arXiv:1302.2801v1 [hep-th] 11 Feb 2013

Fermionic Casimir densities in anti-de Sitter spacetime

E. Elizalde^{1∗}, S. D. Odintsov^{1,2†}, A. A. Saharian^{3‡}

1Instituto de Ciencias del Espacio (CSIC) and Institut d’Estudis Espacials de Catalunya (IEEC/CSIC) Campus UAB, Facultat de Ciències, Torre C5-Parell-2a planta, 08193 Bellaterra (Barcelona) Spain

2Institució Catalana de Recerca i Estudis Avançats (ICREA)

3Department of Physics, Yerevan State University, 1 Alex Manoogian Street, 0025 Yerevan, Armenia

February 13, 2013

Abstract

The fermionic condensate and vacuum expectation value of the energy-momentum tensor, for a massive fermionic field on the background of anti-de Sitter spacetime, in the geometry of two parallel boundaries with bag boundary conditions, are investigated. Vacuum expectation values, expressed as series involving the eigenvalues of the radial quantum number, are neatly decomposed into boundary-free, single-boundary-induced, and second-boundary-induced parts, with the help of the generalized Abel-Plana summation formula. In this way, the renormalization procedure is very conveniently reduced to the one corresponding to boundary-free AdS spacetime. The boundaryinduced contributions to the fermionic condensate and to the vacuum expectation value of the energy density are proven to be everywhere negative. The vacuum expectation values are exponentially suppressed at distances from the boundaries much larger than the curvature radius of the AdS space. Near the boundaries, effects related with the curvature of the background spacetime are shown to be subdominant and, to leading order, all known results for boundaries in the Minkowski bulk are recovered. Zeta function techniques are successfully used for the evaluation of the total vacuum energy in the region between the boundaries. It is proven that the resulting interaction forces between them are attractive and that, for large separations, they also decay exponentially. Finally, our results are extended and explicitly translated to fermionic Casimir densities in braneworld scenarios of Randall-Sundrum type.

1 Introduction

Anti-de Sitter (AdS) spacetime is among the most popular background geometries in quantum field theory. Much of the earlier interest in this geometry was motivated by questions of principal nature, mainly related with the quantization of fields on curved backgrounds. The AdS spacetime has maximal symmetry and, because of this, numerous physical problems can be exactly solved on this background.

∗E-mail: elizalde@ieec.uab.es †E-mail: odintsov@ieec.uab.es; also at Tomsk State Pedagogical University (Tomsk) and Eurasian National University (Astana) ‡E-mail: saharian@ysu.am

The presence of both regular and irregular modes and the possibility of getting an interesting causal structure lead to several new and remarkable phenomena. Further interest in this subject arose from the discovery that the AdS spacetime generically arises as a ground state in extended supergravity and string theories, what is again potentially most important.

In recent developments of the topic, the AdS geometry is an arena for two classes of models. The first is the AdS/CFT correspondence (for a review see [1]), which represents a realization of the holographic principle and relates string theories or supergravity in the AdS bulk with a conformal field theory living on its boundary. This correspondence has many interesting consequences and provides a powerful tool for the investigation of physical effects in gauge theories. The second class of models with the AdS spacetime as background geometry is a realization of the braneworld scenario with large extra dimensions and provides a solution to the hierarchy problem which arises between the gravitational and electroweak mass scales (for reviews on braneworld gravity and cosmology see [2]). Here the small coupling of 4-dimensional gravity is generated by the large physical volume of extra dimensions. Braneworlds naturally appear in the string/M theory context and provide a novel set up for the discussion of phenomenological and cosmological issues related with extra dimensions.

In the present paper, as an example of an exactly solvable physical problem in AdS spacetime, we will consider the Casimir effect (for reviews see [3]) for a fermionic field obeying bag boundary conditions on two parallel plates. The explicit dependence of the characteristics of the vacuum on the geometry of the background spacetime is among the most interesting topics in the investigation of the Casimir effect. As usual, all relevant information is encoded in the spectrum of the vacuum fluctuations and, not surprisingly, analytic solutions can only be found, in general, for highly symmetric geometries. Specifically, the Casimir effect for a massive scalar field with general curvature coupling parameter in the geometry of flat and spherical boundaries on the background of de Sitter spacetime has been investigated recently in [4] and [5], respectively.

Investigations of the Casimir effect in AdS spacetime have already attracted a great deal of attention, motivated by Randall-Sundrum type braneworld scenarios [6]. In these models the background solution consists of two parallel flat branes embedded in a 5-dimensional AdS bulk. The fifth coordinate is compactified on S^1/Z^2, and the branes are on two fixed points. The fields which propagate in the bulk will give Casimir-type contributions to the vacuum energy and, as a result, to the vacuum forces acting on the branes. The Casimir effect provides in this context a natural mechanism for stabilizing the radion field, as required for a complete solution of the hierarchy problem. In addition, the Casimir energy gives a contribution to both the brane and the bulk cosmological constants and, hence, it has to be taken into account in any self-consistent formulation of the braneworld dynamics. The Casimir energy and the corresponding forces for two parallel branes in AdS spacetime have been evaluated in Refs. [7, 8], both for scalar and fermionic fields, by using either dimensional or zeta function regularization methods. Local Casimir densities were considered in Refs. [9, 10, 11]. The Casimir effect in higher-dimensional generalizations of the AdS spacetime with compact internal spaces has been investigated in [12] while the Casimir energy for a massless fermionic field with generalized bag boundary conditions in 3-dimensional AdS spacetime was discussed in [13], for the geometry where one of the boundaries coincides with the AdS boundary.

In braneworld models, two distinct types of boundary conditions arise for Dirac fermion fields, corresponding respectively to even and odd fields (untwisted and twisted boundary conditions) [14]. In the present paper, we investigate one-loop quantum effects for a fermionic field in AdS spacetime, induced by two parallel boundaries with bag boundary condition. Although this condition is different from those appearing in braneworld scenarios, we will here show in detail how, from our formulas, the corresponding results for braneworlds are readily obtained. The important quantities that characterize the local properties of the fermionic vacuum are the fermionic condensate (FC) and the vacuum expectation value (VEV) of the energy-momentum tensor. For the investigation of these quantities we use the direct mode summation approach, which requires the knowledge of a complete set of mode functions for the fermionic field obeying the boundary conditions.

In the next section, we describe the geometry of the problem and construct the corresponding mode functions. By making use of them, in Sect. 3 we evaluate the FC. Applying the generalized Abel-Plana formula, the FC is decomposed into three parts: a boundary-free contribution, a singleboundary-induced one, and a second-boundary-induced one. The behavior of the VEVs in asymptotic regions of the parameters is discussed. In Sect. 4 we present similar considerations for the VEV of the energy-momentum tensor. Casimir forces acting on the boundaries and the corresponding Casimir energy are investigated in Sect. 5. The generalization of the formulas obtained to the important case of a bulk fermionic field in the Randall-Sundrum braneworld model is discussed. Finally, our main results are summarized in Sect. 6.

2 Fermionic mode functions

We consider a quantum fermionic field, ψ, in (D + 1)-dimensional anti-de Sitter spacetime, AdS_{D+1}. In Poincaré coordinates, the corresponding line element reads ds^2 = g_{μν} dx^μdx^ν = e^{−2y/a}η_{ik}dx^idx^k − dy^2, (2.1) with η_{ik} = diag(1, −1, . . . , −1), i, k = 0, . . . , D − 1, being the Minkowskian metric tensor for a Ddimensional spacetime. In (2.1), a is the AdS curvature radius which is related to the Ricci scalar by R = −D(D + 1)/a^2. In addition to the radial coordinate y we will use the conformal coordinate z, defined as z = ae^{y/a}. With this coordinate, the AdS line element is written in conformally-flat form:

ds^2 = (a/z)^2 ( η_{ik}dx^idx^k − dz^2 ) . (2.2)

The hypersurfaces z = 0 and z = ∞ correspond to the AdS boundary and to the horizon, respectively.

The dynamics of a fermionic field in curved spacetime are governed by the covariant Dirac equation

iγ^μ∇_μψ − mψ = 0 , ∇_μ = ∂_μ + Γ_μ, (2.3)

where Γ_μ is the spin connection. The Dirac matrices γ^μ are expressed in terms of the flat spacetime gamma matrices γ^{(a)}, as γ^μ = e^μ_{(a)}γ^{(a)}, with e^μ_{(a)} being the tetrad fields obeying the relation e^μ_{(a)}e^ν_{(b)}η^{ab} = g^{μν} . For the spin connection, one has

Γ_μ = 1 4 γ^{(a)}γ^{(b)}e^ν_{(a)}e_{(b)ν;μ} , (2.4)

where the semicolon means covariant derivative of vector fields. For the geometry under consideration the tetrads can be taken in the form e^μ_{(b)} = δ^μ_b z/a. With this choice, the spin connection has the following components (no summation over l)

Γ_D = 0, Γ_l = η_{ll} 2z γ^{(D)}γ^{(l)}, l = 0, . . . , D − 1. (2.5)

For the combination appearing in the Dirac equation, we have γ^μΓ_μ = −Dγ^{(D)}/(2a).

We are interested in the change of the properties of the fermionic vacuum induced by the presence of the two boundaries, which are located at z = z_1 and z = z_2, z_1 < z_2. The corresponding values of the physical radial coordinate, y, will be denoted by y_1 and y_2: z_j = ae^{yj /a}, j = 1, 2. We will assume that, on the boundaries, the field obeys the bag boundary condition, namely

(1 + iγ^μn^{(j)}_μ )ψ = 0, z = z_j , (2.6)

j = 1, 2, with n^{(j)}_μ being normal to the boundaries, n_μ = (−1)^j δ^D_μ a/z. From these conditions it follows that the normal component of the fermion current vanishes at the boundaries.

