arXiv:1302.5768v1 [hep-th] 23 Feb 2013

KOBE-TH-13-02 KUNS-2435 HRI-P-13-02-001 RECAPP-HRI-2013-002

Shifted orbifold models with magnetic flux

Yukihiro FUJIMOTO^{a∗}, Tatsuo KOBAYASHI^{b†}, Takashi MIURA^{a‡}, Kenji NISHIWAKI^{c§} and Makoto SAKAMOTO^{a¶}

aDepartment of Physics, Kobe University, Kobe 657-8501, Japan bDepartment of Physics, Kyoto University, Kyoto 606-8502, Japan cRegional Centre for Accelerator-based Particle Physics, Harish-Chandra Research Institute, Allahabad 211 019, India

February 22, 2013

Abstract

We propose a mechanism to obtain the generation of matter in the standard model. We start from the analysis of the T^2/Z_N shifted orbifold with magnetic flux, which imposes a Z_N symmetry on torus. We also consider several orbifolds such as (T^2 × T^2)/Z_N , (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) and (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ). On such orbifolds, we study the behavior of fermions in two different means, one is the operator formalism and the other is to analyze wave functions explicitly. For an interesting result, it is found that the number of zero-mode fermions is related to N of the Z_N symmetry. In other words, the generation of matter relates to the type of orbifolds. Moreover, we find that shifted orbifold models to realize three generations are, in general, severely restricted. For example, the three-generation model on the type of M^4 × (T^2 × T^2)/Z_N is unique. One can also construct other types of three-generation orbifold models with rich flavor structure. Those results may bring us a realistic model with desired Yukawa structure.

∗E-mail:093s121s@stu.kobe-u.ac.jp †E-mail:kobayash@gauge.scphys.kyoto-u.ac.jp ‡E-mail:takashi.miura@people.kobe-u.ac.jp §E-mail:nishiwaki@hri.res.in ¶E-mail:dragon@kobe-u.ac.jp

1 Introduction

Extra dimensional field theories play an important role in particle physics and cosmology. In particular, string-derived higher dimensional models would be interesting.

It is a key issue how to realize a 4D chiral theory through a certain type of compactification, when we start with a higher dimensional theory. For example, the toroidal compactionfication is simple, but it does not lead to a 4D chiral theory without any gauge background. More complicated geometrical backgrounds such as Calabi-Yau compactifications can lead to a 4D chiral theory. In general, it is difficult to solve zero-mode equations analytically on Calabi-Yau manifolds, although topological discussions are applicable.

The torus compactification with magnetic fluxes is of quite interesting backgrounds as extra dimensional models [1]. Chiral massless spectra in a 4D theory can be realized. One can solve zero-mode equations analytically and their zero-mode profiles are nontrivially quasi-localized. Furthermore, such supersymmetric Yang-Mills models on the torus with magnetic fluxes can be derived from the superstring theory with D-branes [2]. Also, the general form of wave functions and the spectra have been derived in arbitrary n-dimensional torus with magnetic flux [3].

The number of zero modes is determined by the magnitude of the magnetic flux. Thus, one can realize the three generations of chiral matter fields by choosing a proper pattern of magnetic fluxes.^1 In addition, non-trivial profiles of quasi-localized zeromodes can lead to hierarchically small couplings when they are localized far away from each other, although their couplings would be of O(1) for zero-modes localized near places. Thus, these models are phenomenologically quite interesting. Indeed, several studies have been carried out for various phenomenological aspects such as explicit model building and computations of 4D low-energy effective field theories, e.g. Yukawa couplings [1], realization of quark/lepton masses and their mixing angles [6], higher order couplings [7], flavor symmetries [8, 9, 10], massive modes [11], etc. (See also [12, 13, 14, 15].)

The orbifold compactifiction with magnetic flux is also interesting [16, 17]. The (twisted) orbifold is constructed by dividing the torus by a discrete rotation [18]. On the Z_2 orbifold with magnetic flux, zero-mode wave functions are classified into even and odd functions under the Z_2 reflection. Either Z_2 even or odd zero modes are projected out exclusively by the orbifold projection. Then, we can obtain that the number of generations differs from one in the simple toroidal compactification with the same magnetic flux. Hence, the flavor structure becomes rich.

In this paper, we study another type of orbifolds with magnetic flux. Instead of the discrete rotation, we divide the simple toroidal compactification with magnetic flux by some discrete shift symmetries such as Z_N , i.e. the shifted orbifold.^2 We

1 On the other hand, there have been some bottom-up approaches realizing the three generations of chiral matter fields, what is called the extra dimension models. For example, an attempt is to derive the three generations of chiral matter fields on the basis of the relation between gauge symmetry and boundary conditions on four dimensional spacetime added to S^1/Z_2 twisted orbifold [4]. Another one is to derive the three generations of chiral matter fields by effect of geometry of extra dimension with point interactions instead of magnetic flux [5].

2 For example, the shifted orbifolds have been studied within the framework of the heterotic string theory [19, 20, 21], and also in the context of the torus-orbifold equivalence [22, 23].

can classify zero-mode wave functions by their behaviors under the shift symmetry and project out some of them. Then, we derive a new type of models and flavor structures. In particular, we consider T^2/Z_N , (T^2 × T^2)/Z_N , (T^2 × T^2)/Z_N × T^2, (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) and (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ) shifted orbifolds. Then, we study the number of zero modes and their wave functions on the above shifted orbifolds with magnetic fluxes. For an interesting result, it is found that the number of zero-mode fermions is related to N of the Z_N symmetry. In other words, the generation of matter relates to the type of orbifolds. Moreover, we find that shifted orbifold models to realize three generations are, in general, severely restricted. For example, the three-generation model on the type of M^4 × (T^2 × T^2)/Z_N is unique. One can also construct other types of three-generation orbifold models with rich flavor structure. Those results may bring us a realistic model with desired Yukawa structure.

This paper is organized as follows. In section 2, we study the shifted orbifold with magnetic fluxes in the operator formalism. In section 3, we study zero-mode wave functions of spinor fields and flavor structure. Section 4 is devoted to conclusion and discussion. In Appendix A, we discuss the general form of Z_N shifted orbifold and basis transformation. In Appendix B, we discuss the degeneracy of spectrum on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ). In Appendix C, we discuss Wilson line phases and the redefinition of fields under the existence of magnetic flux.

2 Operator formalism on shifted orbifold with magnetic flux

First of all, we introduce a homogeneous magnetic flux along a U(1) gauge group, which may be a subgroup in some non-Abelian gauge group, and concentrate only on the U(1) gauge theory. In this section, we consider the quantum mechanical system of the U(1) gauge theory on some shifted orbifold with homogeneous magnetic flux. The shifted orbifold is defined by orbifolding with some discrete symmetries on torus, as we will see below. For the analysis, we make use of a technique of operator formalism, in which it is easy to understand the number of degeneracy as compared with the analysis with the wave functions. We firstly investigate the quantum mechanical system with a homogeneous magnetic field on T^2/Z_N , and show that the energy spectrum of this system has degeneracy due to the magnetic flux, which is well-known as Landau levels. In this case, however, there is no reason to restrict the number of degeneracy. After that, we also investigate the system on (T^2 × T^2)/Z_N . Differently from T^2/Z_N , we obtain the remarkable result that the number of degeneracy is restricted to a multiple of N. This result implies that the three-generation structure could be derived from some higher dimensional gauge theory. We also discuss the extension of this idea to (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) as well as (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ) in the latter half of this section.

2.1 T^2/Z_N shifted orbifold

2.1.1 Operator formalism on T^2

Let us start from an analysis of a quantum mechanical system in a homogeneous magnetic field on T^2. We define the vector notation on T^2 as y ≡ (y_1, y_2)^T. The Schrödinger equation and the Hamiltonian we consider are written as Hψ(y) = Eψ(y), H = (−i∇ + qA(y))^2 , (2.1) where ∇ ≡ (∂_{y1} , ∂_{y2} )^T, q is a U(1) charge and A(y) provides a homogeneous magnetic field on T^2 as A(y) = − 1 2 Ωy + 2π q a, (2.2)

or in the component

A_i(y) = − 1 2 2∑ j=1 Ω_{ij} y_j + 2π q a_i, (i = 1, 2). (2.3)

Here, a is a Wilson line phase which is composed of real constants. We emphasize that only the antisymmetric part of Ω is physical and the symmetric part depends on a choice of gauge. We will take a suitable gauge as we will see later. Introducing a two-dimensional lattice Λ = {^2∑ a=1 n_au_a | | | na ∈ Z } , (2.4)

we define the two-dimensional torus as T^2 = R^2 /Λ. Here u_1 and u_2 are the basis vectors of torus. In other words, T^2 is defined with the identification y ∼ y + 2∑ a=1 n_au_a. (2.5)

For the Schrödinger equation to be compatible with this condition, the wave function ψ(y) has to satisfy the pseudo-periodic boundary conditions

ψ(y + u_a) = e^{iqyTΩua/2}ψ(y) for a = 1, 2. (2.6)

Here we made a constant phase appearing at the right-hand side of this equation absorbed into a. Now, we require that the wave function must be single-valued on the torus. The requirement leads to the magnetic flux quantization condition

qu^T_a Bu_b = 2πQ_{ab}, (2.7)

where B ≡^1_2 (Ω − Ω^T), which corresponds to a homogeneous magnetic field, and Q_{ab} = −Q_{ba} ∈ Z. To move on the operator formalism, we introduce a momentum operator as p ≡ −i∇, which is canonically conjugate to y. This operator satisfies the canonical commutation relations

[y_j, p_k] = iδ_{jk}, the others = 0, (j, k = 1, 2). (2.8)

We rewrite the wave function ψ(y) in the language of the operator formalism as ψ(y) = ⟨y | ψ⟩ and then the system is rewritten by Ĥ|ψ⟩ = E|ψ⟩, Ĥ = ( p̂ − q 2 Ωŷ + 2πa )_2 ≡ p̂^{′2}. (2.9)

This is restricted by the constraint conditions e^{iT̂a} |ψ⟩ = |ψ⟩, T̂_a = u^T_a ( p̂ − q 2 Ω^Tŷ ) , (a = 1, 2). (2.10)

These conditions come from the pseudo-periodic boundary conditions (2.6) and we have taken the suitable gauge in which the additional term in T̂_a vanishes, i.e. u^T_a Ωu_a = 0. To investigate the eigenstates of this system and their energy eigenvalues, it is convenient to define new variables under a canonical transformation. Then we introduce the new variables Ŷ ≡ √ 2 ω p̂^′_2, P̂ ≡ √ 2p̂^′_1, ^~Y ≡ − 1 2πM T̂_2, ^~P ≡ T̂_1, (2.11)

where ω ≡ 2qB_{12} = 2qb/|u_1 × u_2|^3 and M ≡ Q_{12}. They satisfy the canonical commutation relations, i.e.

[Ŷ , P̂ ] = i, [ ^~Y , ^~P ] = i, the others = 0. (2.12)

The transformation {y_i, p_i; i = 1, 2} → {Y, P, Ỹ , P̃ } is a canonical one since it preserves the canonical commutation relations. Moreover, under the new variables, the system can be reformulated into effectively one-dimensional harmonic oscillator

Ĥ = 1 2 P̂^2 + ω^2 2 Ŷ^2, (2.13)

with the two constraint conditions e^{i ^~P} |ψ⟩ = |ψ⟩, e^{−i2πM ^~Y} |ψ⟩ = |ψ⟩. (2.14) These two constraint conditions are, however, independent of the energy spectrum of the harmonic oscillator because Ĥ is constructed only from Ŷ and P̂ , but not from ^~Y and ^~P . The constraint conditions (2.14) lead to the coordinate quantization as below. We take the coordinate representation |ỹ⟩ which diagonalizes the operator ^̃Y as e^{−2πiM ^~Y} |ỹ⟩ = e^{−2πiMỹ}|ỹ⟩. (2.15) Making e^{−i2πM ^~Y} operate on e^{ia ^~P} |ỹ⟩ (a ∈ R) and using eq.(2.12), we can obtain the condition e^{ia ^~P} |ỹ⟩ = |ỹ − a⟩. (2.16) 3The b is the magnitude of magnetic flux and b = ∫ T^2 F as eq.(3.2).

