arXiv:1302.2016v1 [hep-th] 8 Feb 2013

Petrov type I Condition and Dual Fluid Dynamics

Rong-Gen Cai^∗, Li Li^†, Qing Yang^‡, Yun-Long Zhang^§

State Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, People’s Republic of China.

February 8, 2013

Abstract

Recently Lysov and Strominger [arXiv:1104.5502] showed that imposing a Petrov type I condition on a (p+1)-dimensional timelike hypersurface embedded in a (p+2)- dimensional vacuum Einstein gravity reduces the degrees of freedom in the extrinsic curvature of the hypersurface to that of a fluid on the hypersurface, and that the leading-order Einstein constraint equations in terms of the mean curvature of the embedding give the non-linear incompressible Navier-Stokes equations of the dual fluid. In this paper we show that the non-relativistic fluid dual to vacuum Einstein gravity does not satisfy the Petrov type I condition at next order, unless additional constraint such as the irrotational condition is added. In addition, we show that this procedure can be inversed to derive the non-relativistic hydrodynamics with higher order corrections through imposing the Petrov type I condition, and that some second order transport coefficients can be extracted, but the dual “Petrov type I fluid” does not match the dual fluid constructed from the geometry in non-relativistic limit. We discuss the procedure both on the finite cutoff surface via the non-relativistic hydrodynamic expansion and on the highly accelerated surface via the near horizon expansion.

∗E-mail: cairg@itp.ac.cn †E-mail: liliphy@itp.ac.cn ‡E-mail: yangqing@itp.ac.cn §E-mail: zhangyl@itp.ac.cn

Contents

1 Introduction 2

2 Petrov type I condition 3

3 On finite cutoff surface 4 3.1 Non-relativistic fluid and Petrov type I condition . . . . . . . . . . . . . . 5 3.2 From Petrov type I condition to dual fluid . . . . . . . . . . . . . . . . . . 7

4 On highly accelerated surface 8 4.1 Near horizon fluid and Petrov type I condition . . . . . . . . . . . . . . . . 9 4.2 From Petrov type I condition to dual fluid . . . . . . . . . . . . . . . . . . 10

5 Conclusion 12

A Nonlinear metric solution 13 A.1 Non-relativistic hydrodynamic expansion . . . . . . . . . . . . . . . . . . . 13 A.2 Near horizon expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

B The dual Fluid 15 B.1 Non-relativistic hydrodynamic expansion . . . . . . . . . . . . . . . . . . . 17 B.2 Alternate presentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1 Introduction

In the non-relativistic hydrodynamic limit, a correspondence between the the nonlinear solutions of the Einstein equations and incompressible Navier-Stokes equations is constructed in [1, 2, 3] where an intrinsically flat finite cutoff surface and regularity on the future horizon are imposed. Two equivalent presentations of the non-linear perturbed gravity solution and dual fluid expansion are given, one is for the dual fluid living on a finite cutoff surface via non-relativistic hydrodynamic expansion, the other is on the highly accelerated surface via near horizon expansion. This relation is further shown to be universal for the gravity with sphere horizon [4, 5] and with higher curvature corrections [6, 7, 8, 9, 10]. And the dual incompressible Navier-Stokes equations are found to be corrected at leading order when a non-trivial gravitational Chern-Simons term appears in the bulk [11]. More generally, the gravity is related with a fluid without gravity in one lower dimension, and related works can also be found in [12, 13, 14, 15, 16, 17, 18, 19, 20], which indicate their close relation with the fluid dynamics from membrane paradigm [21, 22, 23, 24, 25], as well as the fluid/gravity correspondence from holography [26, 27, 28, 29, 30].

It was noted in [2] that the nonlinear solution of vacuum Einstein gravity is of an algebraically special Petrov type [31, 32, 33], and the procedure was reversed via the near horizon expansion in [34] to derive the dual hydrodynamics. The Petrov type I condition is imposed to reduce the Einstein equations to the incompressible Navier-Stokes equations in one lower dimension. The universal fixed-point behavior of the near-horizon scaling in general relativity is shown to be the same as that of hydrodynamic scaling in fluid dynamics [34]. This condition is expected to be equivalent with the regularity on the future horizon, and the framework has also been generalized to the highly accelerated surface which is spatially curved, and the case with the cosmology constant and Maxwell field in the bulk [35, 36, 37].

Note that in those works only the nontrivial leading order has been considered, we are here going to generalize the procedure to higher order to see whether the equivalence still holds or not. In the frame which is associated with a hypersurface where the dual fluid lived on, we find that the non-relativistic fluid dual to the non-linear solution of vacuum Einstein gravity from boost transformation does not satisfy the Petrov type I condition at the higher order, unless additional constraint is added such as the irrotational condition. We also inverse this procedure by imposing the Petrov type I condition on the fluid stress tensor, and then obtain the non-relativistic hydrodynamics with higher order corrections. But we see that the dual “Petrov type I fluid” can not match the dual fluid of vacuum Einstein gravity constructed in the non-relativistic limit. We study the procedure in two equivalent expansions: one is the non-relativistic hydrodynamic expansion associated with a finite cutoff surface, the other is the near horizon expansion associated with a highly accelerated surface.

This paper is organised as follows. In section 2, a simple review of the Petrov type I condition is given. In section 3, the higher order non-relativistic stress tensor dual to vacuum Einstein gravity is used to check the Petrov type I condition. Then the logic is turned around and the Petrov type I condition is imposed to reduce the gravity to the dual non-relativistic hydrodynamics. In section 4, an alternative presentation of this procedure in the near horizon expansion is discussed. The results and discussions are given in section 5. 2 Petrov type I condition

Firstly, we give a simple review of the Petrov type I condition with respect to the ingoing and outgoing pair of null vectors whose tangents to a timelike hypersurface generate time translations [34]. Introducing the (p + 2) Newman-Penrose-like vector fields,

ℓ^2 = k^2 = 0, (k, ℓ) = 1, (m_i, k) = (m_i, ℓ) = 0, (m_i, m_j ) = δ_{ij} , (1)

the spacetime is Petrov type I [32, 33] if for some choice of frame, C_{(ℓ)i(ℓ)j} = 0, C_{(ℓ)i(ℓ)j} ≡ ℓ^μm^ν_i ℓ^αm^β_j C_{μναβ} . (2) Consider a timelike (p + 1)-dimensional hypersurface Σ_c with flat intrinsic metric ds^2_{p+1} = γ_{ab}dx^adx^b = −(dx^0)^2 + δ_{ij} dx^idx^j, i, j = 1, ..., p, (3) and extrinsic curvature K_{ab}. The hypersurface is embedded in (p + 2)-dimensional vacuum Einstein spacetime that G_{μν} = 0, μ, ν = 0, ..., p + 1. (4) Choosing the frame that m_i = ∂_i, √ 2ℓ = ∂_0 − n, √ 2k = −∂_0 − n, (5) where n is the spacelike unit normal to the hypersurface, and ∂_i, ∂_0 are the tangent vectors to Σ_c [34], one has

2C_{(ℓ)i(ℓ)j} = (K − K_{00})K_{ij} + 2K_{0i}K_{0j} + 2∂_0K_{ij} − K_{ik}K^k_j − ∂_iK_{0j} − ∂_j K_{0i}, (6) where the following projections to Σ_c have been used γ^α_a γ^β_b γ^γ_c γ^δ_dC_{αβγδ} = K_{ad}K_{bc} − K_{ac}K_{bd}, γ^α_a γ^β_b γ^γ_c n^δC_{αβγδ} = ∂_aK_{bc} − ∂_bK_{ac}, γ^α_a n^β γ^γ_c n^δC_{αβγδ} = KK_{ac} − K_{ab}K^b_c , (7) with γ^α_a = δ^α_a − n_an^α. The Petrov type I condition (2) imposes (p − 1)(p + 2)/2 constraints on the (p+1)(p+2)/2 components of K_{ab}, or determines the trace-free part of K_{ij} in terms of K, K_{00} and K_{0i}. This leaves (p + 2) independent components, which are exactly the number of components of a fluid with a local energy density, pressure and velocity. The dual fluid is described by the Brown-York stress tensor on the hypersurface, T_{ab} = 2(Kγ_{ab} − K_{ab}). (8) The Hamiltonian constraint of vacuum Einstein equations 2G_{μν} n^μn^ν |_{Σc} = (K^2 − K_{ab}K^{ab}) = 0 =⇒ T^2 − p T_{ab}T^{ab} = 0, (9) can be viewed as the equation of state for the dual fluid relating the pressure and energy density. On the other hand, the (p + 1) momentum constraint equations 2G_{μb}n^μ|_{Σc} = 2(∂^aK_{ab} − ∂_bK) = 0 =⇒ ∂^aT_{ab} = 0, (10) give us the equations of motion for the dual fluid.

