arXiv:1302.3527v1 [hep-th] 14 Feb 2013

Knot topology in QCD

L. P. Zou,^{1, 2, 3} P. M. Zhang,^{1, 4} and D. G. Pak^{1, 5} 1Institute of Modern Physics, Chinese Academy of Sciences, Lanzhou 730000, China 2 School of Nuclear Science and Technology, Lanzhou University, Lanzhou 730000, China 3 University of Chinese Academy of Sciences, Beijing 100049, China 4Research Center for Hadron and CSR Physics, Lanzhou University, Lanzhou 730000, China 5Lab. of Few Nucleon Systems, Institute for Nuclear Physics, Ulugbek, 100214, Uzbekistan

We consider topological structure of classical vacuum solutions in quantum chromodynamics. Topologically non-equivalent vacuum configurations are classified by non-trivial second and third homotopy groups for coset of the color group SU(N) (N = 2, 3) under the action of maximal Abelian stability group. Starting with explicit vacuum knot configurations we study possible exact classical solutions as vacuum excitations. Exact analytic non-static knot solution in a simple CP^1 model in Euclidean space-time has been obtained. We construct an ansatz based on knot and monopole topological vacuum structure for searching new solutions in SU(2) and SU(3) QCD. We show that singular knot-like solutions in QCD in Minkowski space-time can be naturally obtained from knot solitons in integrable CP^1 models. A family of Skyrme type low energy effective theories of QCD admitting exact analytic solutions with non-vanishing Hopf charge is proposed.

PACS numbers: 11.15.-q, 14.20.Dh, 12.38.-t, 12.20.-m Keywords: Knot solitons, quantum chromodynamics, Skyrme model

I. INTRODUCTION

Topological structure of classical solutions in SU(N) Yang-Mills theory implies numerous physical manifestations in such important phenomena in quantum chromodynamics (QCD) as the chiral symmetry breaking and confinement [1]. The most attractive mechanism of the confinement is based on the Meissner effect in dual color superconductor [2–4] where monopole vacuum condensate is generated dynamically due to quantum corrections [5–7]. Dyons represent alternative topological defects which may play an important role as well as monopoles in description of the confinement at zero and finite temperature [8]. Whereas the instanton and monopole solutions correspond to non-trivial topological Chern-Simons and monopole charges, the topological knot configurations with a non-zero Hopf charge represent another topological objects which become essential in various applications in standard QCD and effective Skyrme type theories of QCD in low energy region [9, 10]. It has been found that knot solitons could be good candidates for description of glueball states which can be treated as excitations over the condensed vacuum [11, 12].

The rich topological structure of QCD as a gauge theory is conditioned by the presence of non-trivial homotopy groups π_k(SU(N)/H), where the stability subgroup H determines possible coset spaces with different topological properties. The homotopy group π_3(SU(N)) = Z describes topological classes of instanton field configurations corresponding to topological Pontryagin index [13– 15]. It is well known that instantons realize tunneling between topologically non-equivalent vacuums and provide dominant contribution to chiral symmetry breaking. Another example of manifestation of non-trivial topology in QCD is provided by the second homotopy group π_2(SU(3)/U(1) × U(1)) = Z × Z which implies Weyl symmetric structure of vacuum and singular monopole solutions in SU(3) QCD [16–18].

A nice feature of quantum chromodynamics is that gauge connection (potential) allows natural implementation of the color vector n̂ in adjoint representation of SU(N) within the formalism of gauge invariant Abelian decomposition suggested first in [19–22] and developed further in [23–25]. The color vector n̂ corresponds to generators of the Cartan algebra of the gauge group SU(N) and gives a suitable tool for description of whole topological structure of the gauge theory. A crucial observation has been made that the classical vacuum in QCD can be explicitly constructed in terms of the color vector n̂ [26– 28]. This immediately implies that classical vacuum is strongly degenerated and all topologically non-equivalent vacuums are classified by non-trivial homotopy groups π_{2,3}(SU(N)/H). In particular, in the case of SU(3) QCD it has been shown that classical vacuum possesses a nontrivial Weyl symmetric structure described by the second homotopy group π_2(SU(3)/U(1) × U(1)) [28]. It should be stressed, that the color vector n̂ represents pure topological degrees of freedom, so that we have still a standard QCD. In low energy region, in effective QCD theories like a generalized Faddeev-Skyrme model [11], the vector n̂ becomes dynamical. The knowledge of the classical vacuum structure allows to study vacuum excitations in search of possible finite energy topological solutions and make further steps towards understanding fundamental properties of QCD at quantum level.

In the present paper we consider first the topological structure of the classical vacuum in SU(N), (N = 2, 3) QCD and study possible manifestations of topological properties related with the homotopy groups π_{2,3}(SU(3)/U(1) × U(1)) and π_{2,3}(SU(2)/U(1)). Starting with known exact knot solutions from the integrable sector of CP^1 models [29, 30] we will construct a vacuum with knot topology and obtain new analytic classical solutions in CP^1 model, standard QCD (in Euclidean and Minkowski space-time) and effective Skyrme type theory. The paper is organized as follows. In Section II we describe the general topological structure of the classical vacuum in SU(2) and SU(3) QCD. In Section III we consider a simple CP^1 model which can be treated as a restricted QCD with one field variable n̂. Exact nonstatic knot like solution with a finite Euclidean action has been found. Section IV deals with ansatz for possible topological solutions based on classical vacuum made of n̂ with general topology. In Section V we obtain analytic singular knot like solutions in QCD in Minkowski space-time. A family of generalized Skyrme type effective theories admitting exact solutions with non-trivial Hopf numbers is proposed in Section VI.

