arXiv:1302.4407v1 [gr-qc] 18 Feb 2013

The thermodynamics of self-gravitating systems in equilibrium is holographic

Charis Anastopoulos^∗and Ntina Savvidou^†

Department of Physics, University of Patras, 26500 Greece

February 19, 2013

Abstract

We prove that in any static spacetime the maximization of matter entropy subject to the continuity equation for the stress-energy tensor and the initial-value constraint leads to the full set of Einstein equations and to Tolman’s relation between local temperature and lapse function. This result is shown to imply that the thermodynamics of gravitating systems in equilibrium is fully specified by variables defined on the system’s boundary, in particular, the boundary’s geometry and extrinsic curvature. Hence, self-gravitating systems in equilibrium are holographic already at the level of classical relativity.

The association of entropy to black holes by Bekenstein and Hawking strongly suggests of a fundamental relationship between gravity and thermodynamics. It has led to the conjecture that the fundamental theory of gravity should satisfy the holographic principle [1], namely, the statement that the full information about a gravitational system is contained in the degrees of freedom of the system’s boundary.

In this letter, we show that self-gravitating systems in general relativity are holographic already at the level of the classical theory with no reference to black holes or the Bekenstein-Hawking entropy. We demonstrate that the thermodynamical properties of a self-gravitating system in equilibrium are defined solely in terms of variables defined on the system’s boundary, in particular, the boundary’s metric and extrinsic curvature.

To this end, we first prove that in a general static spacetime the full set of Einstein’s equations follow from the maximization of matter entropy subject to (i) the continuity equation for the stress-energy tensor, (ii) the initial value (Hamiltonian) constraint and (iii) suitable boundary conditions. This proof generalizes previous results that were derived for spherically symmetric static spacetimes—see, Refs. [2, 3] for specific model systems, Ref. [4] for the most general spherically symmetric case, and Ref. [5] for elaborations.

The proof proceeds as follows. Consider a static globally hyperbolic spacetime M = R × Σ with four-metric

ds^2 = −L^2(x)dt^2 + h_{ij} (x)dx^idx^j , (1)

expressed in terms of the spatial coordinates x^i and the time coordinate t. The time-like vector field ξ^μ = (∂/∂t)^μ is a Killing vector of the metric Eq. (1). L is the lapse function, and h_{ij} is a t-independent Riemannian three-metric on the surfaces Σ_t of constant t. The time-like unit normal on Σ_t is n_μ = L∂_μt and the extrinsic curvature tensor on Σ_t vanishes.

Thermodynamic definitions. Let V ⊂ Σ be a compact spatial region, with boundary B = ∂V . V contains an isotropic fluid in thermal and dynamical equilibrium, described by the stress-energy tensor

T_{μν} = ρ(x)n_μn_ν + P (x)(g_{μν} + n_μn_ν ), (2)

where ρ(x) and P (x) are the energy density and the pressure, respectively.

∗anastop@physics.upatras.gr †ksavvidou@physics.upatras.gr

The stress-energy tensor satisfies the continuity equation ∇_μT^{μν} = 0 which implies that ∇_iP ρ + P = − ∇_iL L . (3)

Eq. (2) is the standard form of the stress-energy tensor for ideal fluids. Since dissipative processes are absent in equilibrium configurations, Eq. (2) also applies to non-ideal fluids.

We assume that the fluid consists of r different particle species. The associated particle-number densities n_a(x), a = 1, . . . , r, together with the energy density ρ(x) define the thermodynamic state space. All local thermodynamic properties of the fluid are encoded in the entropy-density functional s(ρ, n_a). The first law of thermodynamics takes the form T ds = dρ − ∑ a μ_adn_a, (4)

where μ_a = −T^{∂s}_{∂na} is the chemical potential associated to particle species a and T = (_{∂s} ∂ρ )_{−1} is the local temperature. The pressure P is defined through the Euler equation ρ + P − T s − ∑ a μ_an_a = 0. (5)

Combining Eqs. (5) and (4), we derive the Gibbs-Duhem relation, dP = sdT + ∑ a n_adμ_a. Entropy maximization. Next, we maximize the total entropy S = ∫ V d^3x √ hs(ρ, n_a) for fixed values of the particle numbers N_a = ∫ V d^3x √ hn_a(ρ, n_a). Entropy maximization is subject to the continuity equation (3) for the fluid, and to the Hamiltonian constraint of general relativity. For static spacetimes, the Hamiltonian constraint reads

C(x) := 16πρ(x) − R(x) = 0, (6)

where R is the Ricci scalar associated to the three-metric h_{ij} .

