arXiv:1302.0989v3 [hep-th] 24 May 2013

Jewels on a wall ring (Sine-Gordon kinks on a domain wall ring)

Michikazu Kobayashi^1 and Muneto Nitta^2 1 Department of Basic Science, University of Tokyo, Komaba 3-8-1, Meguro-ku, Tokyo 153-8902, Japan 2Department of Physics, and Research and Education Center for Natural Sciences, Keio University, Hiyoshi 4-1-1, Yokohama, Kanagawa 223-8521, Japan (Dated: May 27, 2013)

Abstract

We construct a stable domain wall ring with lump beads on it in a baby Skyrme model with a potential consisting of two terms linear and quadratic in fields.

I. INTRODUCTION

Vortices and domain walls are topological solitons present in various physical systems from field theory [1] and cosmological models [2] to condensed matter systems [3]. In contrast to instantons and monopoles which have been studied extensively in high energy physics and mathematics, vortices and domain walls have not been paid much attention thus far in those fields. However they play essential roles in condensed matter systems such as superconductors, superfluids, magnetism, quantum Hall states, nematic liquids, optics, and so on. The coexistence of these two kinds of solitons can also happen in various condensed matter systems; a Bloch line in a Bloch wall in magnetism [4], half-quantized vortices inside a chiral domain wall in chiral p-wave superconductors [5], and a Mermin-Ho vortex within a domain wall in^3He superfluid (see Fig. 16.9 of Ref. [3]). Further examples can be found in the limit of infinitely heavy domain walls: Josephson vortices within an insulator in Josephson junctions of two superconductors [6] and Josephson vortices in high-T_c superconductors with multi-layered structures [7] and in two coupled Bose-Einstein condensates [8], where the insulators or inter-layers can be regarded as (heavy) domain walls. In all these cases, vortices become sine-Gordon solitons once absorbed into a domain wall. A field theoretical model of the coexistence of domain walls and vortices as Josephson vortices was given recently [9] in order to explain a previously known relation between vortices and sine-Gordon solitons [10]. (They are the lowest dimensional example of “matryoshka Skyrmions” [11].) Slightly different field theoretical models admitting the coexistence of domain walls and vortices were also considered before [12].

In these cases, vortices are all absorbed into a domain wall. In this sense, there seem to be no freely moving vortices in the bulk outside the domain wall. However, a question arises. What happens if one makes a closed loop of the domain wall? If a vortex is absorbed into a closed domain line, it may be regarded as a freely moving vortex, apart from its stability. In fact, recently such configurations of a domain wall ring with vortices on it have been theoretically proposed in condensed matter systems, such as chiral p-wave superconductors [5] and multi-gap superconductors [13]. Motivated by these works, in this paper, we propose a field theoretical model admitting a stable domain wall ring with vortices absorbed in it.

We consider an O(3) nonlinear sigma model on the target space S^2 in d = 2 + 1 dimensions, described by a unit three-vector of scalar fields n(x) = (n_1(x), n_2(x), n_3(x)) with the constraint n^2 = 1, which is equivalent to a CP^1 model. The O(3) model admits lumps or sigma model instantons [14] as a relative of vortices. The CP^1 model with a potential term admitting two discrete vacua is known as the massive CP^1 model, which can be made supersymmetric with additional fermions [15] and admits a Bogomol’nyi-Prasad-Sommerfield domain wall solution interpolating the two discrete vacua [16, 17]. In the presence of a potential term, lumps are unstable to shrink in general. Instead, if one gives them a linear time-dependence on their U(1) moduli, they become stable Q-lumps [18]. If we consider a four derivative (Skyrme) term, the lumps are stabilized to become baby Skyrmions [19].