II. TOPOLOGICAL STRUCTURE OF CLASSICAL VACUUM IN QCD

1. Topology of SU(2) QCD vacuum

It has been shown that knot configurations providing minimums of the energy functional in Faddeev-Skyrme model may correspond to vacuums of QCD in maximal Abelian gauge [26]. Later it has been proved that topologically non-equivalent classical vacuums in pure QCD can be constructed explicitly in terms of a color vector n̂^a (a = 1, 2, 3) [27]. By this, the vacuum pure gauge fields ⃗A_μ with different Chern-Simons numbers are in one-to-one correspondence with color fields n̂ of respective Hopf charges.

One should stress, that the color vector n̂ in CP^1 models (as well as in Faddeev-Skyrme theory) represents dynamic field variable whereas in QCD the vector field n̂ contains only pure topological degrees of freedom. The most appropriate way how to implement the topological degrees of freedom of n̂ into the gauge potential while keeping a standard QCD theory is provided by Cho- Duan-Ge gauge invariant Abelian projection [19–22]

⃗A_μ = A_μn̂ − 1 g n̂ × ∂_μn̂ + ⃗X_μ, (1)

where A_μ and ⃗X_μ are the Abelian and off-diagonal gauge

potentials, and ⃗C_μ ≡ − 1 g n̂ × ∂_μn̂ is a magnetic potential

expressed in terms of n̂. For simplicity we put the coupling constant g to be equalled one. The vector n̂ has a natural origin in the mathematical structure of the gauge theory, it is defined on the coset G/H where the stability group H is defined by Cartan algebra generators of Lie group G. Notice, since the color vector field n̂ represents pure topological degrees of freedom it does not increase the number of physical degrees of freedom in the standard QCD. Notice, that a so-called Cho-Faddeev-Niemi- Shabanov decomposition proposed in [23–25] treats the color vector n̂ as a part of the whole gauge potential. So that, such a decomposition leads to a theory which is different from the standard QCD already at classical level [31].

One can choose an orthonormal frame of three color vector fields n̂^a_i , (i = 1, 2, 3) which plays a role of metric vielbein on the group manifold SU(2). An interesting analogy can be made between the standard QCD with topological degrees of freedom n̂_i and the topological theory of Lorentz gauge gravity [32] where the vielbein field (tetrad) e^a_μ, (μ, a = 0, 1, 2, 3) exists in a topological phase and obtains dynamical content in low energy effective theory containing the Einstein gravity. In a some sense the standard QCD is in a topological phase where the color vector fields n̂_i describes explicitly the topology of all possible mappings of the base space-time to the group space.

One can verify that the color vector n̂ satisfies a covariant constancy condition

D̂_μn̂ ≡ (∂_μ + Â_μ)n̂ = 0,

Â_μ = A_μn̂ + ⃗C_μ, (2)

where Â_μ is a restricted gauge connection. Let us consider a vector magnetic field strength ⃗H_{μν} constructed from the magnetic gauge potential ⃗C_μ ⃗H_{μν} = ∂_μ ⃗C_ν − ∂_ν ⃗C_μ + ⃗C_μ × ⃗C_ν . (3) Straightforward calculation shows that the color magnetic field ⃗H_{μν} is directed along the color vector n̂ ⃗H_{μν} = H_{μν}n̂. (4) One can check that the differential 2-form H = dx^μ ∧ dx^ν H_{μν} is closed [19, 20]

dH = 0. (5)

Due to the Poincare lemma the closed two-form H is locally exact. So, the magnetic field H_{μν} can be expressed explicitly in terms of a dual Abelian magnetic potential C̃_μ H_{μν} = ∂_μC̃_ν − ∂_νC̃_μ. (6)

The definition of the magnetic field strength H_{μν} implies the existence of a dual magnetic symmetry Ũ(1) which is an essential ingredient of the dual Meissner mechanism of confinement

δ_{Ũ(1)}C̃_μ = −i∂_μα̃. (7)

The gauge invariant Abelian decomposition (1) leads to the following split of the gauge field strength into the Abelian and off-diagonal parts ⃗F_{μν} = (F_{μν} + H_{μν} )n̂ + D̂_μ ⃗X_ν − D̂_ν ⃗X_μ + g ⃗X_μ × ⃗X_ν , (8) where F_{μν} = ∂_μA_ν − ∂_ν A_μ is an Abelian field strength component, and ⃗X_μ can be treated as a color source [19, 20].

An important feature of the gauge invariant Abelian projection is that it implies formulation of a restricted QCD which includes only restricted gauge potential Â_μ. The restricted QCD possesses full SU(2) gauge invariance if we define a covariant group transformation law for the color vector n̂. The Lagrangian of the restricted QCD can be written as follows L^{restr} = − 1 4 (F_{μν} + H_{μν} )^2. (9)

The Lagrangian has a manifest covariant Abelian structure within the full SU(2) gauge theory. In the absence of the ”electric” part, F_{μν} = 0, the Lagrangian reduces to the Lagrangian of a simple CP^1 model.

