arXiv:1302.2285v1 [gr-qc] 10 Feb 2013

Quantum Gravity: Meaning and Measurement

John Stachel^a, Kaća Bradonjić^b

aCenter for Einstein Studies, Boston University, Boston, MA 02215 USA bPhysics Department, Wellesley College, 106 Central Street, Wellesley, MA 02481, USA

Abstract

A discussion of the meaning of a physical concept cannot be separated from discussion of the conditions for its ideal measurement. We assert that quantization is no more than the invocation of the quantum of action in the explanation of some process or phenomenon, and does not imply an assertion of the fundamental nature of such a process. This leads to an ecumenical approach to the problem of quantization of the gravitational field. There can be many valid approaches, each of which should be judged by the domain of its applicability to various phenomena. If two approaches have overlapping domains, the relation between them then itself becomes a subject of study. We advocate an approach to general relativity based on the unimodular group, which emphasizes the physical significance and measurability of the conformal and projective structures. A discussion of the method of matched asymptotic expansions, and of the weakness of terrestrial sources compared with astrophysical and cosmological sources, leads us to suggest theoretical studies of gravitational radiation based on retrodiction (observation) rather than prediction (experimentation).

Keywords: gravitation, measurability, conformal, projective, unimodular, radiation, quantum theory

1. Introduction

How can we combine the background-independent, dynamical approach to all space-time structures of general relativity with the quantum theory,

Email addresses: john.stachel@gmail.com (John Stachel), kbradonjic@gmail.com (Kaća Bradonjić)

Preprint submitted to Studies in the History and Philosophy of Modern PhysicsFebruary 12, 2013

which is based on fixed, absolute background space-time structures? That is the fundamental challenge of quantum gravity.

Most approaches to quantum gravity concentrate on the development of a formalism, and only then take up the question of physical applications of this formalism. But this division neglects one of the most important lessons that can be drawn from the history and philosophy of science. No one has stated this lesson more eloquently than Gaston Bachelard:

In order to embody new experimental evidence, it is necessary to deform the original concepts, study the conditions of applicability of these concepts, and above all incorporate the conditions of applicability of a concept into the very meaning of the concept. ...The classic division that separates a theory from its application ignores this necessity to incorporate the conditions of applicability into the very essence of the theory. (Bachelard, 1938, pg. 61; transl. by J.S.)

We shall discuss some aspects of the problem of quantization of the gravitational field equations in the light of the need to combine the mathematical definition of physically meaningful candidates for quantization with the description of conditions for their measurement in principle, or as we shall say, ideal measurement. Again we may draw inspiration from the words of Bachelard:

I believe myself that mathematical thought forms the basis of physical explanation and that the conditions of abstract thought from now on are inseparable from the conditions of scientific experiment (Bachelard, 1938, p. 131, translated from (Lecourt, 1972), p. 57)

2. What is Quantization?

Given a physical theory, what elements of it to quantize is not an obvious question. First of all, one must decide what quantization means. One of us has emphasized that quantization consists of some procedure used to take account of the existence of h, the quantum of action:

Quantization is just a way accounting for the effects of h, the quantum of action, on any process involving some system, or rather on theoretical models of such a system, fundamental or composite; in the latter case, the collective behavior of a set of more fundamental entities is quantized. Successful quantization of some classical formalism does not mean that one has achieved a deeper understanding of reality – or better, an understanding of a deeper level of reality. It means that one has successfully understood the effects of the quantum of action on the phenomena (processes) described by the formalism.

The search for a method of quantizing space-time structures associated with the Einstein equations is quite distinct from the search for an underlying theory of all “fundamental” interactions. An attempt to quantize one set of space-time structures does not negate, and need not replace, attempts to quantize another set of space-time structures. Everything depends on the utility of the results in explaining some physical processes.(Stachel, 2012)

There are many such examples of different approaches to quantization of the same physical process, each successful within its range of applicability (Stachel, 2012). Rather than leading to a contradiction, this leads to a new and interesting question: What is the relation between such two approaches? For example, Crenshaw has shown that there is “[a] limited equivalence between microscopic and macroscopic quantizations of the electromagntic field in a dielectric” (Crenshaw, 2003). Another example is the relation between loop quantization and the usual field quantization of the electromagnetic field – if the loops are “thickened,” the two are equivalent (Ashtekar & Rovelli, 1992).

3. Measurability Analysis

The formal quantization procedure adopted may not be unique, and may even involve quantities, such as gauge-dependent variables, that are not measurable even in principle. But the physically significant upshot must be to single out a class of physical quantities that are measureable in principle. Following Peter Bergmann, we shall call this the problem of measurability analysis:

Measurability analysis identifies those dynamic field variables that are susceptible to observation and measurement (“observables”), and investigates to what extent limitations inherent in their experimental determination are consistent with the uncertainties predicted by the formal theory. (Bergmann & Smith, 1982)

Measurability analysis identifies those concepts that a theory defines as meaningful within some context and investigates to what extent the values associated with these concepts are ideally measurable in the defining context. It is just as applicable to classical as it is to quantum theories. For example, one can study the differing conditions of applicability of concepts such as hardness and viscosity in the context of the fluid and solid states of matter in classical thermodynamics (see (Stachel, 1986)). One must always establish a qualitative and quantitative consonance between the concept of some entity, for which physical significance is claimed, and an ideal measurement procedure for that entity.