Figure 2.1: Schematic figure of the quantization of ỹ = j/|M| .

From eqs.(2.14) and (2.16), we can obtain the periodic condition |ỹ − 1⟩ = |ỹ⟩, (2.17) with the coordinate quantization condition

ỹ = j M , (j = 0, 1, 2, · · · , |M| − 1). (2.18) A schematic figure of the quantization condition is represented in Fig.2.1. These results imply that the eigenstates of Ĥ and their energy eigenvalues are given by Ĥ | | |n, j M ⟩ T^2 = E_n | | |n, j M ⟩ T^2 , E_n = ω ( n + 1 2 ) , (2.19)

where n = 0, 1, 2, · · · and j = 0, 1, 2, · · · , |M| − 1. Thus, there is |M|-fold degeneracy at each energy level in this system, i.e.

the number of degeneracy = |M|. (2.20) Note that E_n correspond to eigenvalues of two-dimensional Laplace operator with magnetic flux (2.1), i.e. the mass squares of scalar fields m^2_n = ω(n + 1/2). The spinor and two-dimensional vector have mass spectra as m^2_n = ωn and m^2_n = ω(n − 1/2), respectively [1, 11].

2.1.2 Z_N shifted orbifolding

@From here, we investigate the quantum system on T^2/Z_N shifted orbifold, which is defined as the identification

Z_N : y ∼ y + 1 N u_1, (2.21)

where N is some positive integer. We should give some comments here that eq.(2.21) is not the general form in the Z_N shifted orbifolding, but we can always transform the general form into such a special one as eq.(2.21) without any loss of generality. We show the details in Appendix A. This identification can be translated into the requirement for physical states on T^2/Z_N in the operator formalism as^4 Û_{ZN} |ψ⟩_{T 2/ZN} = |ψ⟩_{T 2/ZN} , Û_{ZN} ≡ e^{iT̂}1^{/N} , (2.22) 4We note that there is always a Z_N -phase ambiguity to put e^{2πiθ/N} (θ ∈ Z) in the definition of Û_{ZN} . Here we assume e2πiθ/N = 1 because it does not affect the analysis below. For the same reason, we will apply this assumption to the cases of other orbifolds.

where Û_{ZN} is the operator which shifts the coordinate y by^1_N u_1 as in eq.(2.21). The Z_N shift operator has to be consistent with the torus identification (2.10) and leads to the consistency conditions

Û_{ZN} e^{iT̂}a = e^{iT̂}aÛ_{ZN} , (a = 1, 2). (2.23)

From these conditions, we can obtain M N ∈ Z. (2.24)

In other words, we can write

M = tN, (2.25)

where t is some integer. We can understand briefly what this result means physically. Since the Z_N shifted orbifolding reduces the fundamental region A of T^2 to A/N, the magnetic flux quantization requires that M has to be a multiple of N.

Then we define the physical states on T^2/Z_N as | | |n, j M ⟩ T^2/Z_N ≡ 1 √ N N−1∑ ℓ=0 (Û_{ZN} )^{−ℓ} | | |n, j M ⟩ T^2 = 1 √ N N−1∑ ℓ=0 | | |n, j + ℓt M ⟩ T^2

, (2.26)

where j + ℓt is identical with an element of the set of j modulo |M|. Here we used the fact that Û_{ZN} operate on the states on T^2, i.e.

(Û_{ZN} )^{−1} | | |n, j M ⟩ T^2 = | | |n, j M + 1 N ⟩ T^2 = | | |n, j + t M ⟩ T^2

. (2.27)

Finally, we mention the number of degeneracy in this system, which is given by

the number of degeneracy = |M| N = |t|. (2.28)

We notice that we cannot obtain any constraint for the number of degeneracy on T^2/Z_N .

2.2 (T^2 × T^2)/Z_N shifted orbifold

In this subsection, using the analysis in subsection 2.1, we analyze the quantum mechanics on (T^2 × T^2)/Z_N shifted orbifold with a homogeneous magnetic field. The extension of the previous analysis is straightforward but the result is nontrivial. In this case, the number of degeneracy is restricted to a multiple of N.

2.2.1 Operator formalism on T^2 × T^2

Let us start from a Hamiltonian of the quantum system on T^2×T^2 with a homogeneous magnetic field, which is given by H = 2∑ g=1 ( −i∇^{(g)} + qA^{(g)}(y^{(g)})

)_2

, (2.29)

where

A^{(g)}(y^{(g)}) = − 1 2 Ω^{(g)}y^{(g)} + 2π q a^{(g)}, (g = 1, 2). (2.30)

Here we introduced an index g to be a label of each torus. The two two-dimensional tori T^2 × T^2 are defined as

T^2 × T^2 = R/Λ^{(1)} × R/Λ^{(2)} , (2.31)

where

Λ^{(g)} =

{^2∑ a=1 n^{(g)}_a u^{(g)}_a | | | n^{(g)}_a ∈ Z } , (g = 1, 2). (2.32)

In other words, T^2 × T^2 can be defined with the identifications,

y^{(g)} ∼ y^{(g)} + 2∑ a=1 n^{(g)}_a u^{(g)}_a . (2.33)

On each torus, the wave function ψ(y^{(1)}, y^{(2)}) has to satisfy the pseudo-periodic boundary conditions

ψ(y^{(1)} + u^{(1)}_a , y^{(2)}) = e^{iq(y(1) )TΩ(1)u(1)a /2}ψ(y^{(1)}, y^{(2)}),

ψ(y^{(1)}, y^{(2)} + u^{(2)}_a ) = e^{iq(y(2) )TΩ(2)u(2)a /2}ψ(y^{(1)}, y^{(2)}), (2.34)

for the Schrödinger equation to be compatible with eq.(2.33). The requirement that the wave function is single-valued on each torus leads to the magnetic flux quantization conditions

qu^{(g)T}_a B^{(g)}u^{(g)}_b = 2πQ^{(g)}_{ab} , (2.35)

where B^{(g)} ≡^1_2 (Ω^{(g)} − Ω^{(g)T}) and Q^{(g)}_{ab} = −Q^{(g)}_{ba} ∈ Z.

Here we introduce momentum operators as p^{(g)} ≡ −i∇^{(g)}, which are canonically conjugate to y^{(g)}. These operators satisfy the canonical commutation relations

[y^{(g)}_j , p^{(g′)}_k ] = iδ_{gg}′ δ_{jk}, the others = 0, (2.36)

where g, g^′ = 1, 2 and j, k = 1, 2. In the same way as the previous subsection, the pseudo-periodic boundary conditions (2.34) can be regarded as the constraint conditions for the physical states in the operator formalism. The system is rewritten by Ĥ|ψ⟩ = E|ψ⟩, Ĥ =^2 ∑ g=1 ( p̂^{(g)} − q 2 Ω^{(g)}ŷ^{(g)} + 2πa^{(g)}

)_2 ≡ 2∑ g=1 ( p̂^{′(g)} )_2 , (2.37)

with the constraint conditions e^{iT̂ (g)a} |ψ⟩ = |ψ⟩, T̂^{(g)}_a = u^{(g)T}_a ( p̂^{(g)} − q 2 Ω^{(g)T}ŷ^{(g)} ) , (2.38)

where a = 1, 2 and g = 1, 2. In the above, we chose the gauge as u^{(g)T}a Ω^{(g)}u^{(g)}a = 0. Under the system, we consider the canonical transformation

Ŷ^{(g)} ≡ √ 2 ω^{(g)} p̂^{′(g)}_2 , P̂^{(g)} ≡ √ 2p̂^{′(g)}_1 ,

^~Y^{(g)} ≡ − 1 2πM^{(g)} T̂^{(g)}_2 , ^~P^{(g)} ≡ T̂^{(g)}_1 , (2.39)

where ω^{(g)} ≡ 2qB^{(g)}_{12} = 2qb^{(g)}/|u^{(g)}_1 × u^{(g)}_2 | and M^{(g)} ≡ Q^{(g)}_{12} . These new variables satisfy the relations

[Ŷ^{(g)}, P̂^{(g′)}] = iδ_{gg}′ , [ ^~Y^{(g)}, ^~P^{(g′)}] = iδ_{gg}′ , the others = 0. (2.40)

Then, we can rewrite the Hamiltonian as

Ĥ =^2 ∑ g=1 [ 1 2 (P̂^{(g)})^2 +

(ω^{(g)})^2 2 (Ŷ^{(g)})^2 ] , (2.41)

with the constraints e^{i ^~P (g)} |ψ⟩ = |ψ⟩, e^{−i2πM (g) ^~Y (g)} |ψ⟩ = |ψ⟩ (g = 1, 2). (2.42) In a way similar to the previous subsection, Ĥ is constructed only from P̂^{(g)} and Ŷ (g), so that the constraint conditions (2.42) do not affect the energy spectrum of the system. Ĥ is just the sum of the two one-dimensional harmonic oscillators, which implies that the energy eigenvalues of Ĥ are given by

E_n(1)_n(2) = 2∑ g=1 ω^{(g)} ( n^{(g)} + 1 2 ) , (n^{(g)} = 0, 1, 2, · · · ). (2.43)

Furthermore, the constraint conditions (2.42) lead to the quantization on the coordinates ỹ^{(g)},

ỹ^{(g)} = j_g M^{(g)}

, (j_g = 0, 1, 2, · · · , |M^{(g)}| − 1), (2.44) where ỹ^{(g)} is an eigenvalue of ^̃Y^{(g)} with the identification ỹ^{(g)} ∼ ỹ^{(g)} + 1. Thus the eigenstates of this system are described by not only n^{(1)} and n^{(2)} but also j_1 and j_2 as | | |n^{(1)}, n^{(2)};

j_1 M^{(1)} , j_2 M^{(2)} ⟩ T^2×T^2

. (2.45)

Since the eigenvalues of the Hamiltonian are independent of the value j_g, there is |M^{(1)}M^{(2)}|-fold degeneracy at each energy level, i.e.

the number of degeneracy = |M^{(1)}M^{(2)}|. (2.46)

2.2.2 Z_N shifted orbifolding

From here, we investigate the quantum system on (T^2 ×T^2)/Z_N shifted orbifold, which is defined by the identification

Z_N : (y^{(1)}, y^{(2)}) ∼ ( y^{(1)} + d N u^{(1)}_1 , y^{(2)} + 1 N u^{(2)}_1 ) , (2.47)

where each of N and d is some integer and d is relatively prime with N. As we mentioned in the previous subsection, eq.(2.47) is not the general form in the Z_N shifted orbifolding. However, we can always transform the general form into such a special one as eq.(2.47) without any loss of generality. We discuss it in Appendix A. This identification can be translated into the requirement for physical states in the operator formalism as

Û_{ZN} |ψ⟩_{(T 2×T 2)/ZN} = |ψ⟩_{(T 2×T 2)/ZN} , Û_{ZN} ≡ e^{i(dT̂ (1)}1^{+T̂ (2)}1^{)/N} . (2.48)

Since the Z_N shift operator has to be compatible with eq.(2.38), we obtain the consistency conditions

Û_{ZN} e^{iT̂ (g)}a = e^{iT̂ (g)}a Û_{ZN} , (a = 1, 2; g = 1, 2). (2.49)

These conditions lead to

dM^{(1)} N , M^{(2)} N ∈ Z, (2.50)

which imply that both M^{(1)} and M^{(2)} must be multiples of N, i.e.

