces to calculating the rank of Q. We have already fixed e_i^a, and Ω_i^a and b do not appear in Q, so the matrix is composed of the 6 elements of k_i^a and the 4 elements of each of ψ_i^α and χ_i^α. After writing the matrix out in terms of these variables, the row space of the matrix can be seen to be spanned by the k^1_0, k^2_0 , ψ^1_0 and ψ^2_0 rows. More explicitly, first subtract appropriate combinations of the k^1_0 and k^2_0 rows from all the others in order to remove all elements of k_i^a from them, the resulting matrix then has rank 4 by inspection. Therefore, Q has rank 4, P̂ has rank 6 and the original matrix, P , also has rank 6. TMSG therefore has a 26 − (2 × 8) − (1 × 6) = 4 dimensional physical phase space, or equivalently 2 propagating modes. We know that TMSG is supersymmetric [10] so this is a massive spin ( 2,^3_2 ) supermultiplet. Note that this is independent of the value of λ.

4 Discussion

We have constructed a first-order Chern-Simons action for Conformal Supergravity, and then combined this with the Chern-Simons Supergravity action to get a “Chern-Simons-like” action for TMSG which is equivalent to the existing formulation. This new action has a number of nice properties, being first-order, metric independent and convenient to work with. We slightly modified this action by setting b_i = 0 which we showed does not change the dynamics, a step performed for all dynamically non-trivial “Chern-Simons-like” actions so far studied here and in [13]. Using this action we have then shown that TMSG has two propagating modes, which must be a spin ( 2,^3_2 ) supermultiplet, while the Chern-Simons theories it is constructed from of course have no local degrees of freedom.

It would be interesting to extend these results to other similar models of massive 3D supergravity [7–9]. It was not obvious that a “Chern-Simons-like” action for TMSG had to exist, and the existence of “Chern-Simons-like” actions for other massive 3D supergravity theories is similarly unclear. One complication is that supersymmetry acts differently on each of the Chern-Simons actions composing TMSG. That the final action is supersymmetric is shown by equivalence to an existing supersymmetric model.

One possible extension would be to N = 1 supersymmetric versions of NMG and GMG, a supersymmetrisation of the bosonic “Chern-Simons-like” models presented in [13]. Such a theory would involve an extra Lorentz vector 1-form, k^a, and one would have to supersymmetrise a term

k_aR^a + 1 2 ϵ_{abc}e^ak^bk^c . (4.1)

One could begin by defining a superpartner χ to h^a, then the first term could be supersymmetrised as the usual Einstein-Hilbert term is by adding 2χ̄Dχ. However beyond this the large number of possible extra terms, as well as the existence in the bosonic version of an additional Lorentz scalar 1-form [13], and the problem of establishing that the final action is supersymmetric make this a complicated task.

Another interesting extension would be to N = 2 TMSG. The Supergravity action would then contain a one-form A corresponding to R-Symmetry and perhaps a one-form C corresponding to a central charge, and the Conformal Supergravity action would gain a term AdA [28, 29]. The theory would be expected to propagate a spin ( 2,^3_2 ,^3_2 , 1 ) supermultiplet, the spin-1 mode being formed from A or C, but it is difficult to see how any 3-form terms of the type needed for the action to be “Chern-Simons-like” could give rise to the required Maxwell action for A or C.

Acknowledgements I would like to thank Paul K. Townsend, at whose suggestion and under whose supervision this work was carried out. I am supported by the STFC.

References

[1] E. Witten, “(2+1)-Dimensional Gravity as an Exactly Soluble System,” Nucl. Phys.

B 311 (1988) 46.

[2] S. Deser, R. Jackiw and G. ’t Hooft, “Three-Dimensional Einstein Gravity:

Dynamics of Flat Space,” Annals Phys. 152 (1984) 220

[3] K. Hinterbichler, “Theoretical Aspects of Massive Gravity,” arXiv:1105.3735 [hep-th].

[4] S. Deser, R. Jackiw and S. Templeton, “Topologically Massive Gauge Theories,” Annals Phys. 140 (1982) 372 [Erratum-ibid. 185 (1988) 406] [Annals Phys. 185 (1988) 406] [Annals Phys. 281 (2000) 409].

[5] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “Massive Gravity in Three Dimensions,” Phys. Rev. Lett. 102 (2009) 201301 [arXiv:0901.1766 [hep-th]].

[6] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “More on Massive 3D Gravity,” Phys. Rev. D 79 (2009) 124042 [arXiv:0905.1259 [hep-th]].

[7] R. Andringa, E. A. Bergshoeff, M. de Roo, O. Hohm, E. Sezgin and P. K. Townsend, “Massive 3D Supergravity,” Class. Quant. Grav. 27 (2010) 025010 [arXiv:0907.4658 [hep-th]].