Indeed, it seems essential to first investigate the conditions of applicability of a concept in a classical context, if it has one, before studying any modifications in the quantum context. If it is a strictly quantum concept, h must enter both its definition and measurement procedure. This division between classical and quantum concepts is not without its own problems. For example, it is often claimed that spin is a purely quantum concept, but it has been shown that a spin vector can be attached to a classical particle (Stachel & Plebanski, 1977).

When applied to a quantum theory, measurability analysis aims to predict the effect of the quantum of action on measurements: first on individual measurements and then, perhaps even more importantly, on conjoint measurements of pairs of such quantities. This should not be confused with the so-called “measurement problem” in quantum mechanics. We take the position that the task of any quantum theory is to predict the outcome of a process by calculating a probability amplitude for the process. The wave function is no more than a mathematical tool that is sometimes useful in such a calculation, and to which no ontological significance should be attributed. But regardless of one’s opinion about either, the distinction between the measurement problem and measurability analysis should be clear.

The origin of measurability analysis can be traced back to the work of Heisenberg for quantum mechanics and of Bohr and Rosenfeld for quantum field theory. Indeed, as Bergmann and Smith emphasized, much can still be learned from the problems of quantum gravity from the Bohr-Rosenfeld (B-R) analysis of the measurability and co-measurability of the components of the electromagnetic field (Bohr & Rosenfeld, 1933, 1978, 1950; Darrigol,

1991)). The criterion of consonance between definability and measurability of a physical quantity can play a heuristic role in the search for a viable theory of quantum gravity:

For well-established theories, this criterion can be tested. For example, in spite of a serious challenge, source-free quantum electro-dynamics was shown to pass this test. In the case of quantum gravity, our situation is rather the opposite. In the absence of a fully accepted, rigorous theory, exploration of the limits of measurability of various quantities can serve as a tool to provide clues in the search for such a theory: If we are fairly certain of the results of our measurability analysis, the proposed theory must be fully consistent with these results. (Amelino-Camelia & Stachel, 2009)

The first important conclusion that can be drawn from B-R is that the field components at a point are not measurable. Even an ideal measurement involves a finite region of space and takes a finite amount of time. In a word: only averages over some region of space-time are measurable and such a measurement requires a four-volume element. This is just what B-R did in their analysis of the measurability of the components of the electric and magnetic fields.

The second important conclusion that can be drawn from (B-R) is that co-measurability of averages over two time-like-separated regions must be investigated. This suggests that formulations of a theory based on canonical commutation relations on a space-like hypersurface, may not be the best starting point for an approach based on measurability analysis. Indeed, as DeWitt first emphasized (DeWitt, 1962), the Peierls bracket provides a starting point that is much better suited to such an approach. It is only defined for quantities measurable in principle, and the definition applies to any two points in space-time. As DeWitt points out, hanging on to the canonical formulation, just complicates things:

When expounding the fundamentals of quantum field theory physicists almost universally fail to apply the lessons that relativity theory taught them early in the twentieth century. Although they usually carry out their calculations in a covariant way, in deriving their calculational rules they seem unable to wean themselves from canonical methods & Hamiltonians, which are holdovers from the nineteenth century, and are tied to the cumbersome (3+1)-dimensional baggage of conjugate momenta, bigger-than-physical Hilbert spaces and constraints. One of the unfortunate results is that physicists, over the years, have almost totally neglected the beautiful covariant replacement for the canonical Poisson bracket that Peierls invented in 1952 (DeWitt, 2005, Introduction).

As noted above, space-time averages must be taken to get physically valid co-measurability results. Contrary to the previous assertions of Heisenberg (Heisenberg, 1949), who only considered spatial averages at the same time, B-R showed that the average values of any pair of components of the electric and magnetic fields are co-measurable over the same region of spacetime. The quantum of action only limits the co-measurability of such averages over two different space-time regions that are time-like separated.

4. What is physically meaningful in quantum gravity?

Both of these conclusions are quite general, and hence should apply to any theory of quantum gravity based on a differentiable manifold^1. Now we come to some specific questions about quantum gravity. In classical general relativity, what are the physically meaningful quantities that should be quantized? Again, B-R provide an important hint: they don’t attempt to quantize the components of A_μ, the non-measurable electromagnetic four-potential^2, which so often are the starting point of other approaches; but start immediately from F_{μν} , the electromagnetic field. Indeed, its components in any inertial frame of reference (ifr) are measurable as the electric and magnetic fields w.r.t. that ifr. Mathematically, F_{μν} can be regarded as the curvature corresponding to the connection A_μ. So the analogy with the B-R approach to electromagnetism suggests one start, not from the space-time connection (let alone the metric), but from the curvature tensor, or rather the physical components of the curvature tensor with respect to some orthonormal basis (see (DeWitt, 1962) and (Bergmann & Smith, 1982)). DeWitt has shown how to apply the Peierls bracket formalism to this case (DeWitt, 2005).

1We shall not discuss here theories based on the a priori introduction of a discrete structure for space-times.

2Locally non-measurable, while globally, of course, the two Aharonov-Bohm effects are measurable.

But another question immediately arises: which curvature tensor? As we shall see there are two basic space-time curvature tensors:

1. the conformal curvature tensor, derived from conformal connection, and 2. the projective curvature tensor, derived from projective connection.

We shall return to this question, but for the moment just let us note that in our view both are relevant – the answer depends on whether we are concerned with the near field, tied to its sources, or the far field, which has escaped from its sources, i.e., the free-radiation field.