In (D + 1)-dimensional flat spacetime the Dirac matrices are N × N matrices, with N = 2^{[(D+1)/2]} (the square brackets mean the integer part of the enclosed expression). In the discussion below we will assume the following representation for these matrices:

γ^{(0)} = i ( 0 −1 1 0 ) , γ^{(a)} = i ( −σ_a 0 0 σ_a ) , (2.7)

with a = 1, . . . , D and σ_aσ_b +σ_bσ_a = 2δ_{ab}. The last relation directly follows from the anticommutation relations for the Dirac matrices. The matrices (2.7) are related to the gamma matrices in the standard Dirac representation, γ^{(a)}_{(D)}, by γ^{(a)} = iBγ^{(a)}_{(D)}, where B = ( 0 1 1 0 ) . (2.8)

As we will see below, with the representation (2.7) the equations for the components of the fermionic field are conveniently separated. This fact is to be remarked, since it allows for a complete calculation.

Among the most important characteristics of the fermionic vacuum are the FC and the VEV of the energy-momentum tensor. For the evaluation of these quantities we will use the direct mode summation approach. In this approach we need a complete set of solutions to Eq. (2.3) obeying the boundary conditions (2.6). For the positive-energy solutions the dependence of the mode functions on the time and on the coordinates parallel to the boundaries, denoted as x = (x^1, . . . , x^{D−1}), can be expressed in the form e^{ikx−iωt}, where k = (k_1, . . . , k_{D−1}), kx = k_lx^l, and the summation runs over l = 1, . . . , D − 1. Decomposing the field into upper and lower components, ψ = ( ψ_+(z) ψ_−(z) ) e^{ikx−iωt}, (2.9) the initial Dirac equation is reduced to the set [ σ_D ( ∂_z − D 2z ) + ik_lσ_l ∓ ma z ] ψ_± − iωψ_∓ = 0, (2.10)

from where we can obtain separate equations for the upper and lower components: ( z^2∂^2_z − Dz∂_z + λ^2z^2 + D^2/4 + D/2 − m^2a^2 ± σ_Dma ) ψ_± = 0, (2.11)

being λ^2 = ω^2 − k^2. With the substitution

ψ_±(z) = z^{(D+1)/2}χ_±(z), (2.12)

Eq. (2.11) is reduced to the Bessel equation: ( z^2∂^2_z + z∂_z + λ^2z^2 ± σ_Dma − m^2a^2 − 1/4 ) χ_± = 0. (2.13)

Taking the σ_D matrix in the form

σ_D = ( 1 0 0 −1 ) , (2.14)

we further decompose χ_±(z) into upper and lower components,

χ_±(z) = ( φ_{±↑}(z) φ_{±↓}(z) ) . (2.15)

The solutions for these components directly follow from (2.11), and are φ_{±↑} = C^{(J)}_{±↑} J_{ma∓1/2}(λz) + C^{(Y )}_{±↑} Y_{ma∓1/2}(λz), φ_{±↓} = C^{(J)}_{±↓} J_{ma±1/2}(λz) + C^{(Y )}_{±↓} Y_{ma±1/2}(λz). (2.16) where J_ν (x) and Y_ν (x) are Bessel and Neumann functions, respectively. The relation between the coefficients in these linear combinations are obtained by using Eq. (2.10). In order to find them we note that, from the anticommutation relations for the matrices σ_D and σ_l, l = 1, . . . , D − 1, and from (2.14), it readily follows that the matrices σ_l have the form

σ_l = ( 0 b_l c_l 0 ) , with b_lc_l = c_lb_l = 1 and b_lc_k = −b_kc_l, c_lb_k = −c_kb_l, for l ≠ k. Using these relations, from the equation (2.10) with the upper sign, we find

ωC^{(J)}_{−↑} = k_lb_lC^{(J)}_{+↓} + iλC^{(J)}_{+↑} , ωC^{(Y )}_{−↑} = k_lb_lC^{(Y )}_{+↓} + iλC^{(Y )}_{+↑} , ωC^{(J)}_{−↓} = k_lc_lC^{(J)}_{+↑} + iλC^{(J)}_{+↓} , ωC^{(Y )}_{−↓} = k_lc_lC^{(Y )}_{+↑} + iλC^{(Y )}_{+↓} .

As a result, the solution of the Dirac equation can be written in the form

ψ = z^{(D+1)/2} ω e^{ikx−iωt} ωZ_{↑,ν−1}(λz) ωZ_{↓,ν} (λz) k_lb_lZ_{↓,ν} (λz) + iλZ_{↑,ν} (λz) k_lc_lZ_{↑,ν−1}(λz) + iλZ_{↓,ν−1}(λz) , (2.17)

with the notations ν = ma + 1/2, (2.18) and Z_{↑,μ}(λz) = C^{(J)}_{+↑} J_μ(λz) + C^{(Y )}_{+↑} Y_μ(λz), Z_{↓,μ}(λz) = C^{(J)}_{+↓} J_μ(λz) + C^{(Y )}_{+↓} Y_μ(λz). (2.19) We now must impose the boundary conditions (2.6). From the BC at z = z_1, we have

C^{(Y )}_{+↑} C^{(J)}_{+↑} = C^{(Y )}_{+↓} C^{(J)}_{+↓} = − J_ν (λz_1) Y_ν(λz_1)

, (2.20)

and hence Z_{↑,μ}(λz) C^{(J)}_{+↑} = Z_{↓,μ}(λz) C^{(J)}_{+↓}

= Z_μ(λz_1, λz). (2.21)

Here and in what follows we use the notation Z_μ(x, y) = J_μ(y) − J_ν (x) Y_ν (x)

Y_μ(y). (2.22)

In order to write the solution of the Dirac equation in a more compact form we introduce the notations C^{(J)}_+ = ( C^{(J)}_{+↑} C^{(J)}_{+↓} ) (2.23) and ^Z_±(x, y) = ( Z_{ma±1/2}(x, y) 0 0 Z_{ma∓1/2}(x, y) ) . (2.24)

With these notations, the solution (2.17) obeying the boundary condition at z = z_1 can be expressed in the form ψ = z^{(D+1)/2}e^{ikx−iωt} ( ^Z_−(λz_1, λz)C^{(J)}_+ ω^{−1} ^Z_+(λz_1, λz) (iλ + k_lσ_l) C^{(J)}_+ ) . (2.25)

This solution corresponds to a state of the fermionic field with a given value of the momentum parallel to the boundary and with a given value of λ. In order to completely specify the solutions we still need an additional quantum number. This corresponds to fixing the spinor C^{(J)}_+ . Here we take C^{(J)}_+ = C^{(+)}_β w^{(σ)}, where C^{(+)}_β is a constant and w^{(σ)}, σ = 1, . . . , N/2, are one-column matrices of N/2 rows, with elements w^{(σ)}_l = δ_{lσ}. It can be seen that with this choice, the solutions (2.25), in combination with the corresponding negative-energy solutions (see below), do form a complete set specified by the quantum numbers β = (k, λ, σ). Hence, the positive-energy mode functions obeying the boundary condition at z = z_1 have the form

ψ^{(+)}_β = C^{(+)}_β z^{D+12} e^{ikx−iωt} ( ^Z_−(λz_1, λz)w(σ) 1 ω ^Z_+(λz_1, λz) (iλ + k_lσ_l) w(σ) ) . (2.26)

Now we impose the boundary condition on the right boundary, located at z = z_2. From this condition it follows that the eigenvalues of the quantum number λ are roots of the equation g_{ν,ν−1}(λz_1, λz_2) = 0, (2.27) where we have defined the function g_{ν,μ}(x, y) = J_ν (x)Y_μ(y) − J_μ(y)Y_ν (x). (2.28) Eq. (2.27) has an infinite number of positive roots. We will denote them by λ = λ_n = γ_{ν,n}/z_1, n = 1, 2, . . .. The coefficient C^{(+)}_β in (2.26) is determined from the normalization condition ∫ d^{D−1}x ∫_{z2} z_1 dz √ |γ|ψ^{(+)+}_β ψ^{(+)}_{β′} = δ(k − k^′)δ_{σσ}′ δ_{nn}′ , (2.29)

where γ is the determinant of the spatial metric, |γ| = (a/z)^D . By using a standard result for the integral involving the square of the cylinder functions (see, for instance, [15]), for the normalization coefficient we find |C^{(+)}_β |^2 = π^2λY^2_ν (λz_1) 4(2π)^{D−1}a^Dz_1

T_ν (η, λz_1), (2.30)

where we have introduced the notations η = z_2/z_1, (2.31) and T_ν (η, x) = x [ J^2_ν (x) J^2_{ν−1}(ηx) − 1 ]_{−1} . (2.32)

This finishes the construction of the positive-energy mode functions.

The negative-energy mode functions can be obtained in a similar way. They have the form:

ψ^{(−)}_β = C^{(−)}_β z^{D+12} e^{ikx−iωt}

(_1 ω ^Z_−(λz_1, λz) (iλ − k_lσ_l) w(σ) ^Z_+(λz_1, λz)w(σ) ) , (2.33)

where |C^{(−)}_β |^2 is given by the same expression (2.30). As in the case of the positive-energy modes, for the eigenvalues of λ one has λ_n = γ_{ν,n}/z_1.

3 Fermionic condensate

In this section we consider the FC defined as the VEV ⟨0| ψ̄ψ |0⟩ ≡ ⟨ψ̄ψ⟩, where |0⟩ corresponds to the vacuum state and ψ̄ = ψ^+γ^{(0)} is the Dirac adjoint. Note that the Dirac adjoint is defined through the flat spacetime matrix γ^{(0)}. In addition to describing the physical structure of the quantum field at a given point, the FC plays an important role in models of dynamical chiral symmetry breaking (see the reviews [16], for chiral symmetry breaking on curved spacetime with nontrivial topology, and [17] for recent developments).

