arXiv:1302.6202v1 [math.RT] 25 Feb 2013

AN ISOMORPHISM BETWEEN THE QUANTUM TOROIDAL AND SHUFFLE ALGEBRAS, AND A CONJECTURE OF KUZNETSOV

ANDREI NEGUT

Abstract. In this paper, we prove that the quantum toroidal algebra of ^gl_n is isomorphic to the double shuffle algebra of Feigin and Odesskii. The shuffle algebra viewpoint will allow us to understand some new geometric correspondences on affine Laumon spaces, which we later use to prove a conjecture of Kuznetsov about K−theory

1. Introduction

The quantum toroidal algebra U_q(g̈l_n) is defined, in the Drinfeld presentation, by certain generators and relations^1. There exists a triangular decomposition:

U_q (g̈l_n) = U^≤_q (g̈l_n) ⊗ U^≥_q (g̈l_n)

The shuffle algebra A^+ was defined by Feigin and Odesskii ([8]) as the space of certain symmetric rational functions which satisfy the vanishing properties of (4.5), with the multiplication given by the shuffle product of (4.2). A natural morphism between these two algebras was constructed in [4]:

Υ : U^≥_q (g̈l_n) −→ A^+

One of the main results of the present paper is to show that the above is an isomorphism, which essentially boils down to the statement that the shuffle algebra is generated by degree 1 elements. We will write down a bialgebra structure on the shuffle algebra A^+, which will allow us to construct its Drinfeld double A. The above isomorphism preserves this structure, so we prove:

Theorem 1.1. There exists an isomorphism Υ : U_q(g̈l_n) ∼= A.

The horizontal subalgebra U_q (ġl_n) ⊂ U_q (g̈l_n) was constructed in [7]. We show that Υ maps it onto the subalgebra B ⊂ A consisting of rational functions of slope 0. The notion of slope is inspired by [6], and it requires that the limits (7.7) exist and be finite for μ = 0. We also give explicit formulas for the images under Υ of the root generators e_{[i;j]} of the affine quantum group. Concretely, we prove:

1To avoid double hats above our symbols, in this paper will will often denote hats by points 1

Theorem 1.2. The isomorphism Υ sends U_q(ġl_n) onto B, via:

U_q (ġl_n) ∋ e_{[i;j]} −→ P_{[i;j]} ∈ B

where:

P_{[i;j]} = Sym 1 ( 1 −^{qzi}_{zi+1} ) ... ( 1 −^{qzj−1}_{zj} ) ∏ i≤a<b≤j ω(z_b, z_a) (1.1)

in the notation of Section 4.

We then turn to affine Laumon spaces, whose K−theory provides a natural geometric model for the shuffle algebra A. These spaces appear naturally in mathematical physics, geometry and representation theory as semismall resolutions of singularities of Uhlenbeck spaces for the affine Lie algebra ġl_n. In [10], we prove a conjecture of Braverman that relates the Nekrasov partition function of N = 2 rank n SUSY gauge theory with adjoint matter in the presence of a complete surface operator to the elliptic Calogero-Moser system. The proof of this result makes use of the equivariant K−theory group K of affine Laumon spaces. It was conjectured by Kuznetsov (see [5], [9]) that this group is acted on by U_q (ġl_n), and in the present paper we will prove this conjecture:

Theorem 1.3. There is a geometric action of the affine quantum group U_q (ġl_n) on K, and the latter is isomorphic to the universal Verma module.

In [1], Braverman and Finkelberg have constructed an action of the quantum group U_q(ṡl_n) on K. In [11], Tsymbaliuk has constructed an action of the quantum toroidal algebra U_q(g̈l_n) on K. The embedding U_q (ġl_n) ⊂ U_q(g̈l_n), already constructed in [7], proves that there exists some action of the quantum affine group on K. However, it seems very difficult to describe this action geometrically in the quantum toroidal picture, so we switch to the shuffle algebra viewpoint.

By Theorem 1.1, saying that U_q(g̈l_n) acts on K is equivalent to saying that A acts on K. However, the shuffle algebra has the advantage that it is possible to write down explicit elements without resorting to generators and relation. For example, we will study a large class of elements which generalize (1.1):

X_m = Sym m(z^i, ..., z^j ) ( 1 −^{qzi}_{zi+1} ) ... ( 1 −^{qzj−1}_{zj} ) ∏ i≤a<b≤j ω(z_b, z_a) ∈ A (1.2)

defined for any Laurent polynomial m(z_i, ..., z_j ). The action of X_m on K will be interpreted via the fine correspondences Z_{[i;j]} of Section 5. We have: Pic(Z_{[i;j]}) ⊃ Z · l_i ⊕ ... ⊕ Z · l_j

2 where l_k are classes of the so-called tautological line bundles of (5.2). Then our main geometric result, which implies Theorem 1.3, is:

Theorem 1.4. The action of the operator X_m ∈ A on K is via the class: m(l_iq^{−i}, ..., l_j q^{−j} ) on Z_{[i;j]}, which is interpreted as a correspondence on K in (5.3). A precise statement of this action will be given in Section 6.15.