One can impose covariant constancy conditions on all three basis vector fields n̂_i

⃗D_μn̂_i = 0. (10)

Acting on the left hand side of the last equation with a covariant derivative ⃗D_ν and taking antisymmetrization over indices μ, ν one obtains the integrability condition

⃗F_{μν} = 0 (11)

which is exactly an equation defining classical vacuum of QCD. An explicit construction of the classical vacuum of QCD in terms of knot configurations of n̂ has been found first in [27] ⃗A^{vac}_μ = −C̃_μn̂ + ⃗C_μ. (12) This relation establishes connection between a pure gauge potential and color vector field n̂ and implies that the classical vacuum configurations can be described by topologically non-equivalent classes of the color field n̂. Namely, the topological classes of n̂ are determined by two homotopy groups, π_2(SU(2)/U(1)) and π_3(SU(2)/U(1)) = π_3(S^2). The first one describes monopole configurations, whereas the second homotopy describes Hopf mapping n̂ : S^3 → S^2 (we assume that the space R^3 is compactified to a three dimensional sphere S^3). So that, all topological non-equivalent classical vacuums are classified by Hopf, Q_H , and monopole, g_m, charges

Q_H = 1 32π^2 ∫ d^3xϵ^{ijk}C̃_iH_{jk} , g_m = ∫ S^2 ⃗H_{ij} · n̂ dσ^{ij} . (13) One can show that the Hopf number equals to the Chern- Simons number for vacuum gauge field configurations A^{vac}_μ constructed from n̂.

To study possible physical manifestations of the vacuum structure we will consider explicit expressions for the color vector n̂ with a given knot topology. We will use in subsequent sections exact analytic knot solutions found in special integrable CP^1 models and generalize them to the case of QCD and effective QCD theory of Skyrme type.

Let us recall first an explicit construction of a simple knot configuration of n̂ as a mapping S^3 → S^2 with unit Hopf number. Surprisingly, such a simple construction leads directly to exact knot solutions found in CP^1 integrable models. Using stereographic projection it is convenient to parameterize the target space S^2 by a complex field u ∈ C^1

n̂ = 1 1 + u^∗u u+^∗u −i(u−^∗u) u^∗u −1 , (14)

A three-dimensional sphere S^3 is given as embedding into R^4 by the following equation

|z_1|^2 + |z_2|^2 = 1 (15)

where z_1, z_2 are complex coordinates on the complex plane C^2. The Hopf mapping with Hopf charge Q_H = 1 is determined as follows u = z_1 z_2

. (16)

Starting with a given color vector n̂ one can define a magnetic field strength

H_{μν} = ϵ^{abc}n̂^a∂_μn̂^b∂_νn̂^c = −2i (1 + |u|^2)^2

(∂_μu ∂_ν^∗u −∂_ν u ∂_μ^∗u). (17)

As we mentioned before, the magnetic field H_{μν} defines a closed differential two-form, so one can express the dual magnetic Abelian potential (6) in terms of a complex SU(2) doublet ζ = (z_1, z_2)

C̃_μ = −2iζ^†∂_μζ. (18)

For physical implications an explicit realization of Hopf mapping n̂ depends on a specified model and topology of four-dimensional space-time. The three-dimensional sphere S^3 in the above definition of Hopf mapping can be related to the physical space-time by several ways. We will consider exact solutions in two cases: the first case, when the sphere S^3 is treated as embedding into Euclidean four-dimensional space-time R^4 (Section III, IV), and the second one, when S^3 is obtained from the real physical space R^3 due to an appropriate compactification by imposing suitable boundary conditions at space infinity for physical fields (Section V, VI). In each case different realizations of the sphere S^3 lead to different topological field configurations in general.

2. Topology of SU(3) QCD vacuum

The consideration of the topological vacuum structure of SU(2) QCD can be generalized to the case of SU(3) gauge group which possesses a more rich topology. The SU(3) gauge invariant Abelian projection is defined as follows [19, 20] ⃗A_μ = Â_μ + ⃗X_μ, Â_μ = A^r_μm̂_r + ⃗C_μ,

C^a_μ = −f^{abc}m̂^b_r∂_μm̂^c_r ≡ −(m̂_r × ∂_μm̂_r)^a, (19)

where two color octet fields m̂_r, r = (3, 8) correspond to Cartan algebra generators of the Abelian subgroups U_3(1), U_8(1). The group manifold of SU(3) can be described within the formalism of fiber bundle by several ways. One can realize SU(3) manifold as a fiber bundle with the base S^5 and fiber S^3. This is a generalization of the Hopf fibering S^1 → S^3 → S^2 to the case of SU(3) group. Another possibility is to consider the group manifold SU(3) as a fiber bundle over the coset M^6 ≡ SU(3)/U(1) × U(1) with a fiber as torus T^2 = S^1 × S^1. The coset space M^6 itself can be treated as a bundle which is locally isomorphic to CP^2 × CP^1. We will consider the last realization of SU(3) manifold because of importance of the Cartan algebra of SU(3) in connection with confinement phenomenon in QCD.

Due to presence of the non-trivial homotopy groups

π_2(SU(3)/U(1) × U(1)) = π_2(CP^2) × π_2(CP^1) = Z × Z, π_3(SU(3)/U(1) × U(1)) = π_3(CP^1) = Z, (20)

one concludes that nonequivalent topological classes of color vector fields n̂_{3,8} are classified by the Hopf number Q_H and two monopole charges (m, n). As we will see later, the Hopf number is actually determined by two integer winding numbers as well. So that, the classical vacuum topology is described by four independent integers.