Expanding the field operator in terms of the complete set of positive- and negative-energy mode functions {ψ^{(+)}_β , ψ^{(−)}_β }, and using the anticommutation relations for the annihilation and creation operators, we find the mode-sum formula for the fermionic condensate: ⟨ψ̄ψ⟩ = ∑ β ψ̄^{(−)}_β ψ^{(−)}_β , (3.1)

where ∑ β = ∫ dk N/2∑ σ=1 ∞∑ n=1 . (3.2)

The expression on the right-hand side (rhs) of (3.1) is divergent and, to make sense of it, some regularization procedure is needed. Here we assume that a cutoff function is present, without explicitly writing it. The special form of this function will not be important in the further discussion.

Substituting the mode functions (2.33) into (3.1) after some transformations the fermionic condensate can be expressed as ⟨ψ̄ψ⟩ = − Na^{−D}z^{D+1} 16(2π)^{D−3}z^2_1 ∫ dk ∞∑ n=1 γ^2_{ν,n}T_ν (η, γ_{ν,n}) √ γ^2_{ν,n} + k^2z^2_1 g_{ν,ν} (γ_{ν,n}, γ_{ν,n}z/z_1)g_{ν,ν−1}(γ_{ν,n}, γ_{ν,n}z/z_1), (3.3)

the function g_{ν,μ}(x, y) being defined by (2.28). As the roots γ_{ν,n} are given implicitly, the form (3.3) for the FC is not convenient for the investigation of the effects induced by the boundaries. In addition, the terms in the series are highly oscillatory for large values of n.

A more convenient form of the mode sum for the FC is obtained by using the summation formula ∞∑ n=1 T_ν (η, γ_{ν,n})h(γ_{ν,n}) = 2 π^2 ∫_∞ 0 h(x)dx J^2_ν (x) + Y^2_ν (x) + 1 2π ∫_∞ 0 dx Ω^{(1)}_ν (x, ηx) [h(ix) + h(−ix)] , (3.4)

where Ω^{(1)}_ν (x, y) = K_{ν−1}(y)/K_ν (x) K_ν (x)I_{ν−1}(y) + I_ν (x)K_{ν−1}(y)

, (3.5)

and I_ν (x), K_ν (x) are modified Bessel functions. This formula is derived in Ref. [18] by using the generalized Abel-Plana formula (see also [19]). The corresponding conditions on the function h(u), analytic on the right half plane of the complex variable u, can be found in [18]. Applying expression (3.4) to the series over n in (3.3), after the integration over the angular part of k, and introducing a new integration variable x = kz_1, the FC can be written as ⟨ψ̄ψ⟩ = ⟨ψ̄ψ⟩_1 + 8N(z/z_1)^{D+1}a^{−D} (4π)^{(D+1)/2}Γ((D − 1)/2) ∫_∞ 0 dx x^{D−2} × ∫_∞ x du u^2Ω^{(1)}_ν (u, ηu) √ u^2 − x^2 G_{ν,ν} (u, uz/z_1)G_{ν,ν−1}(u, uz/z_1). (3.6) where we have introduced the notation

G_{ν,μ}(x, y) = I_ν (x)K_μ(y) − (−1)^{ν−μ}I_μ(y)K_ν (x). (3.7)

The first term on the rhs of (3.6) comes from the first integral in (3.4) and it is given by ⟨ψ̄ψ⟩_1 = − N(z/z_1)^{D+1}a^{−D} (4π)^{(D−1)/2}Γ((D − 1)/2) ∫_∞ 0 dx x^{D−2} ∫_∞ 0 du × u^2 √ u^2 + x^2 g_{ν,ν} (u, uz/z_1)g_{ν,ν−1}(u, uz/z_1) J^2_ν (u) + Y^2_ν (u)

. (3.8)

We now first consider this term.

3.1 Condensate for the geometry of a single boundary The second term on the rhs of (3.6) is finite for z < z_2, in the absence of the cutoff function. This term vanishes in the limit z_2 → ∞, whereas ⟨ψ̄ψ⟩_1 does not depend on z_2. This allows us to interpret the part (3.8) as the FC in the region z > z_1 for the geometry of a single boundary at z = z_1 when the other boundary is absent. This can also be seen by direct evaluation of the FC using Eq. (3.1). The corresponding positive-energy mode functions are given by (2.26), where now the spectrum for λ is continuous. Consequently, in (3.1) we have ∑ β = ∫ dk ∫_∞ 0 dλ ∑_{N/2} σ=1. The normalization coefficient is determined by the condition which is obtained from (2.29) by the replacements ∫_{z2} z_1 dz → ∫_∞ z_1 dz and

δ_{nn}′ → δ(λ − λ^′). In this way, we can see that

|C^{(+)}_β |^2 = a^{−D}λ 2(2π)^{D−1} [ 1 + J^2_ν (λz_1) Y^2_ν (λz_1) ]_{−1} . (3.9)

Similarly, the negative-energy modes have the form (2.33) with |C^{(−)}_β |^2 given by the same expression (3.9). Substituting these mode functions into the formula (3.1), the expression (3.8) is obtained for the single boundary part.

For further transformation of such expression we use the identity g_{ν,ν} (u, y)g_{ν,ν−1}(u, y) J^2_ν (u) + Y^2_ν (u)

= J_ν (y)J_{ν−1}(y) − 1 2 ∑ s=1,2 J_ν (u) H^{(s)}_ν (u)

H^{(s)}_ν (y)H^{(s)}_{ν−1}(y), (3.10)

the H^{(s)}_ν (y), s = 1, 2, being Hankel functions. Substituting (3.10) into (3.8), in the integral over u with the second term on the rhs of (3.10) we rotate the integration contour in the complex plane u by the angle π/2 (−π/2) for the term with s = 1 (s = 2). Introducing the modified Bessel functions, the FC is then decomposed into ⟨ψ̄ψ⟩_1 = ⟨ψ̄ψ⟩_0 + ⟨ψ̄ψ⟩^{(b)}_1 , (3.11) with ⟨ψ̄ψ⟩_0 = − (4π)^{(1−D)/2}N Γ((D − 1)/2)a^D ∫_∞ 0 dx x^{D−2} ∫_∞ 0 dy y^2J_ν (y) √ y^2 + x^2

J_{ν−1}(y) (3.12) and ⟨ψ̄ψ⟩^{(b)}_1 = − N(z/z_1)^{D+1}a^{−D} (4π)^{(D−1)/2}Γ((D − 1)/2) ∫_∞ 0 dx x^{D−2} × 2 π ∫_∞ x du u^2 √ u^2 − x^2

I_ν (u) K_ν (u)

K_ν (uz/z_1)K_{ν−1}(uz/z_1). (3.13)

The second part (3.13) is finite for z > z_1 and the cutoff function need be kept in the first part (3.12) only. Note that the latter does not depend on z. The term ⟨ψ̄ψ⟩^{(b)}_1 vanishes in the limit z → ∞ and, hence, the term ⟨ψ̄ψ⟩_0 can be interpreted as the pure AdS part of the FC when the boundaries are absent. The property that this term is uniform is just a consequence of the maximal symmetry both of AdS spacetime and of the vacuum state we have chosen. With the representation (3.11), the renormalization of the FC outside the boundary is thus reduced to the one corresponding to AdS spacetime when the boundaries are absent.

The expression (3.13) for the boundary-induced part can be further simplified by using the integration formula ∫_∞ 0 dx x^{D−2} ∫_∞ x du f(u) √ u^2 − x^2 = √ π Γ((D − 1)/2)

2Γ(D/2) ∫_∞ 0 dr r^{D−2} f(r). (3.14) This is obtained by introducing a new integration variable y = √ u^2 − x^2, passing to polar coordinates on the plane (x, y) and then integrating over the polar angle. Now, the expression for the FC induced in the region z > z_j by a single boundary, located at z = z_j , simply reads

⟨ψ̄ψ⟩^{(b)}_j = − 2N(z/z_j )^{D+1} A_Da^D ∫_∞ 0 dx x^D I_ν (x) K_ν (x) K_ν (xz/z_j )K_{ν−1}(xz/z_j ), (3.15) where we have introduced the notation

A_D = (4π)^{D/2}Γ(D/2). (3.16)

Note that the boundary-induced part (3.15) is a function of the ratio z/z_j alone. By taking into account that z/z_j = e^{(y−yj )/a}, we see that for a given distance from the boundary, y − y_j, the quantity ⟨ψ̄ψ⟩^{(b)}_1 does not depend on the location of the boundary. Again, this is a consequence of the maximal symmetry of the AdS bulk. It follows from (3.15) that ⟨ψ̄ψ⟩^{(b)}_1 is negative.

The expression (3.15) gives the boundary-induced part in the region z > z_j. In order to find the condensate induced by a single boundary in the region to the left of the boundary, we take the limit z_1 → 0 in the general expression (3.6) for the geometry with two boundaries. Introducing in (3.15), with j = 1, a new integration variable, y = x/z_1, we see that in this limit ⟨ψ̄ψ⟩^{(b)}_1 vanishes and ⟨ψ̄ψ⟩_1 reduces to ⟨ψ̄ψ⟩_0. In the second term on the rhs of (3.6), passing to the new integration variables u^′ = u/z_1 and x^′ = x/z_1, the limit z_1 → 0 is readily evaluated. As a result, from (3.6) we obtain the FC in the region z < z_2 for the geometry of a single boundary at z = z_2. For the geometry of a single boundary at z = z_j , the FC in the region z < z_j is expressed as ⟨ψ̄ψ⟩_j = ⟨ψ̄ψ⟩_0 + ⟨ψ̄ψ⟩^{(b)}_j , with the boundary-induced part being

⟨ψ̄ψ⟩^{(b)}_j = − 2N(z/z_j )^{D+1} A_Da^D ∫_∞ 0 dx x^D K_{ν−1}(x) I_{ν−1}(x) I_ν (xz/z_j )I_{ν−1}(xz/z_j ). (3.17) This expression is finite for points away from the boundary and vanishes at the AdS boundary. Similar to the case of the region to the right, the FC defined by (3.17) does not depend on the location of the boundary for a fixed distance from it. Note that the FC is not symmetric with respect to the boundary, the reason for this being that, though the background spacetime is homogeneous, the boundary z = z_j has a nonzero extrinsic curvature tensor and the two sides of the boundary are not equivalent. Here the situation is similar to that for curved boundaries in the Minkowski bulk.