M^{(1)} = t_1N, M^{(2)} = t_2N, (2.51)

where each of t_1 and t_2 is some integer. The physical states on (T^2 × T^2)/Z_N , which are nothing but Z_N -invariant states, can be constructed as | | |n^{(1)}, n^{(2)}; j^1 M^{(1)} , j_2 M^{(2)} ⟩ (T^2×T^2)/Z_N ≡ 1 √ N N−1∑ ℓ=0 (Û_{ZN} )^{−ℓ} | | |n^{(1)}, n^{(2)}; j^1

M^{(1)} , j_2 M^{(2)} ⟩ T^2×T^2 = 1 √ N N−1∑ ℓ=0 | | |n^{(1)}, n^{(2)};

j_1 + ℓdt_1 M^{(1)} , j_2 + ℓt_2 M^{(2)} ⟩ T^2×T^2 ,

(2.52)

where each of j_1 + ℓdt_1 and j_2 + ℓt_2 is identical with an element of the set of j_g modulo |M^{(g)}|. Moreover, we can obtain the result that the number of degeneracy in this system is a multiple of N, i.e.

the number of degeneracy =

|M^{(1)}M^{(2)}| N = |t_1t_2|N. (2.53)

We would like to notice that the number of zero-mode fermions for (T^2 × T^2)/Z_N is given by a multiple of N, while it can be an arbitrary integer for T^2/Z_N . This result leads to an important conclusion that there is only one possibility to derive the three generations of matter, i.e. (N; M^{(1)}, M^{(2)}) = (3; 3, 3) on (T^2 × T^2)/Z_N . Moreover, in a case of (T^2 × T^2)/Z_N × T^2, we obtain only one condition delivering the three generations of matter such as (N; M^{(1)}, M^{(2)}, M^{(3)}) = (3; 3, 3, 1). We will show that these results coincide with that of the analysis with wave functions in section 3.

2.3 (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) shifted orbifold

We can also apply the previous results to the system on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) shifted orbifold. As in the previous model, the number of degeneracy is also restricted in this case and can produce three-fold degeneracy. We do not present the analysis by the quantum system on T^2 × T^2 × T^2 in detail because it is just a simple extension of the previous one. The energy spectrum of the system on T^2 × T^2 × T^2 is labeled by three quantum numbers, n^{(1)}, n^{(2)} and n^{(3)}, and is given by

E_n(1)_n(2)_n(3) = 3∑ g=1 ω^{(g)} ( n^{(g)} + 1 2 ) , (n^{(g)} = 0, 1, 2, · · · ), (2.54)

which is constructed of the three one-dimensional harmonic oscillators. Then the physical states compatible with eq.(2.54) are labeled by not only n^{(g)} but also the quantum numbers j_g, which come from the constraint conditions in each torus, i.e. | | | |n^{(1)}, n^{(2)}, n^{(3)};

j_1 M^{(1)} , j_2 M^{(2)} , j_3 M^{(3)} ⟩ T^2×T^2×T^2

, (2.55)

where j_g = 0, 1, 2, · · · , |M^{(g)}| − 1.

Next we analyze the quantum system on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ). We define the Z_N and Z_N ′ shifted orbifoldings as the identifications,

Z_N : (y^{(1)}, y^{(2)}, y^{(3)}) ∼ ( y^{(1)} + d N u^{(1)}_1 , y^{(2)} + 1 N u^{(2)}_1 , y^{(3)} ) , Z_N ′ : (y^{(1)}, y^{(2)}, y^{(3)}) ∼ ( y^{(1)}, y^{(2)} + 1 N^′ (s_1u^{(2)}_1 + s_2u^{(2)}_2 ), y^{(3)} + d^′ N^′ u^{(3)}_1 ) , (2.56)

where each of N, N^′, d and d^′ is some positive integer and each of s_1 and s_2 is some integer. Here we require that d(d^′) is relatively prime with N(N^′) and when we define s^′ as the greatest common divisor (g.c.d.) of s_1 and s_2, the g.c.d. of s^′ and d^′ is relatively prime with N^′. As in Appendix A, we can always transform the general forms of the Z_N and Z_N ′ shifted orbifoldings into such special ones as eq.(2.56) without any loss of generality. In the operator formalism, we define the operators generating the identifications (2.56) as Û_{ZN} ≡ e^{i(dT̂ (1)}1^{+T̂ (2)}1^{)/N} , (2.57) Û_{ZN′} ≡ e^{iπs}1^s2^{M (2)/N ′} e^{i(s}1^{T̂ (2)}1^{+s}2^{T̂ (2)}2^{+d′T̂ (3)}1^{)/N ′} . (2.58)

We note that the phase factor e^{iπs1s2M (2)/N ′} in eq.(2.58) is necessary to be consistent with (Û_{ZN′} )^{N ′} = 1. The identifications (2.56) lead to the requirement for physical states on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) as Û_{ZN} |ψ⟩_{(T 2×T 2×T 2)/(ZN ×ZN′ )} = |ψ⟩_{(T 2×T 2×T 2)/(ZN ×ZN′ )}, Û_{ZN′} |ψ⟩_{(T 2×T 2×T 2)/(ZN ×ZN′ )} = |ψ⟩_{(T 2×T 2×T 2)/(ZN ×ZN′ )}. (2.59) Since these conditions have to be compatible with the torus conditions e^{iT̂ (g)a} |ψ⟩ = |ψ⟩, T̂^{(g)}_a = u^{(g)T}_a ( p̂^{(g)} − q 2 Ω^{(g)T}ŷ^{(g)} ) , (2.60) where g = 1, 2, 3 and a = 1, 2, we obtain the consistency conditions Û_{ZN} e^{iT̂ (g)}a = e^{iT̂ (g)}a Û_{ZN} , Û_{ZN′} e^{iT̂ (g)}a = e^{iT̂ (g)}a Û_{ZN′} . (2.61) Moreover, the compatibility between the Z_N and Z_N ′ shift operators leads to the extra consistency condition Û_{ZN} Û_{ZN′} = Û_{ZN′} Û_{ZN} . (2.62) From eq.(2.61), we obtain the conditions

M^{(1)} = t_1N, M^{(2)} = t_2 NN^′ d_2

, M^{(3)} = t^′_3N^′, (2.63)

where each of t_1, t_2 and t^′_3 is some integer and d_2 is the g.c.d. of N and N^′. From eq.(2.62), we obtain the additional constraint s_2M^{(2)} NN^′ ∈ Z. (2.64) Using eq.(2.63), we can rewrite this constraint as s_2t_2 d_2

∈ Z. (2.65)

When we define the g.c.d. of s_2 and d_2 as γ,^5 we obtain s_2 = s̃_2γ, d_2 = d̃γ, t_2 = t̃_2d̃, (2.66)

5In the case of s_2 = 0, we define the g.c.d. of 0 and d_2 as d_2.

where each of s̃_2 and t̃_2 is some integer and d̃ is some positive integer. In the case of (T^2 ×T^2 ×T^2)/(Z_N ×Z_N ′ ), the form of M^{(2)}, which is compatible with the consistency conditions, can be rewritten as

M^{(2)} = t̃_2 NN^′ γ . (2.67)

The physical states on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ), which are nothing but Z_N - and Z_N ′ -invariant states, can be constructed as | | |n^{(1)}, n^{(2)}, n^{(3)}; j^1 M^{(1)} , j_2 M^{(2)} , j_3 M^{(3)} ⟩ (T^2×T^2×T^2)/(Z_N ×Z_N′ ) ≡ N N−1∑ ℓ=0 (Û_{ZN} )^{−ℓ} N^′−1∑

ℓ^′=0 (U_{ZN′} )^{−ℓ′} | | |n^{(1)}, n^{(2)}, n^{(3)};

j_1 M^{(1)} , j_2 M^{(2)} , j_3 M^{(3)} ⟩ T^2×T^2×T 2 = N N−1∑ ℓ=0

N^′−1∑

ℓ^′=0 e^{iπℓ′s2(2j2−(N ′−ℓ′)s1t′2)/N ′} × | | | |n^{(1)}, n^{(2)}, n^{(3)};

j_1 + ℓdt_1 M^{(1)} , j_2 + ℓt^′_2 + ℓ^′s_1t^{′′}_2 M^{(2)} , j_3 + ℓ^′d^′t^′_3 M^{(3)} ⟩ T^2×T^2×T 2 , (2.68)

where N is the normalization factor, t^′_2 ≡ t̃_2N^′/γ and t^{′′}_2 ≡ t̃_2N/γ.

Then we obtain the result that the number of degeneracy in this system is given by the number of degeneracy =

|M^{(1)}M^{(2)}M^{(3)}| NN^′ = |t_1t̃_2t^′_3| NN^′ γ , (2.69)

which is a multiple of NN^′/γ. Hence, as a conclusion similar to (T^2 × T^2)/Z_N , we would like to notice that the number of zero-mode fermions for (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) is given by a multiple of N and N^′. This result leads to an important conclusion that there is only one possibility to derive the three generations of matter, i.e. (N, N^′; M^{(1)}, M^{(2)}, M^{(3)}) = (3, 3; 3, 3, 3) on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ). We will show that this result coincides with that of the analysis with wave functions.

In a similar way, we can consider the case of (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ). For example, we assume three discrete symmetries as

Z_N : (y^{(1)}, y^{(2)}, y^{(3)}) ∼ ( y^{(1)} + 1 N , y^{(2)} + 1 N , y^{(3)} ) , Z_N ′ : (y^{(1)}, y^{(2)}, y^{(3)}) ∼ ( y^{(1)}, y^{(2)} + 1 N^′ , y^{(3)} + 1 N^′ ) , Z_N ′′ : (y^{(1)}, y^{(2)}, y^{(3)}) ∼ ( y^{(1)} + 1 N^{′′} , y^{(2)}, y^{(3)} + 1 N^{′′} ) , (2.70)

where each of N, N^′ and N^{′′} is some integer. Then we obtain the result that the number of degeneracy in this system is given by (see Appendix B)

the number of degeneracy =

|M^{(1)}M^{(2)}M^{(3)}| NN^′N^{′′}

= |t_1t_2t_3| NN^′N^{′′} d_1d_2d_3

, (2.71)

where d_1 is the g.c.d. of N and N^′, d_2 is the g.c.d. of N^′ and N^{′′}, and d_3 is the g.c.d. of N^{′′} and N. We would also like to notice that there are only two possibilities to derive the three generations of matter, i.e. (N, N^′, N^{′′}; M^{(1)}, M^{(2)}, M^{(3)}) = (3, 9, 3; 3, 9, 9), (3, 9, 9; 9, 9, 9), up to the permutation of parameters for the magnitude of fluxes and the shift symmetries. We will also show that this result coincides with that of the analysis with wave functions.

3 Wave function on shifted orbifold with magnetic flux In section 2, we considered the fields on shifted orbifolds with magnetic flux by the operator formalism. Here we re-consider it by analyzing wave functions explicitly because it is necessary to calculate some physical quantities, e.g. Yukawa couplings and higher order couplings [1, 7]. We will see below that the results of the analysis with wave functions coincide with ones by the operator formalism.