The Hamiltonian constraint expresses the energy density ρ as a function of the metric h_{ij} and the continuity equation expresses the lapse L in terms of the energy density ρ. It follows that the entropy S and the particle numbers N_a are functionals of the three-metric h_{ij} and the particle-number densities n_a. Entropy maximization requires the variation of S + ∑ a b_aN_a, with respect to n_a and h_{ij} for some Lagrange multipliers b_a.

Variation of S + ∑ a b_aN_a with respect to n_a yields, δS = ∑ a ∫ d^3x √ h ( ∂s ∂n_a + b_a ) δn_a = ∑ a ∫ d^3x √ h ( − μ_a T + b_a ) δn_a = 0, (7)

leading to b_a =^{μa}_T . Hence, for equilibrium configurations the thermodynamic variables^{μa}_T are constant in V .

We introduce the function ω (a Massieu function [7]) as the Legendre transform of the entropy density s with respect to n_a ω(ρ, b_a) := s − ∑ a ∂s ∂n_a n_a = s + ∑ a b_an_a = ρ + P T . (8)

Expressed in terms of ω, Eq. (4) takes the form dω = dρ T − ∑ a n_adb_a. (9) It follows that T^{−1} = ∂ω/∂ρ and n_a = −∂ω/∂b_a. The Gibbs-Duhem relation becomes dP = ωdT + T ∑ a n_adb_a.

Tolman’s relation. Since the variables b_a are constant for entropy-maximizing configurations, dP/dT = ω = (P + ρ)/T in V . Combining with Eq. (3), we obtain ∇_iT T = − ∇_iL L , (10)

which leads to Tolman’s relation between local temperature and lapse function [6]

LT = T_∗, (11)

where T_∗ is a constant. In an asymptotically flat spacetime, L = 1 at spacelike infinity. Then, T_∗ is identified with the temperature as seen by an observer at infinity. Eq. (11) is the generalization of the zero-th law of thermodynamics: the temperature of a self-gravitating body in equilibrium is everywhere constant when transformed to the frame of an observer located at infinity. We note that the only assumptions required for the derivation of Tolman’s relation are (i) that the entropy density s does not depend on the metric h_{ij} and (ii) that the Hamiltonian constraint does not involve the particle densities n_a. Tolman’s relation is essentially kinematical, in the sense that its derivation does not depend on the explicit form of Einstein’s equations. It follows from Galileo’s principle that gravity is insensitive to the physical composition of material bodies.

Derivation of Einstein’s equations. By employing the definition Eq. (8), entropy-maximization is equivalent to the maximization of the functional Ω, defined as

Ω[h_{ij} , b_a] := ∫ d^3x √ hω(ρ, b_a), (12) The variation of Ω with respect to metrics h_{ij} that satisfy the Hamiltonian constraint Eq. (6) yields

δΩ = ∫ d^3x √ h ( ω 2 h^{ij} δh_{ij} + ∂ω ∂ρ δρ ) = ∫ d^3x √ h ( ρ + P 2T h^{ij} δh_{ij} + δR 16πT ) . (13)

Using the equation δR = −R^{ij}δh_{ij} + ∇^i ( ∇^jδh_{ij} − h^{kl}∇_iδh_{kl} ) for the variation of the Ricci scalar R, together with Eq. (10), we find δΩ = − ∫ d^3x √ h 16πT S^{ij}δh_{ij} + 1 16π ∫ d^3x √ h [ ∇^i(T^{−1}∇^jδh_{ij} − T^{−1}h^{kl}∇_iδh_{kl}) −∇^j ( ∇^iL LT δh_{ij} − ∇_jL LT h^{kl}δh_{kl} )] , (14)

where S^{ij} := R^{ij} − 1 2 h^{ij} R − 1 L (∇^i∇^j L − h^{ij}∇_k∇^kL) − 8πh^{ij} P. (15) In order to compute the total divergence term in Eq. (14), we perform a 2 + 1 decomposition of the metric h_{ij} on the bounding surface B. Let B be described locally by the condition f(x) = 0. The unit normal to B is m_i = α∇_if, where α = 1/ √ h^{ij} ∇_if∇_jf. The induced metric on B is σ_{ij} = h_{ij} − m_im_j and the extrinsic curvature tensor of B is κ_{ij} := σ^k_i σ^l_j ∇_km_l.

Then, Eq. (14) becomes δΩ = − ∫ d^3x √ hS^{ij}δh_{ij} + 1 16πT_∗ ∮ B d^2y √ σ ( m^i∇_iLσ^{kl}δσ_{kl} − 2Lσ^{ij} δκ_{ij} + Lκ^{ij} δσ_{ij} ) , (16)

where the coordinates on B are denoted as y.