Let us construct vacuum configurations in terms of independent complex field variables in analogy with the case of SU(2) QCD. One needs to parameterize the coset M^6 by three complex coordinates. To do this one should express the color vectors n̂_{3,8} in terms of two complex triplet fields Ψ, Φ which are projective coordinates on almost complex homogeneous manifold M^6. Let us first express the lowest weight vector m̂^a_8 introducing a complex triplet field Ψ that parameterizes the coset CP^2 ≃ SU(3)/SU(2) × U(1) with a maximal stability subgroup

m̂^a_8 = − √ 3 2 Ψ̄λ^aΨ,

Ψ̄Ψ = 1. (21)

The definition of the vector m̂_8 is consistent with the normalization condition and symmetric d−product operation in the Lie algebra of SU(3)

m̂^2_8 = 1, d^{abc}m̂^b_8m̂^c_8 = − 1 √ 3 m̂^a_8 . (22)

To construct a second Cartan vector m̂_3 orthogonal to m̂_8 it is convenient to define projectional operators

P^{ab}_‖ = m̂^a_8m̂^b_8,

P^{ab}_⊥ = δ^{ab} − m̂^a_8m̂^b_8. (23)

With this the vector m̂_3 can be parameterized as follows

m̂^a_3 = P^{ab}_⊥ Φ̄λ^bΦ = Φ̄λ^aΦ + 1 2 Ψ̄λ^aΨ, (24)

where we have introduced a second complex triplet field Φ. The definition of color vectors m̂_{3,8} by Eqs. (21),(24) is invariant under local Ũ(1) × Ũ^′(1) gauge transformations

Ψ → exp[iα̃(x)]Ψ, Φ → exp[iα̃^′(x)]Φ, (25)

which represent explicitly the dual Abelian magnetic symmetry in SU(3) QCD. The dual magnetic potentials C̃^r_μ can be expressed through the complex fields

C̃^3_μ = 2i(Φ̄∂_μΦ + 1 2 Ψ̄∂_μΨ),

C̃^8_μ = 2i(− √ 3 2 Ψ̄∂_μΨ). (26)

One can verify that m̂_r satisfy the following relations

m̂^a_rm̂^a_s = δ_{rs}, d^{abc}m̂^b_rm̂^c_s = d_{rsq}m̂^a_q , (27)

which imply the orthogonality condition for the complex fields Ψ̄Φ = 0.

Let us define Ψ = (ψ_1, ψ_2, ψ_3) and Φ = (ϕ_1, ϕ_2, ϕ_3). Introducing projective coordinates

u_1 = ψ_1 ψ_2

, u_2 = ψ_3 ψ_2 , v_1 = ϕ_1 ϕ_2

, v_2 = ϕ_3 ϕ_2

, (28)

one can obtain explicit parametrization for the vector m̂_8

m̂_8 = 1 1 + |u_1|^2 + |u_2|^2 · u_1+^∗u_1 i(u_1−^∗u_1) |u_1|^2 − 1 ∗ u_1 u_2+^∗u_2 u_1 −i(^∗u_1 u_2−^∗u_2 u_1) u_2+^∗u_2 −i(u_2−^∗u_2) 1 + |u_1|^2 − 2|u_2|^2

, (29)

An explicit expression for the vector m̂_3 can be obtained by using Eqn. (24) in a similar manner. Notice, that due to the orthogonality condition Ψ̄Φ = 0 one has an additional constraint

1+^∗u_1 v_1+^∗u_2 v_2 = 0. (30)

So that, we can choose three independent complex parameters, for instance, u_1, u_2, v_1, which contain the whole information on the topology of the space SU(3)/U(1) × U(1). This can be useful in search of essentially SU(3) solutions with various combinations of topological Hopf and monopole charges corresponding to topologies of the fields u_1, u_2, v_1.

III. EXACT NON-STATIC SOLUTION IN CP^1 MODEL

In this section we consider exact non-static solution in a simple CP^1 model. The Lagrangian of the CP^1 model with SU(2) triplet field n̂ coincides formally with the Lagrangian of the restricted QCD with a vanishing ”electric” gauge potential A_μ L = − 1 4 H^2_{μν} (n̂). (31)

We use four dimensional spherical coordinate system with Euler angles

x_1 = ρ cos θ 2 cos ϕ, x_2 = ρ cos θ 2 sin ϕ, x_3 = ρ sin θ 2 cos ψ, x_4 = ρ sin θ 2 sin ψ, 0 ≤ θ ≤ π, 0 ≤ ϕ, ψ ≤ 2π. (32) This coordinate system is suitable especially in studying solutions in Euclidean QCD in the subsequent section.

To define Hopf fibering one introduces complex coordinates z_1, z_2 in the complex plane C^2 ( R^4)

z_1 = x_1 + ix_2, z_2 = x_3 − ix_4. (33)

A three-dimensional sphere with the radius ρ is defined by the equation

x^2_1 + x^2 + x^2_3 + x^2_4 = ρ^2. (34)

The Hopf mapping with a unit Hopf charge is defined by u = z_1 z_2

= cot θ 2 e^{i(ϕ+ψ)}. (35)

Surprisingly, that simple configuration with a Hopf number Q_H = 1 represents an exact solution to the equation of motion for the Lagrangian (31) when the field n̂ is defined on three-dimensional sphere S^3 with a fixed radius ρ = const ∂_μ( √ g∂_ν uH^{μν} ) = 0. (36)

For higher Hopf numbers the solution is provided by the following ansatz u = g(θ)e^{i(mψ+nϕ)}. (37) Substituting the ansatz into Euler-Lagrange equations corresponding to the Lagrangian L one obtains the following solution [33] g(θ) = √ −mn(1 + 2c_2) + c_1 log(m^2 + n^2 − 2mn cos θ) √ 2mnc_2 − c_1 log(m^2 + n^2 − 2mn cos θ) , (38)

where the integration constants (c_1, c_2) are fixed by boundary conditions for n̂ n̂(θ = ±π) = (0, 0, ±1), c_1 = − m^2 − n^2 log[m^2] − log[n^2] , c_2 = − log[2n^2] log[m^2] − log[n^2]