3.1 Review of the U(1) gauge theory on T^2

3.1.1 Magnetic flux quantization

First, we review the U(1) gauge theory on the two-dimensional torus with magnetic flux.^6 Here, it is convenient to use the complex coordinate z = y_1 + iy_2, z̄ = y_1 − iy_2 instead of the vector notation y = (y_1, y_2)^T in order to write wave functions explicitly. They satisfy the identification z ∼ z + 1 ∼ z + τ (τ ∈ C , Imτ > 0) on T^2.^7 Similarly, we make use of the complex basis for the vector potential as

A_z = 1 2 (A_{y1} − iA_{y2} ), A_{z̄} = 1 2 (A_{y1} + iA_{y2} ). (3.1)

For the non-zero magnetic flux b on T^2, we can write that b = ∫ T^2 F by the field

strength F = ib 2Imτ dz ∧ dz̄. (3.2) For F = dA, the vector potential A can be written as A(z, z̄) = b 2Imτ Im[(z̄ + ā)dz] ≡ A_z(z, z̄)dz + A_{z̄}(z, z̄)dz̄, (3.3) where a(∈ C ) is a Wilson line phase. From eq.(3.3), we obtain

A(z + 1, z̄ + 1) = A(z, z̄) + b 2Imτ Imdz ≡ A(z, z̄) + dχ_1(z, z̄), 6This subsection is based on Ref.[1].

7For convenience, we choose (1, τ) as two circumferences of the two-dimensional torus.

A(z + τ, z̄ + τ̄ ) = A(z, z̄) + b 2Imτ Im(τ̄ dz) ≡ A(z, z̄) + dχ_2(z, z̄), (3.4) where^8

χ_1(z, z̄) = b 2Imτ

Im(z + a), χ_2(z, z̄) = b 2Imτ

Im(τ̄ (z + a)). (3.5)

Moreover, let us consider a field Φ(z, z̄) with the U(1) charge q on T^2. We require the Lagrangian density L to be single-valued as

L(A(z, z̄), Φ(z, z̄)) = L(A(z + 1, z̄ + 1), Φ(z + 1, z̄ + 1)) = L(A(z + τ, z̄ + τ̄), Φ(z + τ, z̄ + τ̄)). (3.6)

Then this field Φ(z, z̄) should satisfy the pseudo-periodic boundary conditions Φ(z + 1, z̄ + 1) = e^{iqχ1(z,z̄)}Φ(z, z̄), Φ(z + τ, z̄ + τ̄) = e^{iqχ2(z,z̄)}Φ(z, z̄). (3.7) From these, the consistency of the contractible loops, e.g. z → z + 1 → z + 1 + τ → z + τ → z, requires the magnetic flux quantization condition qb 2π ≡ M ∈ Z. (3.8) 3.1.2 Zero-mode solutions of a fermion Here we consider zero-mode solutions of a fermion ψ(z, z̄) on T^2 with magnetic flux, which satisfy the equation ∑ a=z,z̄ Γ^a(∂_a − iqA_a)ψ(z, z̄) = 0, (3.9)

where

∂_z = 1 2 (∂_{y1} − i∂_{y2} ), ∂_{z̄} = 1 2 (∂_{y1} + i∂_{y2} ),

Γ^z = Γ^1 + iΓ^2 = σ^1 + iσ^2 = ( 0 2 0 0 ) , Γ^{z̄} = Γ^1 − iΓ^2 = σ^1 − iσ^2 = ( 0 0 2 0 ) . (3.10)

Then we can write ψ(z, z̄) as a two-component spinor ψ(z, z̄) = ( ψ_+(z, z̄) ψ_−(z, z̄) ) , (3.11)

8For b ≠ 0, the general functions of χ_1(z, z̄) and χ_2(z, z̄) can be written as

χ_1(z, z̄) = b 2Imτ

Im(z + a) + πα_1 q , χ_2(z, z̄) = b 2Imτ

Im(τ̄ (z + a)) + πα_2 q , where α_1 and α_2 are real numbers. We can always make α_i absorbed into the Wilson line phase a by the redefinition of fields. (see Appendix C.)

and eq.(3.9) can be decomposed as ( ∂_{z̄} + πM 2Imτ

(z + a) ) ψ_+(z, z̄) = 0, ( ∂_z − πM 2Imτ

(z̄ + ā) ) ψ_−(z, z̄) = 0. (3.12)

The fields ψ_±(z, z̄) should obey the conditions (3.7), i.e. ψ_±(z + 1, z̄ + 1) = e^{iqχ1(z,z̄)}ψ_±(z, z̄), ψ_±(z + τ, z̄ + τ̄ ) = e^{iqχ2(z,z̄)}ψ_±(z, z̄). (3.13) From eqs.(3.12) and (3.13), we find that for M > 0 (M < 0) only ψ_+ (ψ_−) has solutions. Their zero-mode wave functions are given by ψ^j_+(z, z̄) = N e^{iπM(z+a) Im(z+a)Imτ} · ϑ [_j M 0 ] (M(z + a), Mτ) for M > 0, (3.14) ψ^j_−(z, z̄) = N e^{iπM(z̄+ā) Im(z̄+ā)Imτ̄} · ϑ [_j M 0 ] (M(z̄ + ā), Mτ̄ ) for M < 0, (3.15)

where j = 0, 1, · · · , |M| − 1 and N is the normalization factor. Here the ϑ-function is defined by ϑ [ a b ] (ν, τ) = ∑ l∈Z e^{iπ(a+l)2 τ} e^{2πi(a+l)(ν+b)}, (3.16) with the properties ϑ [ a b ] (ν + n, τ) = e^{2πian}ϑ [ a b ] (ν, τ), ϑ [ a b ] (ν + nτ, τ) = e^{−iπn2τ −2πin(ν+b)}ϑ [ a b ] (ν, τ), (3.17)

where a and b are real numbers, ν and τ are complex numbers and Imτ > 0.

3.2 U(1) gauge theory on T^2/Z_N

Next, we investigate the U(1) gauge theory on T^2/Z_N with magnetic flux, in which the Z_N shifted orbifolding satisfies the identification z ∼ z + e^{mn}_N (e^{mn}_N ≡ (m + nτ)/N; m, n ∈ Z). Here we consider a general Z_N shift e^{mn}_N for convenience of practical computations, although we could take, say, (m, n) = (1, 0) without any loss of generality as in eq.(2.21). From eq.(3.3), we obtain A(z + e^{mn}_N , z̄ + ē^{mn}_N ) = A(z, z̄) + πM qImτ Im(ē^{mn}_N dz) ≡ A(z, z̄) + dχ_N (z, z̄). (3.18) Then we define the physical state Φ(z, z̄) which is consistent with eqs.(3.7) and (3.18) as Φ(z + e^{mn}_N , z̄ + ē^{mn}_N ) = e^{iqχN (z,z̄)}Φ(z, z̄), (3.19) χ_N (z, z̄) = m N χ_1(z, z̄) + n N χ_2(z, z̄) + πα_N q , (3.20) where α_N is some real number and is determined below. For eq.(3.19) to be consistent with eq.(3.7), we find the relation e^{iqNχN (z,z̄)} = e^{iq(mχ1 (z,z̄)+nχ2(z,z̄))}e^{iπmnM} . (3.21) It follows that α_N can be determined as α_N = mnM/N. Then the consistency of the contractible loops, e.g. z → z + 1 → z + 1 + e^{mn}_N → z + 1 + τ + e^{mn}_N → z + τ + e^{mn}_N → z + e^{mn}_N → z, requires the additional conditions such as^9 mM N , nM N ∈ Z. (3.22)

Since N has to be relatively prime with the g.c.d. of m and n for e^{mn}_N to represent a Z_N shift symmetry, the conditions (3.22) lead to the magnetic flux quantization condition

M = tN, (3.23)

where t is some integer. We note that this result agrees with eq.(2.25), even though in subsection 2.1.2 the magnetic flux quantization condition was derived for a special case of the identification (2.21), which may correspond to (m, n) = (1, 0).

Furthermore, we consider zero-mode fermions ψ^j_±(z, z̄). It follows from eqs.(3.14) and (3.15) that ψ^j_±(z, z̄) satisfy the equations ψ^j_±(z + ℓe^{mn}_N , z̄ + ℓē^{mn}_N ) = e^{iqℓχN (z,z̄)}e^{iπℓm(2j−(N−ℓ)nt)/N} ψ^{j+ℓnt}_± (z, z̄), (3.24) where ℓ is any integer and χ_N (z + e^{mn}_N , z̄ + ē^{mn}_N ) = χ_N (z, z̄). Since ψ^j_±(z, z̄) do not, in general, satisfy the physical state condition (3.19) on T^2/Z_N , we may need to take appropriate linear combinations of them. For example, when (m, n) = (0, 1), we obtain

ψ^j_±(z + τℓ N , z̄ + τ̄ ℓ N ) = e^{iqℓχN (z,z̄)}ψ^{j+ℓt}_± (z, z̄), (3.25) so the physical states Ψ^j_±(z, z̄) are given by

Ψ^j_±(z, z̄) = 1 √ N N−1∑ ℓ=0 e^{−iqℓχN (z)}ψ^j_±(z + τℓ N , z̄ + τ̄ ℓ N ) = 1 √ N N−1∑ ℓ=0 ψ^{j+ℓt}_± (z, z̄), (3.26)

where j = 0, 1, · · · , |t| − 1. We can check that these Ψ^j_±(z, z̄) indeed satisfy eq.(3.19). When (m, n) = (1, 0), we obtain

ψ^j_±(z + ℓ N , z̄ + ℓ N ) = e^{iqℓχN (z,z̄)}e^{2πijℓ/N} ψ^j_±(z, z̄), (3.27) 9Actually, we find the consistency conditions e^{iπM}(^{mN + nN} ) = e^{−iπM}(^{mN + nN} ) = e^{iπM}(^{mN − nN} ) = e^{−iπM}(^{mN − nN} ), which lead to eq.(3.22).

so the physical states Ψ^j_±(z, z̄) are given by

Ψ^j_±(z, z̄) = 1 N N−1∑ ℓ=0 e^{−iqℓχN (z,z̄)}ψ^j_±(z + ℓ N , z̄ + ℓ N )

= 1 N N−1∑ ℓ=0 e^{2πijℓ/N} ψ^j_±(z, z̄) = { ψ^j_±(z, z̄) (j ≡ 0 mod N)

0 (j ≢ 0 mod N)

. (3.28)

We can check that these Ψ^j_±(z, z̄) satisfy eq.(3.19).

For a general Z_N shift e^{mn}_N , we can obtain the physical states Ψ^j_±(z, z̄), which satisfy eq.(3.19), as

Ψ^j_±(z, z̄) = N^′ N−1∑ ℓ=0 e^{−iqℓχN (z,z̄)}ψ^j_±(z + ℓe^{mn}_N , z̄ + ℓē^{mn}_N )

= N^′ N−1∑ ℓ=0 e^{iπℓm(2j−(N−ℓ)nt)/N} ψ^{j+ℓnt}_± (z, z̄), (3.29) where N^′ is the normalization factor. We notice that we cannot obtain any constraint on the number of zero-mode fermions, i.e. the generation of matter in the standard model, because the number of degeneracy t is a free parameter.

Here, we give a brief comment on couplings on T^2/Z_N . On the two-dimensional torus, a generic L-point coupling C^{j(1)···j(L)} in a 4D low-energy effective field theory is given by the overlap integral of zero-mode functions [1, 7], C^{j(1)···j(L)} = c^{j(1)···j(L)} ∫ T^2

d^2z ψ^{j(1)} · · · ψ^{j(L)} , (3.30)

where c^{j(1)···j(L)} denotes the coupling in a higher dimensional field theory. Similarly, on the orbifold T^2/Z_N , a generic L-point coupling C^{j(1)···j(L)}_{orbifold} is given as C^{j(1)···j(L)} orbifold = c j_{(1)}···j_{(L)} ∫ T^2/Z_N d^2z Ψ^{j(1)} · · · Ψ^{j(L)} . (3.31)

Since the zero-mode wave functions Ψ^j are written by linear combinations of ψ^j, as shown in eq.(3.29), the coupling C^{j(1)···j(L)}_{orbifold} is written by a proper linear combination of C^{j(1)···j(L)} . Its extension to other orbifolds such as (T^2 ×T^2)/Z_N , (T^2 ×T^2 ×T^2)/(Z_N × Z_N ′ ) and (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ) is also straightforward.

