arXiv:1302.3066v1 [gr-qc] 13 Feb 2013

Strictly static spacetimes and positive mass in the Einstein-Gauss-Bonnet theory

Tetsuya Shiromizu and Seiju Ohashi Department of Physics, Kyoto University, Kyoto 606-8502, Japan

In the Einstein gravity, it is well-known that strictly stationary and vacuum regular spacetime should be the Minkowski spacetime. In the Einstein-Gauss-Bonnet theory, we shall show the similar statement, that is, strictly static(no event horizon), vacuum and asymptotically flat spacetimes with conformally static slices are the Minkowski spacetime when the curvature corrections are small.

I. INTRODUCTION

String theory predicts the higher curvature corrections to the gravitational theory at high energy [1]. Although we do not know the definite expression for the corrections, we know that the Gauss-Bonnet correction term appears in the heterotic string theory [2, 3]. Then one often discusses cosmology and black hole physics in the gravitational theory with the Gauss-Bonnet term [4], that is, the Einstein-Gauss-Bonnet theory. One striking thing is that almost of all fundamental theorems for the Einstein theory cannot be extended to the Einstein- Gauss-Bonnet theory. The singularity theorem [5], positive mass theorem [6, 7] and so on do not hold in general. About black holes, we do not know if the uniqueness theorem holds [8]. At first glance, the way to prove the static black hole uniqueness in the Einstein theory [9] cannot be simply extended to the Einstein-Gauss-Bonnet case.

There is also a simple question on the strictly stationary vacuum spacetimes. By strictly stationary spacetime, we mean that the timelike Killing vector exists in whole spacetime, that is, there are no event horizons. In the Einstein theory, it is well-known that the strictly stationary vacuum spacetimes are only the Minkowski spacetime [10] (See Ref. [11] for higher dimensions). This statement tells us that there is no non-trivial solution. One might have the same question in the Einstein-Gauss- Bonnet theory. In this paper we shall address this issue. At the same time we can briefly discuss the positive mass theorem because we will use it in our argument. Of course, there is no reason why the same feature holds in the Einstein-Gauss-Bonnet theory because the large curvature corrections may drastically change the structure of spacetimes. However, one can expect that they hold when curvature corrections are small. Indeed, we can show that the strictly static vacuum and asymptotically flat spacetimes with the conformally flat slices are the Minkowski spacetime in the Einstein-Gauss-Bonnet theory when the curvature correction to the Einstein theory is small and the Gauss-Bonnet coupling constant is positive. We note that our argument in this paper is relied on the perturbative treatment.

The remaining part of this paper is organised as follows. In Sec. II, we describe the Einstein-Gauss-Bonnet theory and the basic equations in the static spacetimes. In Sec. III, we show that the strictly static spacetimes with the conformally flat and static slices are the Minkowski spacetime for certain case. Finally we give the summary and discussion in Sec. IV.

II. STATIC SPACETIMES IN EINSTEIN-GAUSS-BONNET THEORY

In this section, we introduce the Einstein-Gauss- Bonnet theory and write down the field equations for the static spacetimes.

We consider the gravitational theory with the Gauss- Bonnet term in (n+1)-dimensional spacetimes described by the action S = ∫ d^{n+1}x √ −g ( R + α(R_{abcd}R^{abcd} − 4R_{ab}R^{ab} + R^2) ) , (1)

where α is the coupling constant. In the four dimensional spacetimes, the Gauss-Bonnet term does not affect the field equations.

The gravitational field equations are R_{ab} = −αH̃_{ab}, (2) where H̃_{ab} = 2R_{acde}R^{cde}_b − 4R_{acbd}R^{cd} − 4R^c_a R_{bc} + 2RR_{ab} − 1 n − 1 g_{ab}L_{GB} (3) and L_{GB} = R_{abcd}R^{abcd} − 4R_{ab}R^{ab} + R^2. (4) Note that, for example, the null convergence condition R_{ab}k^ak^b ≥ 0 does not hold for the tangent vector of null geodesics k^a in general situations of the Einstein-Gauss- Bonnet theory. This condition is required to show some fundamental theorems like the singularity theorem, black hole area theorem and so on [5].

Here we consider the strictly static spacetimes with the hypersurface orthogonal timelike Killing vector, ∂_t. The metric of the static spacetime can be written as

ds^2 = −V^2(x^i)dt^2 + g_{ij} (x^k )dx^idx^k, (5)

where g_{ij} is the metric of n-dimensional t =constant space and indices i, j run over 1, 2, · · · , n−1. The strictly static spacetime means that there are no Killing horizons, that is, V is positive. In static spacetimes, the non-trivial components of the Riemann tensor are R_{ijkl} =^{(n)}R_{ijkl} (6) and R_{0i0j} = V D_iD_j V, (7)

and then those of the Ricci tensor are

R_{00} = V D^2V (8) and R_{ij} =^{(n)}R_{ij} − 1 V D_iD_j V, (9)

where^{(n)}R_{ijkl} ,^{(n)}R_{ij} and D_i are the n-dimensional Riemann tensor, Ricci tensor and the covariant derivative with respect to g_{ij} respectively.