. (39)

This implies the Hopf charge to be determined by two winding numbers

Q_H = mn. (40)

In the case m = n = 1 the solution reduces to a special one, Eq. (35). Notice, the solution (38) can be treated as a ”static” soliton in a sense that it does not depend on the four-dimensional radius ρ. This solution coincides exactly with the solution obtained in [33] with the field n̂ defined on three-dimensional sphere of finite radius r_0. In other words, the topology of the Euclidean space-time is chosen to be S^3 × R^1. The presence of the dimensional parameter r_0 allows to overcome the restrictions of the Derrick theorem to existence of finite energy soliton solutions. Notice, that solution (38) does not admit analytical continuation to the Minkowski space-time.

In our approach we do not restrict the Euclidean fourdimensional space-time to the topology S^3 × R^1. To find a non-static solution to equations of motion of QCD in Euclidean space-time R^4_E we apply the ansatz used in [33] u = f(ρ, θ) exp[i(mϕ + nψ)]. (41) After proper changing variable g(ρ, θ) = 1 1 + f^2(ρ, θ)

(42) one obtains a linear partial differential equation ρ∂_ρ(ρ∂_ρg) + 4 A sin θ

∂_θ(A sin θ∂_θg) = 0,

A ≡ m^2 sec^2 θ 2 + n^2 csc^2 θ 2 . (43)

The equation admits separation of variables g(ρ, θ) = R(ρ)Y (θ). (44) A solution for the radial function is given by

R(ρ) = C_1 sin[w^2 log(μρ)] + C_2 cos[w^2 log(μρ)], (45)

where w^2 is the separation constant. The equation for the angular function Y (θ) 4 A sin θ

∂_θ(A sin θ∂_θY (θ)) − w^2Y (θ) = 0 (46)

can be reduced to the known Heun equation. Notice, the angular part of our solution is the same as in [33], however, the radial function R(ρ) is different. An essential difference is that our solution has a dimensional mass scale parameter μ which is completely arbitrary contrary to the case of the solution with a fixed radius r_0 in the CP^1 model on the space with topology S^3 × R^1 [33].

IV. KNOT ANSATZ FOR SOLUTIONS IN QCD IN EUCLIDEAN SPACE-TIME

One method of constructing solutions is to perform deformation of vacuum solutions in the theory. Since the vacuum can be described in terms of color vector n̂ which has non-trivial topological properties, an interesting possibility arises: to obtain new solutions starting with known solutions a with non-trivial Hopf topology of n̂ in CP^1 model. Another advantage of using the color field n̂ with non-trivial topology in studying vacuum excitations appears when one considers SU(3) QCD where the topological structure becomes more complicate. In this section we will apply the (m, n)-family of the static solutions n̂ [33] to construct an ansatz for search of possible new classical solutions in Euclidean SU(2) QCD. We will use four dimensional spherical coordinates with Euler angles. In these coordinates the ’t Hooft instanton solution can be reproduced easily from the knot configuration with a unit Hopf charge.

We define a following ansatz with three radial trial functions f_i(ρ)

⃗A_μ = −f_1(ρ)C̃_μn̂ − f_2(ρ)n̂ × ∂_μn̂ + f_3(ρ)∂_μn̂.(47)

Substituting the ansatz into the full equations of motion of QCD

⃗D_μ ⃗F^{μν} = 0 (48) one can obtain solutions with finite and infinite energy. We select the most interesting solutions:

1. ’t Hooft instanton:

f_1 = f_2 = a^2 a^2 + ρ^2

, f_3 = 0. (49)

One can check that the Chern-Simons number for the gauge potential is equalled exactly to the Hopf number n̂. 2. There are several gauge equivalent representations for the known ’t Hooft instanton. One possible representation is given by

f_1 = a^2 a^2 + ρ^2

, f_2 = 2 − f_1, f_3 = 0. (50)

Notice, the solution represents vacuum excitation over the vacuum configuration given by f_1 = 0, f_2 = 2. Such a vacuum corresponds to the vacuum of extended QCD, whereas the vacuum solution with f_1 = f_2 = 0 belongs to restricted QCD.

3. Infinite energy solutions

f_1 = 1 2 , f_2 = 1 ± 1 2 √ 1 + c_3 , f_3 = ± c_3 2 √ 1 + c_3

. (51)

Radial energy density (density of the Euclidean action) takes the form E(ρ) = 3 sin θ 2ρ (52)

which is exactly the energy of the knot solution with unit Hopf charge on three-dimensional sphere with radius ρ. In this case it is evident that a solution of the CP^1 model on three dimensional sphere turns into the solution in full Yang-Mills theory.

4. Singular solution with an arbitrary dimensional parameter a

f_1 = a^2 a^2 + ρ^2

, f_2 = 1, f_3 = 0. (53)

The radial energy density is given by E(ρ) = 16a^4 sin θ

ρ^5

. (54)

Notice, the presence of the trial function f_3 leads to increasing the gauge freedom conditioned by gauge transformation which invokes degrees of freedom related to the off-diagonal gluons. As an example, one can find another gauge equivalent instanton solution with a non-vanishing trial function f_3

f_1 = r^2 a^2 + r^2

, f_2 = 1 ± a^2 √ 2(a^2 + r^2) , f_3 = ± a^2 √ 2(a^2 + r^2)

. (55)

To prove the gauge equivalence one can verify that Casimir invariants of the solutions are the same. In the case of SU(3) QCD the adding the third term into the ansatz (47) can be useful in search of a complete set of classical solutions like monopoles which form a nontrivial representation of the Weyl group of SU(3).