Although we have constructed the Z_N -invariant wave functions Ψ^j_±(z, z̄) as in eq.(3.29), it is also worthwhile to consider wave functions Φ_κ(z, z̄) with a Z_N charge κ, which is defined as

Φ_κ(z + e^{mn}_N , z̄ + ē^{mn}_N ) = ω^κe^{iqχN (z,z̄)}Φ_κ(z, z̄), (3.32)

where κ is some integer and ω ≡ e^{2πi/N} . Then, in a way similar to eq.(3.29), the wave functions Ψ^j_{±,κ}(z, z̄) satisfying eq.(3.32) can be constructed from ψ^j_±(z, z̄) and are given by Ψ^j_{±,κ}(z, z̄) = N^′ N−1∑ ℓ=0 ω^{−ℓκ}e^{−iqℓχN (z,z̄)}ψ^j_±(z + ℓe^{mn}_N , z̄ + ℓē^{mn}_N )

= N^′ N−1∑ ℓ=0 e^{iπℓm(2j−(N−ℓ)nt)/N} e^{−2πiℓκ/N} ψ^{j+ℓnt}_± (z, z̄). (3.33) 3.3 U(1) gauge theory on (T^2 × T^2)/Z_N

In a similar way, we consider the U(1) gauge theory on (T^2 × T^2)/Z_N with magnetic flux. Let us define z^{(1)} and z^{(2)} as the complex coordinates for each torus with the identifications z^{(g)} ∼ z^{(g)} + 1 ∼ z^{(g)} + τ^{(g)}. When there are non-zero magnetic fluxes b^{(1)} and b^{(2)} on T^2 × T^2, we can write that b^{(g)} = ∫ T^{2(g)} F

(g) by the field strengths

F^{(g)} = ib^{(g)} 2Imτ^{(g)} dz^{(g)} ∧ dz̄^{(g)}, (g = 1, 2). (3.34)

For F^{(g)} = dA^{(g)}, the vector potentials A^{(g)} can be written as^{10}

A^{(g)}(z^{(g)}) = b^{(g)} 2Imτ^{(g)}

Im[(z̄^{(g)} + ā^{(g)})dz^{(g)}] ≡ A^{(g)}_{z(g)} (z^{(g)})dz^{(g)} + A^{(g)}_{z̄(g)} (z^{(g)})dz̄^{(g)}, (3.35)

where a^{(g)}(∈ C ) are Wilson line phases. From eq.(3.35), we obtain

A^{(g)}(z^{(g)} + 1) = A^{(g)}(z^{(g)}) + b^{(g)} 2Imτ^{(g)}

Imdz^{(g)} ≡ A^{(g)}(z^{(g)}) + dχ^{(g)}_1 (z^{(g)}),

A^{(g)}(z^{(g)} + τ^{(g)}) = A^{(g)}(z^{(g)}) + b^{(g)} 2Imτ^{(g)}

Im(τ̄^{(g)}dz^{(g)}) ≡ A^{(g)}(z^{(g)}) + dχ^{(g)}_2 (z^{(g)}), (3.36)

where

χ^{(g)}_1 (z^{(g)}) = b^{(g)} 2Imτ^{(g)}

Im(z^{(g)} + a^{(g)}), χ^{(g)}_2 (z^{(g)}) = b^{(g)} 2Imτ^{(g)}

Im(τ̄^{(g)}(z^{(g)} + a^{(g)})). (3.37)

Let us next consider a field Φ(z^{(1)}, z^{(2)}) with the U(1) charge q on T^2 × T^2. For the Lagrangian density to be single-valued on T^2 ×T^2, we require that the field Φ(z^{(1)}, z^{(2)}) satisfies the pseudo-periodic boundary conditions

Φ(z^{(1)} + 1, z^{(2)}) = e^{iqχ(1)1 (z(1))}Φ(z^{(1)}, z^{(2)}), Φ(z^{(1)} + τ^{(1)}, z^{(2)}) = e^{iqχ(1)2 (z(1))}Φ(z^{(1)}, z^{(2)}), Φ(z^{(1)}, z^{(2)} + 1) = e^{iqχ(2)1 (z(2))}Φ(z^{(1)}, z^{(2)}), Φ(z^{(1)}, z^{(2)} + τ^{(2)}) = e^{iqχ(2)2 (z(2))}Φ(z^{(1)}, z^{(2)}). (3.38)

The compatibility of the conditions (3.38) with any contractible loops requires the magnetic flux quantization conditions

qb^{(1)} 2π ≡ M^{(1)}, qb^{(2)} 2π ≡ M^{(2)} ∈ Z. (3.39)

Moreover, we consider (T^2×T^2)/Z_N to impose a Z_N shift symmetry on T^2×T^2 with the additional identification (z^{(1)}, z^{(2)}) ∼ (z^{(1)} +e^{m1n1}_N , z^{(2)} +e^{m2 n2}_N ). For the Lagrangian

10From here we omit z̄^{(g)} such as A^{(g)}(z^{(g)}), Φ(z^{(g)}) and ψ(z^{(g)}).

density to be single-valued on (T^2 × T^2)/Z_N , we define Φ(z^{(1)}, z^{(2)}) following eq.(3.38) as Φ(z^{(1)} + e^{m1n1}_N , z^{(2)} + e^{m2 n2}_N ) = e^{iq(χ(1)N (z(1))+χ(2)N (z(2)))}Φ(z^{(1)}, z^{(2)}), (3.40)

χ^{(g)}_N (z^{(g)}) = m_g N χ^{(g)}_1 (z^{(g)}) + n_g N χ^{(g)}_2 (z^{(g)}) + πα^{(g)}_N q , (3.41)

where α^{(g)}_N are some real numbers. For eq.(3.40) to be consistent with eq.(3.38), we find the relation

e^{iqN(χ(1)N (z(1))+χ(2)N (z(2)))} = ∏ g=1,2 e^{iq(mg χ(g)1 (z(g))+ng χ(g)2 (z(g)))}e^{iπmg ng M (g)} , (3.42)

which determines the values of α^{(g)}_N to be α^{(g)}_N = m_gn_gM^{(g)}/N. Then the consistency of the contractible loops requires the additional magnetic flux quantization conditions

m_1M^{(1)} N , n_1M^{(1)} N , m_2M^{(2)} N , n_2M^{(2)} N ∈ Z. (3.43)

In the same way as T^2/Z_N , each of M^{(g)} turns out to be a multiple of N, i.e.

M^{(1)} = t_1N, M^{(2)} = t_2N, (3.44)

where each of t_1 and t_2 is some integer. We note that this result also agrees with eq.(2.51) and the number of degeneracy is given by eq.(2.53).

Next, we consider zero-mode solutions of a fermion ψ(z^{(1)}, z^{(2)}) on (T^2 × T^2)/Z_N , which satisfies the equation 2∑ g=1 ∑ a=z^{(g)},z̄^{(g)} Γ^a(∂_a − iqA^{(g)}_a )ψ(z^{(1)}, z^{(2)}) = 0, (3.45)

where

Γ^{z(1)} = ( 0 2 0 0 ) ⊗ σ^0, Γ^{z̄(1)} = ( 0 0 2 0 ) ⊗ σ^0, Γ^{z(2)} = σ^3 ⊗ ( 0 2 0 0 ) , Γ^{z̄(2)} = σ^3 ⊗ ( 0 0 2 0 ) . (3.46)

Then we can write ψ(z^{(1)}, z^{(2)}) as a four-component spinor

ψ(z^{(1)}, z^{(2)}) = ( ψ^{j1}_+ (z^{(1)}) ψ^{j1}_− (z^{(1)}) ) ⊗ ( ψ^{j2}_+ (z^{(2)}) ψ^{j2}_− (z^{(2)}) ) ≡ ( ψ^J_P (z^{(1)}, z^{(2)}) ) , (3.47)

where P ≡ (±, ±), (±, ∓) and J ≡ (j_1, j_2). In the same reason as T^2, depending on M^{(1)} ≶ 0 and M^{(2)} ≶ 0, only one of ψ_P is well-defined, while the others cannot be normalizable.

Furthermore, the zero-mode fermions ψ^J_P (z^{(1)}, z^{(2)}) are constructed of ψ^{jg}_± (z^{(g)}) on each torus, and from eqs.(3.14) and (3.15), ψ^{jg}_± (z^{(g)}) satisfy the equations ψ^{jg}_± (z^{(g)} + ℓe^{mg ng}_N ) = e^{iqℓχ(g)N (z(g))}e^{iπℓmg (2jg −(N−ℓ)ng tg )/N} ψ^{jg +ℓngtg}_± (z^{(g)}), (3.48) where ℓ is any integer and χ^{(g)}_N (z^{(g)} + e^{mg ng}_N ) = χ^{(g)}_N (z^{(g)}). Then, since ψ^J_P (z^{(1)}, z^{(2)}) do not, in general, satisfy the physical state condition (3.40) on (T^2 × T^2)/Z_N , we may need to take appropriate linear combinations of them in order to obtain the physical states Ψ^J_P (z^{(1)}, z^{(2)}). For example, when (m_1, n_1, m_2, n_2) = (0, 1, 0, 1), the physical states Ψ^J_P (z^{(1)}, z^{(2)}) are given by

Ψ^J_P (z^{(1)}, z^{(2)}) = 1 √ N N−1∑ ℓ=0 ψ^{J+ℓT}_P (z^{(1)}, z^{(2)}), (3.49)

where J + ℓT ≡ (j_1 + ℓt_1, j_2 + ℓt_2) and the number of degeneracy of Ψ^J_P (z^{(1)}, z^{(2)}) is |t_1t_2|N. When (m_1, n_1, m_2, n_2) = (1, 0, 1, 0), the physical states Ψ^J_P (z^{(1)}, z^{(2)}) are given by

Ψ^J_P (z^{(1)}, z^{(2)}) = 1 N N−1∑ ℓ=0 e^{2πiℓ(j1+j2)/N} ψ^J_P (z^{(1)}, z^{(2)}) = { ψ^J_P (z^{(1)}, z^{(2)}) ((j_1 + j_2) ≡ 0 mod N)

0 ((j_1 + j_2) ≢ 0 mod N)

, (3.50)

where the number of degeneracy of Ψ^J_P (z^{(1)}, z^{(2)}) is |t_1t_2|N.

In the same way, for a general Z_N shift e^{mg ng}_N the physical states Ψ^J_P (z^{(1)}, z^{(2)}), which satisfy eq.(3.40), are given by

Ψ^J_P (z^{(1)}, z^{(2)}) = N^′ N−1∑ ℓ=0 ∏ g=1,2 e^{iπℓmg (2jg −(N−ℓ)ng tg )/N} ψ^{J+ℓTn1n2}_P (z^{(1)}, z^{(2)}), (3.51)

where N^′ is the normalization factor and J + ℓT_{n1n2} ≡ (j_1 + ℓn_1t_1, j_2 + ℓn_2t_2).

We would like to notice that the number of zero-mode fermions for (T^2 × T^2)/Z_N is given by a multiple of N, while it can be an arbitrary integer for T^2/Z_N . This result coincides with that of the operator formalism and leads to an important conclusion that there is only one possibility to derive the three generations of matter, i.e. (N; M^{(1)}, M^{(2)}) = (3; 3, 3) on (T^2 ×T^2)/Z_N . Moreover, in a case of (T^2 ×T^2)/Z_N ×T^2, we obtain only one condition delivering the three generations of matter such as (N; M^{(1)}, M^{(2)}, M^{(3)}) = (3; 3, 3, 1).