Now L_{GB} is written as

L_{GB} =^{(n)}L_{GB} + 8 V (n)G_{ij} D^iD^j V, (10)

where^{(n)}G_{ij} =^{(n)}R_{ij} − (1/2)g_{ij}^{(n)}R and^{(n)}L_{GB} is

(n)L_{GB} :=^{(n)}R_{ijkl}^{(n)}R^{ijkl} − 4^{(n)}R_{ij}^{(n)}R^{ij} +^{(n)}R^2 =^{(n)}C_{ijkl}^{(n)}C^{ijkl} −4 n − 3 n − 2 (_{(n)} R^2_{ij} − n 4(n − 1)

(n)R^2 ) . (11)

In the above,^{(n)}C_{ijkl} is the n-dimensional Weyl tensor with respect to g_{ij} .

In static spacetimes, the Hamiltonian constraint is

(n)R + α^{(n)}L_{GB} = 0. (12)

(See Ref. [12] for the Arnowitt, Deser and Misner(ADM) formalism of the Einstein-Gauss-Bonnet theory.).

III. STRICTLY STATIC SPACETIME WITH CONFORMALLY FLAT AND STATIC SLICES

Now we can discuss strictly static and vacuum spacetimes. The equation R_{00} = −αH̃_{00} gives us

D^2V = 4 n − 3 n − 1 αD_iD_j V^{(n)}G^{ij} − α n − 1 V^{(n)}L_{GB} (13)

and then it is re-expressed as D^i ( D_iV − 4 n − 3 n − 1 αD_j V^{(n)}G^{ij} ) = − α n − 1 V^{(n)}L_{GB}.(14)

In the above we used the Bianchi identity.

In the Einstein gravity, the above becomes D^2V = 0. Then if the spacetime is strictly static, that is, there is the timelike and hypersurface orthogonal Killing vector everywhere, the volume integral of D^2V = 0 directly implies that the ADM mass vanishes. Then the positive energy theorem implies that the spacetime is the Minkowski one. This statement holds in strictly stationary cases too. This is well-known fact [10] (See Ref. [11] for higher dimensional cases).

Next we address the same issue in the Einstein-Gauss- Bonnet theory. In Eq. (14), the right-hand side does not vanish. Here we consider some restricted cases, that is, t =constant hypersurfaces are conformally flat. And we employ the perturbative argument with respect to α, that is, we will consider the field equations up to the linear order of α. In Eq. (14), this means that it is enough to estimate^{(n)}L_{GB} in the zero-th order of α. Since the slices are assumed to be conformally flat, the n-dimensional Weyl tensor vanishes,^{(n)}C_{ijkl} = 0. The Hamiltonian constraint(Eq. (12)) gives us

(n)R = O(α). (15)

The field equations R_{ij} = −αH̃_{ij} with Eq. (9) is approximated as (n)R_{ij} = 1 V D_iD_j V + O(α). (16)

Using of the above, we can compute^{(n)}L_{GB} as

(n)L_{GB} = −4 n − 3 n − 2 1 V D_iD_j V^{(n)}R^{ij} + O(α). (17)

Then Eq. (14) becomes D^i ( D_iV − 4 n − 3 n − 2 α^{(n)}R_{ij} D^j V ) = O(α^2). (18)

Note that Eq. (14) does not have the divergence-free form as the above if the n-dimensional Weyl tensor does not vanish. One may think that the imposing of the conformally flatness of g_{ij} is too restrictive. But, it is still non-trivial to discuss the configuration of the strictly static vacuum spacetimes.

The volume integral of the above becomes to the surface integral at the spatial infinity ∫ S_∞ ( D_iV − 4 n − 3 n − 2 α^{(n)}R_{ij} D^j V ) dS^i = O(α^2). (19)

This is because we assumed that there are no event horizons. In asymptotically flat spacetimes, near the spatial infinity(r = ∞),^{(n)}R_{ij} D^j V = O(1/r^{2n−1}) and then we see that the second term in the integrand of Eq. (19) does not contribute to the integral. Thus we can see that the ADM mass vanishes.

The Ricci scalar of g_{ij} is now computed as

(n)R = −α^{(n)}L_{GB} =

4(n − 3) n − 2 α^{(n)}R_{ij}^{(n)}R^{ij} + O(α^2).(20)

We know that the positive mass theorem holds if^{(n)}R ≥ 0 is satisfied regardless of theories as long as we consider asymptotically flat spacetimes(the Riemannian positive mass theorem). We can see that^{(n)}R is non-negative if α is positive. In the heterotic string theory, α is shown to be positive [3]. Thus, the positive energy theorem holds. In the full order of α, the positive mass theorem holds if α^{(n)}L_{GB} ≤ 0 is satisfied(See Ref. [13] for the related argument to the positive mass theorem in the Einstein- Gauss-Bonnet theory). But, we cannot expect that we can show that in general. After all, the positive mass theorem tells us that the static slice with the vanishing ADM mass is the Euclid space. Therefore,^{(n)}R_{ij} = 0 holds and Eq. (14) implies D^2V = 0. These show us that V is constant and the spacetime is indeed the Minkowski spacetime.