Since our interests in geometry and representation theory are intertwined, we pursue both directions simultaneously. The structure of the paper is the following:

• In Section 2, we review affine Laumon spaces and their K−theory.

• In Section 3, we present the quantum toroidal algebra U_q(g̈l_n) and introduce its action on K, as defined in [11].

• In Section 4, we present the shuffle algebra A of [8], construct its Drinfeld double and show how it acts on K.

• In Section 5, we define the fine correspondences Z_{[i;j]} and use them to construct the geometric operators x_m on K.

• In Section 6, we present the machinery of fixed point and tautological classes that will prove Theorem 1.4.

• In Section 7, we prove Theorems 1.1 and 1.2.

• In Section 8, we finish the proof of Theorem 1.3. We also compute a shuffle element which gives the action of the geometric Ext operator of Carlsson-Okounkov.

I would like to thank Alexander Braverman, Michael Finkelberg and Andrei Okounkov for teaching me all about affine Laumon spaces, and for numerous very useful talks along the way. I am also grateful to Boris Feigin, Sachin Gautam, Aaron Silberstein, Valerio Toledano Laredo and Alexander Tsymbaliuk for their interest and help.

2. K−theory of Affine Laumon Spaces

2.1. In this section, we will define affine Laumon spaces. Consider the surface P^1 × P^1 and the divisors: D = P^1 × {0}, ∞ = P^1 × {∞} ∪ {∞} × P^1. A parabolic sheaf F is a flag of rank n torsion free sheaves:

2We conjecture that the above inclusion is an equality, though we will not need this fact

F_1 ⊂ ... ⊂ F_n ⊂ F_1(D) (2.1)

on P^1 × P^1, together with an isomorphism:

F_1|_∞ // ∼= fflffl ... // ∼= fflffl

F_n|_∞ // ∼= fflffl F_1(D)|_∞ ∼= fflffl O^{⊕n}_∞ (−D) // ... // O^{⊕n−1}_∞ ⊕ O_∞(−D) // O^{⊕n}_∞

(2.2)

The above is called framing at ∞, and it forces c_1(F_i) = −(n + 1 − i)D. On the other hand, −c_2(F_i) =: d_i can vary over all non-negative integers, and we therefore call the vector d = (d_1, ..., d_n) ∈ N^n the degree of the parabolic sheaf. The moduli space M_d of rank n degree d parabolic sheaves is a smooth quasiprojective variety of dimension 2|d| := 2(d_1 +...+d_n) called the affine Laumon space.

2.2. The maximal torus T_n ⊂ GL_n and the product C^∗ ×C^∗ act on M_d by changing the trivialization at ∞, respectively by multiplying the base P^1 × P^1. We will write T for the 2^{n+2}−fold cover of T_n × C^∗ × C^∗ , and in this paper we will be mostly concerned with the T −equivariant K−theory groups of Laumon spaces:

K^∗_T (M_d),

which are all modules over K_0 := K^∗_T (pt) = C [t^{±1}_1 , ..., t^{±1}_n , q^{±1}, q^{′±1}]. Here, t_1, ..., t_n, q, q^′ are the square roots of the usual coordinates on T_n × C^∗ × C^∗ , which exist because our torus is a 2^{n+2}−fold cover. Throughout this paper, our field of constants will be:

K := Frac(K_0 ) = C (t_1 , ..., t_n, q, q^′), and we consider: K = ⨁ d∈N^n K^∗_T (M_d) ⊗_{K0} K , (2.3)

which is an infinite-dimensional graded K −vector space.

2.3. Affine Laumon spaces come with universal sheaves S_i on M_d × P^1 × P^1. Pushing these forward along the standard projection p to M_d gives us tautological bundles T_k:

T_i = R^1p_∗S_i(−∞), T_i|_F = H^1(P^1 × P^1, F_i(−∞)) (2.4)

which have rank d_k over the connected component M_d. When we will wish to emphasize the fact that we are over the component M_d, we will denote the tautological bundles by T^d_i . We will also be concerned with the quotient sheaves S_i/S_{i−1}, perceive them as sheaves on M_d ×P^1 ×{0}, and push-forward to M_d. The resulting coherent sheaf W_i has the property that its class in K equals:

[W_i] = t^{−2}_i q^{−i−1} + q^{−i}(q − q^{−1}) ([T_i] − [T_{i−1}]) (2.5) The above equality in K−theory can also serve as a definition of W_i, and this will be enough for our purposes. In order to get more classes in K from these various sheaves on M, we need to apply the Λ construction, which we will define next.