3 On finite cutoff surface

In this section, with the non-relativistic stress tensor of fluid dual to vacuum Einstein gravity at finite cutoff surface given in [3], we will firstly check whether the Petrov type I condition is satisfied or not at higher order. Then we impose the Petrov type I condition to reduce the gravity into the dual non-relativistic hydrodynamics. With the ingoing Rindler metric ds^2_{p+2} = −rdτ^2 + 2dτdr + dx_idx^i, (11) the induced metric at the finite cutoff surface r = r_c is ds^2_{p+1} = γ_{ab}dx_adx^b = −r_cdτ^2 + dx_idx^i. (12) The Hamiltonian constraint becomes H = 0, where H ≡ T^τ_τ T^τ_τ − 2r_c T^τ_i T^τ_jδ^{ij} + T_{ij}T^{ij} − p^{−1}T^2. (13) Defining P_{ij} = 4C_{(ℓ)i(ℓ)j} and using equations (6) and (8), the Petrov type I condition turns out to be P_{ij} = 0, where 2P_{ij} ≡ T^τ_τ T_{ij} + 2r_cT^τ_iT^τ_j − 4r^{−1/2}_c ∂_τ T_{ij} − T_{ik}T^k_j − 4r^{1/2}_c ∂_{(i}T^τ_{j)} + p^{−2} [ T (T − pT^τ_τ ) + 4pr^{−1/2}_c ∂_τ T ] δ_{ij} . (14)

3.1 Non-relativistic fluid and Petrov type I condition

Take the non-relativistic expansion in [2, 3] v_i ∼ ϵ, P ∼ ϵ^2, ∂_i ∼ ϵ, ∂_τ ∼ ϵ^2, (15) the Brown-York stress tensor up to order ϵ^4 is can be expressed as [3]

T^τ_i = + r^{−3/2}_c v_i + r^{−5/2}_c [ v_i(v^2 + P ) − 2r_cσ_{ij} v^j ] + O(ϵ^5), (16) T^τ_τ = − r^{−3/2}_c v^2 − r^{−5/2}_c [ v^2(v^2 + P ) − 2r_cσ_{ij} v^iv^j − 2r^2_c σ_{ij} σ^{ij} ] + O(ϵ^6), (17) T_{ij} = + r^{−1/2}_c δ_{ij} + r^{−3/2}_c [P δ_{ij} + v_iv_j − 2r_cσ_{ij} ] + r^{−5/2}_c [ v_iv_j(v^2 + P ) − r_cσ_{ij} v^2 + 2r_cv_{(i}∂_{j)}P − r_cv_{(i}∂_{j)}v^2 − 2r^2_c v_{(i}∂^2v_{j)} −2r^2_c σ_{ik}σ^k_j − 4r^2_c σ_{k(i}ω^k_{j)} − 4r^2_c ω_{ik}ω^k_j − 4r^2_c ∂_i∂_j P + 3r^3_c ∂^2σ_{ij} ] + O(ϵ^6), (18) T = T^τ_τ + T^i_i = p r^{−1/2}_c + p r^{−3/2}_c P + O(ϵ^6), (19) where the fluid shear σ_{ij} and vorticity ω_{ij} are given by^1 σ_{ij} ≡ ∂_{(i}v_{j)} = (∂_iv_j + ∂_j v_i) /2, ω_{ij} ≡ ∂_{[i}v_{j]} = (∂_iv_j − ∂_j v_i) /2. (20) Comparing this stress tensor with the non-relativistic fluid stress tensor given in Appendix B.1, one can read off some transport coefficients as η = 1, c_1 = −2, c_2 = c_3 = c_4 = −4. (21)

1Here the notations are different from [3] with a factor 2

The equations of motion of the dual fluid ∂^aT_{ab} = 0 turn out to be the incompressible Navier-Stokes equations with higher order corrections given in (79), and the stress tensor satisfies the Hamiltonian constraint H = 0 consistently. Inserting the stress tensor (16)-(19) into P_{ij} and expanding in powers of parameter ϵ, one has

P_{ij} = P^{(0)}_{ij} + P^{(2)}_{ij} + P^{(4)}_{ij} + O(ϵ^6). (22)

Taking into account the equations of motion (79), one can see that P^{(0)}_{ij} and P^{(2)}_{ij} vanish identically, but

P^{(4)}_{ij} = r^{−3}_c [ −6r_cv^kv_{(i}ω_{j)k} − 2r^2_c v_{(i}∂^2v_{j)} + 4r^2_c v^k∂_{(i}ω_{j)k} + r^3_c ∂^2σ_{ij} ] . (23)

This result can also be obtained through substituting the nonlinear solution of vacuum Einstein gravity given in Appendix A.1 into the Weyl tensor (2) directly. And it is independent of the gauge transformation that v_i → v_i + δv_i or T_{ij} → T_{ij} + δP δ_{ij}, where δv_i ∼ ϵ^3, δP ∼ ϵ^4. Thus the perturbed stress tensor (16)-(19) on the finite cutoff surface does not satisfy the Petrov type I condition at order ϵ^4, if we choose this frame (5) associated with the finite cutoff hypersurface. Or in other words, the non-linear solution of vacuum Einstein gravity constructed by boost transformation, up to order ϵ^4, does not satisfy the Petrov type I condition.

But we can additionally require the constraint P^{(4)}_{ij} = 0 holds. For example, if we take the irroational condition with ω_{ij} ∼ O(ϵ^4), then in view of θ ≡ ∂_iv^i ∼ O(ϵ^4), one has

∂^2v_j = ∂_j θ − 2∂^kω_{jk} ∼ O(ϵ^5), (24) ∂^2σ_{ij} = ∂_{(i}∂_{j)}θ − 2∂^k∂_{(i}ω_{j)k} ∼ O(ϵ^6). (25)

Thus P^{(4)}_{ij} vanishes at this order and T_{ij} is reduced to

T^{(σ)}_{ij} = r^{−1/2}_c δ_{ij} + r^{−3/2}_c [P δ_{ij} + v_iv_j − 2r_cσ_{ij} ] + r^{−5/2}_c [ v_iv_j (v^2 + P ) −r_cσ_{ij} v^2 + 2r_cv_{(i}∂_{j)}P − r_cv_{(i}∂_{j)}v^2 − 2r^2_c σ_{ik}σ^k_j − 4r^2_c ∂_i∂_j P ] . (26)

In this case, comparing (26) with the non-relativistic fluid stress tensor in Appendix B.1, we can read off η = 1, c_1 = −2, c_4 = −4. (27) The incompressible Navier-Stokes equations with higher order corrections (79) is reduced into ∂_iv^i = θ^{(σ)}, ∂_τ v_i + v^j∂_j v_i + ∂_iP = r_c∂^2v_i + f^{(σ)}_i , (28) where the higher order corrections become

θ^{(σ)} = + 2σ_{ij} σ^{ij} + r^{−1}_c v^i∂_iP + O(ϵ^6), (29)

f^{(σ)}_i = − 3r_c∂_i(σ_{kl}σ^{kl}) + 4r_cσ^{kl}∂_kσ_{li} − 2v^k∂_k∂_iP − 2(∂^kv_i)∂_kP − (∂_kσ_{il})v^kv^l + r^{−1}_c (P + v^2)∂_iP − r^{−1}_c v_i∂_τ P + O(ϵ^7) . (30)

Here according to (24), the term r_c∂^2v_i ∼ O(ϵ^5), therefore we move this term to the right hand side of the Navier-Stokes equations in (28).