Now we come to the final crucial question. Bohr emphasized the need to base measurability analysis on some massive physical materialization of an inertial frame of reference, to which the measuring instruments were either rigidly attached, or w.r.t. which their motion could be related(Bohr, 1935, 1949). In particular, the four-volume element used in B-R is defined by a charged test body, initially at rest in the ifr, and then set into rigid inertial motion by its interaction with the field for a finite time interval. The entire analysis is based on the existence of a fixed Minkowski spacetime, and the fact that the presence of massive bodies – charged like the test body, or uncharged like the massive body defining the ifr – have no effect on that space-time. In other words, electromagnetic theory is a backgrounddependent theory. In addition, the ability to make the inertial mass of a body as large as needed while keeping its charge fixed, plays an important role in the B-R analysis, enabling them to minimize the effect of radiation reaction on the test body.

General relativity differs in both respects: there are no fixed, non-dynamical structures on the differentiable manifold^3, and the presence of any massive body, charged or uncharged, and even of the electromagnetic field itself, has an effect on the space-time structure prescribed by the stressenergy-momentum tensor through the inhomogeneous Einstein equations. In other words, general relativity is a background-independent theory. In addition, as first noted by Bronstein (1936), since gravitational charge and inertial mass are proportional (the equivalence principle), if one makes the inertial mass too large, the body will fall within its own Schwarzschild radius and become unavailable as a test body.

3Even its global topology is not fixed.

5. How to quantize in general relativity?

How can one proceed to quantize such a theory? We can get a first hint by noting that the above argument of Bronstein is only an argument against attempting to measure the components of the gravitational portion of the affine connection w.r.t. a global frame of reference, which divides the connection into an inertial connection and a gravitational tensor. The argument disappears once we move to the level of the curvature tensor, because there is a big difference between the measurability of F_{μν} , the electromagnetic field tensor, and of R^κ_{λμν} , the gravitational curvature tensor. As noted above, to measure the components of F_{μν} , the electric and magnetic fields, we need to fix an inertial frame of reference and measure motions of test bodies w.r.t. it. The components of R^κ_{λμν} , on the other hand, relate to tidal gravitational forces, measurement of which does not require an overall global frame of reference. We only need to measure the relative acceleration of two test bodies with respect to each other when both are in free, inertio-gravitational motion, or even the relative acceleration of the parts of one test body if its stress energy momentum tensor is known.

And now the equivalence principle turns into an advantage: since passive inertial and active gravitational masses are equal, the motion of a test body used to probe this relative acceleration field is independent of its passive mass; so the mass of the test body may be made sufficiently small that the effect of its active gravitational mass on the field being investigated is either negligible; or if its perturbing effect cannot be neglected, it can be taken into account using the linearized approximation to such perturbations of the field equations. And indeed such linearized perturbations are needed to compute the Peierls bracket between components of the curvature tensor (DeWitt, 2005).

5.1. Some Hints from Newtonian Gravity

We can gain further important hints from considering the four-dimensional formulation of Newtonian gravitational theory (see (Stachel, 2006), which has references to earlier work). In this formulation, the chronometry (the unique absolute time foliation) and geometry (the preferred class of rotation free spatial frames of reference, linearly accelerated w.r.t. each other, and each having a Euclidean three-metric) are fixed, independent non-dynamical structures; this allows one to form non-dynamical four-volume elements (see Section 8), which, as we have seen are necessary to calculate the space-time averages of any dynamical quantities. The only dynamical structure in the theory is an affine connection, representing the inertia-gravitational field, which is required to be compatible with both the chronometry and geometry.

It turns out that these restrictions suffice to make the connection tracefree, so that it is actually a projective connection. The components of the projective curvature tensor, formed from this connection, are the gaugeinvariant, physically significant quantities, measurable in principle (see Section 7). Just as in general relativity, the field equations of this version of Newtonian theory relate the Ricci tensor, formed from the projective curvature, to the stress-energy-momentum tensor, formed from masses, velocities and stress tensors of the material sources of the field. And since the fourvolume structure is based on the fixed chronometry and geometry, and thus quite independent of the dynamical projective connection field, one can take averages of these components over the four volume and proceed to consider problems of their quantization without having to worry about quantization of the four-volume.

Minkowski space-time may be regarded as that special solution to the field equations of general relativity, for which the inertia-gravitational field is flat, i.e., for which the affine curvature tensor vanishes, and for which the symmetry group is the ten parameter inhomogeneous Lorentz group. This consists of the six-parameter homogeneous Lorentz group, including spatial rotations and space-time pseudo-rotations (Lorentz transformations), plus the four-parameter inhomogenous part, consisting of spatial and temporal translations. When the gravitational field is “turned on,” leading to a nonvanishing affine curvature tensor, the symmetry group becomes a much larger diffeomorphism group, with a G-structure that preserves the homogeneous Lorentz group locally (see Section 6).

One may ask: what is the analogue of Minkowski space-time for Newtonian space-times? It is the special solution to the Newtonian gravitational field equations that is affine-flat, i.e., for which the Newtonian projective curvature tensor vanishes. This is called Galilean space-time, with a Galilean geometry (see (Yaglom, 1979)). Its symmetry group includes the six-parameter homogeneous Galilei group, consisting of spatial rotations and space-time shears (Galilei transformations), plus the four-parameter inhomogenous part, consisting of spatial and temporal translations. The big difference from the case of Minkowski space and its inhomogeneous Lorentz group is that, when we “turn on” the Newtonian gravitational field, the chronometry and geometry do not change, although their symmetry group becomes larger. Only the projective connection changes, leading to a non-vanishing projective curvature tensor, which changes the symmetry group of the geometry from the ten-parameter inhomogeneous Galilei group to a much larger diffeomorphism group, with a G-structure that preserves the homogeneous Galilei group locally.