As a summary, we obtain the following statement:

Let us consider the asymptotically flat and strictly static spacetimes governed by the Einstein-Gauss-Bonnet theory with positive α. We assume that the static slice is conformally flat. Up to the order O(α), then, it is turned out that the spacetime must be the Minkowski spacetime.

There are several branches of the solutions in the Einstein-Gauss-Bonnet-theory. The condition of the asymptotic flatness may choose the Einstein-branch where the system reduces to the Einstein theory as α to zero. In such cases, it is natural to expect that the same features are shared with the Einstein theory.

IV. SUMMARY AND DISCUSSION

In this paper we discussed the strictly static vacuum and asymptotically flat spacetimes in the Einstein-Gauss- Bonnet theory. We employed the perturbative argument with respect to the Gauss-Bonnet coupling constant α. Here we considered the corrections up to the linear order of α. Then we could show that the strictly static and conformally flat slices are the Euclid space for the cases with positive α and then the spacetime is the Minkowski spacetime. To show that, we used the positive mass theorem for the Einstein-Gauss-Bonnet theory. In the perturbative level, we saw that the Ricci scalar of the slices is non-negative and then the positive mass theorem indeed holds.

There are a lot of remaining issues. In this paper we adopted the perturbative argument with respect to α. Therefore one may consider the higher order terms of α or the Lovelock theory [14]. We also focused on the strictly static vacuum spacetimes as a first step. It is nice to address the same issue in the strictly stationary spacetimes. In our discussion we used the Riemannian positive mass theorem which has been already proven. But, one might be able to improve/optimise the positive mass theorem for the Einstein-Gauss-Bonnet theory, that is, the condition of^{(n)}R ≥ 0 may be relaxed. We are also interested in the black hole spacetimes. For example, we want to examine the uniqueness properties in the Einstein-Gauss-Bonnet theory. At least, one might be able to prove the black hole uniqueness at low energy scales.

Acknowledgments

We would like to thank Prof. Takashi Nakamura for his continuous encouragement. TS is supported by Grant- Aid for Scientific Research from Ministry of Education, Science, Sports and Culture of Japan (No. 21244033). SO is supported by JSPS Grant-in-Aid for Scientific Research (No. 23-855). The authors thank the Yukawa Institute for Theoretical Physics at Kyoto University, where this work was initiated during the YITP-T-12-04 on “Nonlinear massive gravity theory and its observational test”.

[1] P. Candelas, G. T. Horowitz, A. Strominger and E. Witten, Nucl. Phys. B 258, 46 (1985); D. J. Gross and E. Witten, Nucl. Phys. B 277, 1 (1986).

[2] B. Zwiebach, Phys. Lett. B 156, 315 (1985); D. J. Gross and J. H. Sloan, Nucl. Phys. B 291, 41 (1987); R. R. Metsaev and A. A. Tseytlin, Phys. Lett. B 191, 354 (1987).

[3] R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B 293, 385 (1987).

[4] For black holes, see the review, C. Charmousis, Lect.

Notes Phys. 769, 299 (2009) [arXiv:0805.0568 [gr-qc]]. [5] S. W. Hawking, and S. F. R. Ellis, The large scale structure of space-time,(Cambridge University Press, Cambridge, England, 1973).

[6] R. Schoen and S. -T. Yau, Commun. Math. Phys. 79, 231 (1981).

[7] E. Witten, Commun. Math. Phys. 80, 381 (1981). [8] For the review, M. Heusler, Black hole uniqueness theorems,(Cambridge University Press, Cambridge, Eangland, 1996); D. Ida, A. Ishibashi and T. Shiromizu, Prog.

Theor. Phys. Suppl. 189, 52 (2011); S. Hollands and A. Ishibashi, Class. Quant. Grav. 29, 163001 (2012).

[9] W. Israel, Commun. Math. Phys., 8, 245(1968); G. L.

Bunting and A. K. M. Masood-ul-Alam, Gen. Rel. Grav. 19 147 (1987); G. W. Gibbons, D. Ida and T. Shiromizu, Prog. Theor. Phys. Suppl. 148, 284(2002); G. W. Gibbons, D. Ida and T. Shiromizu, Phys. Rev. Lett. 89, 041101 (2002); G. W. Gibbons, D. Ida and T. Shiromizu, Phys. Rev. D 66, 044010 (2002); M. Rogatko, Phys. Rev. D 67, 084025 (2003).

[10] A. Lichnerowicz, Theories Relativistes de la Gravitation et de l’Electromagnetisme, (Masson, Paris, 1955).

[11] T. Shiromizu, S. Ohashi and R. Suzuki, Phys. Rev. D 86, 064041 (2012).

[12] T. Torii and H. -a. Shinkai, Phys. Rev. D 78, 084037 (2008).

[13] Y. Ge, G. Wang and J. Wu, arXiv:1211.7305 [math.DG];

arXiv:1212.3213 [math.DG].

[14] D. Lovelock, J. Math. Phys. 12, 498 (1971).