Let us consider the asymptotic behavior of the single boundary-induced part. At large distances from the boundary, z ≫ z_j , we introduce in (3.15) a new integration variable y = xz/z_1 and expand the integrand by using the formulas for the modified Bessel functions for small values of the argument. To leading order, the remaining integral which involves the product of two MacDonald functions is evaluated by using a formula from [15]. In this way, one finds that ⟨ψ̄ψ⟩^{(b)}_j ≈ − Na^{−D}(z_j /z)^{2ν} 2^{D+2ν+1}π^{(D−1)/2}

DΓ(D/2 + 2ν)Γ(D/2 + ν) νΓ(D/2 + ν + 1/2)Γ^2(ν)

. (3.18)

For the region to the left of the boundary, assuming z ≪ z_j, by direct expansion of the integrand in (3.17), to leading order one gets ⟨ψ̄ψ⟩^{(b)}_j ≈ − 2^{2−2ν} N(z/z_j )^{D+2ν}

A_Da^DνΓ^2(ν) ∫_∞ 0 dx x^{D+2ν−1} K_{ν−1}(x) I_{ν−1}(x) . (3.19)

This expression gives the asymptotic behavior of the FC near the AdS boundary. Note that both limits, (3.18) and (3.19), correspond to distances from the boundary much larger than the curvature scale for the background spacetime: |y − y_j| ≫ a. As we see, in these regions the boundary-induced part decays exponentially with the distance from the boundary.

For points near the boundary, |1 − z/z_j | ≪ 1, the dominant contributions to the integrals in (3.15) and (3.17) come from large values of x. By using the asymptotic expressions for the modified Bessel functions for large values of the argument, to leading order we find ⟨ψ̄ψ⟩^{(b)}_j ≈ − NΓ((D + 1)/2) (4π)^{(D+1)/2}|y − y_j|^D . (3.20)

This leading term coincides with the corresponding one for the boundary in Minkowski spacetime.

3.2 FC in the region between the two boundaries Now we return to the geometry with two boundaries. Using of the integration formulas (3.14) in (3.6), the FC in the region z_1 < z < z_2 can be expressed in the form

⟨ψ̄ψ⟩ = ⟨ψ̄ψ⟩_0 + ⟨ψ̄ψ⟩^{(b)}_1 +

2N(z/z_1)^{D+1} A_Da^D ∫_∞ 0 dx x^D ×Ω^{(1)}_ν (x, ηx)G_{ν,ν} (x, xz/z_1)G_{ν,ν−1}(x, xz/z_1), (3.21) where ⟨ψ̄ψ⟩^{(b)}_1 is given by (3.15) with j = 1. For points outside the boundaries renormalization is only needed for the first term on the rhs. In formula (3.21), the functions Ω^{(1)}_ν (x, y) and G_{ν,ν−1}(x, y) are positive. Using the result that the function I_ν (x)/K_ν (x) is a monotonically increasing in terms of x > 0, we see that the function G_{ν,ν} (x, y) is negative for x < y and positive for x > y. Hence, the last term in (3.21) is negative. Combining this with the result ⟨ψ̄ψ⟩^{(b)}_1 < 0, we conclude that the boundary-induced part of the FC in the region between the boundaries is negative.

It can be checked that, in the region between the boundaries, the FC can also be written as ⟨ψ̄ψ⟩ = ⟨ψ̄ψ⟩_0 + ⟨ψ̄ψ⟩^{(b)}_2 − 2N(z/z_2)^{D+1} A_Da^D ∫_∞ 0 dx x^D ×Ω^{(2)}_ν (x/η, x)G_{ν−1,ν−1}(x, xz/z_2)G_{ν−1,ν} (x, xz/z_2), (3.22) with Ω^{(2)}_ν (x, y) = I_ν (x)/I_{ν−1}(y) K_ν (x)I_{ν−1}(y) + I_ν (x)K_{ν−1}(y)

. (3.23)

In (3.22), ⟨ψ̄ψ⟩^{(b)}_2 is given by (3.17) with j = 2 and the last term is induced by the boundary at z = z_1. The latter vanishes in the limit z_1 → 0, it is finite for z = z_2, and diverges on the left boundary. Divergences occurring in this term are the same as those for a single boundary at z = z_2. All functions in the integrand of the last term in (3.22) are positive. From the discussion above it follows that, for the region between the boundaries, if we express the FC in the form ⟨ψ̄ψ⟩ = ⟨ψ̄ψ⟩_0 + ∑ j=1,2 ⟨ψ̄ψ⟩^{(b)}_j + Δ⟨ψ̄ψ⟩, (3.24) then the last (interference) term is finite everywhere, including the points on the boundaries. The surface divergences are contained in the single boundary parts. At large distances between the boundaries, as compared with the curvature radius of the background spacetime, (y_2 − y_1) ≫ a, the interference part is exponentially suppressed.

Consider now the Minkowskian limit of the expression for the FC in the region between the boundaries. This corresponds to ma ≫ 1 for a fixed value of y, hence, one has ν ≫ 1 and z/z_j ≈ 1 + (y − y_j)/a. Introducing in the formulae above a new integration variable u = x/ν and using the uniform asymptotic expansions for the modified Bessel functions for large values of the order, after some transformations, to leading order we get ⟨ψ̄ψ⟩ ≈ ⟨ψ̄ψ⟩_{(M)} = − N A_D ∫_∞ m dx (x^2 − m^2)^{D/2−1} x+m x−m e^{2x(y2 −y1)} + 1 ×{(m + x)[e^{2x(y−y1 )} + e^{2x(y2−y)}] − 2m}, (3.25)

where ⟨ψ̄ψ⟩_{(M)} is the FC for boundaries in a Minkowski bulk. The expression (3.25) for ⟨ψ̄ψ⟩_{(M)} is a special case of a more general formula derived in [20] for the Minkowski bulk with compact spatial dimensions. The fermionic condensate for a massless field has been considered in [21].

4 VEV of the energy-momentum tensor

The VEV of the energy-momentum tensor is another important local characteristic of the fermionic vacuum. In order to find this VEV we use the mode-sum formula ⟨T_{μα}⟩ = i 2 ∫ dk N/2∑ σ=1 ∞∑ n=1 [ψ̄^{(−)}_β γ_{(μ}∇_{α)}ψ^{(−)}_β − (∇_{(μ}ψ̄^{(−)}_β )γ_{α)}ψ^{(−)}_β ] , (4.1)

where the brackets denote symmetrization over the indices enclosed. Note that for the covariant derivative of the Dirac adjoint field one has ∇_μψ̄^{(−)}_β = ∂_μψ̄^{(−)}_β −ψ̄^{(−)}_β Γ_μ. We see that the spin connection appears in the expression for the VEV in the form γ_{(μ}Γ_{ν)} + Γ_{(μ}γ_{ν)}. By using the expressions (2.5) it can be seen that this combination vanishes. Hence, in the evaluation of the VEVs we can make the replacement ∇_ν → ∂_ν .

Substituting (2.33) for the negative-energy mode functions into (4.1), it can be seen that the off-diagonal components vanish. For the VEVs of the diagonal components we find the following expressions (no summation over μ) ⟨T^μ_μ ⟩ = Nπ^2a^{−D−1}(z/z_1)^{D+2} 4(4π)^{(D−1)/2} Γ((D − 1)/2) ∫_∞ 0 du u^{D−2} ∞∑ n=1 γ_{ν,n}T_ν (η, γ_{ν,n}) √ γ^2_{ν,n} + u^2 f^{(μ)}_ν (γ_{ν,n}, γ_{ν,n}z/z_1), (4.2)

with the notations

f^{(0)}_ν (x, y) = − ( x^2 + u^2 ) [ g^2_{ν,ν} (x, y) + g^2_{ν,ν−1}(x, y) ] , f^{(l)}_ν (x, y) = u^2 D − 1 [ g^2_{ν,ν} (x, y) + g^2_{ν,ν−1}(x, y) ] , (4.3)

f^{(D)}_ν (x, y) = x^2 [ g^2_{ν,ν} (x, y) + g^2_{ν,ν−1}(x, y) − 2ν − 1 y g_{ν,ν} (x, y)g_{ν,ν−1}(x, y) ] , and l = 1, . . . , D − 1. As in the case of the FC, here we assume the presence of a cutoff function which makes the expressions (4.2) finite.

Further transformations of the VEVs proceeds similarly to those in the case of the FC. First, the series over n in (4.2) is transformed via the summation formula (3.4). Next, for the part corresponding to the second term on the rhs of (3.4) we use the integration formula (3.14). In this way, the VEVs are expressed as (no summation over μ)

⟨T^μ_μ ⟩ = ⟨T^μ_μ ⟩_1 +

N(z/z_1)^{D+2} A_Da^{D+1} ∫_∞ 0 dx x^{D+1}Ω^{(1)}_ν (x, ηx)F^{(μ)}_{1ν} (x, xz/z_1), (4.4)

where the notations

F^{(l)}_{1ν} (x, y) = 1 D [ G^2_{ν,ν} (x, y) − G^2_{ν,ν−1}(x, y) ] , F^{(D)}_{1ν} (x, y) = G^2_{ν,ν−1}(x, y) − G^2_{ν,ν} (x, y) + 2ν − 1 y G_{ν,ν} (x, y)G_{ν,ν−1}(x, y), (4.5) are introduced with l = 0, . . . , D − 1. In (4.4), the first term comes from the first integral in the summation formula (3.4) and it has the form (no summation over μ)

⟨T^μ_μ ⟩_1 = Na^{−D−1}(z/z_1)^{D+2} 2(4π)^{(D−1)/2}Γ((D − 1)/2) ∫_∞ 0 du u^{D−2} × ∫_∞ 0 dx x √ x^2 + u^2 f^{(μ)}_ν (x, xz/z_1) J^2_ν (x) + Y^2_ν (x)

. (4.6)

This term corresponds to the VEV of the energy-momentum tensor in the region z > z_1 for the geometry of a single boundary at z = z_1. The second term on the rhs of (4.4) is induced by the presence of the second boundary at z = z_2. The latter is finite for z_1 ≤ z < z_2 and renormalization is needed for the first term, only.