For a variation with fixed values of the two-metric σ_{ij} and of the extrinsic curvature κ_{ij} on the boundary, δΩ = − ∫ d^3x √ hS^{ij} δh_{ij} . Thus, the maximum entropy principle, δΩ = 0, leads to the condition S^{ij} = 0, which coincides the spatial components of Einstein’s equations for the static spacetime metric, Eq. (1).

The equation S^{ij} = 0 corresponds to Hamilton’s equations for the momentum π^{ij} , conjugate to h_{ij} [8]. In the Hamiltonian formulation of general relativity, the equations of motion incorporate the symplectic structure (Poisson bracket) and the constraints of the gravitational state space. The Hamiltonian constraint was employed in the derivation of Eq. (16). Hence, we conclude that the thermodynamic description of the system contains implicitly information about the symplectic structure of general relativity [9].

The thermodynamic state space of self-gravitating systems. Next, we employ Eq. (16) in order to formulate the thermodynamic properties of self-gravitating systems. To this end, we concentrate on solutions to Einstein’s equations, S^{ij} = 0, and examine the changes to Ω under external variations of the boundary conditions.

Eq. (16) applies to any spatial region V and boundary B. When studying an isolated self-gravitating system, B is to be identified with the system’s physical boundary, for example, a bounding box (as in ordinary thermodynamics) or a stellar surface. B separates between a region in which the metric h_{ij} is given by a solution of Einstein’s equation with matter (the interior) and a region where h_{ij} is a solution of the vacuum Einstein equations (the exterior). Assuming that the metric h_{ij} is regular in the interior region (i.e., everywhere locally Minkowskian, no inner boundaries), then Eq. (16) leads to

δΩ = 1 16πT_∗ ∮ B d^2y √ σ ( m^i∇_iLσ^{kl}δσ_{kl} − 2Lσ^{ij} δκ_{ij} + Lκ^{ij} δσ_{ij} ) . (17)

We observe that Ω varies only with the two-metric σ_{ij} and the extrinsic curvature κ_{ij} of the boundary. No other components of the three metric and its derivatives have thermodynamic significance. Ω also depends on the variables b_a; these are constant in V , and thus their value is also determined at the boundary. It follows that the thermodynamic state space for a self-gravitating system in equilibrium consists only of variables that are accessible at the system’s boundary, and that the function Ω[σ_{ij}, κ_{ij} , b_a], defined solely on boundary data, fully specifies the thermodynamic properties of the system.

Moreover, by Eq. (17) the thermodynamically conjugates δΩ/δσ_{ij} (s) and δΩ/δκ_{ij} (s) are also boundary variables. The particle numbers N_a = −^{∂Ω}_{∂ba} are bulk variables, however, they are conserved in a closed system, and their value can be ascertained from information about the process through which the system was formed. An external observer with no knowledge about the system, other than the conserved numbers N_a, can fully reconstruct the equations of state (the functional relation between state-space variables and their conjugates) solely by local measurements at the boundary. Thus, the thermodynamics of selfgravitating systems exhibit a striking manifestation of the holographic principle; all hydrodynamic bulk variables (density, pressure) are encoded into geometric properties of the boundary.

We must emphasize that the holographic description, derived here, refers only to thermodynamic properties of a self-gravitating system; not all bulk variables can be identified by boundary variables. This is the case in particular for the three metric h_{ij} on V . The thermodynamic variables σ_{ij} and κ_{ij} correspond to three components and three first derivatives of h_{ij} . Viewed as boundary data, they are not sufficient for finding a unique solution to Einstein’s equations in the interior. Hence, many different solutions to Einstein’s equations correspond to the same values of the thermodynamic variables on the boundary.

This point has been made in Ref. [10] for a particular class of spherically symmetric solutions corresponding to self-gravitating radiation in a box. It was shown that, nonetheless, the maximum entropy principle leads to a unique solution to Einstein’s equations solely from the knowledge of the boundary variables. In this system, most solutions of Einstein’s equation with fixed boundary condition contain a conical singularity at the origin; regular solutions form a set of measure zero in the space of all solutions. Including a contribution from the singularity to the total entropy of the systems allows for the implementation of the maximum entropy principle. Regular solutions turn out to maximize entropy for any fixed values of the thermodynamical variables on the boundary. We believe that the methodology of Ref. [10] can be generalized to a larger class of spacetimes, possibly to any self-gravitating system in equilibrium. This requires the extension of the maximum entropy principle also to non-regular spacetimes, taking into account the contribution of internal boundaries and singularities. This issue is presently under investigation.