Furthermore, it is also worthwhile to consider wave functions Φ_κ(z^{(1)}, z^{(2)}) with a Z_N charge κ, which is defined by

Φ_κ(z^{(1)} + e^{m1n1}_N , z^{(2)} + e^{m2n2}_N ) = ω^κe^{iq(χ(1)N (z(1))+χ(2)N (z(2)))}Φ_κ(z^{(1)}, z^{(2)}), (3.52)

where κ is some integer and ω ≡ e^{2πi/N} . Then the wave functions Ψ^J_{P,κ}(z^{(1)}, z^{(2)}) satisfying eq.(3.52) can be constructed from ψ^{jg}_± (z^{(g)}) and are given by

Ψ^J_{P,κ}(z^{(1)}, z^{(2)})

= N^′ N−1∑ ℓ=0 ∏ g=1,2 e^{iπℓmg (2jg −(N−ℓ)ng tg )/N} e^{−2πiℓκ/N} ψ^{J+ℓTn1n2}_P (z^{(1)}, z^{(2)}). (3.53)

3.4 U(1) gauge theory on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ )

In a way similar to the case of (T^2 × T^2)/Z_N , we consider the U(1) gauge theory on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) with magnetic flux. Here we leave the full analysis out and discuss some points. We impose the Z_N shift symmetry on the first and second tori, which relates the first torus with the second one as (z^{(1)}, z^{(2)}, z^{(3)}) ∼ (z^{(1)} + e^{m1n1}_N , z^{(2)} + e^{m2n2}_N , z^{(3)}). On the other hand, we impose the Z_N ′ shift symmetry on the second and third tori, which relates the second torus with the third one as (z^{(1)}, z^{(2)}, z^{(3)}) ∼ (z^{(1)}, z^{(2)} + e^{m′2n′2}_N ′ , z^{(3)} + e^{m′3 n′3}_N ′ ). In this case, for the Lagrangian density to be single-valued, the pseudo-periodic boundary conditions of the physical states Φ(z^{(1)}, z^{(2)}, z^{(3)}) with the U(1) charge q are given by

Φ(z^{(1)} + e^{m1n1}_N , z^{(2)} + e^{m2n2}_N , z^{(3)}) = e^{iq(χ(1)N (z(1))+χ(2)N (z(2)))}Φ(z^{(1)}, z^{(2)}, z^{(3)}), (3.54)

χ^{(g)}_N (z^{(g)}) = m_g N χ^{(g)}_1 (z^{(g)}) + n_g N χ^{(g)}_2 (z^{(g)}) + πα^{(g)}_N q , (3.55)

Φ(z^{(1)}, z^{(2)} + e^{m′2n′2}_N ′ , z^{(3)} + e^{m′3 n′3}_N ′ ) = e^{iq(χ(2)}N^{′ (z(2))+χ(3)}N^{′ (z(3)))}Φ(z^{(1)}, z^{(2)}, z^{(3)}), (3.56)

χ^{(g′)}_N ′ (z^{(g′)}) = m^′_g′ N^′ χ^{′(g′)}_1 (z^{(g′)}) + n^′_g′ N^′ χ^{′(g′)}_2 (z^{(g′ )}) + πα^{′(g′)}_N ′ q , (3.57)

with the relations

e^{iqN(χ(1)N (z(1))+χ(2)N (z(2)))} = ∏ g=1,2 e^{iq(mg χ(g)1 (z(g))+ng χ(g)2 (z(g)))}e^{iπmg ng M (g)} , (3.58) e^{iqN ′(χ(2)}N^{′ (z(2))+χ(3)}N^{′ (z(3)))} = ∏ g^′=2,3 e^{iq(m′g′ χ′(g} ′) 1 (z^{(g′)})+n^′_{g′} χ^{′(g′)}_2 (z^{(g′)}))eiπm^′_{g′} n^′_{g′} M^{(g′)} , (3.59)

where g = 1, 2, g^′ = 2, 3, α^{(g)}_N = m_gn_gM^{(g)}/N and α^{′(g′)}_N ′ = m^′_g′ n^′_g′ M^{(g′)}/N^′. Then the consistency of the contractible loops requires the magnetic flux quantization conditions

m_gM^{(g)} N , n_gM^{(g)} N , m^′_g′ M^{(g′)} N^′ , n^′_g′ M^{(g′)} N^′ ∈ Z. (3.60)

From these conditions, each of M^{(1)}, M^{(2)} and M^{(3)} turns out to be a multiple of N and/or N^′, i.e.

M^{(1)} = t_1N, M^{(2)} = t_2N = t^′_2N^′, M^{(3)} = t^′_3N^′, (3.61)

where each of t_g and t^′_g′ is some integer. Defining d as the g.c.d. of N and N^′, we obtain N ≡ ñd and N^′ ≡ ñ^′d, where each of ñ and ñ^′ is some positive integer and ñ is relatively prime with ñ^′. Since t_2N = t^′_2N^′, we obtain the relation t_2ñ = t^′_2ñ^′. When |t̃| is defined as the g.c.d. of t_2 and t^′_2, we can rewrite t_1 and t_2 as t_2 = ñ^′t̃ and t^′_2 = ñt̃, respectively. Namely, we obtain

M^{(2)} = t̃ NN^′ d . (3.62)

If d̃ is defined as the g.c.d. of t̃ and d, we obtain the same equation as eq.(2.67),

M^{(2)} = t̃_2 NN^′ γ , (3.63) where each of t̃_2 and γ is some positive integer, t̃ = t̃_2d̃ and d = γd̃. We note that this result also agrees with eq.(2.67) and the number of degeneracy is given by eq.(2.69).

In a way similar to the case of (T^2 × T^2)/Z_N , we also consider zero-mode solutions of a fermion ψ(z^{(1)}, z^{(2)}, z^{(3)}) on (T^2 ×T^2 ×T^2)/(Z_N ×Z_N ′ ), which satisfies the equation 3∑ g=1 ∑ a=z^{(g)},z̄^{(g)} Γ^a(∂_a − iqA^{(g)}_a )ψ(z^{(1)}, z^{(2)}, z^{(3)}) = 0, (3.64)

where

Γ^{z(1)} = ( 0 2 0 0 ) ⊗ σ^0 ⊗ σ^0, Γ^{z̄(1)} = ( 0 0 2 0 ) ⊗ σ^0 ⊗ σ^0,

Γ^{z(2)} = σ^3 ⊗ ( 0 2 0 0 ) ⊗ σ^0, Γ^{z̄(2)} = σ^3 ⊗ ( 0 0 2 0 ) ⊗ σ^0, Γ^{z(3)} = σ^3 ⊗ σ^3 ⊗ ( 0 2 0 0 ) , Γ^{z̄(3)} = σ^3 ⊗ σ^3 ⊗ ( 0 0 2 0 ) . (3.65)

Then we can write ψ(z_1, z_2, z_3) as an eight-component spinor

ψ(z^{(1)}, z^{(2)}, z^{(3)}) = ( ψ^{j1}_+ (z^{(1)}) ψ^{j1}_− (z^{(1)}) ) ⊗ ( ψ^{j2}_+ (z^{(2)}) ψ^{j2}_− (z^{(2)}) ) ⊗ ( ψ^{j3}_+ (z^{(3)}) ψ^{j3}_− (z^{(3)}) )

≡ ( ψ^J_P (z^{(1)}, z^{(2)}, z^{(3)}) ) , (3.66)

where P ≡ (±, ±, ±), (±, ±, ∓), (±, ∓, ±), (∓, ±, ±) and J ≡ (j_1, j_2, j_3). In the same reason as T^2, depending on M^{(1)} ≶ 0, M^{(2)} ≶ 0 and M^{(3)} ≶ 0, only one of eight fields of ψ_P is well-defined, while the others cannot be normalizable.

Furthermore, the zero-mode fermions ψ^J_P (z^{(1)}, z^{(2)}, z^{(2)}) are also constructed of ψ^{jg}_± (z^{(g)}) on each torus, and from eqs.(3.14) and (3.15), ψ^{jg}_± (z^{(g)}) satisfy eq.(3.48). Then, since ψ^J_P (z^{(1)}, z^{(2)}, z^{(3)}) do not, in general, satisfy the physical state conditions (3.54) and (3.56) on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ), we may need to take appropriate linear combinations of them in order to obtain the physical states Ψ^J_P (z^{(1)}, z^{(2)}, z^{(3)}). Thus, the physical states are given by

Ψ^J_P (z^{(1)}, z^{(2)}, z^{(3)}) = N^′ N−1∑ ℓ=0 ∏ g=1,2 e^{iπℓmg (2jg −(N−ℓ)ng tg )/N}

× N^′−1∑

ℓ^′=0 ∏ g^′=2,3 e^{iπℓ′m′g′ (2jg′ −(N ′−ℓ′)n′g′ t′g′ )/N ′} × ψ^{J+ℓTn1n2 +ℓ} ′T^′_n′_{2n}′_3

P (z^{(1)}, z^{(2)}, z^{(3)}), (3.67)

where N^′ is the normalization factor, T_{n1n2} ≡ (n_1t_1, n_2t_2, 0) and T^′_n′_{2n}′_3 ≡ (0, n^′_2t^′_2, n^′_3t^′_3).

As a conclusion similar to (T^2 × T^2)/Z_N , we would like to notice that the number of zero-mode fermions for (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) is given by a multiple of N and N^′. This result leads to an important conclusion that there is only one possibility to derive the three generations of matter, i.e. (N, N^′; M^{(1)}, M^{(2)}, M^{(3)}) = (3, 3; 3, 3, 3) on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ). Furthermore, we consider the case of (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ), which also imposes the additional Z_N ′′ shift symmetry on the first and third tori, which relates the first torus with the third one as (z^{(1)}, z^{(2)}, z^{(3)}) ∼ (z^{(1)} +e^{m′′1 n′′1}_N ′′ , z^{(2)}, z^{(3)} +e^{m′′3 n′′3}_N ′′ ). Then, we obtain an important conclusion that there are only two possibilities to derive the three generations of matter, i.e. (N, N^′, N^{′′}; M^{(1)}, M^{(2)}, M^{(3)}) = (3, 9, 3; 3, 9, 9), (3, 9, 9; 9, 9, 9), up to the permutation of parameters for the magnitude of fluxes and the shift symmetries. (See Appendix B.) These results coincide with that of the operator formalism.

In the same way, the wave functions with Z_N and Z_N ′ charges, κ and κ^′, are given by Ψ^J_{Pκκ}′ (z^{(1)}, z^{(2)}, z^{(3)}) = N^′ N−1∑ ℓ=0 ∏ g=1,2 e^{iπℓmg (2jg −(N−ℓ)ng tg )/N} e^{−2πiℓκ/N}

× N^′−1∑

ℓ^′=0 ∏ g^′=2,3 e^{iπℓ′m′g′ (2jb−(N ′−ℓ′)n′g′ t′g′ )/N ′} e^{−2πiℓ′κ′/N ′} × ψ^{J+ℓTn1n2 +ℓ} ′T^′_n′_{2n}′_3

P (z^{(1)}, z^{(2)}, z^{(3)}), (3.68)

where each of κ and κ^′ is some integer.

3.5 Flavor structure

Here we study the flavor structure in shifted orbifold models with magnetic fluxes. First we give a brief review on the torus models [8]. As seen in subsection 3.1, if M > 0, the number of zero-modes is equal to M on T^2, and those wave functions are written by ψ^j_+ (j = 0, · · · , M − 1) in eq.(3.14). Each mode has the Z_M charge j, which corresponds to the quantized coordinate or momentum in terms of ^̃Y and ^̃P . Such Z_M transformation is represented on

ψ^j = ψ^0 ψ^1 . . ψ^{M−1} , (3.69)

by

Z = 1 ρ ρ^2 ... ρ^{M−1} , (3.70)

where ρ = e^{2πi/M} . They also have another symmetry under the cyclic permutation,

ψ^j → ψ^{j+1}, (3.71) where ψ^M = ψ^0. This cyclic permutation Z^{(C)}_M is represented on the multiplet (3.69) by

C = 0 1 0 · · · 0 0 0 1 · · · 0

.. .