2.4. On the K−theory of any variety, and important role is played by the Λ classes. These are given by: Λ(V, u) = rank V∑

i=0 (−u)^i[Λ^iV^∨]

for a vector bundle V, and they extend multiplicatively to all K−theory classes. For example, if we start off with a class: c = ∑ i l_i − ∑ j l_j , where l_i, l_j ∈ K^1_T , then its Λ class equals:

Λ(c, u) = ∏ i ( 1 −^u_{li} ) ∏ j ( 1 −^u_{lj} ) (2.6)

We can apply this construction to the sheaves (2.4) and (2.5), and obtain rational functions: Λ(T , u), Λ(±W, u) ∈ K(u) We call the coefficients of Λ(T , u) tautological classes. They are important because of the following result, to be proved in subsection 6.3.

Proposition 2.5. For any d ∈ N^n_0 , the vector space:

K_d := K^∗_T (M_d) ⨂ K_0 K is spanned by products of tautological classes.

3. The Quantum Toroidal Algebra 3.1. Consider the semigroup: N^n = {k = (k_1, ..., k_n), k_1, ..., k_n ≥ 0}, which is partially ordered via l ≤ k ⇔ l_i ≤ k_i for all i. A particularly important example of such vectors is k = [i; j] for i ≤ j, defined by:

k_a = #{integers ≡ a mod n in {i, ..., j}} (3.1) We introduce the following bilinear form:

⟨·, ·⟩ : N^n ⊗ N^n −→ Z, ⟨k, l⟩ = n∑ i=1 (k_il_i − k_il_{i+1})

where l_{n+1} := l_1, as well as its symmetric version: (k, l) = ⟨k, l⟩ + ⟨l, k⟩ Let us write ς_i = (0, ..., 0, 1, 0, ..., 0) for the generators of N^n . We will encounter the matrices:

b_{ij} = ⟨ς_i, ς_j ⟩ = 1 if i = j −1 if i = j − 1 0 otheriwse

, c_{ij} = (ς_i, ς_j ) =

2 if i = j −1 if i = j ± 1 0 otheriwse

3.2. Consider the algebra U^+_q (g̈l_n), generated by the coefficients of the series:

e_i(z) = ∑ k∈Z e_{i,k}z^{−k}, ∀ i ∈ {1, ..., n} modulo the relations:

(z − wq^{cij} ) e_i(z) · e_j (w) = (zq^{cij} − w) e_j (w) · e_i(z) (3.2) and:

e_{i±1}(w)e_i(z)e_i(z^′) − (q + q^{−1})e_i(z)e_{i±1}(w)e_i(z^′) + e_i(z)e_i(z^′)e_{i±1}(w)+

e_{i±1}(w)e_i(z^′)e_i(z) − (q + q^{−1})e_i(z^′)e_{i±1}(w)e_i(z) + e_i(z^′)e_i(z)e_{i±1}(w) = 0 (3.3) This algebra is bigraded by N^n × Z, with e_{i,k} of bidegree (ς_i, k). We will write U_q(g̈l_n)_{k,d} for the graded components.

3.3. Let us form the larger algebra U^≥_q (g̈l_n), generated by U^+_q (g̈l_n) together with commuting elements ψ_i and φ_{i,k} for all i ∈ {1, ..., n} and k ≥ 1, such that the ψ_i are invertible. We will often collect these new generators in the series:

φ_i(z) = ∑ k≥0 φ_{i,k}z^{−k} where φ_{i,0} = ψ_i ψ_{i+1} and they interact with the e_{i,k} via the following relations:

e_i(z) · ψ_j = q^{−bij} ψ_j · e_i(z) , e_i(z) · φ_j (w) = zq^{cij} − w z − wq^{cij} φ_j (w) · e_i(z) (3.4) The reason we have introduced this larger algebra is that U^≥_q (g̈l_n) is a bialgebra, given by the coproduct Δ(ψ_i) = ψ_i ⊗ ψ_i and:

Δ(φ_i(z)) = φ_i(z) ⊗ φ_i(z), Δ(e_i(z)) = φ_i(z) ⊗ e_i(z) + e_i(z) ⊗ 1 (3.5)

This algebra is also bigraded, with φ_{i,k} lying in bidegrees (0, k) and ψ_i in (0, 0).

3.4. There is a symmetric bigraded^3 pairing on U^≥_q (g̈l_n), given by (ψ_i, ψ_j ) = q^{δij} and:

(φ_i(z), φ_j (w^{−1})) = zq^{cij} − w z − wq^{cij} , (e_i(z), e_j (w^{−1})) = δ^j_i · (q − q^{−1})δ ( z w ) (3.6) where δ(z) = ∑ k∈Zz^k is the delta function. This pairing extends to the whole of U^≥_q (g̈l_n) via the property:

(a · b, c) = (a ⊗ b, Δ(c)) (3.7) for all a, b, c ∈ U^≥_q (g̈l_n). This pairing is known to be non-degenerate.