3.2 From Petrov type I condition to dual fluid

At the finite cutoff surface, if we impose the Petrov type I condition P_{ij} = 0 firstly, and consider the non-relativistic hydrodynamic scaling laws in (15), then the Brown-York stress tensor can be expanded in powers of the non-relativistic hydrodynamic expansion parameter ϵ as

T^τ_i = T^{τ (1)}_i + T^{τ (3)}_i + O(ϵ^5), T^τ_τ = T^{τ (0)}_τ + T^{τ (2)}_τ + T^{τ (4)}_τ + O(ϵ^6), T_{ij} = T^{(0)}_{ij} + T^{(2)}_{ij} + T^{(4)}_{ij} + O(ϵ^6), T = T^{(0)} + T^{(2)} + T^{(4)} + O(ϵ^6). (31)

Here superscript in round brackets stands for the expansion order, such as T^{τ (1)}_i ∼ ϵ, T^{τ (3)}_i ∼ ϵ^3, and so on. The Brown-York stress tensor at the cutoff surface r = r_c of the metric (11) gives T^{τ (0)}_τ = 0, T^{(0)}_{ij} = r^{−1/2}_c δ_{ij} , T^{(0)} = r^{−1/2}_c p . (32) We now put the expansions (31) into the Hamiltonian constraint equation (13) and the Petrov equations (14), which both can be expanded in powers of the parameter ϵ. The first non-trivial order appears at order ϵ^2, where the Hamiltonian constraint H^{(2)} = 0 and Petrov type I condition P^{(2)}_{ij} = 0 lead to

T^{τ (2)}_τ = − T^{τ (1)}_i T^{τ (1)}_j δ^{ij}, (33) T^{(2)}_{ij} = p^{−1}T^{(2)}δ_{ij} + r^{3/2}_c T^{τ (1)}_i T^{τ (1)}_j − 2 r_c ∂_{(i}T^{τ (1)}_{j)} , (34)

respectively. Following [34], if we assume that

T^{τ (1)}_i = r^{−3/2}_c v_i, T^{(2)} = r^{−3/2}_c p P, (35)

we can recover the stress tensor (16)-(19) up to order ϵ^2. The next non-trivial Hamiltonian constraint H^{(4)} = 0 and Petrov type I condition P^{(4)}_{ij} = 0 give

T^{τ (4)}_τ = − r^{3/2}_c T^{τ (1)}_i T^{τ (3)}_j δ^{ij} + 1 2 [ r^{1/2}_c T^{(2)}_{ij} T^{ij}_{(2)} + r^{1/2}_c (T^{τ (2)}_τ )^2 − p^{−1}r^{1/2}_c (T^{(2)})^2 ] , (36)

T^{(4)}_{ij} = 2 r^{3/2}_c T^{τ (1)}_{(i} T^{τ (3)}_{j)} − 2r_c ∂_{(i}T^{τ (3)}_{j)} + 1 2 r^{1/2}_c T^{τ (2)}_τ T^{(2)}_{ij} − 1 2 T^{(2)}_{ik} T^{(2)}_{j l} δ^{kl} − ∂_τ T^{(2)}_{ij} + 1 2 p^{−1} [ p^{−1}r^{1/2}_c (T^{(2)})^2 − r^{1/2}_c T^{(2)}T^{τ (2)}_τ + 4∂_τ T^{(2)} + 2 T^{(4)} ] δ_{ij} , (37)

respectively. To give assumptions at higher orders, we choose the Landau frame which gives 0 = h^b_a T_{bc}u^c, h^b_a = δ^b_a + u_au^b, (38) where u^a = γ_v(1, v^i) and γ_{ab}u^au^b = −1 [3]. At order ϵ^3, its spatial components lead to

0 = −r_cT^{τ (3)}_i + T^{(2)}_{ij} v^j + e^{(2)}v_i, (39) where the energy density e ≡ T_{ab}u^au^b. With the recovered stress tensor up to ϵ^2, one can show e^{(2)} = 0. Putting (34) and (35) into the above equation, we obtain

T^{τ (3)}_i = r^{−5/2}_c [ v_i(v^2 + P ) − 2r_cσ_{ij} v^j ] . (40)

Then T^τ_τ in (17) can be recovered up to order ϵ^4 with the Hamiltonian constraint which leads to (33) and (36). On the other hand, putting (34) (35) and (40) into (37), one finds that at order ϵ^4, there is only one term T^{(4)}δ_{ij} proportional to δ_{ij} . Thus, we can choose the isotropic gauge with T^{(4)} = 0 as in [3], and finally T^{(4)}_{ij} is given by

T^{(4)}_{ij} = r^{−5/2}_c [ v_iv_j (v^2 + P ) − r_cσ_{ij} v^2 + 2r_cv_{(i}∂_{j)}P − r_cv_{(i}∂_{j)}v^2 + 6r_cv_kv_{(i}ω^k_{j)} − 4r^2_c v_{(i}∂^2v_{j)}

−2r^2_c σ_{ik}σ^k_j − 4r^2_c σ_{k(i}ω^k_{j)} − 4r^2_c ω_{ik}ω^k_j − 4r^2_c ∂_i∂_j P − 4r^2_c v_k∂_{(i}ω^k_{j)} + 4r^3_c ∂^2σ_{ij} ] . (41)

Compare (41) with the terms in (18) at order ϵ^4, we obtain the additional terms r^{−5/2}_c [ 6r_cv_kv_{(i}ω^k_{j)} − 2r^2_c v_{(i}∂^2v_{j)} − 4r^2_c v_k∂_{(i}ω^k_{j)} + r^3_c ∂^2σ_{ij} ] . (42)

Thus, the incompressible Navier-Stokes equations with higher order corrections from the equations of motion of the fluid ∂^aT_{ab} = 0 become

∂_iv^i = θ, ∂_τ v_i + v^j∂_j v_i − r_c∂^2v_i + ∂_iP = f_i + f^{(ω)}_i , (43)

where θ and f_i are given in (80) and (81), respectively, and

f^{(ω)}_i = − r^2_c 2 ∂^4v_i + 4r_cv^k∂^2ω_{ki} + 2r_c∂_lω_{ki}∂^lv^k + 2r_c∂_kv_i∂_lω^{lk} + r_c∂_i(ω_{kl}ω^{lk})

− 3v_i(ω_{kl}ω^{lk}) − 3v_iv_k∂_lω^{kl} − 3v_kω_{li}∂^kv^l − 3v_k(∂_lv_i)ω^{kl} − 3(∂_lω_{ki})v^kv^l + O(ϵ^7). (44)

Comparing (41) with the non-relativistic fluid dual to vacuum Einstein gravity constructed in Appendix B.1, one can extract the second order transport coefficients as

c_1 = −2, c_2 = c_3 = c_4 = −4, (45)

which implies that the correction terms in (42) do not contribute to the terms associated with second order transport coefficients. Thus, such kind of higher order fluid reduced from the Petrov type I condition, which we name as “Petrov type I fluid”, does not satisfy the non-relativistic fluid that constructed in Appendix B.1. However, if additionally requiring that the terms in (42) vanish at this order, we can again recover the previous stress tensor (16)-(19), up to order ϵ^4. In particular, taking the irrotational condition that ω_{ij} ∼ O(ϵ^4), we can recover equations (26)-(30).