A closed domain line or a wall ring is nothing but a lump if the U(1) modulus of the domain wall is twisted along the ring [20]. This twisted domain wall ring is unstable to shrink unless one puts linear time-dependence on the U(1) modulus or adds the Skyrme term, as denoted above. More precisely, the originally proposed baby Skyrme model has the potential term V = m^2(1 − n_3) [19], which admits the unique vacuum and does not admit a domain wall. A new baby Skyrme model proposed later [21, 22] has the potential V = m^2(1 − n_3)(1 + n_3) admitting two discrete vacua n_3 = ±1 and a domain wall solution interpolating between these two vacua [22, 23], as the case without a Skyrme term [16, 17]. In this model, a baby Skyrmion is in fact in the shape of a domain wall ring. In this paper, we consider both types of the potential terms V = β^2n_1 + m^2(1 − n_3)(1 + n_3) in the regime β ≪ m. In magnetism, this potential term appears in Heisenberg ferromagnets with two easy axes. Such an O(3) sigma model without the Skyrme term was studied recently to consider a vortex absorbed into a straight domain wall [9], but it does not admit a stable domain wall ring. Here we consider the Skyrme term to stabilize a domain wall ring. We numerically construct domain wall rings with one, two and three vortices (lumps), which have the topological lump charges k = 1, 2, 3, respectively, looking like jewels on a ring. These vortices are sine-Gordon kinks on the domain wall ring. We find that lumps are placed with the same distance from each other because of repulsions among them.

This paper is organized as follows. After our model is given in Sec. II, we give a numerical solution of a twisted domain line in the absence of the term β^2n_1 in the potential in Sec. III. It carries the topological lump charge and is nothing but a baby Skyrmion. In Sec. IV, we give numerical solutions of a lump within a straight domain wall in the models with the term β^2n_1 in the potential without [9] and with the Skyrme term. Then, in Sec. V, we give numerical solutions of domain wall rings with one, two and three lumps. Section VI is devoted to a summary and discussion.

II. THE MODEL

We consider an O(3) sigma model in d = 2 + 1 dimensions described by a three vector of scalar fields n(x) = (n_1(x), n_2(x), n_3(x)) with a constraint n · n = 1. The Lagrangian of our model is given by L = 1 2 ∂_μn · ∂^μn − L_4(n) − V (n), (1)

with μ = 0, 1, 2. Here, the four derivative (baby Skyrme) term is expressed as

L_4(n) = κ [n · (∂_μn × ∂_ν n)]^2 = κ(∂_μn × ∂_ν n)^2, (2)

and the potential term is given by

V (n) = m^2(1 − n^2_3) + β^2n_1. (3)

The potential with m = 0 was originally considered in Ref. [19], and the one with β = 0 was proposed later in Refs. [21, 22]. The choice of our potential is physically quite natural, since it is known as the Heisenberg ferromagnet with anisotropy with two easy axes.

With introducing the projective coordinate u(∈ C) of CP^1 by

n_i = ϕ^†σ_iϕ, ϕ^T = (1, u)/ √ 1 + |u|^2, (4)

the Lagrangian (1) can be rewritten in the form of the CP^1 model with potential terms, given by

L = 2 ∂_μu^∗∂^μu (1 + |u|^2)^2 − 8κ (∂_μu^∗∂^μu)^2 − |∂_μu∂^μu|^2 (1 + |u|^2)^4

− V (5) V = m^2(1 − D^2_3) + β^2D_1 = m^2g^{uu∗} |∂_uD_3|^2 + β^2D_1, (6) D_3 ≡ 1 − |u|^2 1 + |u|^2

= n_3, D_1 ≡ u + u^∗ 1 + |u|^2

= n_1. (7)

Here, g_{uu}∗ = 1/(1 + |u|^2)^2 is the Kähler (Fubini-Study) metric of CP^1, g^{uu∗} = (1 + |u|^2)^2 is its inverse, and D_i = n_i are called the moment maps (or the Killing potentials) of the SU(2) isometry generated by σ_i, respectively. With β = 0 and κ = 0, this model is known as the massive CP^1 model with the potential term of the norm of the Killing vector ∂_uD_3 corresponding to the isometry generated by σ_3, which is a truncated version of a supersymmetric sigma model with eight supercharges [15, 16].