[8] E. A. Bergshoeff, O. Hohm, J. Rosseel, E. Sezgin and P. K. Townsend, “More on Massive 3D Supergravity,” Class. Quant. Grav. 28 (2011) 015002 [arXiv:1005.3952 [hep-th]].

[9] E. A. Bergshoeff, O. Hohm, J. Rosseel and P. K. Townsend, “On Maximal Massive 3D Supergravity,” Class. Quant. Grav. 27 (2010) 235012 [arXiv:1007.4075 [hep-th]].

[10] S. Deser and J. H. Kay, “Topologically Massive Supergravity,” Phys. Lett. B 120 (1983) 97.

[11] A. Achucarro and P. K. Townsend, “A Chern-Simons Action for Three-Dimensional anti-De Sitter Supergravity Theories,” Phys. Lett. B 180 (1986) 89.

[12] J. H. Horne and E. Witten, “Conformal Gravity In Three-dimensions As A Gauge Theory,” Phys. Rev. Lett. 62 (1989) 501.

[13] O. Hohm, A. Routh, P. K. Townsend and B. Zhang, “On the Hamiltonian Form of 3D Massive Gravity,” Phys. Rev. D 86 (2012) 084035 [arXiv:1208.0038 [hep-th]].

[14] P. A. M. Dirac, “Generalized Hamiltonian dynamics,” Can. J. Math. 2 (1950) 129;

Proc. Roy. Soc. Lond. A 246 (1958) 326; Lectures on Quantum Mechanics (Dover Publications, Inc., Mineola, NY, 2001), originally published by the Belfer Graduate School of Science, Yeshiva University, New York (1964).

[15] S. Deser and X. Xiang, “Canonical formulations of full nonlinear topologically massive gravity,” Phys. Lett. B 263 (1991) 39.

[16] I. L. Buchbinder, S. L. Lyahovich and V. A. Krychtin, “Canonical quantization of topologically massive gravity,” Class. Quant. Grav. 10 (1993) 2083.

[17] D. Grumiller, R. Jackiw and N. Johansson, “Canonical analysis of cosmological topologically massive gravity at the chiral point,” arXiv:0806.4185 [hep-th].

[18] S. Carlip, “The Constraint Algebra of Topologically Massive AdS Gravity,” JHEP 0810 (2008) 078 [arXiv:0807.4152 [hep-th]].

[19] M. Blagojevic and B. Cvetkovic, “Canonical structure of topologically massive gravity with a cosmological constant,” JHEP 0905 (2009) 073 [arXiv:0812.4742 [gr-qc]].

[20] M. Blagojevic and B. Cvetkovic, “Hamiltonian analysis of BHT massive gravity,” JHEP 1101 (2011) 082 [arXiv:1010.2596 [gr-qc]].

[21] H. Afshar, B. Cvetkovic, S. Ertl, D. Grumiller and N. Johansson, “Conformal Chern-Simons holography - lock, stock and barrel,” Phys. Rev. D 85 (2012) 064033 [arXiv:1110.5644 [hep-th]].

[22] S. M. Kuzenko and G. Tartaglino-Mazzucchelli, “Conformal supergravities as Chern-Simons theories revisitied,” arXiv:1212.6852 [hep-th].

[23] P. Van Nieuwenhuizen, “Three-dimensional Conformal Supergravity And Chern-simons Terms,” Phys. Rev. D15, 1985.

[24] A. Foussats, C. Repetto, O. P. Zandron and O. S. Zandron, “Conformal supersymmetry of the d=3 Chern-Simons theory. Canonical formalism,” Class. Quant. Grav. 9 (1992) 2217

[25] T. Uematsu, “Constraints and Actions in Two and Three Dimensional N=1 Conformal Supergravity,” Z. Phys. C 32 (1986) 33

[26] S. Deser, “Cosmological topological supergravity,” in “Quantum Theory of Gravity,” (Adam Hilger, 1984).

[27] G. W. Gibbons, C. N. Pope and E. Sezgin, “The general supersymmetric solution of topologically massive supergravity,” Class. Quant. Grav. 25 (2008) 205005 [arXiv:0807.2613 [hep-th]].

[28] U. Lindström and M. Roček, “Superconformal Gravity in Three Dimensions as a Gauge Theory,” Phys. Rev. Lett. 62 (1989) 2905

[29] P. S. Howe, J. M. Izquierdo, G. Papadopoulos and P. K. Townsend, “New supergravities with central charges and Killing spinors in 2+1 dimensions,” Nucl. Phys. B 467 (1996) 183