4 On highly accelerated surface

An alternative presentation of the procedure discussed in the previous section can also be realized with the near horizon expansion. Introducing the expansion parameter λ = r^{1/2}c via the transformation τ → λ^{−2}τ̂ , r → λ^2r̂, x → x̂, the ingoing Rindler metric (11) becomes dŝ^2_{p+2} = − r̂ λ^2 dτ̂^2 + 2dτ̂dr̂ + dx̂_idx̂^i, (46) which gives the first three terms in (84). The induced metric (12) changes into

dŝ^2_{p+1} = γ̂_{ab}dx̂^adx̂^b = − 1 λ^2 dτ̂^2 + dx̂_idx̂^i. (47)

In the hatted coordinates, the Hamiltonian constraint becomes Ĥ = 0, where Ĥ ≡ T̂^{τ̂}_{τ̂} T̂^{τ̂}_{τ̂} − 2λ^{−2}T̂^{τ̂}_iT̂^{τ̂}_j δ^{ij} + T̂_{ij}T̂^{ij} − p^{−1}T̂^2. (48)

The Petrov type I condition turns out to be P̂_{ij} = 0, where 2P̂_{ij} ≡ T̂^{τ̂}_{τ̂} T̂_{ij} + 2λ^{−2}T̂^{τ̂}_iT̂^{τ̂}_j − 4λ ^∂_{τ̂} T̂_{ij} − T̂_{ik}T̂^k_j − 4λ^{−1} ^∂_{(i}T^{τ̂}_{j)} + p^{−2} [ T̂ (T̂ − pT̂^{τ̂}_{τ̂} ) + 4pλ ∂_{τ̂} T̂ ] δ_{ij} . (49)

4.1 Near horizon fluid and Petrov type I condition

In the near horizon expansion, with the transformations (82),(83) and (99), the stress tensor (16)-(19) becomes T̂^{τ̂}_i = + λv_i + λ^3 [ v̂_i(v̂^2 + P̂ ) − 2σ̂_{ij}v̂^j ] + O(λ^5), (50)

T̂^{τ̂}_{τ̂} = − λv^2 − λ^3 [ v̂^2(v̂^2 + P̂ ) − 2σ̂_{ij}v̂^iv̂^j − 2σ̂_{ij}σ̂^{ij} ] + O(λ^5), (51)

T̂_{ij} = + λ^{−1} δ_{ij} + λ [ P̂ δ_{ij} + v̂_iv̂_j − 2σ̂_{ij} ]

+ λ^3 [ v̂_iv̂_j (v̂^2 + P̂ ) − σ̂_{ij}v̂^2 + 2v̂_{(i} ^∂_{j)}P̂ − v̂_{(i} ^∂_{j)}v̂^2 − 2v̂_{(i} ^∂^2v̂_{j)}

−2σ̂_{ik}σ̂^k_j − 4σ̂_{k(i}ω̂^k_{j)} − 4ω̂_{ik}ω̂^k_j − 4 ^∂_i ^∂_jP̂ + 3 ^∂^2σ̂_{ij} ] + O(λ^5), (52) T̂ = T̂^{τ̂}_{τ̂} + T̂^i_i = λ^{−1}p + λ p P + O(λ^5), (53)

where the fluid shear σ̂_{ij} ≡ ^∂_{(i}v̂_{j)} and vorticity ω̂_{ij} ≡ ^∂_{[i}v̂_{j]}. Comparing the stress tensor with the one of dual fluid given in Appendix B.2, one has η̂ = 1, ĉ_1 = −2, ĉ_2 = ĉ_3 = ĉ_4 = −4. (54) The equations of motion ^∂^aT̂_{ab} = 0 turn out to be (86), and the stress tensor satisfies the Hamiltonian constraint Ĥ = 0 consistently. Inserting equations (50)-(53) into P̂_{ij} with expansion in powers of λ, we have P̂_{ij} = λ^{−2}P̂^{(−2)}_{ij} + λ^0P̂^{(0)}_{ij} + λ^2P̂^{(2)}_{ij} + O(λ^4). (55)

We see that P̂^{(−2)}_{ij} and P̂^{(0)}_{ij} vanish identically, but P̂^{(2)}_{ij} = − 6v̂^kv̂_{(i}ω̂_{j)k} − 2v̂_{(i} ^∂^2v̂_{j)} + 4v̂^k ^∂_{(i}ω̂_{j)k} + ^∂^2σ̂_{ij} . (56)

This is independent of the gauge transformation with v̂_i → v̂_i +λ^2δv̂_i or T̂_{ij} → T̂_{ij} +λ^3δP̂ δ_{ij} . Thus the perturbed stress tensor (50)-(53) does not satisfy the Petrov type I condition at order λ^2, if we choose this frame (5).

Again, we can also additionally require P̂^{(2)}_{ij} = 0. For example, if we add the irroational condition that ω̂_{ij} ∼ O(λ^2), then P̂^{(2)}_{ij} vanishes at this order and T̂_{ij} is reduced to T̂^{(σ̂)}_{ij} = λ^{−1} δ_{ij} + λ [ P̂ δ_{ij} + v̂_iv̂_j − 2σ̂_{ij} ] + λ^3 [ v̂_iv̂_j (v̂^2 + P̂ ) −σ̂_{ij}v̂^2 + 2v̂_{(i} ^∂_{j)}P̂ − v̂_{(i} ^∂_{j)}v̂^2 − 2σ̂_{ik}σ̂^k_j − 4 ^∂_i ^∂_j P ] . (57)

Comparing this with the stress tensor of dual fluid given in Appendix B.2, we have η̂ = 1, ĉ_1 = −2, ĉ_4 = −4. (58) In this case, the incompressible Navier-Stokes equations with higher order corrections (86) is reduced to ^∂_iv̂^i = θ̂^{(σ̂)}, ∂_{τ̂} v̂_i + v̂^j ^∂_jv̂_i + ^∂_iP̂ = ^∂^2v̂_i + f̂^{(σ̂)}_i , (59) where the higher order corrections are given by θ̂^{(σ̂)} = λ^2 [ +2σ̂_{ij}σ̂^{ij} + v̂^i ^∂_iP̂ ] + O(λ^4), (60) f̂^{(σ̂)}_i = λ^2 [ −3 ^∂_i(σ̂_{kl}σ̂^{kl}) + 4σ̂^{kl} ^∂_kσ̂_{li} − 2v̂^k ^∂_k ^∂_iP̂ − 2( ^∂^kv̂_i) ^∂_kP̂ − ( ^∂_kσ̂_{il})v̂^kv̂^l + (P̂ + v̂^2) ^∂_iP̂ − v̂_i ^∂_{τ̂} P̂ ] + O(λ^4) . (61)

Since the term ^∂^2v̂_i ∼ O(λ^2), it is therefore put on the right hand side of the equation (59).

4.2 From Petrov type I condition to dual fluid

In this subsection we will inverse the procedure and expand the Brown-York stress tensor in powers of the parameter λ with the background metric (47), T̂^{τ̂}_i = λ T̂^{τ̂ (1)}_i + λ^3 T̂^{τ̂ (3)}_i + O(λ^5), T̂^{τ̂}_{τ̂} = λ T̂^{τ̂ (1)}_{τ̂} + λ^3 T̂^{τ̂ (3)}_{τ̂} + O(λ^5), T̂_{ij} = λ^{−1}δ_{ij} + λ T̂^{(1)}_{ij} + λ^3 T̂^{(3)}_{ij} + O(λ^5), T̂ = λ^{−1}p + λ T̂^{(1)} + λ^3 T̂^{(3)} + O(λ^5). (62)

Note that here only the odd order terms are selected. The even order terms can also be added, because it can be showed that they give no further information of the higher order fluid, and thus are set to be vanished to satisfy the constraint equations as well as Petrov type I condition. We now put the expansions (62) into the Hamiltonian equation (48) and the Petrov equations (49), which both can be expanded in powers of the parameter λ. The first non-trivial order appears ar λ^0, where the Hamiltonian constraint Ĥ^{(0)} = 0 and Petrov type I condition P̂^{(0)}_{ij} = 0 lead to T̂^{τ̂ (1)}_{τ̂} = − T̂^{τ (1)}_i T̂^{τ (1)}_j δ^{ij}, (63) T̂^{(1)}_{ij} = p^{−1}T̂^{(1)}δ_{ij} + T̂^{τ̂ (1)}_i T̂^{τ̂ (1)}_j − 2 ^∂_{(i}T̂^{τ̂ (1)}_{j)} , (64)

respectively. Again, following [34], if assuming that T̂^{τ (1)}_i = v̂_i, T̂^{(1)} = p P̂ , (65)

we can recover the stress tensor (50)-(53) up to order λ. The next non-trivial Hamiltonian constraint Ĥ^{(2)} = 0 and Petrov type I condition P̂^{(2)}_{ij} = 0 give