There is another interesting point about this formulation. Contrary to the usual formulations of Newtonian theory, in which only an electric-type gravitational field (electro-gravitational) occurs, dependent on the positions of the sources relative to the chosen frame of reference, in this formulation, just as in electromagnetic theory, the total field also includes a magnetic type gravitational (magneto-gravitational) field, dependent on the angular velocity of the sources. In other, hopefully more familiar, words, just as in general relativity, a rotating Newtonian mass will drag inertial frames with it. So the recent experimental verification of this order (v/c) effect, in appropriate units, which has been hailed as a crucial experimental test of general relativity (Phillips, 2011), can actually be explained at the Newtonian level.

5.2. Near fields, far fields and matched asymptotic expansions As discussed in the previous section, there are two important limiting cases of general relativity. The well-known Minkowski space of SR is the starting point for the weak field, fast motion approximation procedure.

The other, Newtonian gravitational theory, is the starting point for the strong field, slow-motion approximation procedure, i.e., an approximation in successive powers of (v/c) to solutions of the full Einstein theory. Gravitational radiation does not enter the picture until order (v/c)^5, so any quantization effects at lower orders of the near gravitational field tied to the sources are basically due to the effects of quantization of these sources (for quantization of the Newtonian field, see (Christian, 1997)). In this approach, free gravitational radiation fields and their quantization (“gravitons” in the popular parlance) only start to enter the picture at order (v/c)^5. This is related to the circumstance that, in contrast to electromagnetism, there is no dipole gravitational radiation. Gravitational radiation only starts to be produced by a varying quadrupole (or higher) moment of its source.

But there is a much better way to handle gravitational radiation than sticking to such a high order of the slow motion approximation. One can restrict the strong field, slow motion, approximation to the near field, starting from Galilean space-time, and use the weak field, fast motion expansions for the far field. Then one can use the method of matched asymptotic approximations, first applied to gravitation theory by William Burke (Burke, 1971), to match the two approximations in the intermediate region. Kip Thorne, Burke’s thesis advisor, explained this approach:

Previous work on gravitational-wave theory has not distinguished the local wave zone from the distant wave zone. I think it is useful to make this distinction, and to split the theory of gravitational waves into two corresponding parts: Part one deals with the source’s generation of the waves, and with their propagation into the local wave zone; thus it deals with ... all of space-time except the distant wave zone. Part two deals with the propagation of the waves from the local wave zone out through the distant wave zone to the observer ... The two parts, wave generation and wave propagation, overlap in the local wave zone; and the two theories can be matched together there. ... [F]or almost all realistic situations, wave propagation theory can do its job admirably well using the elementary formalism of geometric optics. (Thorne, 1980, p. 316)

If one looks at this more carefully, Thorne has actually introduced three zones:

1. The near zone, in which the near field is generated by its source. 2. An intermediate zone, in which the transition takes place between zones 1 and 3.

3. The far zone, in which the pure radiation field has broken free from the source.

Anticipating the discussion below, it is our conjecture that: In the near zone 1, the projective structure dominates because the propagation of the near field takes place along a family of spacelike hypersurfaces. In the far zone 3, the conformal structure dominates because the radiation field obeys Huygens principle and propagates entirely on a null hypersurface. In the intermediate zone 2, the compatibility conditions between the conformal and projective structures dominate, assuring that the field propagating from zone 1 into zone 2 and the field propagating from zone 2 into zone 3 are actually one and the same field.

6. Geometries and their symmetry groups

A couple of important conclusions can be drawn from this discussion. One does not necessarily have to quantize all space-time structures in a theory that incorporates the equivalence principle. And when one does, it is the curvature of some connection that is the prime candidate for quantization. So now let us turn finally to the question posed above: what connection? To answer this question, we must first discuss the broader question: given a physical theory, what space-time structures does it involve?

Generally speaking (pun intended), the general theory of relativity is discussed as if it were based on one space-time structure, the (pseudo-Riemannian) metric and one symmetry group, the diffeomorphism group^4. Actually, there are many possible automorphism or symmetry groups for the various spacetime structures that may be associated with different physical theories. If one starts from a bare differentiable manifold, together with the collection L(x) of linear frames at each x point of M, then the symmetry group of its geometry is the full four-dimensionbal diffeomorphism group Diff(M), which induces the group of linear transformations GL(4, R) of the frames at each point x of M. As one introduces additional space-time structures, the symmetry group will generally be reduced to a subgroup of Diff(M) inducing a corresponding subgroup of the linear frame transformation group.

Let M be a differentiable manifold of dimension n and L(M) the bundle of linear frames over M. Then L(M) is the principal fibre bundle over M with group GL(n; R). Let G be a Lie subgroup of GL(n; R). By a G-structure on M we shall mean a differentiable subbundle P of L(M) with structure group G. (Kobayashi, 1972, p.1)

So the study of possible geometries on a differentiable manifold M, and their relation to each other, is equivalent to the study of all G-structures on M. As we have seen, for example, the symmetry group of Newtonian gravitation theory at each point of space-time is the Galilei group that preserves the four-volume of all frames. The compatibility conditions between affine connection and the chronometry and geometry then require the preservation of these conditions under parallel transport; so the full symmetry group

4Diffeomorphisms are active point transformations, as opposed to passive coordinate transformations.

must be a subgroup of SDiff(M), the group of unimodular diffeomorphisms. These conditions place severe restrictions on the affine curvature tensor, but, as discussed above, they leave just enough freedom to introduce Newtonian gravitational fields of both electric and magnetic type. The existence of an invariant four-volume element means that average values of the components of the affine curvature tensor are meaningful concepts, and indeed the tidal forces serve as a means for their measurement.