3.5. In general, a non-degenerate pairing with the property (3.7) above is called a bialgebra pairing. Consider any bialgebra A with product ∗ and coproduct Δ. The latter will often be written in Sweedler notation:

Δ(a) = a_{(1)} ⊗ a_{(2)} by which we imply that there is a sum in front of the tensor in the RHS. Assume that A possesses a bialgebra pairing. Given such a datum, we define the Drinfeld double of DA = A^{coop} ⊗ A as a K −vector space, with the property that A^− = A^{coop} ⊗ 1 and A^+ = 1 ⊗ A are both sub-bialgebras of A, and the extra condition that:

a^+_{(1)} ∗ b^−_{(2)} · (a_{(2)}, b_{(1)}) = b^−_{(1)} ∗ a^+_{(2)} · (b_{(2)}, a_{(1)}) ∀a ∈ A^+, b ∈ A^− (3.8) This latter condition teaches us how to commute elements from the two factors of the Drinfeld double, and it determines the bialgebra structure on the double from that of the two factors.

3.6. In our case, the quantum toroidal algebra U_q(g̈l_n) is defined as the Drinfeld double:

U_q (g̈l_n) = DU^≥_q (g̈l_n)/(ψ^+_i ψ^−_i = 1) It is generated by the ψ_i and the coefficients of power series:

e_i(z) = ∑ k∈Z e^+_{i,k}z^{−k}, f_i(z) = ∑ k∈Z e^−_{i,k}z^k, φ^±_i (z) = ∑ k≥0 φ^±_{i,k}z^{∓k}, under relations (3.2) and (3.3) above^4, together with the following: e_i(z) · ψ_j = q^{−bij} ψ_j · e_i(z), f_i(z) · ψ_j = q^{bij} ψ_j · e_i(z) 3That is, it only pairs non-trivially elements of the same bidegrees 4Also the same relations when we replace e i(z) by f_i(z^{−1})

e_i(z) · φ^±_j (w) = zq^{cij} − w z − wq^{cij} φ^±_j (w) · e_i(z), f_i(z) · φ^±_j (w) = z − wq^{cij} zq^{cij} − w φ^±_j (w) · f_i(z)

[e_i(z), f_j (w)] = δ^j_i · (q − q^{−1}) [ δ ( z w ) φ^−_i (w) − δ ( w z ) φ^+_i (z) ] (3.9)

3.7. The action of U_q (g̈l_n) on K was defined by Tsymbaliuk via certain simple correspondences. We prefer to give the action in terms of tautological classes. In other words, the following theorem follows from Theorem 2.15 of [11] coupled with Proposition 6.12 below:

Theorem 3.8. There is an action of U_q(g̈l_n) on K defined by:

ψ_i · c = (−1)^iq^{di−di−1−1} t_i · c, φ^±_i (z) · c = t_it_{i+1}q^{di−1−di+1+i+1} zΛ(W^∨_{i+1}, z^{−1}) Λ(W_i, zq^{−1}) · c for all c ∈ K_d,^5 and:

e_{i,k} s∈S_j∏

1≤j≤n Λ(T^d_j , s)

= t_{i+1}q^di^{−d}i+1^{+3} s∈S_j∏

1≤j≤n Λ(T^{d+ςi}_j , s) ∫ u^k Λ(W^∨_{i+1}, u^{−1}) ∏ s∈S_i ( 1 −^s_{uqi} )Du

f_{i,k} s∈S_j∏

1≤j≤n Λ(T^d_j , s) = t_iq^di−1^{−d}i^{+i} s∈S_j∏

1≤j≤n Λ(T^{d−ςi}_j , s) ∫ u^{−k} uΛ(−W_i, uq^{−1}) ∏ s∈S_i ( 1 −^s_{uqi} )_{−1} Du

where Du =^{du}_{2πi} and the integral is over any contour that separates Poles(Λ(±W)) from S_1 ∪ ... ∪ S_n ∪ {0, ∞}. Here the S_i are any finite sets of variables, and such products of tautological classes generate K by Proposition 2.5.

The operators e_{i,k} : K_d −→ K_{d+ςi} raise degree and are therefore called creation operators, while the operators f_{i,k} : K_d −→ K_{d−ςi} raise degree and are therefore called annihilation operators. Note that while the above formulas for the action of e_{i,k} and f_{i,k} only describe how they act on products of tautological classes, this is enough to specify how they act on the whole of K by Proposition 2.5.