T̂^{τ̂ (3)}_{τ̂} = − T̂^{τ (1)}_i T̂^{τ (3)}_j δ^{ij} + 1 2 [ T̂^{(1)}_{ij} T̂^{ij}_{(1)} + (T̂^{τ̂ (1)}_{τ̂} )^2 − p^{−1}(T̂^{(1)})^2 ] , (66) T̂^{(3)}_{ij} = 2 T̂^{τ (1)}_{(i} T̂^{τ (3)}_{j)} − 2 ^∂_{(i}T̂^{τ̂ (3)}_{j)} + 1 2 T̂^{τ̂ (1)}_{τ̂} T̂^{(1)}_{ij} − 1 2 T̂^{(1)}_{i k} T̂^{(1)}_{j l} δ^{kl} − 2 ^∂_{τ̂} T̂^{(1)}_{ij} + 1 2 p^{−1} [ p^{−1}(T̂^{(1)})^2 − T̂^{(1)}T̂^{τ̂ (1)}_τ + 4 ^∂_{τ̂} T̂^{(1)} + 2 T̂^{(3)} ] δ_{ij}, (67)

respectively. To give assumptions at higher order, we choose the Landau frame which gives 0 = ĥ^b_aT̂_{bc}û^c, ĥ^b_a = δ^b_a + û_aû^b, (68) where û^a = γ̂_v(1, v̂^i) and γ̂_{ab}û^aû^b = −1. At order λ, the spatial components give us with 0 = −T̂^{τ̂ (3)}_i + T̂^{(1)}_{ij} v̂^j + ê^{(1)}v_i, (69)

where ê ≡ T̂_{ab}û^aû^b. From the recovered stress tensor up to order λ we have e^{(1)} = 0. Putting (64) and (65) into the above equation we get T̂^{τ (3)}_i = v̂_i(v̂^2 + P̂ ) − 2σ̂_{ij}v̂^j. (70)

Then T̂^{τ̂}_τ in (51) can be recovered up to order λ^3 via the Hamiltonian constraint which leads to (63) and (66). On the other hand, putting (64)(65) and (70) into (67), one finds that and at order λ^3, there is only one term T̂^{(3)}δ_{ij} proportional to δ_{ij}. Thus, we can choose the isotropic gauge so that T̂^{(3)} = 0 and T̂^{(3)}_{ij} can be expressed as

T̂^{(3)}_{ij} = v̂_iv̂_j (v̂^2 + P̂ ) − σ̂_{ij}v̂^2 + 2v̂_{(i} ^∂_{j)}P̂ − v̂_{(i} ^∂_{j)}v̂^2 + 6v̂_kv̂_{(i}ω̂^k_{j)} − 4v̂_{(i} ^∂^2v̂_{j)}

− 2σ̂_{ik}σ̂^k_j − 4σ̂_{k(i}ω̂^k_{j)} − 4ω̂_{ik}ω̂^k_j − 4 ^∂_i ^∂_jP̂ − 4v̂_k ^∂_{(i}ω̂^k_{j)} + 4 ^∂^2σ̂_{ij} . (71)

Comparing (71) with the terms in (52) at order λ^3, one can find that the additional terms are 6v̂_kv̂_{(i}ω̂^k_{j)} − 2v̂_{(i} ^∂^2v̂_{j)} − 4v̂_k ^∂_{(i}ω̂^k_{j)} + ^∂^2σ̂_{ij} . (72)

Thus, the incompressible Navier-Stokes equations with higher order corrections from the equations of motion of the fluid ^∂^aT̂_{ab} = 0 become

^∂_iv̂^i = θ̂, ∂_{τ̂} v̂_i + v̂^j ^∂_jv̂_i − ^∂^2v̂_i + ^∂_iP̂ = f̂_i + f̂^{(ω̂)}_i , (73)

where θ̂ and f̂_i are given in (87) and (88), respectively, and

f̂^{(ω̂)}_i =λ^2 [ − 1 2 ^∂^4v̂_i + 4v̂^k ^∂^2ω̂_{ki} + 2 ^∂_lω̂_{ki} ^∂^lv̂^k + 2 ^∂_kv̂_i ^∂_lω̂^{lk} + ^∂_i(ω̂_{kl}ω̂^{lk}) − 3v̂_i(ω̂_{kl}ω̂^{lk})

− 3v̂_iv̂_k ^∂_lω̂^{kl} − 3v̂_kω̂_{li} ^∂^kv̂^l − 3v̂_k( ^∂_lv̂_i)ω̂^{kl} − 3( ^∂_lω̂_{ki})v̂^kv̂^l ] + O(λ^4). (74)

Comparing (71) with the stress tensor of fluid given in Appendix B.2, one can obtain the second order transport coefficients as

ĉ_1 = −2, ĉ_2 = ĉ_3 = ĉ_4 = −4. (75)

Thus, we have shown that the additional corrections do not make contribution to the second order transport coefficients. Such kind of higher order Petrov type I non-relativistic fluid does not match the fluid constructed in Appendix B.2. However, if we additionally require that the terms in (72) vanishes at this order, the stress tensor (50)-(53) can be recovered. In particular, taking the irrotational condition with ω̂_{ij} ∼ O(λ^2), we can still recover equations (57)-(61).

5 Conclusion

In Einstein gravity, the Petrov type I condition relate the gravity theory to a dual fluid without gravity in one less dimension. It reduces the the extrinsic curvature of a timelike hypersurface to p + 2 components, which can be interpreted as the energy density, pressure P and velocity field v^i of a dual fluid living on the hypersurface, constrained by equation of state and p + 1 evolution equations (incompressible Navier-Stokes equations) that come from the Einstein constraint equations [34]. To the non-linear order there are two equivalent presentations, that for the dual fluid living on a finite cutoff surface via non-relativistic hydrodynamic expansion, and on a highly accelerated surface via the near horizon expansion. Imposing the Petrov condition is mathematically much simpler than imposing regularity on the future horizon.

Via appropriate gauge choice, we generalized this procedure to the next order and obtained the incompressible Navier-Stokes equations with higher order corrections and associated second order transport coefficients. More higher order hydrodynamics can also be obtained order by order with appropriate expansion parameters. We can recover the nonrelativistic fluid stress tensor dual to vacuum Einstein gravity from boost transformation up to order ϵ^4, only if by imposing additional constraint such as the irrotational condition. In other words, the non-linear solution of vacuum Einstein equations constructed by boost transformation does not satisfy the Petrov type I condition up to order ϵ^4, although it holds at the order ϵ^2.

As the dual fluid constructed in Appendix B is reduced from the relativistic hydrodynamics, while the Petrov type I condition singles out a preferred time coordinate and thus breaks Lorentz invariance of the hypersurface [34]. Thus, it might be not surprised that the “Petrov type I fluid” does not match the boosted fluid at higher order. In this sense it would be interesting to construct the non-relativistic hydrodynamics of this special higher order fluid directly, with the corresponding non-linear gravitational solutions. Choosing a different frame instead of (5) or changing the boundary condition of the hypersurface to see their effects at higher orders, and generalizing to other bulk geometries would be interesting for further works.

Note added: During the preparation of this work, we were informed that the leading order calculation in section 3.2 might overlap with the work in preparation by authors in [37]. After finishing this work, we were informed that the authors in [3] also obtained the conclusion that the Petrov type I condition does not hold at higher orders for their non-linear solution of vacuum Einstein gravity (unpublished, May 2011).