III. TWISTED CLOSED DOMAIN WALL

For a while, let us ignore the four derivative baby Skyrme term (κ = 0) in the Lagrangian in Eq. (1). Let us consider the potential in Eq. (3) with β = 0. It admits two discrete vacua n_3 = ±1. A domain wall or an anti-domain wall solution interpolating these two vacua is given by [11, 16, 17]

θ(x^1) = 2 arctan exp(± √ 2m(x^1 − X)), 0 ≤ θ ≤ π, n_1 = cos α sin θ(x^1), n_2 = sin α sin θ(x^1), n_3 = cos θ(x^1), (8)

with a phase modulus α (0 ≤ α < 2π) and the translational modulus X ∈ R of the domain wall. The moduli α and X can be regarded as Nambu-Goldstone modes corresponding to U(1) and translational symmetries spontaneously broken down in the vicinity of the domain wall, respectively. A domain wall solution in the presence of the baby Skyrme term was studied in Refs. [22, 23].

A loop of the domain wall carries a lump charge if the U(1) modulus α winds along the wall loop [20]. The topological charge of the lump π_2(S^2) ≃ Z is given by k = 1 4π ∫ d^2x n · (∂_1n × ∂_2n) = 1 4π ∫ d^2x ϵ_{ijk}n_i∂_1n_j ∂_2n_k = 1 2π ∫ d^2x i(∂_1u^∗∂_2u − ∂_2u^∗∂_1u) (1 + |u|^2)^2

. (9)

However, a twisted closed wall line is unstable to shrink. It can be stabilized in the presence of the baby Skyrme term, which results in a baby Skyrmion. We construct a numerical solution of a twisted domain wall ring with the unit lump charge (k = 1) by a relaxation method; see Fig. 1. One can see that the topological lump charge as well as the energy density is uniformly distributed along the ring.

In the context of magnetism, this configuration is called a bubble domain [4].

IV. SINE-GORDON KINKS ON A STRAIGHT DOMAIN WALL

With promoting the moduli to fields α(t, x^2) and X(t, x^2) on the domain wall worldvolume (t, x^2), the effective theory of the domain wall can be constructed by the moduli approximation [24]. It is a free field theory of α(t, x^2) and X(t, x^2) or a sigma model on R×S^1. The U(1) symmetry is explicitly broken when β is taken into account in the potential

FIG. 1: A twisted domain wall ring as a baby Skyrmion. (a) The textures n(x). The color of each arrow shows the value of n_3. (b) The total energy density E ≡ (∂_an·∂^an)/2+L_4(n)+V (n) (a = 1, 2). (c) The topological lump charge density c ≡ {n · (∂_1n × ∂_2n)}/(4π). As numerical parameters, we fix κ = 0.02 and m^2 = 20000, and plot the values in the region −0.29 ≤ x^{1,2} ≤ 0.29.

(3) [25]. Then, a potential term is induced on the domain wall effective action and it becomes the sine-Gordon model [9]. A sine-Gordon kink in the wall effective theory corresponds to a lump in the bulk [9], in which the topological lump charge k coincides with the topological charge k of sine-Gordon kinks.

In the left column of Fig. 2, we give a numerical solution of one sine-Gordon kink on the domain wall by using the relaxation method. In (a), we plot our solutions n_i(x) by arrows. In (b), we plot the energy contribution from the term β^2n_1 in the potential, in order to show sine-Gordon kinks. The total energy density is plot in (c). The lump charge density given in the integrand of Eq. (9) is distributed around the sine-Gordon kink as seen in (d). In the right column of Fig. 2, we give a numerical solution of the same configuration in the presence of the Skyrme term. One can see that the size of sine-Gordon kink becomes wider due to the Skyrme term.

Multiple sine-Gordon kinks repel each other, and such a configuration cannot be static on the straight domain wall. However, they can be stabilized once the domain wall is closed as demonstrated in the next section.