4. The Shuffle Algebra

4.1. We will now present the shuffle algebra construction of [8]. For each index i ∈ {1, ..., n}, we consider an infinite set of variables z_{i1}, z_{i2}, .... We endow the variable z_{ij} with weight i modulo n, and we will often use the shorthand notation

wt z_{ij} = i for this. Consider the K −vector space:

5Note, however, that φ+ i (z) and ψ^−_i (z) are quite different from each other, simply because they are expanded in different powers of z: negative, respectively positive

V = ⨁ k∈N^n Sym_K (z_{11}, ..., z_{1k1} , ..., z_{n1}, ..., z_{nkn} ) (4.1) where Sym_K will always mean rational functions that are symmetric in z_{i1}, z_{i2}, ... for each i ∈ {1, ..., n} separately. We endow this vector space with a K −algebra structure via the shuffle product:

P (z_{11}, ..., z_{1k1} , ..., z_{n1}, ..., z_{nkn} ) ∗ P^′(z_{11}, ..., z_{1k}′_1 , ..., z_{n1}, ..., z_{nk}′_n ) = (4.2)

= Sym P (z_{11}, ..., z_{nkn} )P^′(z_{1,k1+1}, ..., z_{n,kn+k′n} ) n∏ i,i^′ =1 j≤k_i∏

j^′ >k^′_{i′} ω(z_{ij} , z_i′_j′ )

where:

ω(x, y) = x−y xq^{−1}−yq if wt x = wt y

1 if wt x ≠ wt y, wt y + 1 x−yq xq−y if wt x = wt y + 1

(4.3)

The algebra V is graded by k = (k_1, ..., k_n) ∈ N^n , the number of variables of our rational functions, and also by the total homogenous degree d ∈ Z of the rational functions. We denote by V_{k,d} the graded components.

4.2. Define the shuffle algebra A^+ as the subspace of (4.1) consisting of rational functions of the form:

P (z_{11}, ..., z_{nkn} ) = 1≤i≤n∏

1≤j<j^′ ≤k_i z_{ij} − z_{ij}′ z_{ij} q^{−1} − z_{ij}′ q · p(z_{11}, ..., z_{nkn} ) ∏_n i=1 ∏_{1≤j}′_{≤ki} 1≤j≤k_{i+1} (zi+1,j q − zij^′ ) (4.4) where p is a symmetric Laurent polynomial that satisfies the wheel conditions. Namely, for all i ∈ {1, ..., n}, we require:

p(..., zq^{−1}, ..., z, ..., zq, ...) = 0 (4.5) where the three variables singled out have degrees i, i ± 1 and i, and all other variables of p are left untouched. The following proposition is easy to prove, and we leave it to the reader:

Proposition 4.3. A^+ is closed under the product (4.2), and is thus an algebra.

4.4. The shuffle algebra is bigraded by the number of variables k ∈ N^n and also by the total homogenous degree d ∈ Z of our rational functions. We denote by:

A^+ = ⨁ k∈N^n A_k, A_k = ⨁ d∈Z A_{k,d} the bigraded components of the shuffle algebra. We will also encounter the involution τ : A^+ −→ A^+ given by:

P (..., z_{ij} , ...) −→ P (..., z^{−1}_{ij} , ...) n∏ i=1 k_{i+1}∏

j=1 k_i∏

j^′ =1

ω(z_{i+1,j} , z_{ij}′ ) (4.6)

which satisfies τ(f ∗ g) = τ(g) ∗ τ(f).

4.5. Define the algebra A^≥ to be generated by A^+ and commuting elements ψ_i and φ_{i,k} for all i ∈ {1, ..., n} and k ≥ 1, such that the ψ_i are invertible. Let us collect these generators in the series:

φ_i(z) = ∑ k≥0 φ_{i,k}z^{−k} where φ_{i,0} = ψ_i ψ_{i+1} and impose the following relation between them and shuffle elements P ∈ A^+_k :

P ∗ ψ_i = q^{−⟨k,ςi⟩}ψ_i ∗ P, P ∗ φ_i(z) = φ_i(z) ∗ P (z_{i′ j′} ) · n∏ i^′ =1 k_i′∏

j^′ =1 ω(z_i′_j′ , z) ω(z, z_i′_j′ ) (4.7)

where the variable z is thought to have weight i. We will see that the larger algebra A^≥ is actually a bialgebra.

Proposition 4.6. The assignments:

Δ(ψ_i) = ψ_i ⊗ ψ_i, Δ(φ_i(z)) = φ_i(z) ⊗ φ_i(z), and:

Δ(P ) = ∑ l∈N^n,l≤k ∏_{j>li} 1≤i≤n φi(zij ) · P (zi,j≤li ⊗ zi,j>li ) ∏_n i=1 ∏_n i^′ =1 ∏_{j≤li} j^′ >l_i′ ω(zi^′ j^′ , zij ) ∀P ∈ A_k (4.8)

extend to a coproduct^6 on A^≥. To think of the RHS as a tensor, we expand the rational function in question in non-negative powers of z_{ij} /z_i′_j′ for j ≤ l_i, j^′ > l_i′ , and place all powers of z_{ij} with j ≤ l_i to the left of the ⊗ sign, while all powers of z_{ij} with j > l_i go to the right of the ⊗ sign.