V. SINGULAR SOLUTIONS IN QCD IN MINKOWSKI SPACE-TIME

It is known that Wu-Yang monopole represents a solution to classical equations of motion in SU(2) Yang-Mills theory. Within the formalism of the restricted QCD the Wu-Yang monopole is given by the unit color vector directed along the radius

n̂^i = x^i r (i = 1, 2, 3). (56)

The solution is singular, it satisfies the equations of motion ∂^μH_{μν} = 0 everywhere except the origin. The unit monopole charge of Wu-Yang monopole is provided by the nontrivial homotopy group π_2(SU(2)/U(1)).

Let us consider a vector n̂ with a natural knot topology induced by the definition of the three-dimensional sphere obtained by compactification of the space R^3 to threesphere S^3 by identifying all points at infinity. To do this we apply stereographic projection of S^3 to R^3

x_1 =

2a^2 a^2 + r^2 X, x_2 =

2a^2 a^2 + r^2 Y, x_3 =

2a^2 a^2 + r^2 Z, r^2 ≡ X^2 + Y^2 + Z^2, (57)

where X, Y, Z are Cartezian coordinate in R^3. The threesphere S^3 is defined by the equation

x^2_1 + x^2 + x^2_3 + x^2_4 = a^2, (58)

where we keep the radius a of the sphere as a free parameter which will be useful in further. One can pass from the Cartesian coordinate system X, Y, Z to the standard spherical coordinates r, θ, ϕ. The complex coordinates z_1, z_2 can be written as follows

z_1 = x_1 + ix_2 =

2a^2r sin θe^{iϕ}

a^2 + r^2 , z_2 = x_3 + ix_4 = a(2ar cos θ − i(a^2 − r^2)) a^2 + r^2

. (59)

It is convenient to define the Hopf mapping by u = z_2 z_1 = 2ar cos θ − i(a^2 − r^2) 2ar sin θ e^{iϕ}. (60)

One can write down an explicit expression for the color vector n̂ as well

n̂ = 1 a^2 + r^2 · 4ar(2ar cos ϕ cos θ + (a^2 − r^2) sin ϕ) sin θ 4ar((−a^2 + r^2) cos ϕ + 2ar sin ϕ cos θ) sin θ (a^2 − r^2)^2 + 4a^2r^2 cos(2θ) . (61)

Notice, that magnetic field components have simple expressions and correspond to magnetic helical vortex configuration H_{rθ} = − 32a^3r^2 sin θ (a^2 + r^2)^3 , H_{θϕ} = − 8a^2r^2 sin(2θ) (a^2 + r^2)^2 , H_{rϕ} = − 8a^2r(a^2 − r^2)(1 − cos(2θ)) (a^2 + r^2)^3

. (62)

Surprisingly, even though the magnetic field is axially symmetric, the energy density E is spherically symmetric [29], and the knot configuration has a finite energy

E = ∫ d^3V E = ∫ r^2 sin θdrdθdϕ 256a^4 (a^2 + r^2)^4 = 32π^2 a . (63)

The solution was first found as an exact solution in the Nicole model with a Lagrangian [29]

L ≃ −((∂_μn̂)^2)^{3/2}, (64)

and later as a special solution with parameters m = n = 1 in the integrable Aratyn-Ferreira-Zimerman (AFZ) model defined by the following Lagrangian [30] L_{AF Z} = − 1 4 (H^2_{μν} )^{3/4}. (65)

We introduce a following axially symmetric ansatz for the restricted gauge potential

⃗A^a_0 = 0, ⃗A^a_r = P (r, θ)n̂^a + ⃗C^a_r , ⃗A^a_θ = Q(r, θ)n̂^a + ⃗C^a_θ , ⃗A^a_ϕ = R(r, θ)n̂^a + ⃗C^a_θ , (66)

where P, Q, R are trial functions. Due to the dual U(1) symmetry one can impose a gauge condition on the trial functions. It is suitable to choose a condition P (r, θ) = 0. The ansatz implies the following expression for the scalar magnetic field (m, n = r, θ, ϕ) H_{mn} = H^a_{mn}n̂^a, H ≡ dx^m ∧ dx^nH_{mn} = dr ∧ dθ ( 32a3r2 sin θ

(a^2 + r^2)^3 + Q_r ) + dr ∧ dϕ ( 16a2r(r2 − a2) sin2 θ

(a^2 + r^2)^3 + R_r ) + dθ ∧ dϕ ( − 8a^2r^2 sin(2θ) (a^2 + r^2)^3 + R_θ ) . (67)

After substituting the ansatz into the equations of motion ⃗Dμ ⃗F_{μν} = 0 one can find that all nine equations reduce to three linear partial differential equations

(a^2 + r^2)^3(sin θQ_{rθ} + cos θQ_r) + 32a^3r^2 sin(2θ) = 0, (a^2 + r^2)^4Q_{rr} + 64a^3r(a^2 − 2r^2) sin θ = 0, (a^2 + r^2)^4 ( sin θ(r^2R_{rr} + R_{θθ}) − cos θR_θ ) − 32(a^2r^4(5a^2 + r^2) sin^3 θ = 0. (68)

The fact that we have finally linear differential equations is caused by Abelian structure of the chosen ansatz. The solution to the first two equations is given as follows

Q = c_1 + c_2 r sin θ − 4ar(a^2 − r^2) (a^2 + r^2)^2 sin θ

−4 arctan( r a ) sin θ. (69)