7. Unimodular conformal and projective relativity

With this background, let us turn finally from discussion of approximations to the case of the full theory of general relativity. As early as the 1920s, Hermann Weyl discussed (see Weyl, 1923, Section 23) and for the development of his views (Scholz, 2001)) the two basic conditions needed for general relativity: the existence of 1) straight lines and 2) null elements. As far as it goes, this is correct; the first leads to the projective structure, and the second to the conformal structure. But for our purposes it is important to add a third item. As Weyl also noted (Weyl, 1923, Section 19), in order to distinguish between similarity and congruence of geometrical figures, it is necessary to introduce 3) an invariant four-volume structure, preferably path independent.

Weyl did not lay equal stress on this third element, because his aim at the time was to develop a unified field theory based on a geometry (now called a Weyl space) that violates this condition. And if one puts the conditions on a Weyl space that restrict the conformal geometry to a single metric, one jumps immediately to the pseudo-orthogonal subgroup SO(3, 1) of SL(4, R).

But for our purposes, the initial introduction of SL(4, R) allows the definition of invariant space-time averages of other physical quantities, and hence the investigation of their measurability and co-measurability. As we have seen, this is a crucial preliminary to the formulation of a quantum version of a theory based on such quantities.

Mathematically it is simple to introduce condition 3) for any geometric structures on a differentiable manifold prior to, and independently of, conditions 1) and 2). The representations of the traditional symmetry group of general relativity, Diff(M) can be neatly split into two parts using the fact that its stabilizer (also called isotropy subgroup) at a point of M, GL^+(4, R), can be expressed as a group product of two other groups,

GL^+(4, R) ∼= R^+ × SL(4, R). As the Wikipedia entry on the representations of GL^+(4, R) states^5,

We know the reps of SL(n, R) are simply tensors over n dimensions. How about the R^+ part? That corresponds to the density, or in other words, how the tensor rescales under the determinant of the Jacobian of the diffeomorphism at x. ... So, we have just discovered the tensor reps (with density) of the diffeomorphism group. (Wikipedia, 2013)

If one starts from SDiff(M), the group of unimodular diffeomorphisms mentioned above, as the automorphism group of any geometry, there is no need to introduce densities; condition 3) is already incorporated in this requirement, and such structures as the projective affine connection and one form, and conformal metric and scalar field can each be introduced independently, and relations between them introduced later.

The physical interpretation of these elements and their relations can also be made independently by an approach assuming that the unimodular group is the maximum possible automorphism group of any physical theory (Stachel, 2011; Bradonjić and Stachel, 2012). As stated above, if we start with a bare manifold, the local geometry is determined by the local diffeomorphism group Diff(M). Once the tangent and dual co-tangent fibre bundles are introduced, we can introduce an invariant four-volume structure by reducing the symmetry group to SDiff(M), the unimodular group. This four-volume structure can be represented mathematically by a scalar field that is dual to the representation by the exterior product of the four basis vectors. (It is a scalar field and not a density because SDiff(M) eliminates the distinction between the two).

Furthermore, the unimodular group allows us to independently introduce:

• a symmetric traceless projective connection which determines the autoparallel paths on the manifold

• an affine one-form (or projective one-form, as it is called in some literature) which determines the affine parameter along the auto-parallel paths determined by the projective connection

5While Wikipedia is not always a reliable reference, in this case we have not found a more concise explanation of the physical significance of the break-up of the diffeomorphism group.

The autoparallel structure of a space-time can be identified with the projective connection, which together with a covector field, the affine or projective one-form, uniquely determine a torsion free linear affine connection.The projective connection defines the autoparallel paths and the projective one form determines the preferred parametrizations making them autoprallel curves. Under Diff(M), the components of the projective structure do not even transform as a geometric object, let alone like the components of a linear affine connection. All dynamics is based on the projective connection and the affine one-form.

Finally, the causal structure of a space-time is defined by the conformal metric, which together with the scalar field representing the volume form, uniquely determine a pseudo-Riemannian metric (with Lorentz signature).The conformal metric determines the null cone structure in the tangent space at each point, and hence the null geodesic paths; while the scalar field determines their preferred parametrization, and hence the tangent null vectors. Again, under Diff(M), no such breakup is possible.

Let us emphasize two points:

1. The scalar and convector fields are are independent of the conformal metric and the projective (and of course the conformal) connection. This means that the definition of a four-volume field is independent of all other space-time structures.

2. Even more remarkably, given a volume form and projective connection, there always exists a projectively related affine connection that is equiaffine, i.e., such that the volume form is parallel (see (Sanchez-Rodriguez, 2011, Theorem 4.3) and (Belgun, 2012, Proposition 4).

Most significantly for measurability, this means that in UCPR projective one form and volume scalar can be related in such a way that the parallelism of the volume form holds quite independently of the subsequent choice of a conformal metric or projective connection. Thus, the ability to define four-volume averages of the projective curvature tensor, discussed above for Newtonian theory, now exists in general relativity, and can even be extended to include four-volume averages of the conformal curvature tensor. Contrary to approaches based exclusively on the metric tensor, or even those based on the metric and connection, in UCPR one can separate the question of a possible discrete structure of space-time from the problem of quantizing the other dynamical structures on that manifold.