6All our coproducts are coassociative and respect the product: Δ(a ∗ b) = Δ(a) ∗ Δ(b)

4.7. Full statement of Theorem 1.1: There exists a bialgebra isomorphism:

Υ : U^≥_q (g̈l_n) −→ A^≥ (4.9)

given by:

U^≥_q (g̈l_n) ∋ e_{i,k} −→ z^k_i ∈ A^≥ U^≥_q (g̈l_n) ∋ φ_{i,k} , ψ_i −→ φ_{i,k} , ψ_i ∈ A^≥ This isomorphism allows us to define the pairing (3.6) on A^≥,^7 and therefore extends to an isomorphism between the Drinfeld doubles:

Υ : U_q(g̈l_n) −→ A := DA/(ψ^+_i ψ^−_i = 1)

4.8. As a consequence of the above and Theorem 3.8, we conclude that A acts on K. The diagonal generators ψ_i and φ_{i,k} act as in Theorem 3.8, while shuffle elements P^± ∈ A^± act by:

P^+ · s∈S_j∏

1≤j≤n Λ(T^d_j , s) = t^k_{•+1}q^{⟨k,d+k⟩+2|k|} s∈S_i∏

1≤i≤n Λ(T^{d+k}_i , s)

: ∫ : P (..., u_{ij} , ...) j≤k_i∏

1≤i≤n Λ(W^∨_{i+1}, u^{−1}_{ij} ) ∏ s∈S_i ( 1 −^s_{uij qi} ) Du_{ij} (4.10)

P^− · s∈S_j∏

1≤j≤n Λ(T^d_j , s) = t^k_•q^{−⟨d−k,k⟩−|k|+∑n}i=1^{ik}i s∈S_i∏

1≤i≤n Λ(T^{d−k}_i , s)

: ∫ : τ(P )(..., u_{ij} , ...) j≤k_i∏

1≤i≤n u_{ij} Λ(−W_i, u_{ij} q^{−1}) ∏ s∈S_i ( 1 −^s_{uij qi} )_{−1} Duij (4.11)

where t^k_• = ∏_k i=1 t^{ki}_i , t^k_{•+1} = ∏_k i=1 t^{ki}_{i+1} and τ is the involution of (4.6). Here, : ∫ : denotes the normal-ordered integral, defined by counting only some of the residues in the above multi-variable integrals. Namely, we only count the multivariable residues of the form:

{u_{ij} }, such that u_{ij} a pole of Λ(±W^∓, ∗) or u_{ij} = u_{i+1,j}′ q for some j^′ or u_{ij} = u_{ij}′ q^2 for some j^′ > j This residue is counted with a certain multiplicity. Namely, we call a chain a maximal sequence of variables of the same weight which fall in the third case above: u_{ij1} = u_{ij2} q^2 = ... = u_{ijl} q^{2(l−1)} for j_1 < j_2 < ... < j_l. The number l is called the length of the chain. Because the rational function P vanishes when u_{ij} = u_{ij}′ , chains are all disjoint. Then we count the above residue with multiplicity:

7We will give a formula for the pairing in terms of the shuffle algebra in Proposition 7.2

∏ chains length! ∏_n i=1 k_i!

4.9. The above residue count might seem strange, but it is imposed onto us by formulas of Theorem 3.8 for the action of degree one shuffle elements. Indeed, as a consequence of Theorem 1.1, any shuffle element P can be written as a linear combination of shuffle elements:

z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} = Sym z^{c1}_{i1} ...z^{ck}_{ik} ∏ 1≤a<b≤k ω(z_{ia} , z_{ib} ) (4.12)

for any sequences i_1, ..., i_k ∈ {1, ..., n} and c_1, ..., c_k ∈ Z. It is easy to see that the above residue counts for (4.10) and (4.11) are equal to the actual integrals: ∫ k∏ a=1 u^{ca}_a ∏ 1≤a<b≤k ω(u_a, u_b) · k∏ a=1 Λ(W^∨_{ia +1}, u^{−1}_a ) ∏ s∈S_{ia} ( 1 −^s_{ua qia} ) Du_1...Du_k (4.13) ∫ k∏ a=1 u^{−ca}_a ∏ 1≤a<b≤k ω(u_b, u_a) · k∏ a=1 Λ(−W_{ia} , u_aq^{−1}) ∏ s∈S_{ia} ( 1 −^s_{uaqia} )_{−1} Du1...Duk (4.14)

where the contours of integration separate the sets Poles(Λ(±W^∓, ∗)) from ∪^n_{i=1}S_i ∪ {0, ∞}, and are arranged from the former set to the latter in decreasing order of the indices a. This is precisely what one would obtain by applying the formulas of Theorem 3.8 k times to compute the action of the product z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} .