0 0 0 · · · 1 1 0 0 · · · 0

. (3.72)

These generators, Z and C, are not commutable, but satisfy the following algebraic relation,^{11} CZ = ρZC. (3.73) Hence, the flavor symmetry including Z and C is a non-Abelian symmetry. Its diagonal elements are written by Z^m(Z^′)^n with m, n = 0, · · · , M − 1, where

Z^′ = ρ ... ρ , (3.74)

on the multiplet (3.69). Then, this flavor symmetry would correspond to (Z_M ×Z^′_M )⋊ Z^{(C)}_M on T^2 (see for review on non-Abelian discrete flavor symmetries [25]).^{12} Suppose that each of three tori has the magnetic flux corresponding to M^{(g)} (g = 1, 2, 3), where M^{(g)} > 0. Then, there are M^{(g)} zero-modes on the g-th torus. Their symmetry is the direct product of

∏_3

g=1(Z_M (g) × Z^′_{M (g)} ) ⋊ Z^{(C)}_{M (g)} . In order to realize the three-generation models, we choose the magnetic fluxes as (M^{(1)}, M^{(2)}, M^{(3)}) = (3, 1, 1) or their permutations. In this model, only one torus, e.g. the first torus for (M^{(1)}, M^{(2)}, M^{(3)}) = (3, 1, 1) is important to the flavor structure. That is, the three generations of fermions are quasi-localized at places different from each other on the first torus, while those sit at the same places on the other tori. Thus, the zeromode profiles on the first torus are important to realize the mass ratios between three generations, while the zero-mode profiles on the other tori are relevant to the overall strength of Yukawa couplings. This model has the flavor symmetry (Z_3 × Z^′_3) ⋊ Z^{(C)}_3 isomorphic to Δ(27).

It would be obvious that the T^2/Z_N model has a flavor structure similar to the above. However, the (T^2 × T^2)/Z_N model as well as the (T^2 × T^2)/Z_N × T^2 model has a different flavor structure. As an illustrating model, we consider the (T^2 × T^2)/Z_3 model, which leads to the three generations by choosing M^{(1)} = M^{(2)} = 3. Before the Z_3 shifted orbifolding, there appear the three zero modes ψ^{jg} (z^{(g)}) with g = 1, 2 and j_g = 0, 1, 2 on each torus, and totally nine zero modes. They have the flavor symmetry (Z_3 × Z^′_3) ⋊ Z^{(C)}_3 on each torus and the total symmetry is their direct product.

By Z_3 shift orbifolding with (m_1, n_1, m_2, n_2) = (1, 0, 1, 0) corresponding to eq.(3.50), only the three zero-modes ψ^j(z^{(1)}) ⊗ ψ^{3−j} (z^{(2)}) with j = 0, 1, 2 remain, but the others

11The symmetry, which is called the magnetic translational group, has been discussed in Ref.[3, 24]. 12 Similar flavor symmetries are obtained, e.g. within the framework of heterotic orbifold models [26].

ψ^{j1} (z^{(1)}) ⊗ ψ^{j2} (z^{(2)}) with j_1 + j_2 ≠ 0 (mod 3) are projected out. Through orbifolding, the Z_M (1)_{=3} and Z_M (2)_{=3} symmetries (3.70) on the first and second tori, respectively, are broken into the diagonal Z_3 one. The other symmetries such as Z^′_{M (g)} and Z^{(C)}_{M (g)} are also broken into the diagonal ones. Then, totally the flavor symmetry Δ(27) × Δ(27) is broken into the diagonal one Δ(27). The flavor symmetry itself is the same as one in the three-generation model on T^2 × T^2 × T^2 without shifted orbifolding. However, in the three-generation model on (T^2 × T^2)/Z_3, the zero-mode profiles of the three generations are localized at places different from each other on both the first and second tori. That is, both tori are relevant to the flavor structure and mass ratios depend on geometrical aspects of both tori such as complex structure moduli.

We have studied quite simple models so far. Furthermore, the flavor structure of shifted orbifold models can become richer in slightly extended models. Suppose that there is an additional U(1) gauge symmetry. We do not introduce the magnetic flux background for the additional U(1), but we embed Z_3 shift orbifolding into this additional U(1). That is, the fermion with the additional U(1) charge q^′, which is integer, has the phase e^{2πiq′/3}. In this case, the zero-modes, ψ^j (z_1) ⊗ ψ^{3−j}(z_2) with j = 0, 1, 2, do not survive in the above model, but the zero-modes ψ^j(z_1) ⊗ ψ^{3−j+k}(z_2) with j = 0, 1, 2 and k = −q^′, survive through the Z_3 shift orbifolding. The surviving number, i.e. 3, does not change, but the combinations of surviving wave functions depend on the U(1) charge q^′. Hence, the flavor structure becomes rich. For example, when this charge q^′ corresponds to the hypercharge, the three generations of quarks and leptons would have quite interesting flavor structure. We will study such model building and its flavor structure elsewhere.

4 Conclusions

We have studied the U(1) gauge theory on some shifted orbifolds with magnetic flux and proposed a mechanism to obtain the generation of matter in the standard model. On the space, we consider the behavior of fermions in two different means. One is the operator formalism for the quantum mechanical system and the other is the wave functions for the field theory. The operator formalism turns out to be useful to analyze the general structure of the spectrum. On the other hand, the wave function approach becomes important on computing the 4D Yukawa coupling of phenomenological models on the shifted orbifolds that we consider in this paper. We investigated the relations between the magnetic fluxes and the number of degeneracy of zero-mode fermions in both approaches and showed the results to be consistent with each other.

Then we found that the number of degeneracy of zero-mode fermions is related to N of Z_N , that is, the geometry of space such as (T^2 × T^2)/Z_N . Actually, while there existed no constraint for the degeneracy of zero-mode fermions on T^2/Z_N , we obtained the constraint on the degeneracy of zero-mode fermions on (T^2 × T^2)/Z_N , that is to say, the number of degeneracy of zero-mode fermions is always a multiple of N. This result is phenomenologically very important, because we have a unique choice of (N; M_1, M_2) = (3; 3, 3) if we want to construct a model deriving the three generations of matter on M^4 ×(T^2 ×T^2)/Z_N with the magnetic fluxes (M^{(1)}, M^{(2)}). In a similar way, we found some candidates for the models to derive the three generations of matter in cases of (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ) and (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ). In the case of (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ), the candidate to derive the three generations of matter is that (N, N^′; M^{(1)}, M^{(2)}, M^{(3)}) = (3, 3; 3, 3, 3). In the case of (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ), the candidates to derive the three generations of matter are that (N, N^′, N^{′′}; M^{(1)}, M^{(2)}, M^{(3)}) = (3, 9, 3; 3, 9, 9), (3, 9, 9; 9, 9, 9) up to the permutation of parameters for the magnitude of fluxes and the shift symmetries. Thus, we may conclude that a very restricted class of shifted orbifold models can produce the three generations of matter, in general.

We comment on the difference between the shifted orbifold and the twisted orbifold. On the twisted orbifold, there are fixed points. Thus, there is the degree of freedom to put localized matter fields on the fixed points in the twisted orbifold models with magnetic fluxes. There is no such a degree of freedom in the shifted orbifold models, because there is no fixed points. Hence, the spectrum of the shifted orbifold models is completely determined by the shift and magnetic fluxes.

For the three-generation models, the torus models without shifted orbifolding and the shifted orbifold models would lead to the same flavor symmetry, i.e. Δ(27). However, while only the one of tori is relevant to the flavor structure in the former, two or three tori are important to the flavor structure in the latter. These behaviors would lead to phenomenologically interesting aspects. We would study realistic model building and its phenomenological aspects elsewhere.

Acknowledgements

This work was supported in part by scientific grants from the Ministry of Education, Culture, Sports, Science and Technology under Grant No. 24340049 (T.K.), No. 23·9368 (T.M.), No. 22540281 and No. 20540274 (M.S.). K.N. is partially supported by funding available from the Department of Atomic Energy, Government of India for the Regional Centre for Accelerator-based Particle Physics (RECAPP), Harish-Chandra Research Institute.

A Z_N shifted orbifolding and basis transformation

In this appendix, we discuss the general form of Z_N shifted orbifold and its transformation into the simple form using a basis transformation of the torus bases. we can define the T^2/Z_N shifted orbifold as the general identification,

Z_N : y ∼ y + 1 N (r_1u_1 + r_2u_2), (A.1)

where N is some positive integer, and the g.c.d. of the integers r_1 and r_2, say r, is relatively prime with N. However, a choice of lattice bases (u_1, u_2) is not unique and we can take another lattice bases (u^′_1, u^′_2) using a matrix U ∈ SL(2, Z) as ( u^′_1 u^′_2 ) = U ( u_1 u_2 ) , (A.2) and a suitable choice of a new basis leads to the simple shifted orbifold form like eq.(2.21). Since we assumed that r is the g.c.d. of r_1 and r_2, both of them can be expressed as

r_1 = αr, r_2 = βr, (A.3)

where each of α and β is some integer. Since α and β are relatively prime with each other, there exist some integers γ and δ such that

αδ − βγ = 1 for^∃γ,^∃δ ∈ Z . (A.4)

Constructing the SL(2, Z) matrix U = ( α β γ δ ) , (A.5)

we can take a new bases ( u^′_1 u^′_2 ) = U ( u_1 u_2 ) , (A.6)

in which the shifted orbifold (A.1) is written as

Z_N : y ∼ y + r N u^′_1. (A.7)

Since r and N are relatively prime with each other, they satisfy

pr − qN = 1 for^∃p,^∃q ∈ Z . (A.8)

Using the above integer p, we can define the new identification as

Z^′_N : y ∼ y + pr N u_1 ∼ y + 1 N u_1, (A.9)

up to the torus identification.

In a similar way, we can define the (T^2 × T^2)/Z_N shifted orbifold as the general identification

Z_N : (y^{(1)}, y^{(2)}) ∼ ( y^{(1)} + 1 N (r_{11}u^{(1)}_1 + r_{12}u^{(1)}_2 ), y^{(2)} + 1 N (r_{21}u^{(2)}_1 + r_{22}u^{(2)}_2 ) ) , (A.10)

where N is some positive integer, each of r_{gj} (g, j = 1, 2) is some integer and r^{(g)} which are defined as the g.c.d. of r_{g1} and r_{g2} are relatively prime with N. Changing the lattice bases like eq.(A.7), we can rewrite this identification as

Z_N : (y^{(1)}, y^{(2)}) ∼ ( y^{(1)} + r^{(1)} N u^{(1)}_1 , y^{(2)} + r^{(2)} N u^{(2)}_1 ) . (A.11)

We have to note that each of r^{(g)} is relatively prime with N, i.e.

p_gr^{(g)} − q_gN = 1 for^∃p_g,^∃q_g ∈ Z . (A.12)

Using p_2, we can put r^{(2)} to 1 and define the new identification as

Z^′_N : (y^{(1)}, y^{(2)}) ∼ ( y^{(1)} + d N u^{(1)}_1 , y^{(2)} + 1 N u^{(2)}_1 ) , (A.13)

where

d ≡ p_2r^{(1)} > 0. (A.14)

The above Z^′_N shifted orbifolding is nothing but eq.(2.47).