FIG. 2: (a) The textures n(x). The color each arrow shows the value of n_3. (b) The energy densities E_2 ≡ β^2n_1. (c) The total energy densities E. (d) The topological charge densities c. The left and right columns correspond to the cases without and with the Skyrme term, respectively. The numerical box satisfies the periodic boundary condition in the vertical (x^2) direction, i.e., n_i(x^1, x^2 + L) = n_i(x^1, x^2). As numerical parameters, we fix L = 0.5, m^2 = 8000 and β^2 = 800 for both left and right figures, and κ = 0.002 for right figures, and plot the values in the region −0.12 < x^1 < −0.12 and 0 < x^2 < 0.5. 7

V. JEWELS ON A DOMAIN WALL RING

Next we make a closed loop of a domain wall with sine-Gordon kinks on it. In Fig. 3, we show our numerical results by using a relaxation method. We constructed configurations with the topological lump charge k = 1, 2, 3. In (a), we plot our solutions n_i(x) by arrows. In (b), we plot the energy contribution from the term β^2n_1 in the potential, in order to show sine-Gordon kinks. One clearly finds that sine-Gordon kinks are separated from each other with the same distance for k = 2, 3. This is because they repel each other. In (c), we plot the total energy of each configuration. In (d), we plot the topological lump charge density [the integrand of Eq. (9)]. One can see that the topological charge density is distributed on the wall ring and has peaks at the sine-Gordon kinks.

VI. SUMMARY AND DISCUSSION

We have constructed stable configurations of sine-Gordon kinks on a domain wall ring in a baby Skyrme model with the two potential terms linear and quadratic in fields. The number of the sine-Gordon kinks coincides with the topological lump charge.

Similar configurations of a wall ring with vortices on it are present in condensed matter systems, such as multi-gap superconductors [13] and chiral p-wave superconductors [5] in which a four derivative term is not needed. Our present work was motivated by these works.

Our model can be promoted to a U(1) gauge theory coupled with two complex scalar fields ϕ_1(x) and ϕ_2(x), in which lumps are replaced with semi-local vortices. In this case, the term β^2n_1 is reproduced from the Josephson term β^2ϕ^∗_1ϕ_2 + c.c. Then, the model becomes close to exotic superconductors considered in [5, 13], if we replace the Josephson term by β^2(ϕ^∗_1ϕ_2)^2 + c.c. In this case, one vortex is decomposed into two fractional vortices once absorbed into a domain wall. However, we still need four derivative term in scalar fields for the stability of wall rings.

If we promote our configuration linearly in d = 3 + 1 dimensions, it becomes a tube with domain lines along it. It can be regarded as some exotic cosmic strings which may have some impacts on cosmology. For instance, it is a very nontrivial question whether two of such strings reconnect each other when they collide, because they have internal structures. It may be one of the interesting future directions.

FIG. 3: (a) The textures n(x). The color of each arrow shows the value of n_3. (b) The energies E_2. (c) The total energies E. (d) The topological charge densities c. The topological charges are k = 1, 2, 3 from left to right. As numerical parameters, we fix κ = 0.02, m^2 = 20000 and β^2 = 2000, and plot the values in the region −0.29 ≤ x^{1,2} ≤ 0.29.

FIG. 4: Instanton beads on a closed monopole string.

In Ref. [26], a configuration of a sine-Gordon kink on a domain wall was embedded into the 2 + 1 dimensional world-volume of a non-Abelian vortex [27] in d = 4 + 1 dimensions. In this case, the sine-Gordon kinks correspond to lumps in the vortex world-volume [26] and to instantons in the bulk [29, 30], while the domain wall in the vortex world-volume corresponds to a monopole string in the bulk [28, 29]. The configuration is an instanton confined by two monopole strings attached from both sides [26]. Similarly to this, if one embeds our solution in this paper, it becomes instanton beads on a closed monopole string, as illustrated in Fig. 4. For this configuration to be stabilized, one needs higher derivative corrections to the vortex effective action [31, 32].