Acknowledgements

This work was supported in part by the National Natural Science Foundation of China (No.10821504, No.10975168 and No.11035008), and in part by the Ministry of Science and Technology of China under Grant No. 2010CB833004. We thank Professors Yi Ling, Yu Tian and Xiao-Ning Wu for useful discussions. In particular, we thank Professor Kostas Skenderis for helpful correspondence and valuable comments on this preprint. R. -G. Cai thanks the long-term workshop YITP-T-12-03 on “Gravity and Cosmology 2012”, Y. -L. Zhang would like to thank the YIPQS (2012) workshop on “Gauge/Gravity Duality”. Both workshops are held at Yukawa Institute for Theoretical Physics at Kyoto University.

A Nonlinear metric solution

In this Appendix, we briefly give the nonlinear solution of vacuum Einstein equations G_{μν} = 0, which is obtained via the non-relativistic hydrodynamic expansion and near horizon expansion, respectively [2, 3].

A.1 Non-relativistic hydrodynamic expansion

Associated with the non-relativistic hydrodynamic expansion

v_i ∼ ϵ, P ∼ ϵ^2, ∂_i ∼ ϵ, ∂_τ ∼ ϵ^2, ∂_r ∼ ϵ^0, (76) the metric which solves Einstein equations (4) up to order ϵ^4 is given as [3],

ds^2_{p+2} = −rdτ^2 + 2dτdr + dx_idx^i − 2 ( 1 − r r_c ) v_idx^idτ − 2 r_c v_idx^idr + ( 1 − r r_c )[ (v^2 + 2P )dτ^2 + 1 r_c v_iv_j dx^idx^j ] + 1 r_c ( v^2 + 2P ) dτdr + 2g^{(3)}_{τ i} dx^idτ + g^{(4)}_{τ τ} dτ^2 + g^{(4)}_{ij} dx^idx^j + O(ϵ^5), (77)

where

g^{(3)}_{τ i} = (r − r_c) 2r_c [ (v^2 + 2P ) 2v_i r_c + 4∂_iP − (r + r_c)∂^2v_i ] , g^{(4)}_{τ τ} = −

(r − r_c)^3

2r^2_c (ω_{kl}ω^{kl}) + (r − r_c)^2 2r_c (2v^k∂^2v_k + σ_{kl}σ^{kl}) − (r − r_c) r_c F^{(4)}_τ ,

F^{(4)}_τ = 9 8r_c v^4 + 5 2r_c P v^2 +

P^2 r_c − 2r_cv^k∂^2v_k − 2r_cσ_{kl}σ^{kl} − 2∂_τ P + 2v^k∂_kP, g^{(4)}_{ij} = (1 − r r_c ) [ 1 r^2_c

(v_iv_j − r_cσ_{ij} ) (v^2 + 2P ) + 2 r_c v_{(i}∂_{j)}P − 1 r_c v_{(i}∂_{j)}v^2 − r + r_c r_c v_{(i}∂^2v_{j)}

− 2σ_{ik}σ^k_j − 4σ_{k(i}ω^k_{j)} + r − 5r_c r_c ω_{ik}ω^k_j − 4∂_i∂_j P + r + 5r_c 2 ∂^2σ_{ij} ] . (78)

The dual fluid satisfies the incompressible Navier-Stokes equations with higher order corrections ∂_iv^i = θ, ∂_τ v_i + v^j∂_j v_i − r_c∂^2v_i + ∂_iP = f_i, (79) where

θ = − v^i∂^2v_i + 2σ_{ij} σ^{ij} + 1 r_c v^i∂_iP + O(ϵ^6), (80)

f_i = −

3r^2_c 2 ∂^4v_i + 2r_cv^k∂^2∂_kv_i + 4r_cσ_{ik}∂_lσ^{kl} − 10r_cω_{ik}∂_lσ^{kl} − 3r_c∂_i(σ_{kl}σ^{kl}) − 5r_c 2 ∂_i(ω_{kl}ω^{lk}) + 4r_cσ^{kl}∂_kσ_{li} − 2v^k∂_k∂_iP − 2(∂^kv_i)∂_kP − (P + 1 2 v^2)∂^2v_i

− (∂_kσ_{il})v^kv^l + (∂_kω_{il})v^kv^l + 4(∂_kv_i)ω^{kl}v_l + r^{−1}_c (P + v^2)∂_iP − r^{−1}_c v_i∂_τ P + O(ϵ^7). (81)

A.2 Near horizon expansion

An alternate presentation of the metric (77) was given in [2], through taking the coordinate transformations

x̂^i = ϵ r^{−1}_c x^i, τ̂ = ϵ^2 r^{−1}_c τ, r̂ = r^{−1}_c r, (82)

so that ^∂_i ≡^∂_{∂x̂i} ∼ ϵ^0, ∂_{τ̂} ∼ ϵ^0, and ∂_{r̂} ∼ ϵ^0. In the new coordinates one defines

P̂ (x̂, τ̂) = ϵ^{−2}P (x(x̂), τ(τ̂ )), v̂_i(x̂, τ̂ ) = ϵ^{−1}v_i(x(x̂), τ(τ̂ )), (83) and v̂^2 ≡ v̂_iδ^{ij}v̂_j . Considering the rescaled metric dŝ^2_{p+2} = ϵ^2 r^{−2}_c ds^2_{p+2} and defining λ^2 = ϵ^2 r^{−1}_c , one finds

dŝ^2_{p+2} = − r̂ λ^2 dτ̂^2 + [ 2dτ̂dr̂ + dx̂_idx̂^i − 2(1 − r̂)v̂_idx̂^idτ̂ + (1 − r̂)(v̂^2 + 2P̂ )dτ̂^2 ] + λ^2 [ (1 − r̂)v̂_iv̂_j dx̂^idx̂^j − 2v̂_idx̂^idr̂ + (v̂^2 + 2P̂ )dτ̂ dr̂ + 2ĝ^{(2)}_{τ̂i} dx̂^idτ̂ + ĝ^{(2)}_{τ̂τ̂} dτ̂^2 ] + λ^4 [ ĝ^{(4)}_{ij} dx̂^idx̂^j + 2ĝ^{(4)}_{τ̂ i} dx̂^idτ̂ + ĝ^{(4)}_{τ̂ τ̂} dτ̂^2 ] + O(λ^6), (84)

where

ĝ^{(2)}_{τ̂i} =

(r̂ − 1) 2 [ (v̂^2 + 2P̂ )2v̂_i + 4∂_iP̂ − (r̂ + 1) ^∂^2v_i ] , ĝ^{(2)}_{τ̂τ̂} = −

(r̂ − 1)^3 2 (ω̂_{kl}ω̂^{kl}) +

(r̂ − 1)^2 2 (2v̂^k ^∂^2v̂_k + σ̂_{kl}σ̂^{kl}) − (r̂ − 1)F̂^{(2)}_{τ̂} ,

F̂^{(2)}_{τ̂} = 9 8 v̂^4 + 5 2 P̂ v̂^2 + P̂^2 − 2v̂^k ^∂^2v̂_k − 2σ̂_{kl}σ̂^{kl} − 2 ^∂_{τ̂} P̂ + 2v̂^k ^∂_kP̂ ,

ĝ^{(4)}_{ij} = (1 − r̂) [ (v̂_iv̂_j − σ̂_{ij} ) (v̂^2 + 2P̂ ) + 2v̂_{(i} ^∂_{j)}P̂ − v̂_{(i} ^∂_{j)}v̂^2 − (r̂ + 1)v̂_{(i} ^∂^2v̂_{j)}

− 2σ̂_{ik}σ̂^k_j − 4σ̂_{k(i}ω̂^k_{j)} + (r̂ − 5)ω̂_{ik}ω̂^k_j − 4 ^∂_i ^∂_jP̂ + r̂ + 5 2 ^∂^2σ̂_{ij} ] . (85)

The incompressible Navier-Stokes equations (79) change into ^∂_iv̂^i = θ̂, ∂_{τ̂} v̂_i + v̂^j ^∂_jv̂_i − ^∂^2v̂_i + ^∂_iP̂ = f̂_i, (86)

where

θ̂ = λ^2 [ −v̂^i ^∂^2v̂_i + 2σ̂_{ij}σ̂^{ij} + v̂^i ^∂_iP̂ ] + O(λ^4), (87)

f̂_i = λ^2 [ − 3 2 ^∂^4v̂_i + 2v̂^k ^∂^2 ^∂_kv̂_i + 4σ̂_{ik} ^∂_lσ̂^{kl} − 10ω̂_{ik} ^∂_lσ̂^{kl} − 3 ^∂_i(σ̂_{kl}σ̂^{kl}) − 5 2 ^∂_i(ω̂_{kl}ω̂^{lk})