Weak gravity limit. It is instructive to see how the correspondence between bulk-hydrodynamics and boundary geometry works at the limit of weak gravitational interaction. We assume that the boundary corresponds to a bounding box. For low densities and small system size, we expect to recover ordinary thermodynamics expressed in terms of extensive variables. Hence, the matter density ρ is approximately constant on the interior of the box. By Eq. (6), the Ricci scalar R will also be constant. Hence, the geometry inside the box will correspond to a region of a homogeneous three-sphere of radius √ 6/R. For simplicity, we assume a spherical boundary, so it is convenient to use coordinates (r, θ, ϕ), in which the three-sphere metric reads

ds^2 = dr^2 1 −^{Rr2}_6

+ r^2(dθ^2 + sin^2 θdϕ^2). (18)

At the weak gravity limit, R is close to zero, so Eq. (18) approaches the Minkowskian metric. For a boundary B defined as r = r_0, σ_{ij} is the standard two-metric for a sphere of radius r_0. The extrinsic curvature is κ_{ij} ≃ κ^{(0)}_{ij} ( 1 −^{4πρr20}_3 ) ) , where κ^{(0)}_{ij} is the extrinsic curvature of the surface r = r_0 when embedded in Minkowski spacetime. Thus, the energy density of ordinary, extensive thermodynamics is proportional to the deviation of the extrinsic curvature from its Minkowskian value: ρ = −^3_{4πr20} (κ − κ^{(0)})/κ^{(0)}, where κ = σ^{ij} κ_{ij} . The function Ω ≃ ω(ρ, b_a)(^{4π}_3 r^3_0) is expressed solely in terms of the geometric properties r_0 and (κ − κ^{(0)})/κ^{(0)} of the boundary.

First law of thermodynamics. The projection of the equations of motion along m^i, S_{ij}m^im^j = 0, implies that m^i∇_iL = L κ [ 8πP + 1 L σ_{ij}^2∇_i^2∇_j L + 1 2 (κ_{ij} κ^{ij} − κ^2 +^2R) ] . (19)

where^2R is the curvature scalar on B and^2∇_i the covariant derivative associated to σ_{ij}. A natural thermodynamic assumption is that the local temperature is constant on B, so that there is no boundary heat flow. This implies that^2∇_iL = 0. Substituting Eq. (19) into Eq. (17), we obtain

δΩ = 1 T_∗ ∮ d^2s LP κ δ( √ σ) − ∑ a N_aδb_a + 1 16πT_∗ ∮ d^2yL √ σ ( κ^{ij} δσ_{ij} − 2σ^{ij} δκ_{ij} + κ_{ij} κ^{ij} − κ^2 +^2R 2κ σ^{kl}δσ_{kl} ) , (20)

where we included variations with respect to b_a. Eq. (20) is the first law of thermodynamics for a self-gravitating system. The surface integral involving P corresponds to mechanical work generated by variations of the boundary area. The heat term T_∗δS and the chemical potential terms ∑ a μ_aδN_a are readily obtained from T_∗(δΩ + ∑ a N_aδb_a). However, the identification of internal energy is not obvious.

Let us denote the term the second line of Eq. (20) by Θ/T_∗; Θ is an one-form on the thermodynamic state space. The exterior derivative of Θ does not vanish, so Θ is not a exact form. Hence, it cannot be identified with a variation of the internal energy; it also involves work terms.

Eq. (20) simplifies significantly for spherically symmetric systems. The exterior metric is Schwarzschild, by virtue of Birkhoff’s theorem, and it is characterized by a value M of the Arnowitt-Deser-Misner (ADM) mass; σ_{ij} is the two-metric for a sphere of radius r_0; κ_{ij} = √ 1 − 2M/r_0/r_0σ_{ij}, and L = √ 1 − 2M/r_0 .

Then, Θ = 16πδM, and the first law of thermodynamics takes the transparent form

δM = T_∗δS − P (r_0)(4πr^2_0 δr_0) + L(r_0) ∑ a μ_a(r_0)δN_a. (21)

In spherically symmetric systems, internal energy is identified with the ADM mass, and the one-form Θ contains no work terms. This suggests that, in the general case, the work terms in Θ correspond to deformation of boundary inhomogeneities.

The Komar mass. For static solutions to Einstein’s equations, a natural candidate for the internal energy is the Komar mass M, defined in terms of the surface integral M = 1 4π ∮ B^′ d^2y √ σm^k∇_kL. (22) for any closed surface B^′ enclosing B, since the energy density and pressure vanishes in the exterior of B.