The single boundary part (4.6) could also be directly obtained by using the the corresponding mode functions. The latter are given by (2.26) and (2.33), with 0 ≤ λ < 0 and with the normalization coefficient (3.9).

The transformation of the part ⟨T^μ_μ ⟩_1 is also similar to that for corresponding term in the FC. Using (3.10) and the similar identity g^2_{ν,μ}(x, y) J^2_ν (x) + Y^2_ν (x)

= J^2_μ(y) − 1 2 ∑ s=1,2 J_ν (x) H^{(s)}_ν (x)

H^{(s)2}_μ (y), (4.7)

the integrand in (4.6) can be decomposed into parts containing Bessel and Hankel functions, with the argument xz/z_1. Then, rotating the integration contour over x by an angle π/2 (−π/2), for the part with the function H^{(1)}_μ (xz/z_1) (H^{(2)}_μ (xz/z_1)), we get (no summation over μ)

⟨T^μ_μ ⟩_1 = ⟨T^μ_μ ⟩_0 + ⟨T^μ_μ ⟩^{(b)}_1 , (4.8)

where the two terms are respectively given by

⟨T^μ_μ ⟩_0 = (4π)^{−(D−1)/2}N 2Γ((D − 1)/2)a^{D+1} ∫_∞ 0 dx x^{D−2} ∫_∞ 0 du uf^{(μ)}_{0ν} (u) √ u^2 + x^2

, (4.9) and ⟨T^μ_μ ⟩^{(b)}_1 = −

N(z/z_1)^{D+2} A_Da^{D+1} ∫_∞ 0 dx x^{D+1} I_ν (x) K_ν (x)

S^{(μ)}_{1ν} (xz/z_1). (4.10)

In (4.9), the expressions for f^{(μ)}_{0ν} (y) are obtained from the corresponding expressions for f^{(μ)}_ν (x, y) by the replacement g_{ν,α}(x, y) → J_α(y), and in (4.10) we have defined

S^{(l)}_{1ν} (x) = 1 D [ K^2_ν (x) − K^2_{ν−1}(x) ] , S^{(D)}_{1ν} (x) = K^2_{ν−1}(x) − K^2_ν (x) + 2ν − 1 x K_ν (x)K_{ν−1}(x), (4.11) with l = 0, . . . , D − 1. As we see, in both cases of single and double boundary geometries the energy density is equal to the stresses along the directions parallel to the boundaries. This property is related to the symmetry of the problem under consideration.

⟨T^μ_μ ⟩^{(b)}_1 vanishes in the limit z_1 → 0 (for the corresponding asymptotic behavior see below) while ⟨T^μ_α ⟩_0 can be identified with the VEV of the energy-momentum tensor in the boundary-free AdS bulk. With the decomposition (4.8) and for points away from the boundary, renormalization is required for this last part only. Because of the maximal symmetry of the background geometry, the renormalized VEV does not depend on the spacetime position and is completely determined by the trace: ⟨T^μ_α ⟩_0 = ⟨T^σ_σ ⟩_0δ^μ_α/(D + 1). For the case D = 3 this VEV was investigated in [22] using the zeta-function techniques and also Pauli-Villars regularization. In what follows we specifically discuss the effects induced by the boundaries.

For a massless field one has ν = 1/2 and from (4.10) it can be easily seen that ⟨T^μ_α ⟩^{(b)}_1 = 0 for z > z_1. We could obtain this result directly, by taking into account that for a massless fermionic field the problem is conformally related to the corresponding problem for a single boundary in the Minkowski bulk and for the latter geometry the VEV of the energy-momentum tensor vanishes. In the region between two boundaries, by making use of the expressions G_{1/2,1/2}(x, y) = (xy)^{−1/2} sinh(x − y) and G_{1/2,−1/2}(x, y) = (xy)^{−1/2} cosh(x − y), from (4.4) we get (no summation over μ)

⟨T^μ_μ ⟩ = ⟨T^μ_μ ⟩_0 + ( z a )_{D+1} ⟨T^μ_μ ⟩_{(M),m=0}. (4.12)

where ⟨T^μ_μ ⟩_{(M),m=0} = −

N(1 − 2^{−D})Γ((D + 1)/2) (4π)^{(D+1)/2}(z_2 − z_1)^{D+1} ζ_R(D + 1), (4.13)

for μ = 0, . . . , D − 1, and ⟨T^D_D ⟩_{(M),m=0} = −D⟨T^0_0 ⟩_{(M),m=0}. In (4.12), ζ_R(x) is the Riemann zeta function. Here, ⟨T^μ_α ⟩_{(M),m=0} is the corresponding VEV for two boundaries at z = z_1 and z = z_2 in Minkowski spacetime. Of course, (4.12) shows the standard conformal relation between the problems in AdS and Minkowski bulks. Note that for a massless field the boundary-free part ⟨T^μ_α ⟩_0 is completely determined by the trace anomaly.

We can write the VEV of the energy-momentum tensor in an alternative form (no summation over μ): ⟨T^μ_μ ⟩ = ⟨T^μ_μ ⟩_0 + ⟨T^μ_μ ⟩^{(b)}_2 +

N(z/z_2)^{D+2} A_Da^{D+1} ∫_∞ 0 dx x^{D+1}Ω^{(2)}_ν (x/η, x)F^{(μ)}_{2ν} (x, xz/z_2), (4.14)

where the term ⟨T^μ_μ ⟩^{(b)}_2 = −

N(z/z_2)^{D+2} A_Da^{D+1} ∫_∞ 0 dx x^{D+1} K_{ν−1}(x) I_{ν−1}(x) S^{(μ)}_{2ν} (xz/z_2), (4.15)

is the part in the VEV induced in the region z < z_2 by a single boundary at z = z_2 when the boundary at z = z_1 is absent. In (4.14) and (4.15) we have introduced the notations

S^{(l)}_{2ν} (x) = 1 D [ I^2_{ν−1}(x) − I^2_ν (x) ] , S^{(D)}_{2ν} (x) = I^2_ν (x) − I^2_{ν−1}(x) + 2ν − 1 x I_ν (x)I_{ν−1}(x), (4.16) and F^{(l)}_{2ν} (x, y) = 1 D [ G^2_{ν−1,ν−1}(x, y) − G^2_{ν−1,ν} (x, y) ] , F^{(D)}_{2ν} (x, y) = G^2_{ν−1,ν} (x, y) − G^2_{ν−1,ν−1}(x, y) − 2ν − 1 y G_{ν−1,ν−1}(x, y)G_{ν−1,ν} (x, y), (4.17) with l = 0, . . . , D − 1. The last term in (4.14) is induced by the right boundary. It is finite for z_1 < z ≤ z_2 and diverges at z = z_1. It can be seen that, for a massless field one gets (no summation over μ) ⟨T^μ_μ ⟩^{(b)}_2 = (z/a)^{D+1}⟨T^μ_μ ⟩_{(M),m=0}, where ⟨T^μ_μ ⟩_{(M),m=0} is given by (4.12) with z_1 = 0. As we see, in the region z < z_2 the problem with a single boundary in the AdS bulk is conformally related to the problem in the Minkowski spacetime with two boundaries. This is a consequence of the boundary condition we have imposed on the AdS boundary.

It can be checked that both the single-boundary induced part, ⟨T^μ_α ⟩^{(b)}_j , and the second boundaryinduced part (last terms in (4.14) and (4.15)) in the VEV of the energy-momentum tensor obey the trace relation T^μ_μ = mψ̄ψ. In addition, the VEV obeys the covariant continuity equation T^μ_{α ;μ} = 0 which, for the geometry under consideration, reduces to the single equation z^{D+2}∂_z ( T^D_D /z^{D+1} ) + T^μ_μ = 0. (4.18)

Using the trace relation and taking into account that the boundary-induced part in the FC is negative everywhere, from (4.18) we conclude that the boundary-induced part in the VEV of the normal stress is a monotonically increasing function of z for all points outside the boundaries.

Taking into account that I_ν (x) < I_{ν−1}(x) and K_ν (x) > K_{ν−1}(x), from (4.10) and (4.15) we see that, for the geometry of a single boundary at z = z_j , the boundary-induced part in the energy density is negative everywhere: ⟨T^0_0 ⟩^{(b)}_j < 0. Using the properties of the modified Bessel functions, it can be seen that S^{(D)}_{jν} (x) > 0 for z > z_j and S^{(D)}_{jν} (x) < 0 for z < z_j . From here it follows that ⟨T^D_D ⟩^{(b)}_j < 0 in the region z > z_j and ⟨T^D_D ⟩^{(b)}_j > 0 in the region z < z_j . Next, it can be checked that G_{ν,ν−1}(x, y) > −G_{ν,ν} (x, y) > 0, x < y, G_{ν−1,ν} (x, y) > G_{ν−1,ν−1}(x, y) > 0, x > y, (4.19) From these relations we see that F^{(0)}_{jν} (x, y) < 0 and the parts of the energy density induced by the second plate (last terms in (4.4) and (4.14) with μ = 0) are negative. Hence, for the geometry of two boundaries the energy density is negative everywhere.