In the case of (T^2 × T^2 × T^2)/(Z_N × Z_N ′ ), the situation is a little bit different. For the Z_N shifted orbifold, we can apply the same argument which leads us to the simple shifted orbifold

Z_N : (y^{(1)}, y^{(2)}, y^{(3)}) ∼ ( y^{(1)} + d N u^{(1)}_1 , y^{(2)} + 1 N u^{(2)}_1 , y^{(3)} ) , (A.15)

where each of N and d is some positive integer and d is relatively prime with N. However, for the Z_N ′ shifted orbifold, we cannot apply the same argument at the same time since we are unable to execute a basis transformation for the second torus anymore. It is because that we already executed a basis transformation for the second torus to simplify the Z_N shifted orbifold. Thus, for the second torus, we have to assume the general form when we consider the Z_N ′ shifted orbifold. However, for the third torus, we can still execute a basis transformation which means that Z_N ′ shifted orbifold is given by

Z_N ′ : (y^{(1)}, y^{(2)}, y^{(3)}) ∼ ( y^{(1)}, y^{(2)} + 1 N^′ (s_1u^{(2)}_1 + s_2u^{(2)}_2 ), y^{(3)} + d^′ N^′ u^{(3)}_1 ) , (A.16)

where each of N^′ and d^′ is some positive integer and each of s_1 and s_2 is some integer. When we define s^′ as the g.c.d. of s_1 and s_2, the g.c.d. of s^′ and d^′ is relatively prime with N^′.

B The degeneracy of spectrum on (T^2×T^2×T^2)/(Z_N × Z_N ′ × Z_N ′′) We here discuss the degeneracy of the spectrum on (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ) shifted orbifold with the identifications (2.70). We define N, N^′ and N^{′′} as

N ≡ l_1d_{12}d_{13}d_{123}, N^′ ≡ l_2d_{12}d_{23}d_{123}, N^{′′} ≡ l_3d_{13}d_{23}d_{123}, (B.1)

where any pair of l_1, l_2 and l_3 are relatively prime with each other, d_{123} is the g.c.d. of N, N^′ and N^{′′}, d_{12} is relatively prime with each of l_1, l_2 and d_{123}, d_{23} is relatively prime with each of l_2, l_3 and d_{123}, and d_{13} is relatively prime with each of l_1, l_3 and d_{123}. Since d_1 is the g.c.d. of N and N^′, d_2 is the g.c.d. of N^′ and N^{′′} and d_3 is the g.c.d. of N^{′′} and N, we can rewrite d_1, d_2 and d_3 as d_1 = d_{13}d_{123}, d_2 = d_{12}d_{123} and d_3 = d_{23}d_{123}, respectively. The magnitude of flux on each torus turns out to be of the form

M^{(1)} = t_1l_1l_3d_{13}d_{12}d_{23}d_{123}, M^{(2)} = t_2l_1l_2d_{13}d_{12}d_{23}d_{123}, M^{(3)} = t_3l_2l_3d_{13}d_{12}d_{23}d_{123},

(B.2)

where each of t_1, t_2 and t_3 is some integer. Then it follows that the number of degeneracy is given by

|M^{(1)}M^{(2)}M^{(3)}| NN^′N^{′′} = |t_1t_2t_3| NN^′N^{′′} d_1d_2d_3

, (B.3)

which is the result of eq.(2.71). When we want to construct (T^2 × T^2 × T^2)/(Z_N × Z_N ′ × Z_N ′′ ) shifted orbifold models with the three generations, there are only two possibilities up to the permutation of parameters for the magnitude of fluxes and the shift symmetries. One is (N, N^′, N^{′′}; M^{(1)}, M^{(2)}, M^{(3)}) = (3, 9, 3; 3, 9, 9) on t_1 = t_2 = t_3 = 1, l_1 = l_3 = d_{12} = d_{13} = d_{23} = 1 and l_2 = d_{123} = 3. The other is (N, N^′, N^{′′}; M^{(1)}, M^{(2)}, M^{(3)}) = (3, 9, 9; 9, 9, 9) on t_1 = t_2 = t_3 = 1, l_1 = l_2 = l_3 = d_{12} = d_{13} = 1 and d_{23} = d_{123} = 3.

C Redefinition of fields and α_i parameters

We consider the relation between the redefinition of fields A(z, z̄) and Φ(z, z̄) and α_i(∈ R) parameters in χ_i(z, z̄), which are given by

χ_1(z, z̄) = b 2Imτ

Im(z + a) + πα_1 q , χ_2(z, z̄) = b 2Imτ

Im(τ̄ (z + a)) + πα_2 q . (C.1)

Let us redefine Φ(z, z̄) in eq.(3.7), which has the U(1) charge q, by Φ(z, z̄) ≡ e^{iqRe(γ̄z)}Φ̃(z, z̄), (C.2) where γ is any complex number. With this the redefinition, the covariant derivatives for Φ can be written by (∂_z − iqA_z)Φ(z, z̄) = e^{iqRe(γ̄z)}(∂_z − iqÃ_z)Φ̃(z, z̄), (∂_{z̄} − iqA_{z̄})Φ(z, z̄) = e^{iqRe(γ̄z)}(∂_{z̄} − iqÃ_{z̄})Φ̃(z, z̄). (C.3)

Here we defined Ã_z and Ã_{z̄} as Ã_z ≡ A_z − γ̄/2 and Ã_{z̄} ≡ A_{z̄} − γ/2, respectively. Then the Wilson line phases of Ã are given by ã ≡ a − γImτ/b.

We notice that under the transformation Φ → Φ̃ and A → Ã, the Lagrangian density L is invariant, i.e. L(A, Φ) = L(Ã, Φ̃). Defining χ̃_i as

χ̃_1(z, z̄) ≡ χ_1(z, z̄) − Reγ, χ̃_2(z, z̄) ≡ χ_2(z, z̄) − Re(τ̄ γ), (C.4)

we can check that Ã and Φ̃ with χ̃_i satisfy Ã(z + 1, z̄ + 1) = Ã(z, z̄) + dχ̃_1(z, z̄), Ã(z + τ, z̄ + τ̄ ) = Ã(z, z̄) + dχ̃_2(z, z̄), Φ̃(z + 1, z̄ + 1) = e^{iqχ̃}1^{(z,z̄)}Φ̃(z, z̄), Φ̃(z + τ, z̄ + τ̄ ) = e^{iqχ̃}2^{(z,z̄)}Φ̃(z, z̄). (C.5)

If we take γ to satisfy πα_1 − qReγ = 0 and πα_2 − qRe(τ̄γ) = 0, we obtain ã = a − iπ(α_1τ̄ + α_2)/qb. Thus, since we can take any γ, we can always make α_i absorbed into the Wilson line phase a by the redefinition of fields. This result can be applied in the multi-torus case.

References

[1] D. Cremades, L. E. Ibanez and F. Marchesano, JHEP 0405 (2004) 079 [hep-th/0404229].

[2] R. Blumenhagen, L. Goerlich, B. Kors and D. Lust, JHEP 0010 (2000) 006 [hep-th/0007024].

[3] M. Sakamoto and S. Tanimura, J. Math. Phys. 44 (2003) 5042 [hep-th/0306006].

[4] Y. Kawamura, T. Kinami and K. Oda, Phys. Rev. D76 (2007) 035001 [hep-ph/0703195]; Y. Kawamura and T. Miura, Phys. Rev. D81 (2010) 075011 [arXiv:0912.0776 [hep-ph]].

[5] Y. Fujimoto, T. Nagasawa, K. Nishiwaki and M. Sakamoto, PTEP 023B07 (2013) 1 [arXiv:1209.5150 [hep-ph]]; Y. Fujimoto, K. Nishiwaki and M. Sakamoto, arXiv:1301.7253 [hep-ph].

[6] H. Abe, T. Kobayashi, H. Ohki, A. Oikawa and K. Sumita, arXiv:1211.4317 [hep-ph].

[7] H. Abe, K. -S. Choi, T. Kobayashi and H. Ohki, JHEP 0906 (2009) 080 [arXiv:0903.3800 [hep-th]].

[8] H. Abe, K. -S. Choi, T. Kobayashi and H. Ohki, Nucl. Phys. B820 (2009) 317 [arXiv:0904.2631 [hep-ph]].

[9] H. Abe, K. -S. Choi, T. Kobayashi and H. Ohki, Phys. Rev. D80 (2009) 126006 [arXiv:0907.5274 [hep-th]]; Phys. Rev. D81 (2010) 126003 [arXiv:1001.1788 [hepth]].

[10] M. Berasaluce-Gonzalez, P. G. Camara, F. Marchesano, D. Regalado and A. M. Uranga, JHEP 1209 (2012) 059 [arXiv:1206.2383 [hep-th]].

[11] Y. Hamada and T. Kobayashi, Prog. Theor. Phys. 128 (2012) 903 [arXiv:1207.6867[hep-th]].

[12] I. Antoniadis and T. Maillard, Nucl. Phys. B716 (2005) 3 [hep-th/0412008];

I. Antoniadis, A. Kumar and B. Panda, Nucl. Phys. B823 (2009) 116 [arXiv:0904.0910 [hep-th]].

[13] K. -S. Choi, T. Kobayashi, R. Maruyama, M. Murata, Y. Nakai, H. Ohki and M. Sakai, Eur. Phys. J. C67 (2010) 273 [arXiv:0908.0395 [hep-ph]]. T. Kobayashi, R. Maruyama, M. Murata, H. Ohki and M. Sakai, JHEP 1005 (2010) 050 [arXiv:1002.2828 [hep-ph]].

[14] P. Di Vecchia, R. Marotta, I. Pesando and F. Pezzella, J. Phys. A44 (2011) 245401 [arXiv:1101.0120 [hep-th]].

[15] H. Abe, T. Kobayashi, H. Ohki and K. Sumita, Nucl. Phys. B863 (2012) 1 [arXiv:1204.5327 [hep-th]].

[16] H. Abe, T. Kobayashi and H. Ohki, JHEP 0809 (2008) 043 [arXiv:0806.4748 [hep-th]].

[17] H. Abe, K. -S. Choi, T. Kobayashi and H. Ohki, Nucl. Phys. B814 (2009) 265 [arXiv:0812.3534 [hep-th]].

[18] K. -S. Choi and J. E. Kim, Lect. Notes Phys. 696 (2006) 1.

[19] A. N. Schellekens and N. P. Warner, Nucl. Phys. B308 (1988) 397.

[20] E. J. Chun and J. E. Kim, Phys. Lett. B238 (1990) 265.

[21] T. Kobayashi, N. Ohtsubo and K. Tanioka, Int. J. Mod. Phys. A8 (1993) 3553;

H. Kawabe, T. Kobayashi and N. Ohtsubo, Prog. Theor. Phys. 88 (1992) 431.

[22] K. -i. Kobayashi and M. Sakamoto, Z. Phys. C41 (1988) 55; M. Sakamoto, Mod.

Phys. Lett. A5 (1990) 1131. M. Sakamoto, Prog. Theor. Phys. 84 (1990) 351;

[23] Y. Imamura, M. Sakamoto and M. Tabuse, Phys. Lett. B266 (1991) 307; Y. Imamura, M. Sakamoto, T. Sasada and M. Tabuse, Nucl. Phys. B390 (1993) 291.

[24] S. Tanimura, J. Math. Phys. 43, 5926 (2002) [hep-th/0205053].

[25] H. Ishimori, T. Kobayashi, H. Ohki, Y. Shimizu, H. Okada and M. Tanimoto, Prog. Theor. Phys. Suppl. 183 (2010) 1 [arXiv:1003.3552 [hep-th]]; Lect. Notes Phys. 858 (2012) 1.

[26] T. Kobayashi, S. Raby and R. -J. Zhang, Nucl. Phys. B704 (2005) 3 [hep-ph/0409098]; T. Kobayashi, H. P. Nilles, F. Ploger, S. Raby and M. Ratz, Nucl. Phys. B768 (2007) 135 [hep-ph/0611020]; P. Ko, T. Kobayashi, J. -h. Park and S. Raby, Phys. Rev. D76 (2007) 035005 [Erratum-ibid. D76 (2007) 059901] [arXiv:0704.2807 [hep-ph]].