We have studied a massive CP^1 model. One can extend it to massive CP^n model which admits n − 1 parallel domain walls [33]. It is an open question whether one can construct multiple n − 1 rings with lump beads on them in this model. Also, one can discuss non- Abelian domain walls [34] in the massive Grassmannian sigma model [35] or in non-Abelian gauge theories.

Acknowledgements

M. N. thanks J. Garaud for explaining their works [5, 13] on vortices within a domain wall ring in superconductors, which motivated our work. We thank the organizers of the conference “Quantized Flux in Tightly Knotted and Linked Systems,” held in 3 - 7 December 2012 at Isaac Newton Institute for Mathematical Sciences, where this work was initiated.

We thank Paul Sutcliffe for a discussion on [25]. This work is supported in part by Grantin-Aid for Scientific Research (Grant No. 22740219 (M.K.) and No. 23740198 (M.N.)) and the work of M. N. is also supported in part by the “Topological Quantum Phenomena” Grant-in-Aid for Scientific Research on Innovative Areas (No. 23103515) from the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan.

[1] N. S. Manton and P. Sutcliffe, “Topological solitons,” Cambridge, UK: Univ. Pr. (2004) 493 p [2] A. Vilenkin and E. P. S. Shellard, “Cosmic Strings and Other Topological Defects,” (Cambridge Monographs on Mathematical Physics), Cambridge University Press (July 31, 2000).

[3] G. E. Volovik, The Universe in a Helium Droplet, Clarendon Press, Oxford (2003). [4] C. W. Chen, “Magnetism and metallurgy of soft magnetic materials,” Dover Pubns (1977);

A. P. Malozemoff, J. C. Slonczewski, “Magnetic domain walls in bubble materials,” Academic Press (New York) (1979).

[5] J. Garaud and E. Babaev, “Skyrmionic state and stable half-quantum vortices in chiral p-wave superconductors,” Phys. Rev. B 86, 060514 (2012) [arXiv:1201.2946 [cond-mat.supr-con]].

[6] A. V. Ustinov, “Solitons in Josephson junctions,” Physica D 123, 315-329 (1998). [7] G. Blatter, M. V. Feigel’man, V. B. Geshkenbein, A. I. Larkin, and V. M. Vinokur, “Vortices in high-temperature superconductors,” Rev. Mod. Phys. 66, 1125-1388 (1994) [8] V. M. Kaurov and A. B. Kuklov, “Josephson vortex between two atomic Bose-Einstein condensates,” Phys. Rev. A 71, 011601 (2005) [arXiv:cond-mat/0312084]; “Atomic Josephson vortices,” Phys. Rev. A 73, 013627 (2006) [arXiv:cond-mat/0508342 [cond-mat.other]].

[9] M. Nitta, “Josephson vortices and the Atiyah-Manton construction,” Phys. Rev. D 86, 125004 (2012) [arXiv:1207.6958 [hep-th]].

[10] P. M. Sutcliffe, “Sine-Gordon Solitions From Cp(1) Instantons,” Phys. Lett. B 283, 85 (1992);

G. N. Stratopoulos and W. J. Zakrzewski, “Approximate Sine-Gordon solitons,” Z. Phys. C 59, 307 (1993).

[11] M. Nitta, “Correspondence between Skyrmions in 2+1 and 3+1 Dimensions,” Phys. Rev. D 87, 025013 (2013) [arXiv:1210.2233 [hep-th]]; M. Nitta, “Matryoshka Skyrmions,” Nucl. Phys. B 872, 62 (2013) [arXiv:1211.4916 [hep-th]].