A solution to the equation for the function R can be found as a sum of a general solution R_0(r, θ) to the homogeneous part of the equation and a special solution R_1(r, θ) to the inhomogeneous equation R(r, θ) = R_0(r, θ) + R_1(r, θ), R_1(r, θ) =

( c_{01} r + c_{02}r^2 +

8a^2r^2 (a^2 + r^2)^2 ) sin^2 θ. (70)

The homogeneous equation for R_0(r, θ) is separable and the general solution is given by

R_0(r, θ) = ∑ w K(r; w)Y (θ; w), K(r; w) = a_wr^{(1−√1+4w)/2} + b_wr^{(1+√1+4w)/2}, Y (θ; w) = c_{w 2}F_1[−p_+, −p_−, 1/2; cos^2 θ] + d_w cos θ_2F_1[p_−, p_+, 3/2; cos^2 θ], p_± = (1 ± √ 1 + 4w)/4, (71)

where w is a constant of separation. The hypergeometric functions_2F_1(a, b, c; z) in the above equations reduce to trigonometric polynomials for integer and semi-integer values of p_±, i.e., if we impose the following conditions w = l(l + 1), l = 0, 1, 2, ... , c_l = 0, for l = 2, 4, 6, ... , d_l = 0, for l = 1, 3, 5, ... . (72)

In general, the solution represents a class of singular infinite energy field configurations due to singularities at the origin, r = 0, or at space infinity, r = ∞. Let us consider special solutions which have singularities at the origin and the energy density E(r) falling down at infinity as (1 r )_{α>1} (l = 0):

(i) c_1 = c_2 = c_{01} = c_{02} = b_w = 0, a_w = d_w = 1: the solution represents the Wu-Yang monopole.

(ii) c_1 = c_2 = c_{02} = b_w = 0, a_w = d_w = 1: a singular monopole solution with two non-zero magnetic components H_{θϕ}, H_{rϕ}.

(iii) if c_2 ≠ 0: all components of the magnetic field H_{mn} are not vanishing. In this case one has an additional singularity along OZ axis.

VI. SKYRME TYPE MODELS WITH KNOT SOLITONS

The knot soliton (60) represents an exact solution with unit Hopf charge in integrable models [29, 30] with Lagrangians (64, 65) containing fractional degrees of the kinetic terms. Another interesting model was found in [34] where a generalized Faddeev-Skyrme model was considered as a possible low energy effective theory of QCD. In particular, it had been found that the Lagrangian L = − 1 4 H^2_{μν} + ξ(∂_μn̂)^4 (73)

leads to existence of analytic solutions with zero energy in the critical case ξ = 1. These models are far from physical theories like standard or effective low energy QCD. An interesting question arises, whether a Skyrme type model of effective low energy QCD exists which admits a finite energy exact solution with the knot configuration (60). It turns out that there is a family of Skyrme type models with an additional scalar field which admits exact analytic solutions for different Hopf numbers.

Let us consider the following Lagrangian

L(ϕ, n̂) = −μ^2(∂_μϕ)^2 − β 4 ϕ^2(∂_μn̂)^2 − ν 32 1 ϕ^2

H^2_{μν} . (74)

The term proportional to 1 ϕ^2

(∂_μn̂)^4 can be added to the

Lagrangian as well. We will not consider this case since the structure of the exact solution is not affected in principal by adding such a term. Up to change of variables the first two terms in (74) coincide with the respective first two terms in the original Skyrme model. The scalar field ϕ can be interpreted as a fluctuation of the length of the color field n̂.

The exact solution in AFZ model (65) in the case m = n in toroidal coordinates has the following form [30] u(η, ξ, ϕ) = 1 sinh η exp[im(ξ + ϕ)]. (75)

The Hopf charge of the solution is given by Q_H = m^2. The solution with Hopf charge Q_H = 1 coincides with the knot configuration (60) in spherical coordinates. We have found for the case m = n = 1, ..., 5 that for each topological charge Q_H there is a special Lagrangian (74) with constrained parameters μ^2, β, ν which admits an exact finite energy solution. The solution for the scalar field ϕ is the same for various Q_H ϕ = a √ a^2 + r^2

, (76)

and the solution for n̂ is given by Eq. (60). The constraints on the parameters μ^2, β, ν for topological charges Q_H = m^2 are given as follows: Q_H = 1 : 3 8 μ^2 + β − ν a^2

= 0. (77)

In the case of ν = 0 one has a model without any dimensional parameters while possessing a static solution which includes a dimensional parameter a corresponding to the size of the knot. This solution represents a saddle point type solution with spherically symmetric radial energy density

E_0 = a^2μ^2(r^2 − 3a^2) (a^2 + r^2)^3

. (78)

One can verify that the total energy after integration over the space vanishes identically. The solution is rather unphysical since the Hamiltonian is not positively defined. Let us choose another condition on the parameters, β = 0. In this case the energy density becomes positively defined

E_1 = 8νr^2 3(a^2 + r^2)^3

. (79)

This implies a finite total energy

E_1 =

2π^2 a . (80)

For Hopf charges Q_H > 1 corresponding to winding numbers m = n = 2, 3, 4, 5 one can find respective exact solutions under the following condition

β = 0, μ^2 −

8m^2ν 3a^2

= 0. (81)

The radial energy density is

E_m =

8m^2ν(r^2 + 3a^2) 3(a^2 + r^2)^3

. (82)

The total energy of the solution corresponding to each model with a Lagrangian specified by parameters β, μ, ν is proportional to the Hopf charge

E_m =

4π^2ν a Q_H . (83)

For the case m ≠ n we expect that knot solutions in such models will imply the total energy expressed by the same equation (83).