Of course, this does not mean that we preclude the study of such a possible discrete structure by quantization of the projective one-form and scalar field, merely that we do not have to confront this problem before taking space-time averages of these other dynamical variables. Indeed, it was the inability to make such a separation that forced (Bergmann & Smith, 1982) to use fourvolumes in the background Minkowski space-time for the calculation of such averages of the linearized Riemann tensor components.

It also follows that a parallel volume scalar fixes a unique parametrization (up to linear transformations) of all autoparallel paths, turning them into autoparallel curves (Sanchez-Rodriguez, 2011, Theorem 4.3)). When a causal structure is introduced, this means that a proper time is now defined for timelike autoparallels, as well as a proper length for spacelike ones. Of course, the compatibility of the causal and projective structures would assure that causal geodesic paths coincide with projective autoparallel paths; but this does not per se assure their agreement on parametrization (Bradonjić and Stachel, 2012). In UCPR, parametrization of autoparallels and agreement between geodesics and autoparallels become independent questions.

8. UCPR and Measurability

We shall now discuss the UCPR approach to measurability analysis in quantum gravity, which is based on the distinction between the near (induction) field produced by massive bodies and the far (radiation) field that has escaped these material sources. Two limiting spacetimes result, each forming the starting point for a method of approximating solutions to the generalrelativistic field equations. In UCPR, the treatment of both the limiting spacetimes and the successive approximations is based on the unimodular symmetry group.

8.1. Near Field Slow Motion Limit

This is Newtonian limit, sketched in Section 5.1.The compatibility conditions between the inertio-gravitational connection and both the Euclidean three-geometry and absolute time constrain the connection to be trace-free, so it is a projective connection. The four-volume at each point is a fourdimensional parallelopiped, consisting of a unit cube, formed by three spacelike orthonormal basis vectors e_a, (a = 1, 2, 3) that span the Euclidean three space, and a fourth velocity vector V defining a frame of reference. This vector obeys the condition < V, dT >= 1, where T is the absolute time, assuring that one has a unit four-parallelopiped. The allowed symmetry transformations of the e_a produce spatial rotations of the cube; and the allowed transformations of V −→ V^′ , (see (Yaglom, 1979)), are restricted by the condition < V^′ , dT >= 1, which ensures that the resulting change in the shape of the four-parallelopiped does not change its unit four-volume.

The lowest order term in the components of the projective curvature tensor w.r.t. the basis vectors constitute the electro-gravitational field, and the next-higher-order term introduces a magneto-gravitational field. Being calculated from the projective connection, both fields are projectively invariant, and four-volume integrals of these components can be calculated. These average values can be ascertained by measuring the motions of finite test bodies acted on by the tidal forces produced by the curvature tensor, as sketched out in Section 5.1.

The time-variation of these fields is ultimately responsible for any gravitational radiation in the far field; the method of matched asymptotic expansions allows one to find out just how the two are related (see Section 5.2). These near fields are of course generated by the motion of material sources, as described by the gravitational field equations relating the projective Ricci tensor to the Newtonian stress-energy-momentum tensor (Stachel, 2006). The quantization of its sources will produce quantum effects on these otherwiseclassical near fields.

8.2. Far Field, Fast Motion Limit

The far field, fast motion approximation starts from Minkowski spacetime η̃_{μν} , the source-free solution to the Einstein equations. It is assumed to be the limit of a conformal metric tensor field g̃_{μν} , which obeys the unimodular condition that its determinant is -1. Since we want to use this approximation to treat far-field radiation, we assume that there are no material sources in any of the higher-order approximations (as noted below, electromagnetic radiation field terms are permissible). In the next order of the conformal metric tensor: g̃_{μν} = η̃_{μν} + ϵh̃_{μν} , the condition that h̃_{μν} be traceless assures the preservation of unimodularity. The wave fronts (characteristics) will propagate in accord with Huygens’ principle, while the family of orthogonal rays (bicharacteristics) will obey Fermat’s principle (Hildebrandt, 1994). Their geometric behavior (null characteristic hypersurfaces, and null geodesic rays propagating along a family of spacelike two-surfaces on a null hypersurface) is governed by the conformal metric, while their parametrization (phases of wave fronts and times along the rays) is governed by the scalar conformal field.

The two degrees of freedom of the free gravitational radiation field are determined by the shear of such a family of null rays. The shear is closely related to certain components of the conformal curvature tensor; it is measurable classically in the radiation zone by studying the changing shape of the shadows cast by these rays when an obstacle is placed in their path (Stachel, 2011, Section 3).

Particle like behavior of the radiation field will only manifest itself when some device producing interactions dependent on the quantum of action is introduced, and discrete effects result that can then be described as particlelike (see (Stachel, 2009) for a discussion of Bohr’s views on the applicability of the photon concept). Any such device must consist of two parts:

[D]etection of the state of a quantum field requires at least two stages. At the first stage, some conserved physical quantity is to be transferred from the quantum field to an intermediary device, a quantum system with but a finite number of degrees of freedom. This intermediary device is not the ultimate instrument upon which the outcome of the state determination is registered, because its observable features are subject to the indeterminacies of ordinary quantum mechanics; on the other hand, it is not a quantum field, because its state vector is not subject to second quantization. At the second stage, the conserved quantity is to be transferred from the intermediary device to a classical instrument, whose readout is classically determinate, in such a manner that the state of the quantum field is minimally altered ... Having distinguished between the quantum field, the intermediary device and the classical instrument, we shall avoid ... Bohr and Rosenfeld’s word Test body, which sometimes seems to refer to the classical instrument, and sometimes to what we have called the intermediary device. (Bergmann & Smith, 1982, pp. 1147-1148)

If the sources of the gravitational radiation are charged, or have nonvanishing higher electromagnetic multipole moments, the combined Einstein- Maxwell equations must be used, and the far-field radiation will include both electromagnetic and gravitational components.