[12] A. Ritz, M. Shifman and A. Vainshtein, “Enhanced worldvolume supersymmetry and intersecting domain walls in N=1 SQCD,” Phys. Rev. D 70, 095003 (2004) [hep-th/0405175]; M. Eto, Y. Isozumi, M. Nitta and K. Ohashi, “1/2, 1/4 and 1/8 BPS equations in SUSY Yang-Mills-Higgs systems: Field theoretical brane configurations,” Nucl. Phys. B 752, 140 (2006) [hep-th/0506257]; R. Auzzi, M. Shifman and A. Yung, “Domain Lines as Fractional Strings,” Phys. Rev. D 74, 045007 (2006) [hep-th/0606060]; S. Bolognesi, “Strings inside walls in N=1 super Yang-Mills,” J. Phys. A 42, 195404 (2009) [arXiv:0710.5198 [hep-th]].

[13] J. Garaud, J. Carlstrom, E. Babaev and M. Speight, “Chiral CP^2 skyrmions in three-band superconductors,” Phys. Rev. B 87, 014507 (2013) [arXiv:1211.4342 [cond-mat.supr-con]].

[14] A. M. Polyakov and A. A. Belavin, “Metastable States of Two-Dimensional Isotropic Ferromagnets,” JETP Lett. 22, 245 (1975) [Pisma Zh. Eksp. Teor. Fiz. 22, 503 (1975)].

[15] L. Alvarez-Gaume and D. Z. Freedman, “Potentials for the Supersymmetric Nonlinear Sigma Model,” Commun. Math. Phys. 91, 87 (1983).

[16] E. R. C. Abraham and P. K. Townsend, “Q kinks,” Phys. Lett. B 291, 85 (1992); “More on Q kinks: A (1+1)-dimensional analog of dyons,” Phys. Lett. B 295, 225 (1992).

[17] M. Arai, M. Naganuma, M. Nitta and N. Sakai, “Manifest supersymmetry for BPS walls in N=2 nonlinear sigma models,” Nucl. Phys. B 652, 35 (2003) [hep-th/0211103]; “BPS wall in N=2 SUSY nonlinear sigma model with Eguchi-Hanson manifold,” In *Arai, A. (ed.) et al.: A garden of quanta* 299-325 [hep-th/0302028].

[18] R. A. Leese, “Q lumps and their interactions,” Nucl. Phys. B 366, 283 (1991); E. Abraham, “Nonlinear sigma models and their Q lump solutions,” Phys. Lett. B 278, 291 (1992).

[19] B. M. A. Piette, B. J. Schroers and W. J. Zakrzewski, “Multi - Solitons In A Two-Dimensional Skyrme Model,” Z. Phys. C 65, 165 (1995); “Dynamics of baby skyrmions,” Nucl. Phys. B 439, 205 (1995).

[20] M. Nitta, “Defect formation from defect–anti-defect annihilations,” Phys. Rev. D 85, 101702 (2012) [arXiv:1205.2442 [hep-th]]; M. Nitta, “Knots from wall–anti-wall annihilations with stretched strings,” Phys. Rev. D 85, 121701 (2012) [arXiv:1205.2443 [hep-th]].

[21] T. Weidig, “The baby Skyrme models and their multi-skyrmions,” Nonlinearity 12, 1489-1503 (1999).

[22] A. E. Kudryavtsev, B. M. A. Piette and W. J. Zakrzewski, “Skyrmions and domain walls in (2+1) dimensions,” Nonlinearity 11, 783 (1998).

[23] D. Harland and R. S. Ward, “Walls and chains of planar skyrmions,” Phys. Rev. D 77, 045009 (2008).

[24] N. S. Manton, “A Remark on the Scattering of BPS Monopoles,” Phys. Lett. B 110, 54 (1982).

M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Manifestly supersymmetric effective Lagrangians on BPS solitons,” Phys. Rev. D 73, 125008 (2006) [hep-th/0602289].

[25] The vacua are shifted by β to n = (−β^2/2m, 0, ± √ 1 − β^4/4m^2), but this shift is negligible in the regime of β ≪ m. This shift is correctly taken into account in the numerical solutions given below.