VII. DISCUSSION

In standard approach to description of the classical vacuum in QCD in terms of pure gauge connection all topologically non-equivalent vacuums are classified by Chern-Simons number. Using an explicit construction of the classical vacuum in terms of the color vector n̂ we have demonstrated that classical vacuum has a more rich topological structure. Namely, all non-trivial topological vacuums are described by homotopy groups π_{2,3}(SU(N)/H), with H being a maximal Abelian subgroup of SU(N). In the present paper we concern mainly with knot topology of the classical vacuum in the case of SU(2) QCD. A natural question arises on possible physical manifestations of such topological vacuum structure. We have considered excitations over the vacuum with non-trivial Hopf charge to find new analytic classical solutions in the CP^1 model, standard QCD and Skyrme type low energy effective theory of QCD. Our method of studying new solutions maybe useful in search of essentially SU(3) topological solitons like instantons and monopoles. It is interesting to study possible physical applications of the proposed Skyrme type model which can be relevant to the low energy effective theory of QCD like the Faddeev-Skyrme model [11].

Certainly, since QCD is essentially a quantum theory, it is of great importance to find physical effects of the non-trivial topological structure at quantum level where the degeneracy of the classical vacuum should disappear. One possible effect includes a non-trivial Weyl symmetric structure of the minimums in two-loop effective potential corresponding to presence of monopole condensates [28]. Another implication of the knot field configurations in QCD is to study effects related with contributions of all possible knot topologies to physical quantities like the Wilson loop functional and effective action. In Euclidean sector the contribution of non-static solutions may play an important role as well.

Acknowledgments

Authors are grateful to Prof. Y. M. Cho for numerous discussions. One of authors (D.G.P.) thanks E. N. Tsoy and R. M. Galimzyanov for useful discussions. The work is supported by NSFC (Grants 11035006 and 11175215), CAS (Contract No. 2011T1J31), and by UzFFR (Grant F2-FA-F116).

[1] T. Schafer, E. V. Shuryak, Rev. Mod. Phys. 70, 323 (1998).

[2] Y. Nambu, Phys. Rev. D10, 4262 (1974). [3] S. Mandelstam, Phys. Rep. 23C, 245 (1976). [4] A. Polyakov, Nucl. Phys. B120, 429 (1977). [5] G. K. Savvidy, Phys. Lett. B71, 133 (1977). [6] N. K. Nielsen and P. Olesen, Nucl. Phys. B144, 485 (1978).

[7] Y. M. Cho and D. G. Pak, Phys. Rev. D65, 074027 (2002).

[8] P. Paccioli and E. Shuryak, QCD Topology at Finite Temperature: Statistical Mechanics of Selfdual Dyons, arXiv: 1301.2523 [hep-ph].

[9] T. H. R. Skyrme, Proc. Roy. Soc. Lond. A260, 127 (1961).

[10] N. Manton and P. Sutcliffe, Topological solitons. Cambridge Monographs on Mathematical Physics. Cambridge University Press, (2004).

[11] L. D. Faddeev and A. J. Niemi, Nature 387, 58 (1997). [12] Y. M. Cho, Phys. Rev. Lett. 87, 252001 (2001). [13] A. Belavin, A. Polykov, A. Schwartz, and Y. Tyupkin, Phys. Lett. 59B, 85 (1975).

[14] C. Callan, R. Dashen, and D. Gross, Phys. Lett. B63, 334 (1976).

[15] R. Jackiw and C. Rebbi, Phys. Rev. Lett. 37, 172 (1976). [16] P. Goddard, J. Nuyts and D. Olive, Nucl. Phys. B125, 1 (1977).

[17] Y. M. Cho, Phys. Rev. Lett. 44, 1115 (1980). [18] Y. M. Cho, Phys. Lett. B115, 125 (1982). [19] Y. M. Cho, Phys. Rev. D21, 1080 (1980). [20] Y. M. Cho, Phys. Rev. Lett. 46, 302 (1981). [21] Y. S. Duan and Mo-Lin Ge, Sci. Sinica 11, 1072 (1979). [22] Y.-S. Duan, P. M. Zhang, Mod. Phys. Lett. A17, 2283 (2002).

[23] L. D. Faddeev and A. J. Niemi, Phys. Rev. Lett. 82 1624 (1999).

[24] L. D. Faddeev, A. J. Niemi, Phys. Lett. B449, 214 (1999).

[25] S. V. Shabanov, Phys. Lett. B458, 322 (1999). [26] P. van Baal and A. Wipf, Phys. Lett. B515, 181 (2001). [27] Y. M. Cho, Phys. Lett. B644, 208 (2007). [28] Y. M. Cho, D. G. Pak, P. M. Zhang, L. P. Zhou, Phys.

Rev. D86 045025 (2012).

[29] D. A. Nicole, J. Phys. G4, 1363 (1978).

[30] H. Aratyn, L. A. Ferreira and A. H. Zimerman, Phys.

Rev. Lett. 83, 1723 (1999).

[31] J. Evslin, S. Giacomelli, JHEP 1104:022 (2011). [32] D. G. Pak, Y. M. Kim and T. Tsukioka, Phys. Rev. D85, 084006 (2012).

[33] E. De Carli, L. A. Ferreira, J. Math. Phys. 46 012703 (2005).

[34] L. A. Ferreira, A. C. Riserio do Bonfim, JHEP 1003:119 (2010).