+ 4σ̂^{kl} ^∂_kσ̂_{li} − 2v̂^k ^∂_k ^∂_iP̂ − 2( ^∂^kv̂_i) ^∂_kP̂ − (P̂ + 1 2 v̂^2) ^∂^2v̂_i − ( ^∂_kσ̂_{il})v̂^kv̂^l

+ ( ^∂_kω̂_{il})v̂^kv̂^l + 4( ^∂_kv̂_i)ω̂^{kl}v̂_l + (P̂ + v̂^2) ^∂_iP̂ − v̂_i∂_{τ̂} P̂ ] + O(λ^4) . (88)

With these constraints the metric (84) solves the vacuum Einstein equations (4) up to order λ^0 consistently. To solve the next non-trivial order that at λ^2, especially the τ̂ τ̂ and τ̂i components, the terms ĝ^{(4)}_{τ̂ i} and ĝ^{(4)}_{τ̂ τ̂} are needed. We do not intend to find their explicit expressions here, as it is found that at order λ^2, they do not contribute to the Petrov type I equation in (2).

B The dual Fluid

To discuss the fluid dual to vacuum Einstein gravity, the theory of relativistic hydrodynamics up to second order in fluid gradients was presented in [3, 7, 15]. Choosing the

Landau frame of the relativistic fluid with velocity u^a so that its stress tensor is written as

T_{ab} = e u_au_b + ph_{ab} + Π^⊥_{ab}, u^aΠ^⊥_{ab} = 0, (89)

where e and p represent the energy density and pressure of the fluid in the local rest frame. The induced metric h_{ab} = γ_{ab} +u_au_b, with γ_{ab} the intrinsically flat metric and γ_{ab}u^au^b = −1. The dissipative corrections can be written down through taking the isotropic gauge so that Π^⊥_{ab} does not contain terms proportional to h_{ab}. Up to second order in gradients,

Π^⊥_{ab} = −2ηK_{ab} + p^{−1} [ c_1K_{ca}K^c_b + c_2K_{c(a}Ω^c_{b)} + c_3Ω_{ac}Ω^c_b + c_4h^c_ah^d_b ∂_c∂_d ln p +c_5K_{ab} D ln p + c_6D^⊥_a ln p D^⊥_b ln p ] , (90)

where D^⊥_a ≡ h^b_a ∂_b, D ≡ u^a∂_a have been defined, η is the relativistic kinematic shear viscosity, and c_1, ..., c_6 are the corresponding transport coefficients at the second order. The equations of motion ∂^bT_{ab} at the lowest order have been considered in writing down the above form, and the relativistic shear and vorticity are defined as

K_{ab} = h^c_ah^d_b ∂_{(c}u_{d)}, Ω_{ab} = h^c_ah^d_b ∂_{[c}u_{d]}. (91)

The energy density which vanishes for equilibrium configurations can also be expanded as

e = ζ^′D ln p + p^{−1} [ d_1K_{ab}K^{ab} + d_2Ω_{ab}Ω^{ab} + d_3(D ln p)^2 + d_4DD ln p + d_5(D_⊥ ln p)^2 ] , (92)

where ζ^′ is an alternative first order transport coefficient which is similar to the bulk viscosity that measures variations of the energy density, and d_1, ..., d_5 are the corresponding second order transport coefficients. However, these six coefficients are not independent [15], if we consider the equation of state of this special fluid dual to vacuum Einstein gravity that T^2 − pT_{ab}T^{ab} = 0, which comes from the Hamiltonian constraint (9). Taking account of the expansions (89) and (90), one finds the energy density e can be expressed as

e = −2η^2p^{−1}K_{ab}K^{ab} + O(∂^3). (93)

Comparing (92) with (93), one can read off

ζ^′ = 0, d_1 = −2η^2, d_2 = d_3 = d_4 = d_5 = 0, (94)

Thus, in this paper we only consider the independent transport coefficients in (90).

B.1 Non-relativistic hydrodynamic expansion

With the pressure p = r_c^{1/2} + r^{3/2}c P , the full fluid stress tensor (89) can be expanded up to order ϵ^4 through the non-relativistic hydrodynamical expansion (15) as

T^τ_i = + r^{−3/2}_c v_i + r^{−5/2}_c [ v_i(v^2 + P ) − 2ηr_cσ_{ij} v^j ] + O(ϵ^5), (95)

T^τ_τ = − r^{−3/2}_c v^2 − r^{−5/2}_c [ v^2(v^2 + P ) − 2ηr_cσ_{ij} v^iv^j − 2η^2r^2_c σ_{ij} σ^{ij} ] + O(ϵ^6), (96)

T_{ij} = + r^{−1/2}_c δ_{ij} + r^{−3/2}_c [ P δ_{ij} + v_iv_j − 2ηr_c∂_{(i}v_{j)} ] + r^{−5/2}_c [ v_iv_j(v^2 + P ) − ηr_cσ_{ij} v^2 + 2ηr_cv_{(i}∂_{j)}P − ηr_cv_{(i}∂_{j)}v^2 − 2η^2r^2_c v_{(i}∂^2v_{j)}

+ c_1 r^2_c σ_{ik}σ^k_j + c_2 r^2_c σ_{k(i}ω^k_{j)} + c_3 r^2_c ω_{ik}ω^k_j + c_4 r^2_c ∂_i∂_j P ] + O(ϵ^6), (97)

T = T^τ_τ + T^i_i = p r^{−1/2}_c + p r^{−3/2}_c P + O(ϵ^6), (98)

where the equations of motion ∂^bT_{ab} = 0 at lower orders have been employed.

B.2 Alternate presentation

With the coordinates in (82), considering the re-scaled stress tensor

T̂_{ab}dx̂^adx̂^b = r^{−1}_c ϵ T_{ab}dx^adx^b, λ^2 ≡ r^{−1}_c ϵ^2, (99)

one finds the stress tensor (95)-(98) can be transformed into

T̂^{τ̂}_i = + λv_i + λ^3 [ v̂_i(v̂^2 + P̂ ) − 2η̂σ̂_{ij}v̂^j ] + O(λ^5), (100)

T̂^{τ̂}_{τ̂} = − λv^2 − λ^3 [ v̂^2(v̂^2 + P̂ ) − 2η̂σ̂_{ij}v̂^iv̂^j − 2η̂^2σ̂_{ij}σ̂^{ij} ] + O(λ^5), (101)

T̂_{ij} = + λ^{−1} δ_{ij} + λ [ P̂ δ_{ij} + v̂_iv̂_j − 2η̂σ̂_{ij} ]

+ λ^3 [ v̂_iv̂_j (v̂^2 + P̂ ) − η̂σ̂_{ij}v̂^2 + 2η̂v̂_{(i} ^∂_{j)}P̂ − η̂v̂_{(i} ^∂_{j)}v̂^2 − 2η̂^2v̂_{(i} ^∂^2v̂_{j)}

+ĉ_1 σ̂_{ik}σ̂^k_j + ĉ_2 σ̂_{k(i}ω̂^k_{j)} + ĉ_3 ω̂_{ik}ω̂^k_j + ĉ_4 ^∂_i ^∂_jP̂ ] + O(λ^5), (102)

T̂ = T̂^{τ̂}_{τ̂} + T̂^i_i = λ^{−1}p + λ p P̂ + O(λ^5). (103)

This is also the Brown-York stress tensor dual to the metric (84), which is mathematically equivalent to the metric with the near horizon expansion [2].

References

[1] I. Bredberg, C. Keeler, V. Lysov and A. Strominger, “Wilsonian Approach to Fluid/Gravity Duality,” JHEP 1103, 141 (2011) [arXiv:1006.1902 [hep-th]].