[26] M. Nitta, “Instantons confined by monopole strings,” Phys. Rev. D 87, 066008 (2013) [arXiv:1301.3268 [hep-th]].

[27] A. Hanany and D. Tong, “Vortices, instantons and branes,” JHEP 0307, 037 (2003) [hep-th/0306150]; R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi and A. Yung, “NonAbelian superconductors: Vortices and confinement in N=2 SQCD,” Nucl. Phys. B 673, 187 (2003) [hep-th/0307287]; M. Shifman and A. Yung, “NonAbelian string junctions as confined monopoles,” Phys. Rev. D 70, 045004 (2004) [hep-th/0403149]; A. Hanany and D. Tong, “Vortex strings and four-dimensional gauge dynamics,” JHEP 0404, 066 (2004) [hep-th/0403158]; M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Moduli space of non-Abelian vortices,” Phys. Rev. Lett. 96, 161601 (2006) [hep-th/0511088]; M. Eto, K. Konishi, G. Marmorini, M. Nitta, K. Ohashi, W. Vinci and N. Yokoi, “Non-Abelian Vortices of Higher Winding Numbers,” Phys. Rev. D 74, 065021 (2006) [hep-th/0607070]; M. Eto, K. Hashimoto, G. Marmorini, M. Nitta, K. Ohashi and W. Vinci, “Universal Reconnection of Non-Abelian Cosmic Strings,” Phys. Rev. Lett. 98, 091602 (2007) [hep-th/0609214].

[28] D. Tong, “Monopoles in the higgs phase,” Phys. Rev. D 69, 065003 (2004) [hep-th/0307302]. [29] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Instantons in the Higgs phase,” Phys. Rev. D 72, 025011 (2005) [hep-th/0412048]; T. Fujimori, M. Nitta, K. Ohta, N. Sakai and M. Yamazaki, “Intersecting Solitons, Amoeba and Tropical Geometry,” Phys. Rev. D 78, 105004 (2008) [arXiv:0805.1194 [hep-th]].

[30] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Solitons in the Higgs phase: The Moduli matrix approach,” J. Phys. A 39, R315 (2006) [hep-th/0602170].

[31] M. Eto, T. Fujimori, M. Nitta, K. Ohashi and N. Sakai, “Higher Derivative Corrections to Non-Abelian Vortex Effective Theory,” Prog. Theor. Phys. 128, 67 (2012) [arXiv:1204.0773

[hep-th]]; L. -X. Liu and M. Nitta, “Non-Abelian Vortex-String Dynamics from Nonlinear Realization,” Int. J. Mod. Phys. A 27, 1250097 (2012) [arXiv:0912.1292 [hep-th]].

[32] M. Nitta, “Knotted instantons from annihilations of monopole-instanton complex,” arXiv:1206.5551 [hep-th].

[33] J. P. Gauntlett, D. Tong and P. K. Townsend, “Multidomain walls in massive supersymmetric sigma models,” Phys. Rev. D 64, 025010 (2001) [hep-th/0012178]; D. Tong, “The Moduli space of BPS domain walls,” Phys. Rev. D 66, 025013 (2002) [hep-th/0202012].

[34] Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Construction of non-Abelian walls and their complete moduli space,” Phys. Rev. Lett. 93, 161601 (2004) [hep-th/0404198]; “Non-Abelian walls in supersymmetric gauge theories,” Phys. Rev. D 70, 125014 (2004) [hep-th/0405194]; M. Eto, Y. Isozumi, M. Nitta, K. Ohashi, K. Ohta and N. Sakai, “D-brane construction for non-Abelian walls,” Phys. Rev. D 71, 125006 (2005) [hep-th/0412024].

[35] M. Arai, M. Nitta and N. Sakai, “Vacua of massive hyperKahler sigma models of nonAbelian quotient,” Prog. Theor. Phys. 113, 657 (2005) [hep-th/0307274].