arXiv:1302.4497v1 [math-ph] 19 Feb 2013

Calculation of the determinant in the Wheeler-De Witt equation.

Carlos A. Jiménez-Orjuela Nelson Vanegas-Arbeláez Instituto de Física Universidad de Antioquia.

cajimen@pegasus.udea.edu.co nvanegas@fisica.udea.edu.co

February 20, 2013

Abstract

The Riemann-zeta function regularization procedure has been studied intensively as a good method in the computation of the determinant for pseudo-diferential operator. In this paper we propose a different approach for the computation of the determinant base on the Wheeler-De Witt equation.

1 Introduction

In this theory, the space has geometry R × Σ where Σ is a two dimensional compact manifold, usually a 2-Torus T^2. The eignestates and eigenvalues are [1]: |m n⟩ = e^{2πi(mx+ny)} l_{mn} = 4π^2 τ_2

|n − mτ|^2 + V_0, (1)

where m, n are integers, and x, y angular coordinates, V_0 is related to the potential function and τ = τ_1 + iτ_2 is the complex modulus asociated to a metric [2],

ds̄^2 = 1 τ_2 |dx + τdy|^2. (2) The zeta function asociated with the operator is; ζ(s) = ∑ n,m (l_{nm})^{−s}. (3)

Then, the determinant of the operator is:

det D_0 = ∏ n,m l_{nm} = ∏ n,m e^{ln(lnm)}

= exp [ − lim_{s→0} d ds ∑ nm l^{−s}_{nm} ]

= e^{−ζ′(0)}. (4)

In [3] we find that the zeta function is asociated to the Gamma function as: ζ(s) = ∑ n l^{−s}_{nm} = 1 Γ(s) ∫_∞ 0 t^{s−1} ∑ nm e^{−lnmt}dt, (5) with, e^{−lnmt} = e^{V0t}e^{− 4π2τ}2^{|n−mτ |2t}, (6) and,

|n − mτ|^2 = (n − m(τ_1 − iτ_2)) (n − m(τ_1 + iτ_2)) = n^2 − 2nmτ_1 + m^2(τ^2_1 + τ^2_2 ). (7)

This can be wrote in a matrix form as:

|n − mτ|^2 = (n , m) · ( 1 −τ_1 −τ_1 τ^2_1 + τ^2_2 ) · ( n m ) , ≡ ⃗n^t Ω^′ ⃗n, (8) this matrix satisfies:

det Ω^′ = τ^2_2 . (9) Then we can define a new matrix as Ω = Ω^′/τ_2, where det Ω = 1, and the zeta function is:

ζ(s) = 1 Γ(s) ∫_∞ 0 dt t^{s−1} ∑ ⃗n e^{−4π2⃗nT Ω⃗nt−V0t} = 1 Γ(s) ∫_∞ 0 dt t^{s−1}e^{−V0t} ∑ nm e^{−4π} 2t τ2 A_{nm} , (10)

with,

A_{nm} ≡ n^2 − 2nmτ_1 + m^2(τ^2_1 + τ^2_2 ) = ( n^2 − mτ_1

)_2

+ m^2τ^2_2 . (11)

2 Some Useful Results

Let’s list three equation we are going to use [3, 4, 5]

Ψ ≡ lim_{s→0} d ds ζ(s) = lim s → 0 ( Γ(s)ζ(s) + 1 s ) , ∑ n∈Z e^{−πt(n+v)2} = 1 √ t ∑ n∈Z e^{2πinv− πn2t} t > 0, ∫_∞ 0 dx x^{ν−1} e^{− βx −αx} = 2 ( β α )_{ν/2} K_ν (2 √ βα), (12) for the computation ahead, with this in mind and following in the same line as in [3], we now split the problem in four contributions,

ζ(s) = ζ_1(s) n=m=0 + ζ_2(s) n=0,m≠0 + ζ_3(s) m=0,n≠0 + ζ_4(s) m≠0,n≠0 .

The first case is solved making (n = m = 0) in the integral (10), then we can see that under x = V_0t, the gamma function is canceled,

ζ_1(s) = 1 Γ(s) ∫_∞ 0 dt t^{s−1}e^{−V0t} = V^{−s}_0 , (13)

then, lim_{s→0} ζ^′_1(s) = −lnV_0. (14)

The second case, with (n = 0) in (12) is:

ζ_2(s) = 1 Γ(s) ∫_∞ 0 dt t^{s−1}e^{−V0t} ∑ m≠0 e^{−απm2t} α ≡ 4πτ^2 τ_2

. (15)

If we consider τ_2 > 0, and using (12), we obtain,

ζ_2(s) = 1 Γ(s) ∑ m≠0 ∫_∞ 0 dt t^{s−1} √ αt e^{−V0t}e^{− πm2αt}

= 1 Γ(s) √ α ∑ m≠0 ∫_∞ 0 dt t^{(s−1/2)−1}e^{− πm2αt −V0t}. (16) And with (12), if V_0 > 0 then,

ζ_2(s) = 2 Γ(s) √ α ∑ m≠0 ( πm^2 V_0α )_{(s/2−1/4)} K_{s−1/2} ( 2 √ πm^2V_0 α ) . (17)

The third contribution, with (m = 0) in (10) is:

ζ_3(s) = 1 Γ(s) ∫_∞ 0 dt t^{s−1}e^{−V0t} ∑ n≠0 e^{−γπn2t} γ ≡ 4π τ_2

. (18)

And again we consider τ_2 > 0 for use (12) to obtain:

ζ_3(s) = 1 Γ(s) √ γ ∑ n≠0 ∫_∞ 0 dt t^{(s−1/2)−1}e^{− πn2γt −V0t}

= 2 Γ(s) √ γ ∑ n≠0 ( πn^2 V_0γ )_{(s/2−1/4)} K_{s−1/2} ( 2 √ πn^2V_0 γ ) . (19)