9. Discussion

One could proceed, in the usual manner, by investigating the production of gravitational radiation by its sources, or the cross sections for scattering of gravitational radiation by some massive body; but such idealized experiments, however interesting and even important as a theoretical exercises, stand little chance of serving as prototype of an actual experiment. No source available on earth could produce sufficient gravitational radiation to be detected by available methods, let alone the effects of its scattering.

However, there is another way to proceed. The experiments discussed are all based on the concept of prediction; however there are also observations based on the concept of retrodiction. For a prediction, we focus on the fixed result of an initial act of preparation and sum over all possible outcomes of some final act of registration (classically we sum probabilities, quantum mechanically we sum probability amplitudes). For a retrodiction, we focus on the result of some final act of registration, and sum over all possible acts of preparations that could have led to it^6.

It would be more realistic to attempt to analyze the gravitational radiation detected in order to retrodict the motion of the massive bodies that were its sources. These sources need not –indeed will not – be terrestrial, but astrophysical or even cosmological, and thus capable of producing gravitational radiation detectable terrestrially. Indeed, the construction of such gravitational wave detectors and preparations for the correlation of their readings is actually under way.

There are well known electromagnetic analogues of this procedure. Observational astronomy is actually based on retrodiction. That is, from the taking of a (final) measurement (observation) we are trying to retrodict what were the antecedent circumstances in the source that led to this observation.

Quantum mechanically, this means we must construct a probability amplitude relating a fixed registration result (our observation) to the various possible acts of production that could have led to this result. The ensemble approach to quantum mechanics is quite capable of handling such a problem. Indeed, the fact that the final registered result may be interpreted as a single photon impinging on the registration device by no means implies that the initial electromagnetic preparation interaction involved a single photon, or even that it must be interpreted using the photon picture. One might object:

6NB: this has nothing to do with reversing the direction of time!

Any state of the electromagnetic fieldcan be interpreted as a superposition of states in Fock space, each of which corresponds to a definite number of photons with definite energy-momentum, and, a fortiori, any preparation results in such a state. The response is: Yes, but the key word here is superposition. We have to compute a partial probability amplitude for each of the Fock space states in the superposition, and then add all the partial probability amplitudes to get the total amplitude for the process. One cannot break up the total process into a lot of partial processes by interpreting each of the partial probability amplitudes as a probability for such a partial process. Only the total amplitude can be interpreted as a probability for the total process. This is what is called quantum entanglement, and it consitutes the entire mystery of quantum mechanics (Stachel, 1997).

This idea is used in astronomy, even if it is not called “retrodiction.” The quantum explanation of the Hanbury Brown and Twiss effect in terms of photonsis an example of such a retrodiction (Hanbury Brown & Twiss, 1956).

Now let us return to the gravitational case. As discussed above, one might attempt to use the weak field, fast motion approximation for the radiation field, and the slow motion, strong feld approximation for the motion of the sources (from their varying quadrupole or higher moments) in the near field, using the method of matched asymptotic expansions, only this time for retrodiction. One could discuss the results of using either a classical or a quantum detector for the same production process.

In the electromagnetic case, the linearity of the Maxwell equations implies that there is no immediate interaction between two radiation states of the field, which means in the particle picture one does not have to sum over photon-photon interactions^7. In the gravitational case, due to the nonlinear nature of the field equations, there will be such self interactions of the field, which means that in the particle picture one will have to include summation over graviton-graviton interactions. The case of cylindrical gravitational waves (Stachel, 1966), being the only case for which one can write down the coupled wave equations for functions representing the two states of polarization of the gravitational field, might provide a “toy model,” enabling one to investigate such non-linear interactions.

7We add “immediate” because vacuum polarization does produce such higher-order interactions.

References

Amelino-Camelia, G. & Stachel, J. (2009). Measurement of the space-time interval between two events using the retarded and advanced times of each event with respect to a time-like world-line. General Relativity and Gravitation, 41, 1107-1124.

Ashtekar, A. & Rovelli, C. (1992). Loop representation of Maxwell field.

Classical and Quantum Gravity, 9, 1121.

Bachelard, G. (1938). La formation de l’esprit scientifique. Paris: Vrin.

Belgun, F. (2012).Projective and Conformal Flatness.

http://www.math.uni-hamburg.de/home/belgun/Weyl-proj.pdf.

Accessed 30 January 2013.

Bergmann, P. G. & Smith, G. (1982). Measurability analysis of the linearized gravitational field. General Relativity and Gravitation, 14, 1131-1166.

Bohr, N. & Rosenfeld, L. (1933). Zur frage der Messbarkeit der elektromagnetischen Feldgrössen. Kgl. Danske Videnskab S. Nat. Fys. Medd. 12, no. 8. Bohr, N. (1935). Can quantum-mechanical description of physical reality be considered complete? Physical Review, 48, 669-702.

Bohr, N. (1949). Discussion with Einstein on Epistemological Problems in Atomic Physics. In P. A. Schilpp (Ed.), Albert Einstein: Philosopher- Scientist. Evanston, IL.: Library of Living Philosophers.