Now let us consider the asymptotics for the single boundary parts in the VEV of the energymomentum tensor at small and large distances from the boundary. For the boundary at z = z_j , at large distances, z ≫ z_j, to leading order one has

⟨T^D_D ⟩^{(b)}_j =

D⟨T^0_0 ⟩^{(b)}_j D + 2ν = −D Nma^{−D}(z_j /z)^{2ν} 2^{D+2ν+2}π^{(D−1)/2}

Γ(D/2 + ν)Γ(D/2 + 2ν) νΓ^2(ν)Γ(D/2 + ν + 3/2)

, (4.20)

with z_j /z = e^{−(y−yj )/a}. For the region z < z_j with the condition z ≪ z_j , the leading order terms have the form:

⟨T^D_D ⟩^{(b)}_j ≈ − D 2ν ⟨T^0_0 ⟩^{(b)}_j ≈ Na^{−D−1}(z/z_j )^{D+2ν} 2^{2ν−1}A_DνΓ^2(ν) ∫_∞ 0 dx x^{D+2ν−1} K_{ν−1}(x) I_{ν−1}(x) . (4.21)

The relations between the energy density and the normal stress, given by (4.20) and (4.21), can also be obtained by using the continuity equation (4.18) for ⟨T^μ_α ⟩^{(b)}_j with ⟨T^μ_μ ⟩^{(b)}_j = D⟨T^0_0 ⟩^{(b)}_j + ⟨T^D_D ⟩^{(b)}_j . As it is seen from (4.20) and (4.21), at distances from the boundary larger than the AdS curvature scale, the boundary-induced part in the VEV of the energy-momentum tensor decays exponentially. For a scalar field with curvature coupling parameter ξ and with Robin boundary condition at z = z_j , for the VEV of the energy-momentum tensor one has [10]: ⟨T^μ_μ ⟩^{(b)}_j ∝ (z_j /z)^{2νsc} for z ≫ z_j and ⟨T^μ_μ ⟩^{(b)}_j ∝ (z_j /z)^{D+2νsc} for z ≪ z_j , where ν_{sc} = √ D^2/4 − D(D + 1)ξ + m^2a^2. In particular, for a conformally coupled scalar one has ν_{sc} = √ m^2a^2 + 1/2, and the suppression of the VEVs is weaker than in the fermionic case with the same value of the nonzero mass.

For points near the boundary, the dominant contributions to the integrals in (4.10) and (4.15) come from large values of x. By using the asymptotic expressions for the modified Bessel functions for large values of the argument, we get the following leading behavior:

⟨T^0_0 ⟩^{(b)}_j ≈ (D − 1) a D (y − y_j) ⟨T^D_D ⟩^{(b)}_j ≈ − NmΓ((D + 1)/2) D(4π)^{(D+1)/2}|y − y_j|^D . (4.22)

For a boundary in the Minkowski spacetime the leading terms for the energy density and stresses along directions parallel to the boundary coincide with (4.22), whereas the normal stress vanishes.

The Minkowskian limit of the formulas for the VEV of the energy-momentum tensor is taken in a way similar to that we used for the case of FC. For ma ≫ 1 and for a fixed value of y, to leading order we find (no summation over μ):

⟨T^μ_μ ⟩ ≈ ⟨T^μ_μ ⟩_{(M)} = − N A_D ∫_∞ m dx (x^2 − m^2)^{D/2−1} x+m x−m e^{2x(y2 −y1)} + 1 G^{(μ)}_{(M)}(x), (4.23)

where G^{(μ)}_{(M)}(x) = x^2 − m^2 D { 2 + m x − m [ e^{2x(y−y1)} + e^{2x(y2−y)} ]} , (4.24)

for μ = 0, 1, . . . , D − 1, and G^{(D)}_{(M)}(x) = −2x^2. Here, ⟨T^μ_μ ⟩_{(M)} is the VEV for the geometry of two boundaries in the Minkowski bulk. The formula (4.23) is a special case of the result given in [20]. The fermion Casimir energy for two parallel plates in 4-dimensional Minkowski spacetime has been investigated in [23] and [24] for massless and massive fields, respectively. The corresponding result for arbitrary number of dimensions is generalized in [25]. The topological Casimir effect and the VEV of the fermionic current for a massive fermionic field in a spacetime with an arbitrary number of toroidally compact dimensions have been considered in [26].

In Fig. 1, for the geometry of a single boundary, located at y = 0, we display the boundary-induced parts of the VEV of the energy density (μ = 0, full curve) and of the normal stress (μ = D, dashed curve), as functions of y/a. The latter measures the distance from the boundary in units of the AdS curvature radius. The graphs are plotted for a fermionic field in 4-dimensional AdS spacetime (D = 3) and for the mass we have taken ma = 1.

Figure 1: Boundary-induced parts of the VEV of the energy density (full curve) and of the normal stress (dashed curve), induced by a single boundary, at y = 0, as functions of y/a. Both plots are for D = 3 and ma = 1.

5 Interaction forces and the Casimir energy

The force acting per unit surface of the boundary at z = z_j (vacuum effective pressure) can be obtained evaluating the normal stress at the location of the boundary: p^{(j)} = − ⟨T^D_D ⟩_{z=zj} . The boundary-free parts of the force acting from the left- and from the right-hand sides of the boundary compensate and the resulting force is determined by the boundary induced part. By using the decomposition for the VEV of the energy-momentum tensor, in the region between the boundaries, the effective pressure is obtained as p^{(j)} = p^{(j)}_1 + p^{(j)}_{(int)}, (5.1) where the first term on the rhs correspond to the situation when the second boundary is absent and the second term is induced by the presence of the second boundary. The latter can be termed as the interaction contribution. For the first part, one has p^{(j)}_1 = −⟨T^D_D ⟩_{j,z=zj} . In the regions z ≤ z_1 and z ≥ z_2, the single boundary terms remain only: p^{(1)} = p^{(1)}_1 for z < z_1 and p^{(2)} = p^{(2)}_1 for z > z_2. Because of the surface divergences in the single-boundary parts of the VEV, the term p^{(j)}_1 is divergent and needs renormalization. The interaction part is finite for all nonzero values of the distance between the boundaries and it is not affected by the renormalization procedure.

The interaction parts of the effective pressure are obtained from the last terms in (4.4) and (4.14), by setting in the expressions for the^D-components z = z_1 and z = z_2, respectively. Using the Wronskian relation for the modified Bessel functions, one finds

p^{(j)}_{(int)} = −

N(z_j /z_1)^D A_Da^{D+1} ∫_∞ 0 dx x^{D−1}Ω^{(j)}_ν (x, ηx). (5.2)

As we see, the corresponding effective pressures are always negative and, hence, the interaction forces are attractive. Using now the relations

Ω^{(j)}_ν (xz_1, xz_2) = (−1)^{j−1}z_j ∂_{zj} ln [ 1 + I_ν (xz_1)K_{ν−1}(xz_2) K_ν (xz_1)I_{ν−1}(xz_2) ] , (5.3)

the interaction parts can be expressed in a more convenient way as

p^{(j)}_{(int)} = N(z_j /a)^{D+1} (−1)^j A_D ∂_{zj} ∫_∞ 0 dx x^{D−1} ln [ 1 + I_ν (xz_1)K_{ν−1}(xz_2) K_ν (xz_1)I_{ν−1}(xz_2) ] . (5.4)

Note that the forces acting on the left and on the right boundaries are different, in general. This property is related to the nonzero extrinsic curvature tensor for the the boundary geometry under consideration.

At small distances between the boundaries, η −1 ≪ 1, the dominant contribution comes from large values of x and, to leading order, we get

p^{(j)}_{(int)} ≈ −

NDΓ((D + 1) /2) (4π)^{(D+1)/2}(y_2 − y_1)^{D+1}

. (5.5)

At large distances one has η ≫ 1, and the leading terms in the asymptotic expansions are given by the expressions

p^{(1)}_{(int)} ≈ − 2^{2−2ν} Na^{−D−1} A_DΓ^2(ν)η^{D+2ν} ∫_∞ 0 dx x^{D+2ν−1} K_{ν−1}(x) I_{ν−1}(x) , p^{(2)}_{(int)} ≈ − 2^{1−2ν} Na^{−D−1} A_DνΓ^2(ν)η^{2ν} ∫_∞ 0 dx x^{D+2ν−1} I^2_{ν−1}(x)

. (5.6)

Now, let us consider the Minkowskian limit corresponding to ma ≫ 1 for a fixed value of y. In this limit one has η ≈ 1 + (y_2 − y_1)/a. Introducing in (5.2) a new integration variable, u = x/ν, we use now the uniform asymptotic expansions for the modified Bessel functions for large values of the order. After some transformations, to leading order we have

p^{(j)}_{(int)} ≈ p_{(M)} = − 2N A_D m^{D+1} ∫_∞ 1 dx x^2(x^2 − 1)^{D/2−1} x+1 x−1 e^{2xm(y2 −y1)} + 1 . (5.7)

Of course, in the Minkowskian limit the forces are the same for the boundaries at y = y_1 and y = y_2. Note that, for the geometry of a single boundary, in the Minowskian limit the stresses on the left- and right-hand sides are the same by the symmetry of the problem. As a result, the corresponding net force vanishes and only the interaction part remains.

In Fig. 2, we depict the interaction forces for the model with D = 3 as functions of the separation between boundaries as measured in units of the Compton wavelength of the fermionic particle. The dashed curve is the corresponding force for boundaries in Minkowski spacetime. The plots are for ma = 0.5 (black), ma = 1 (blue) and ma = 2 (red). The curves on the left (right) of the dashed curve are for j = 1 (j = 2). As we see, with increasing a the forces tend to the corresponding result for the Minkowski bulk.

Figure 2: Interaction forces per unit surface as functions of the separation between the boundaries for the fermionic field in a 4-dimensional AdS bulk. The dashed curve corresponds to the force for boundaries in the Minkowski bulk. The plots correspond to ma = 0.5 (black), ma = 1 (blue) and ma = 2 (red), respectively.