[2] I. Bredberg, C. Keeler, V. Lysov and A. Strominger, “From Navier-Stokes To Einstein,” JHEP 1207, 146 (2012) [arXiv:1101.2451 [hep-th]].

[3] G. Compere, P. McFadden, K. Skenderis and M. Taylor, “The Holographic fluid dual to vacuum Einstein gravity,” JHEP 1107, 050 (2011) [arXiv:1103.3022 [hep-th]].

[4] I. Bredberg and A. Strominger, “Black Holes as Incompressible Fluids on the Sphere,” JHEP 1205, 043 (2012) [arXiv:1106.3084 [hep-th]].

[5] D. Anninos, T. Anous, I. Bredberg and G. S. Ng, “Incompressible Fluids of the de Sitter Horizon and Beyond,” JHEP 1205, 107 (2012) [arXiv:1110.3792 [hep-th]].

[6] R. -G. Cai, L. Li and Y. -L. Zhang, “Non-Relativistic Fluid Dual to Asymptotically AdS Gravity at Finite Cutoff Surface,” JHEP 1107, 027 (2011) [arXiv:1104.3281 [hep-th]].

[7] G. Chirco, C. Eling and S. Liberati, “Higher Curvature Gravity and the Holographic fluid dual to flat spacetime,” JHEP 1108, 009 (2011) [arXiv:1105.4482 [hep-th]].

[8] C. Niu, Y. Tian, X. -N. Wu and Y. Ling, “Incompressible Navier-Stokes Equation from Einstein-Maxwell and Gauss-Bonnet-Maxwell Theories,” Phys. Lett. B 711, 411 (2012) [arXiv:1107.1430 [hep-th]].

[9] R. -G. Cai, L. Li, Z. -Y. Nie and Y. -L. Zhang, “Holographic Forced Fluid Dynamics in Non-relativistic Limit,” Nucl. Phys. B 864, 260 (2012) [arXiv:1202.4091 [hep-th]].

[10] D. -C. Zou, S. -J. Zhang and B. Wang, “The holographic charged fluid dual to third order Lovelock gravity,” arXiv:1302.0904 [hep-th].

[11] R. -G. Cai, T. -J. Li, Y. -H. Qi and Y. -L. Zhang, “Incompressible Navier-Stokes Equations from Einstein Gravity with Chern-Simons Term,” Phys. Rev. D 86, 086008 (2012) [arXiv:1208.0658 [hep-th]].

[12] S. Kuperstein and A. Mukhopadhyay, “The unconditional RG flow of the relativistic holographic fluid,” JHEP 1111, 130 (2011) [arXiv:1105.4530 [hep-th]].

[13] D. Brattan, J. Camps, R. Loganayagam and M. Rangamani, “CFT dual of the AdS Dirichlet problem : Fluid/Gravity on cut-off surfaces,” JHEP 1112, 090 (2011) [arXiv:1106.2577 [hep-th]].

[14] C. Eling and Y. Oz, “Holographic Screens and Transport Coefficients in the Fluid/Gravity Correspondence,” Phys. Rev. Lett. 107, 201602 (2011) [arXiv:1107.2134 [hep-th]].

[15] G. Compere, P. McFadden, K. Skenderis and M. Taylor, “The relativistic fluid dual to vacuum Einstein gravity,” JHEP 1203, 076 (2012) [arXiv:1201.2678 [hep-th]].

[16] C. Eling, A. Meyer and Y. Oz, “The Relativistic Rindler Hydrodynamics,” JHEP 1205, 116 (2012) [arXiv:1201.2705 [hep-th]].

[17] Y. Matsuo, M. Natsuume, M. Ohta and T. Okamura, “The Incompressible Rindler fluid versus the Schwarzschild-AdS fluid,” arXiv:1206.6924 [hep-th].

[18] X. Bai, Y. -P. Hu, B. -H. Lee and Y. -L. Zhang, “Holographic Charged Fluid with Anomalous Current at Finite Cutoff Surface in Einstein-Maxwell Gravity,” JHEP 1211, 054 (2012) [arXiv:1207.5309 [hep-th]].

[19] J. Berkeley and D. S. Berman, “The Navier-Stokes equation and solution generating symmetries from holography,” arXiv:1211.1983 [hep-th].

[20] M. M. Caldarelli, J. Camps, B. Gouteraux and K. Skenderis, “AdS/Ricci-flat correspondence and the Gregory-Laflamme instability,” arXiv:1211.2815 [hep-th].

[21] R. H. Price and K. S. Thorne, “Membrane Viewpoint On Black Holes: Properties And Evolution Of The Stretched Horizon,” Phys. Rev. D 33, 915 (1986).

[22] E. Gourgoulhon and J. L. Jaramillo, “A 3+1 perspective on null hypersurfaces and isolated horizons,” Phys. Rept. 423, 159 (2006) [gr-qc/0503113].

[23] E. Gourgoulhon, “A Generalized Damour-Navier-Stokes equation applied to trapping horizons,” Phys. Rev. D 72, 104007 (2005) [gr-qc/0508003].

[24] C. Eling, I. Fouxon and Y. Oz, “The Incompressible Navier-Stokes Equations From Membrane Dynamics,” Phys. Lett. B 680, 496 (2009) [arXiv:0905.3638 [hep-th]].

[25] C. Eling and Y. Oz, “Relativistic CFT Hydrodynamics from the Membrane Paradigm,” JHEP 1002, 069 (2010) [arXiv:0906.4999 [hep-th]].

[26] G. Policastro, D. T. Son and A. O. Starinets, “From AdS / CFT correspondence to hydrodynamics,” JHEP 0209, 043 (2002) [hep-th/0205052].

[27] P. Kovtun, D. T. Son and A. O. Starinets, “Holography and hydrodynamics: Diffusion on stretched horizons,” JHEP 0310, 064 (2003) [hep-th/0309213].

[28] S. Bhattacharyya, V. EHubeny, S. Minwalla and M. Rangamani, “Nonlinear Fluid Dynamics from Gravity,” JHEP 0802, 045 (2008) [arXiv:0712.2456 [hep-th]].

[29] S. Bhattacharyya, S. Minwalla and S. R. Wadia, “The Incompressible Non-Relativistic Navier-Stokes Equation from Gravity,” JHEP 0908, 059 (2009) [arXiv:0810.1545 [hepth]].

[30] V. E. Hubeny, S. Minwalla and M. Rangamani, “The fluid/gravity correspondence,” arXiv:1107.5780 [hep-th].

[31] E. Hertl, C. Hoenselaers, D. Kramer, M. Maccallum, and H. Stephani, “Exact solutions of Einstein’s field equations” (Cambridge university press, 2nd, 2003)

[32] A. Coley, R. Milson, V. Pravda and A. Pravdova, “Classification of the Weyl tensor in higher dimensions,” Class. Quant. Grav. 21, L35 (2004) [gr-qc/0401008].

[33] A. Coley, “Classification of the Weyl Tensor in Higher Dimensions and Applications,” Class. Quant. Grav. 25, 033001 (2008) [arXiv:0710.1598 [gr-qc]].

[34] V. Lysov and A. Strominger, “From Petrov-Einstein to Navier-Stokes,” arXiv:

1104.5502 [hep-th].

[35] T. -Z. Huang, Y. Ling, W. -J. Pan, Y. Tian and X. -N. Wu, “From Petrov- Einstein to Navier-Stokes in Spatially Curved Spacetime,” JHEP 1110, 079 (2011) [arXiv:1107.1464 [gr-qc]].

[36] T. -Z. Huang, Y. Ling, W. -J. Pan, Y. Tian and X. -N. Wu, “Fluid/gravity duality with Petrov-like boundary condition in a spacetime with a cosmological constant,” Phys. Rev. D 85, 123531 (2012) [arXiv:1111.1576 [hep-th]].

[37] C. -Y. Zhang, Y. Ling, C. Niu, Y. Tian and X. -N. Wu, “Magnetohydrodynamics from gravity,” Phys. Rev. D 86, 084043 (2012) [arXiv:1204.0959 [hep-th]].