Bohr, N. & Rosenfeld, L. (1978). On the Question of the Measurability of the Electromagnetic Field Quantities. In R. S. Cohen, & J. Stachel (Eds.), Selected Papers of Leon Rosenfeld (pp.357-400). Dordrecht/Boston/London: D. Reidel.

Bohr, N. & Rosenfeld, L. (1950). Field and Charge Measurements in Quantum Electrodynamics. Physical Review, 78, 794-798.

Bradonjić, K. & Stachel, J. (2012). Unimodular Conformal and Projective Relativity. European Physics Letters, 97, 10001-1-6.

Bronstein, M. P. (1936). Quantentheorie schwacher Gravitationsfelder.

Physikalische Zeitschrift der Sowjetunion, 9, 140-157.

Burke, W. L. (1971). Gravitational Radiation Damping of Slowly Moving Systems Calculated Using Matched Asymptotic Expansions. Journal of Mathematical Physics, 12, 401-418.

Christian, J. (1997). Exactly Soluble Sector of Quantum Gravity. Physical Review D, 56, 4844-4877.

Crenshaw, M. E. (2003). Microscopic foundation of macroscopic quantum optics Physical Review A, 67, 033805 (2003)]

Darrigol, O. (1991). Cohérence et complétude de la mécanique quantique:

l’exemple de “Bohr-Rosenfeld”. Paris: Presses Univ. de France.

DeWitt, B. S.(1962). The Quantization of Geometry. In L. Witten (Ed.), Gravitation: an introduction to current research (pp. 266-381). New York/London: John Wiley & Sons.

DeWitt, B. S.(2005). The Global Approach to Quantum Field Theory, vol 1.

Oxford: Clarendon Press.

Hanbury Brown, R. & Twiss, R. Q. (1956). A Test of a New Type of Stellar Interferometer on Sirius. Nature, 178. 1046 –1048.

Heisenberg, W. (1949). The Physical Principles of the Quantum Theory. New York: Dover Publications Inc.

Hildebrandt, S. (1994). Contact transformations, Huygens’s principle, and calculus of variations. Calculus of Variations, 2, 249-281.

Kobayashi, S. (1972). Transformation Groups in Differential Geometry.

Berlin/Heidelberg/New York: Springer-Verlag.

Lecourt, D. (1972). Marxism and Epistemology: Bachelard, Canguilhem, Foucault. Atlantic Highlands, N.J.: Humanities Press.

Phillips, T. (2011). NASA Annunces Results of Epic Space-Time Experiment. NASA Science: Science News.

http://science.nasa.gov/science-news/science-at-nasa/2011/04may_epic/.

Accessed 30 January, 2013.

Sanchez-Rodriguez, I. (2011). G-Structures Defined On Pseudo-Riemannian Manifolds. arXiv:0810.5681v3 [math.DG] 25 Oct 2011.

Scholz, E. (2001). Hermann Weyl’s Raum-Zeit-Materie and a General Introduction to His Scientific Work. Basel/Boston/Berlin: Birkhäuser.

Stachel, J. (1966). Cylindrical Gravitational News. Journal of Mathematical Physics, 7, 1321-1331.

Stachel, J. & Plebanski, J. (1977). Classical Particles with Spin. I: The WKBJ Approximation. Journal of Mathematical Physics, 18, 2368-2374.

Stachel, J. (1986). Do Quanta Need a New Logic? In R. Colodny (Ed.), From Quarks to Quasars: Philosophical Problems of Modern Physics (pp. 349-385). Pittsburgh: University of Pittsburgh Press.

Stachel, J. (1997). Feynman Paths and Quantum Entanglement: Is There Any More to the Mystery? (pp. 245-256) In R. S. Cohen, M. Horne & J. Stachel (Eds.), Potentiality, Entanglement and Passion-at-a-Distance/Quantum Mechanical Studies for Abner Shimony, vol. 2. Dordrecht/Boston/London: Kluwer Academic.

Stachel, J. (2006). Einstein’s Intuition and the Post-Newtonian Approximation. In Compeán, H., Mielnik, B., Montesinos, M. & Przanowski, M. (Eds), Topics in Mathematical Physics, General Relativity and Cosmology in Honor of Jerzy Plebanski (pp. 453-467). Singapore: World Scientific.

Stachel, J. (2009). Bohr and the Photon. In W. Myrvold & J. Christian (Eds.), Quantum Reality, Relativistic Causality, and Closing the Epistemic Circle (Western Ontario Series in Philosophy of Science, Volume 73) (pp. 6983). Dordrecht: Springer.

Stachel, J. (2011). Conformal and Projective Structures in General Relativity.

General Relativity and Gravitation, 43, 3399-3409.

Stachel, J. (2012). Quantum Gravity: A Heretical Vision. To appear in the Proceedings of FFP12, November 21-23, Udine, Italy.

Thorne, K. (1980). Multipole expansions of gravitational radiation. Review of Modern Physics, 52, 299-339.

Weyl, H. (1923). Raum-Zeit-Materie. Fünfte, umgearbeitete Auflage. Berlin:

Springer.

Wikipedia. (2013). Representation theory of diffeomorphism groups.

http://en.wikipedia.org/w/index.php?title=Representation_theory_of_diffeomorphism_groups&oldid=475790395.

Accessed 28 January, 2013.

Yaglom, I. M. (1979). A Simple Non-Euclidean Geometry and Its Physical Basis: An Elementary Account of Galilean Geometry and the Galilean Principle of Relativity. New York/Heidelberg/Berlin: Springer.