Now we consider the total vacuum energy in the region between the boundaries. The formal expression for this energy is obtained by integration of the energy density given by (4.2), with μ = 0. Making use of standard formula for the integrals involving the square of a cylinder function, we get E_{z1≤z≤z2} = ∫_{z2} z_1 dz √ |g|⟨T^0_0 ⟩ = − N 2 ∫ dk (2π)^{D−1} ∞∑ n=1 √ γ^2_{ν,n}/z^2_1 + k^2. (5.8)

This formula expresses the vacuum energy as a sum of ground state energies for elementary oscillators. Obviously, expression (5.8) is divergent and regularization, with the subsequent renormalization, is necessary. Here we follow the zeta function approach (for the application of the zeta function techniques to the calculations of the Casimir energy see [27] and references therein). Instead of (5.8), we consider the related zeta function

ζ(s) = −μ^{s+1}_0 N 2 ∫ dk (2π)^{D−1} ∞∑ n=1 ( γ^2_{ν,n}/z^2_1 + k^2 )_{−s/2} , (5.9)

where the constant μ_0 with dimensions of mass is introduced by dimensional reasons (it is the regularization parameter). The expression on the rhs of (5.9) is finite for Res > D and for the evaluation of the vacuum energy we need its analytic continuation at s = −1: E_{z1≤z≤z2} = ζ(s)|_{s=−1}.

Evaluating the integral over k, the zeta function can be expressed in the form ζ(s) = − NΓ((s + 1 − D)/2)μ^{s+1}_0 2(4π)^{(D−1)/2}Γ(s/2)z^{D−1−s}_1 ζ_1 (s + 1 − D) , (5.10)

where we have introduced the partial zeta function

ζ_1 (s) = ∞∑ n=1 γ^{−s}_{ν,n}, (5.11) directly related to the eigenvalues γ_{ν,n}. We need the analytic continuation of the function (5.11) to a neighborhood of s = −D. This procedure is standard in the theory of the Casimir effect and we only give the main steps.

From Cauchy’s residue formula, the integral representation follows

ζ_1 (s) = ∫ C du 2πi u^{−s}∂_u ln [ug_{ν,ν−1}(u, uη)] , (5.12) where C is a closed, counterclockwise contour on the complex z plane enclosing all zeros γ_{ν,n}. We take the contour made of a large semicircle (with radius tending to infinity) centered at the origin and placed to its right, plus a straight part overlapping the imaginary axis and avoiding the origin by a small semicircle C_ρ on the right half-plane with radius ρ. For small ρ, one has ∫ C_ρ du 2πi u^{−s}∂_u ln [ug_{ν,ν−1}(u, uη)] = B ρ^{2−s} 2 − s sin(πs/2), (5.13)

being B a constant independent of s. Denoting the upper and lower halves of the contour C by C_1 and C_2, respectively, the integral can be cast in the form

ζ_1 (s) = ∫ C dz 2πi u^{−s}∂_u ln [ u^{1−ν} J_{ν−1}(uη) ]

+ ∑ l=1,2 ∫ C_l du 2πi u^{−s}∂_u ln [ u^ν H^{(α)}_ν (u) ]

+ ∑ l=1,2 ∫ C_l du 2πi u^{−s}∂_u ln [ 1 − J_ν (u)H^{(α)}_{ν−1}(uη) H^{(α)}_ν (u)J_{ν−1}(uηz) ] . (5.14)

After parameterizing the integrals over the imaginary axis and substituting into (5.10), we arrive at the following expression for the zeta function ζ(s) = − (4π)^{(1−D)/2}Nμ^{s+1}_0 z^{1+s−D}_1 2Γ(s/2)Γ((D + 1 − s)/2) { πBρ^{D+1−s} D + 1 − s + ∫_∞ ρ dx x^{D−1−s}∂_x [ ln ( x^{1−ν} I_{ν−1}(xη) )

+ ln (x^ν K_ν (x)) + ln ( 1 + I_ν (x)K_{ν−1}(xη) K(x)I_{ν−1}(xη) ) ]} , (5.15)

where we have used that Γ(y) sin(πy) = π/Γ(1 − y). The term with the factor B vanishes in the limit ρ → 0 at the physical point s = −1, while the last term is finite at this point. The first (second) term in the square brackets in (5.15) corresponds to the vacuum energy in the region z ≤ z_2 (z ≥ z_1) for the geometry of a single boundary at z = z_2 (z = z_1) and will be denoted as E^{(2)}_{1,z≤z2} (E^{(1)}_{1,z≥z1} ). Adding also the vacuum energies from the regions z ≤ z_1 and z ≥ z_2 (denoted as E^{(1)}_{1,z≤z1} and E^{(2)}_{1,z≥z2} ), for the total vacuum energy we finally get

E = E^{(1)}_{1,z≤z1} + E^{(2)}_{1,z≥z2} + E_{z1≤z≤z2} = ∑ j=1,2 E^{(j)}_1 + ΔE. (5.16)

Here, E^{(j)}_1 is the energy for the geometry of a single boundary at z = z_j, and the interference part ΔE is given by the last term in (5.15) with s = −1. After integration by parts, one gets for the latter ΔE = − N A_D ∫_∞ 0 dx x^{D−1} ln [ 1 + I_ν (xz_1)K_{ν−1}(xz_2) K(xz_1)I_{ν−1}(xz_2) ] . (5.17)

The renormalization procedure to be carried out for the divergences of the single boundary parts in (5.16) is similar to those previously discussed within the framework of braneworld scenarios (see, e.g., [7, 8]). Note that the dependence of E^{(j)}_1 on z_j is in the form z^{−D}_j and this dictates the form of the counterterms located on the boundaries. By finite renormalizations, the single boundary terms in (5.16) can be absorbed into the counterterms. The renormalized vacuum energy has the form E = ∑ j=1,2 cjz −D j + ΔE, with renormalized coefficients c_j . Comparing (5.17) with (5.4), we find the relation p^{(j)}_{(int)} = −(−1)^j (z_j /a)^{D+1}∂_{zj} ΔE, (5.18)

between the interaction forces and the interference part of the Casimir energy.

Here we have considered the fermionic Casimir effect with bag boundary conditions on the background of AdS spacetime. In a similar way the fermionic Casimir densities can be evaluated for the Randall-Sundrum braneworld model. This model is formulated on 5-dimensional AdS spacetime, thus with a single extra dimension. The fifth dimension y is compactified on an orbifold S^1/Z_2 of length L, with −L ≤ y ≤ L. The corresponding line element has the form (2.1) with the warp factor e^{−2|y|/a}. Two 3-branes are located at the orbifold fixed points, y = 0 and y = L. In terms of the conformal radial coordinate z, for the branes one has z = a and z = z_L = ae^{L/a}. In the Randall-Sundrum model, depending on the parity of the spinor field under a chiral transformation, two types of boundary conditions arise on the branes. For these boundary conditions the eigenvalues of the quantum number λ are roots of the equation g_{ν−s,ν−s}(λa, λz_L) = 0, (5.19) with s = 0, 1 for even and odd fields, respectively. The summation formula for series over these eigenvalues is obtained from the general results of [18, 19]. Calculations are actually the same as those we have described above for the case of bag boundary conditions. In the normalization condition for the mode functions the integration over y goes over the region (−L, L). As a result the normalization coefficient will have an additional factor 1/2, as compared with the case where the problem is formulated on the interval (0, L).

The FC and the VEV of the energy-momentum tensor for a fermionic field in the Randall-Sundrum model are obtained from the formulas given in Sects. 3 and 4 by changing the order of the appropriately modified Bessel function from ν − 1 to ν for even fields and from ν to ν − 1 for odd fields and by adding an extra factor of 1/2. For example, in the case of even fields, to Eq. (3.15) we need only add the factor 1/2, whereas to Eq. (3.17) we have to add the factor 1/2 and make also the replacements K_{ν−1}(x) → −K_ν (x) and I_{ν−1}(x) → I_ν (x). In the case of odd fields the situation is just opposite: in (3.15) we add the factor 1/2 and replace K_ν (x) → −K_{ν−1}(x) and I_ν (x) → I_{ν−1}(x), while in (3.17) we only add the factor 1/2. Note that when evaluating the vacuum energy in the braneworld model the integration goes over the region (−L, L) and there is no need to add the factor 1/2 in the corresponding expressions.

Through the above mentioned replacements of the modified Bessel functions, from (5.17) we readily obtain the corresponding vacuum energies for even and odd fields in the Randall-Sundrum model. For

D = 4 the corresponding formulas were obtained in [8] (note that in this reference the effective Lagrangian is considered per fermionic degree of freedom, which corresponds to −ΔE/N). The VEV of the energy-momentum tensor for a bulk Dirac spinor in the Randall-Sundrum model has been considered in [11]. In this reference, for the case of a massive field, a general formula is given for the unrenormalized VEV only. To compare, in our approach, based on the generalized Abel-Plana formula, the pure AdS parts in the VEVs are extracted explicitly and, for the points away from the branes, the renormalization procedure is the same as for the boundary-free parts. In addition, the boundary induced parts are presented in terms of exponentially convergent integrals, which are very well suited for numerical calculations.

6 Conclusions

In this paper we have investigated the fermionic condensate and the VEV of the energy-momentum tensor for a massive fermionic field in AdS spacetime in the presence of two boundaries on which the field obeys bag boundary conditions. For the evaluation of the VEVs we have employed the mode summation technique. In the region between the boundaries, a complete set of positive- and negative-energy mode functions is given by (2.26) and (2.33), respectively, where the eigenvalues of the radial quantum number λ are determined from the boundary conditions and they are solutions of the equation (2.27). The mode sums for the FC and the energy-momentum tensor contain series over these eigenvalues. For the summation of the series we have used the generalized Abel-Plana formula (3.4), which allowed to separate the VEVs into single boundary and second boundary-induced parts. In this representation, explicit knowledge of the eigenvalues of λ is not necessary. The VEVs for the geometry of a single boundary are further decomposed into boundary-free and boundary-induced parts. As a result, in the region between the boundaries, the VEVs can be expressed in two equivalent ways, respectively given by Eqs. (3.21) and (3.22), for the FC, and by Eqs. (4.4) and (4.14), for the energy-momentum tensor. With these representations, and for points away from the boundaries, the boundary induced part is finite and renormalization is required for the boundary-free part, only.