The fourth contribution, with (m, n ≠ 0) in (10) and again using (12) we obtain:

ζ_4(s) = √ τ_2 √ πΓ(s) ∑ n,m≠0 ( τ_2n^2 4V_0 + 16π^2m^2τ_2 )_{s/2−1/4} K_{s−1/2} (√ π^2τ_2n^2(V_0 + 4π^2m^2τ_2) π^2 ) . (20)

3 Final Results and Conclusions

Putting together the contributions found in the last secction, replacing the parameters (α, γ) and taking the limit in (12), we obtain the expression

Ψ = √ τ_2 π 1 |τ| ∑ n≠0 ( 4|τ|^2V_0 n^2τ_2 )_{1/4} K_{−1/2} (√ τ_2V_0 | | n τ | | )

+ √ τ_2 π ∑ n≠0 ( 4|V_0 n^2τ_2 )_{1/4} K_{−1/2} (√ τ_2V_0|n| )

+ √ τ_2 π ∑ n,m≠0 ( 4(V_0 + 4π^2m^2τ_2) n^2τ_2 )_{1/4} K_{−1/2} (√ τ_2V_0 + 4π^2m^2τ^2_2 |n| )

− lnV_0. (21)

The integers “n,m“ are non zero, then we can write ∑ n≠0 f(|n|) = 2 ∞∑ n=1 f(n). ∑ n,m≠0 f(|n|, |m|) = 4 ∞∑ n,m=1 f(n, m). (22)

after some work and using some Bessel function identities we obtain

Ψ = 2|τ_2|^{1/4} √ 2 π ∞∑ n=1 [ √ |τ|V^{1/4}_0 √ n K_{1/2} ( n √ V_0τ_2 |τ| ) + V^{1/4}_0 √ n K_{1/2} ( n √ V_0τ_2 )

+ 2 ∞∑ m=1 (V_0 + 4π^2m^2τ_2)^{1/4} √ n K_{1/2} ( n √ V_0τ_2 + 4π^2m^2τ^2_2 ) ] − lnV_0. (23)

Then the determinant we are looking for is:

det D_0 = V_0 exp { − 2|τ_2|^{1/4} √ 2 π ∞∑ n=1 [ √ |τ|V^{1/4}_0 √ n K_{1/2} ( n √ V_0τ_2 |τ| )

+ V^{1/4}_0 √ n K_{1/2} ( n √ V_0τ_2 )

+ 2 ∞∑ m=1 (V_0 + 4π^2m^2τ_2)^{1/4} √ n K_{1/2} ( n √ V_0τ_2 + 4π^2m^2τ^2_2 ) ]} .(24)

The last expression is regular, because the Bessel function is asimptotic and the expression is multiplied by a factor 1/ √ n, then the important terms are the first in the series, at this point we will compute that limit with the help of the identity [6]:

lim_{z→0}K_ν (z) =

(ν − 1)!2^{ν−1} z^ν ν > 0. (25)

For the first values of m, and n ≪ 1/ √ V_0τ_2 we obtain:

Ψ_{z≪1} ≈ 2|τ| + 6 n − lnV_0, (26)

It doesńt mean that the series converg to this value, but than this series can be wrote like a sum of the first terms of this kind. In this case the determinant is,

detD_0 ≈ V_0 ∑ first n’s exp [ −2|τ| − 6 n ] . (27)

Our final result (24) is diferent that some results found in the literature, for example in [2, 7, 8]. Maybe there is some limit in wich these result are equivalent, or maybe really there is diferent in a deep sense, the important thing is than itś limit seems more simple and handle and its well bahaviour is more evident. This diference may have some interesting consecuences on some works derived from the quantization with the Wheeler-De Witt equation, in particular in brane worlds models, like in [9], where the Wheeler-De Witt equation is solved with first-class Dirac constraints defined in a five dimensional space, and the important determinant here is known as Morette-DeWitt determinant, wich must be solved. other nice work is [10], where is considered the gravity on the worldvolume of D3-brane embedded in the flat background produced by N p-branes, first clasically, and later in the quantization, the Wheeler-De Witt equation must be solved.

References

[1] S. Carlip Notes on the (2+1)-Dimensional Wheeler-DeWitt Equation.

arXiv:gr-qc/9309002v1, 1993.

[2] E. Elizalde An Extencion Of The Chowla-Selberg Formula Useful In Quantizing With The Wheeler-De Witt Euation. arXiv:hep-th/9402155v2, 1994.

[3] N. Vanegas. Regularization of Automorphic Functions of Manifolds with Special Kähler Geometry. arXiv:hep-th/9906028 (preprint), 1999.

[4] K. Chandrasekharan. Elliptic Functions. Springer-Verlag, 1985. [5] I.S. Gradshteyn, I.M. Ryzhik. Table of Integrals, Series and Products.

Academic Press, 1980. ET II 82(23)a, LET I 146(29) [6] George B. Arfken, Hans J. Weber Mathematical Methods For Physicists, Sixth Edition Elsevier Academic Press, 2005.

[7] Emilio Elizalde Ten Physical Applications of Spectral Zeta Functions.

Springer, 1995.

[8] E. Elizalde Some uses of regularization in quantum gravity and cosmology.

arXiv:hep-th/0108134v1, 2001.

[9] A.O.Barvinsky The Gospel according to DeWitt revisited: quantum effective action in braneworld models. arXiv:hep-th/0504205v1, 2005.

[10] Pawel Gusin Wheeler-De Witt equation for brane gravity. University of Silesia, Institute of Physics, ul. Uniwersytecka arXiv:0809.0567v1, 2008.