We will show that the Komar mass is closely related to the thermodynamic function Ω. For a gravitating system bound by a box, the pressure is discontinuous at B. The metric components and the derivatives corresponding to the thermodynamical variables σ_{ij} and κ_{ij} are continuous across the boundary, but the derivative m^k∇_kL exhibits a jump, which we will denote as [m^k∇_kL] . This jump corresponds to a non-zero value of a surface stress-energy tensor on the boundary [11]. From Eq. (19), we obtain [m^k∇_kL] = −8π^{LP}_κ . Taking the limit of B^′ → B from the outside, Eq. (22) becomes M = −2 ∮ B d^2y √ σ LP κ + T_∗ ∫ V d^3x √ h ρ + 3P T , (23)

In deriving Eq. (23), we employed the equation 4π(ρ + 3P )L = ∇_k∇^kL, that follows from S_{ij}h^{ij} = 0, and Tolman’s law, Eq. (11). Using Eq. (12), we find 2 ∫ V d^3x √ h ρ T = 3Ω −

M + 2 ∮ B d^2y √ σLP/κ T_∗ . (24)

For a fluid with a linear equation of state P = γρ, where γ is a constant, ∫ V d^3x √ hρ/T = Ω/(1 + γ). Then, Eq. (24) becomes Ω = 1 + γ 1 + 3γ

M + 2 ∮ B d^2y √ σLP/κ T_∗ . (25)

Eq. (25) demonstrates explicitly how Ω is expressed solely in terms of variables that are defined on the boundary B. For spherical symmetric systems, Eq. (25) reproduces the results of Ref. [2].

For a general equation of state, a closed expression for Ω in terms of the Komar mass is not possible, but we can identify an upper and a lower bound. For a fluid that satisfies the weak and dominant energy conditions (0 ≤ P ≤ ρ), Ω/2 ≤ ∫ V d^3x √ hρ/T ≤ Ω. Hence, by Eq. (24) 1 2 ≤ ΩT_∗ M + 2 ∮ B d^2y √ σLP/κ ≤ 1. (26)

For a boundary that corresponds to a stellar surface, P = 0, and Eq. (26 simplifies,^M_{2T∗} ≤ Ω ≤^M_{T∗} . The results above suggest that the Komar mass is a strong candidate for the internal energy in a self-gravitating system. However, at the moment this assertion is only tentative: we have found no natural splitting of the one-form Θ into internal energy and work. In any case, the internal energy is not an independent variable in the thermodynamic state space of self-gravitating systems—unlike ordinary thermodynamics—but a function of the more fundamental geometric variables σ_{ij} and κ_{ij} .

References

[1] G. ’t Hooft, gr-qc/9310026; L. Susskind, J Math. Phys. 36, 6377 (1995); R. Bousso, Rev. Mod. Phys.

74, 825 (2002).

[2] R. D. Sorkin, R. D. Wald and Z. Z. Jiu, Gen. Rel. Grav. 13, 1127 (1981).

[3] K. S. Thorne, In High Energy Astrophysics vol. 3, C. DeWitt, A Schatzmann and P Veron eds.

(Gordon and Breach, New York, 1966) p. 392; W. K. Rose, Advanced Stellar Astrophysics (Cambridge University Press, 1998) p. 387.

[4] S. Gao, Phys. Rev. D84, 104023 (2011); Phys. Rev. D85, 027503 (2012). [5] L. M. Cao, J. Xu and Z. Zeng, arXiv:1301.0895; Z. Roupas, arXiv:1301.3686. [6] R. C. Tolman, Relativity, Thermodynamics and Cosmology (Dover, New York, 1987). [7] H. B. Callen, Thermodynamics and an Introduction to Thermostatistics (John Wiley, New York, 1985).

[8] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (W. H. Freeman and Co, 1973). [9] In Refs. [N. Savvidou, Class. Quant. Grav. 21, 615 (2004); ibid. 21, 631 (2004)], it was shown that the symplectic form of general relativity incorporates the notion of logical temporal ordering of the theory. The expectation that this temporal ordering may be associated to the temporal ordering due to thermodynamic irreversibility has been a major motivation for the present work. This idea is part of work in preparation by one of us (N.S.).

[10] C. Anastopoulos and N. Savvidou, Class. Quant. Grav. 29, 025004 (2012). [11] W. Israel, Nuov. Cim. B44, 1 (1966).

[12] E. Gourgoulhon, 3+1 Formalism and Bases of Numerical Relativity, gr-qc/0703035.