For the geometry of a single boundary located at z = z_j , the boundary-induced contribution to the FC is given by (3.15), in the region z > z_j, and by (3.17), in the region z < z_j . This contribution is negative for both regions and it is not symmetric with respect to the boundary. Such fact is related to the existence of a nonzero extrinsic curvature tensor for the boundary z = z_j in the AdS bulk. At large distances from the boundary, as compared with the value of the AdS curvature radius, the boundary-induced parts are exponentially suppressed by the factors e^{−2ν(y−yj )/a}, in the region y > y_j, and e^{−(D+2ν)(y−yj )/a}, in the region y < y_j. In particular, the boundary-induced part vanishes on the AdS boundary. For points near the boundary at y = y_j, the leading term in the asymptotic expansion of the FC is given by (3.20) and it does coincide with the corresponding expression for the boundary in Minkowski spacetime. For the geometry of two boundaries, the FC in the region between them can be expressed in the form (3.24), where the interference term is finite everywhere, including the points on the boundaries. For large separation of the boundaries, as compared with the curvature radius of the background spacetime, the interference part is exponentially suppressed. The boundary-induced part of the FC in the region between the two boundaries is negative.

The boundary-induced contributions in the VEV of the energy-momentum tensor for a single boundary are given by (4.10) and (4.15), for the regions on the right and on the left of the boundary, respectively. The corresponding vacuum energy is negative, whereas the normal stress is negative on the right domain and positive on the left one. At large distances from a single boundary located at y = y_j, the boundary-induced terms decay as e^{−2ν(y−yj )/a}, for y > y_j, and as e^{−(D+2ν)(y−yj )/a}, for y < y_j. For points near the boundary the corresponding asymptotic behavior is given by (4.22).

The forces acting on the boundaries and the Casimir energy were considered in Sect. 5. The force acting on the boundary at z = z_j is decomposed as (5.1) where the first term on the rhs is the force for a single boundary (when the second one is absent) while the second term is induced by the presence of the other boundary. The interaction part of the force is attractive and it can be expressed in the form (5.2) or, equivalently, as in (5.4). The forces acting on the left and on the right boundaries are different from each other. For small separations of the boundaries, as compared with the AdS curvature radius, to leading order we recover the result for the Minkowski bulk with boundaries. For large separations, the asymptotic expressions for the force are given by (5.6) and the interaction force is again exponentially suppressed. We have also checked with care the transition to the Minkowskian limit corresponding to a → ∞. For the evaluation of the total vacuum energy in the region between the boundaries we have employed zeta function techniques. As the corresponding scheme is well described in the literature on the Casimir effect, we have here sketched the main steps only. For the total vacuum energy, including the contributions coming from the regions z ≤ z_1 and z ≥ z_2, one has (5.16) with the interference part being given by (5.17). In the second part of Sect. 5 we have described in detail how from our results the corresponding formulae for fermionic Casimir densities in Randall-Sundrum-type braneworld scenarios immediately follow.

Acknowledgments

A.A.S. was supported by the ESF Programme “New Trends and Applications of the Casimir Effect”. E.E. and S.D.O. were partially funded by MICINN (Spain), project FIS2010-15640, by the CPAN Consolider Ingenio Project, and by AGAUR (Catalonia), project 2009SGR-994.

References

[1] O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys. Rep. 323, 183 (2000).

[2] P. Brax and C. Van de Bruck, Classical Quantum Gravity 20, R201(2003); R. Maartens and K.

Koyama, Living Rev. Relativity 13, 5 (2010).

[3] E. Elizalde, S.D. Odintsov, A. Romeo, A.A. Bytsenko, and S. Zerbini, Zeta Regularization Techniques with Applications (World Scientific, Singapore, 1994); V.M. Mostepanenko and N.N. Trunov, The Casimir Effect and Its Applications (Clarendon, Oxford, 1997); K.A. Milton, The Casimir Effect: Physical Manifestation of Zero-Point Energy (World Scientific, Singapore, 2002); M. Bordag, G.L. Klimchitskaya, U. Mohideen, and V.M. Mostepanenko, Advances in the Casimir Effect (Oxford University Press, Oxford, 2009); Lecture Notes in Physics: Casimir Physics, Vol. 834, edited by D. Dalvit, P. Milonni, D. Roberts, and F. da Rosa (Springer, Berlin, 2011).

[4] A.A. Saharian and T.A. Vardanyan, Class. Quantum Grav. 26, 195004 (2009); E. Elizalde, A.A.

Saharian, and T.A. Vardanyan, Phys. Rev. D 81, 124003 (2010).

[5] K. Milton and A.A. Saharian, Phys. Rev. D 85, 064005 (2012).

[6] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); L. Randall and R. Sundrum, Phys.

Rev. Lett. 83, 4690 (1999).

[7] W. Goldberger and I. Rothstein, Phys. Lett. B 491, 339 (2000); S. Nojiri, S.D. Odintsov, and S. Zerbini, Class. Quantum Grav. 17, 4855 (2000); I. Brevik, K.A. Milton, S. Nojiri, and S.D. Odintsov, Nucl. Phys. B 599, 305 (2001); J. Garriga, O. Pujolàs, and T. Tanaka, Nucl. Phys. B 605, 192 (2001); A. Flachi and D.J. Toms, Nucl. Phys. B 610, 144 (2001); J. Garriga and A. Pomarol, Phys. Lett. B 560, 91 (2003); E. Elizalde, S. Nojiri, S.D. Odintsov, and S. Ogushi, Phys. Rev. D 67, 063515 (2003); A.A. Saharian and M.R. Setare, Phys. Lett. B 584, 306 (2004); A. Flachi, A. Knapman, W. Naylor, and M. Sasaki, Phys. Rev. D 70, 124011 (2004); E. Elizalde, S. Nojiri, and S.D. Odintsov, Phys. Rev. D 70, 043539 (2004); E. Elizalde, S. Nojiri, S.D. Odintsov, and P. Wang, Phys. Rev. D 71, 103504 (2005); M. Frank, I. Turan, and L. Ziegler, Phys. Rev.

D 76, 015008 (2007); L.P. Teo, Phys. Lett. B 682, 259 (2009); H. Cheng, arXiv:0904.4183; A. Flachi and T. Tanaka, Phys. Rev. D 80, 124022 (2009); M. Rypestøl and I. Brevik, New J. Phys 12, 013022 (2010).

[8] A. Flachi, I.G. Moss, and D.J. Toms, Phys. Lett. B 518, 153 (2001); A. Flachi, I.G. Moss, and D.J. Toms, Phys. Rev. D 64, 105029 (2001).

[9] A. Knapman and D.J. Toms, Phys. Rev. D 69, 044023 (2004).

[10] A.A. Saharian, Nucl. Phys. B 712, 196 (2005); A.A. Saharian, Phys. Rev. D 70, 064026 (2004). [11] S.-H. Shao, P. Chen, and J.-A. Gu, Phys. Rev. D 81, 084036 (2010).

[12] A. Flachi, J. Garriga, O. Pujolàs, and T. Tanaka, J. High Energy Phys. 08 (2003) 053; A. Flachi and O. Pujolàs, Phys. Rev. D 68, 025023 (2003); A.A. Saharian, Phys. Rev. D 73, 044012 (2006); A.A. Saharian, Phys. Rev. D 73, 064019 (2006); A.A. Saharian, Phys. Rev. D 74, 124009 (2006); E. Elizalde, M. Minamitsuji, and W. Naylor, Phys. Rev. D 75, 064032 (2007); R. Linares, H.A. Morales-Técotl, and O. Pedraza, Phys. Rev. D 77, 066012 (2008); M. Frank, N. Saad, and I. Turan, Phys. Rev. D 78, 055014 (2008).

[13] C.G. Beneventano and E.M. Santangelo, arXiv:1001.5246.

[14] T. Gherghetta and A. Pomarol, Nucl. Phys. B 586, 141 (2000); T. Gherghetta and A. Pomarol, Nucl. Phys. B 602, 3 (2001).

[15] A. P. Prudnikov, Yu.A. Brychkov, and O. I. Marichev, Integrals and Series (Gordon and Breach, New York, 1986), Vol. 2.

[16] T. Inagaki, T. Muta, and S. D. Odintsov, Prog. Theor. Phys. Suppl. 127, 93 (1997). [17] A. Flachi and T. Tanaka, J. High Energy Phys. 02 (2011) 026. [18] A.A. Saharian, Phys. Rev. D 63, 125007 (2001).

[19] A. A. Saharian, The Generalized Abel-Plana Formula with Applications to Bessel Functions and Casimir Effect (Yerevan State University Publishing House, Yerevan, 2008).

[20] E. Elizalde, S.D. Odintsov, and A.A. Saharian, Phys. Rev. D 83, 105023 (2011). [21] C.A. Lütken and F. Ravndal, J. Phys. G 10, 123 (1984); S.A. Gundersen and F. Ravndal, Ann.

Phys. 182, 90 (1988).

[22] R. Camporesi, Phys. Rev. D 45, 3591 (1992). [23] K. Johnson, Acta Phys. Polonica B 6, 865 (1975). [24] S. G. Mamaev and N. N. Trunov, Sov. Phys. 23, 551 (1980).

[25] R. D. M. De Paola, R. B. Rodrigues, and N. F. Svaiter, Mod. Phys. Lett. A 14, 2353 (1999); E.

Elizalde, F.C. Santos, and A.C. Tort, Int. J. Mod. Phys. A 18, 1761 (2003). [26] S. Bellucci and A.A. Saharian, Phys. Rev. D 79, 085019 (2009); S. Bellucci, A.A. Saharian, and V.M. Bardeghyan, Phys. Rev. D 82, 065011 (2010).

[27] K. Kirsten, Spectral Functions in Mathematics and Physics (CRC Press, Boca Raton, FL, 2001);

E. Elizalde, Ten physical applications of spectral zeta functions, 2nd Ed., Lecture Notes in Physics (Springer-Verlag, Berlin, 2012); A.A. Bytsenko, G. Cognola, E. Elizalde, V. Moretti, and S. Zerbini, Analytic Aspects of Quantum Fields (World Scientific, Singapore, 2004).