4.10. The advantage of describing the action on K in terms of the shuffle algebra rather than the quantum toroidal algebra is that we can write down a host of elements explicitly, without resorting to generators and relations. For example, we will encounter the following elements:

X_m(z_i, ..., z_j ) := Sym m(z^i, ..., z^j ) ( 1 −^{qzi}_{zi+1} ) ... ( 1 −^{qzj−1}_{zj} ) ∏ i≤a<b≤j ω(z_b, z_a) (4.15)

for any Laurent polynomial m(z_i, ..., z_j ) (the indices i ≤ j come as part of the datum of m). The above should be viewed as an element of the algebra (4.1) by replacing the variables z_a, z_{a+n}, ... with z_{a1}, z_{a2}, .... A particular example of such shuffle elements are the P_{[i;j]} of Theorem 1.2. Note that:

τ(X_m) = Sym m(z^{−1}_i , ..., z^{−1}_j ) ( 1 −^{qzi+1}_{zi} ) ... ( 1 −^{qzj}_{zj−1} ) ∏ i≤a<b≤j ω(z_a, z_b) Proposition 4.11. For any Laurent polynomial m(z_i, ..., z_j ), X_m is an element of the shuffle algebra A^+.

Proof We can write X_m in the form (4.4), with p equal to the symmetrization of: m(z_i, ..., z_j ) ∏_{b≡a} b<a(z_bq^{−1} − z_aq) ∏_{b≡a+1} a<b (z_b − z_aq) ∏_{b≡a+1} b<a (z_bq − z_a) ( 1 −^{qzi}_{zi+1} ) ... ( 1 −^{qzj−1}_{zj} ) ∏_{b≡a} b<a(z_b − z_a) The above is indeed a Laurent polynomial, since the factors z_{k+1} − qz_k in the denominator are canceled by the same factors in the numerator, and the simple pole at z_a − z_b (for a ≡ b) disappears after we take the symmetrization (since the order of the pole in a symmetric rational function must be even). Therefore, all we need to do is to show that the above Laurent polynomial vanishes at the specializations (4.5). We will show that by setting any three variables of weights i, i ± 1, i equal to zq^{−1}, z, zq. Suppose these variables are indexed by a, b, c, respectively. Depending on the order of these indices, we fall into one or more of the following situations:

• If c < a, then the first product in the numerator vanishes.

• If a < b − 1 (respectively b < c − 1) and ± = + (respectively ± = −), then the second product in the numerator vanishes.

• If b < c (respectively a < b) and ± = + (respectively ± = −), then the third product in the numerator vanishes.

Regardless of the relative order of a ≠ b ≠ c ≠ a, we will be in at least one of the above cases, so the Laurent polynomial vanishes at the wheel condition (4.5). Note that if we added any more factors to the denominator, the second bullet might fail to be true and our proof would break down. Therefore, the set of denominators in our elements X_m is maximal such that they still satisfy the wheel conditions that are defining of shuffle elements. □ 4.12. Recall the map Υ of Theorem 1.1. Its image in A^+ is spanned by products of simple monomials z^d_i , that is, shuffle elements of the form (4.12). The following proposition shows that the X_m are also of this form.

Proposition 4.13. For any i ≤ j and Laurent polynomial m(z_i, ..., z_j ), we have:

X_m ∈ Im Υ

Proof It is enough to assume m homogenous. We will prove the statement by induction on j −i, where the case j = i is trivial. Note that for any k ∈ {i, ..., j −1} and any homogenous Laurent polynomials m_1(z_1, ..., z_k) and m_2(z_{k+1}, ...z_j ),

X_{m2} ∗ X_{m1} = Sym m_1(z_i, ..., z_k)m_2(z_{k+1}, ..., z_j ) ( 1 −^{qzk}_{zk+1} ) ( 1 −^{qzi}_{zi+1} ) ... ( 1 −^{qzj−1}_{zj} ) ∏ i≤a<b≤j ω(z_b, z_a) By the induction hypothesis, the above shuffle element lies in Im Υ for all m_1 and m_2. Therefore, so does X_m for all Laurent polynomials m in the homogenous ideal:

(z_j − qz_{j−1}, ..., z_{i+1} − qz_i) ∈ K [z^{±1}_i , ..., z^{±1}_j ] Clearly, this graded ideal consists of all homogenous Laurent polynomials such that m(q^i, ..., q^j ) = 0. So in order to prove that X_m ∈ Im Υ for all homogenous Laurent polynomials m, it is enough to do so for a single homogenous polynomial m of any given degree such that m(q^i, ...., q^j ) ≠ 0. To this end, consider the shuffle element:

z^{ci}_i ∗ ... ∗ z^{cj}_j = Sym z^{ci}_i ...z^{cj}_j ∏ i≤a<b≤j ω(z_a, z_b) It lies in Im Υ for all c_i, ..., c_j ∈ Z. A suitable linear combination of these elements allows us to cancel the denominators, and we conclude that:

Sym z^{ci}_i ...z^{cj}_j a≡b∏ i≤a<b≤j (z_a − z_b) a≡b+1∏

i≤a<b≤j (z_a − qz_b) ∈ Im Υ for all c_i, ..., c_j ∈ Z. Another linear combination of these elements allows us to add some more factors, and we conclude that:

Im Υ ∋ Sym z^{ci}_i ...z^{cj}_j a≡b∏ i≤a<b≤j (z_a − z_b) a≡b+1∏

i≤a<b≤j (z_a − qz_b) b≡a+1∏

i<a+1<b≤j (z_b − qz_a) =

= Sym [ z^{ci}_i ...z^{cj}_j a≡b∏ a<b (z_aq − z_bq^{−1})ω(z_b, z_a) a≡b+1∏

a<b (z_a − qz_b) b≡a+1∏

a+1<b (z_bq − z_a)ω(z_b, z_a) ] =

= Sym z^{ci}_i ...z^{cj}_j a≡b∏ i≤a<b≤j (z_aq − z_bq^{−1}) a≡b+1∏

i≤a<b≤j (z_a − qz_b) b≡a+1∏

i<a+1<b≤j (z_bq − z_a)·

· ( q −^{zi}_{zi+1} ) ... ( q −^{zj−1}_{zj} ) ( 1 −^{qzi}_{zi+1} ) ... ( 1 −^{qzj−1}_{zj} ) ∏ i≤a<b≤j ω(z_b, z_a) = For any choice of c_i, ..., c_j ∈ Z, the numerator of the fraction does not vanish when we set z_k = q^k for all k ∈ {i, ..., j}. This concludes our proof. □ 4.14. We will now obtain an integral formula for how the elements X_m act on K. These shuffle elements differ from those of (7.4) simply in the denominators z_{a+1} z_a − q. However, these are canceled out by the numerator of ω, so they do not

contribute any actual poles to the residue count in Section 4.8. Therefore, this count produces the following formulas, by analogy with (4.13) and (4.14):

X^+_m · s∈S_l∏

1≤l≤n Λ(T^d_l , s) = t^{[i;j]}_{•+1}q^{⟨[i;j],d+[i;j]⟩+2(j−i+1)} s∈S_l∏

1≤l≤n Λ(T^{d+[i;j]} l , s) (4.16)

∫ m(u_i, ..., u_j ) ∏_{i≤a<b≤j} ω(u_b, u_a) ( 1 −^{qui}_{ui+1} ) ... ( 1 −^{quj−1}_{uj} ) j∏ a=i Λ(W^∨_{a+1}, u^{−1}_a ) ∏ s∈S_a ( 1 −^s_{ua qa} )Du_i...Du_j and:

τ(X_m)^− · s∈S_l∏

1≤l≤n Λ(T^d_l , s) = t^{[i;j]}_• q^{−⟨d−[i;j],[i;j]⟩−j+i−1+∑j}a=i^a s∈S_l∏

1≤l≤n Λ(T^{d−[i;j]} l , s) (4.17) ∫ m(u_i, ..., u_j ) ∏_{i≤a<b≤j} ω(u_b, u_a) ( 1 −^{qui}_{ui+1} ) ... ( 1 −^{quj−1}_{uj} ) j∏ a=i u_aΛ(−W_a, u_aq^{−1}) ∏ s∈S_a ( 1 −^s_{uaqa} )_{−1} Dui...Duj

where the contours of integration separate the sets Poles(Λ(±W)) from ∪^n_{k=1}S_k ∪ {0, ∞}, and are arranged from the former set to the latter in increasing / decreasing order of the indices a, depending on whether the sign is + / −. The reason why we need to change the order of the variables in the second formula is the involution τ.

5. The fine correspondences

5.1. We will now give a geometric interpretation to the formulas of the previous section. The conjecture of Kuznetsov that motivated Theorem 1.3 (see [5]) claimed that the action of ġl_n on the cohomology of affine Laumon spaces is given by the correspondences: C_{[i;j]} = {F^− ⊃^{[i;j]}_x F^+, x ∈ D\∞} ⊂ M_d− × M_d+ , where the notation ⊃^{[i;j]}_x means that the individual component sheaves of F^− and F^+ are contained inside each other, with the quotient giving a type [i; j] indecomposable representation of the cyclic quiver supported at x ∈ D. The main problem with these correspondences is that they are not smooth, and thus their structure sheaves do not give good operators in K−theory.

5.2. Instead, we will use the following fine correspondences:

Z_{[i;j]} = {F^i ⊃^i_x F^{i+1} ⊃^{i+1}_x ... ⊃^{j−1}_x F^j ⊃^j_x F^{j+1}, x ∈ D\∞}, (5.1)

where the notation F ⊃^k_x F^′ means that F_l ⊃ F^′_l for all l ∈ {1, ..., n}, and the quotients have length 1 if k ≡ l modulo n, and 0 otherwise. The map Z_{[i;j]} −→ C_{[i;j]} is birational and proper, and thus the two correspondences give rise to the same operator in cohomology. The advantage of the correspondence Z_{[i;j]} is that it is a linear combination of lci varieties, as will be shown in Subsection 5.11, so it has a well-behaved class in K−theory.

5.3. For each k ∈ {i, ..., j}, there is a tautological line bundle L_k on Z_{[i;j]}:

L_k|_{(F i⊃ix...⊃}j_{xF j+1)} = Γ(P^1 × P^1, F^k_k /F^{k+1}_k ) (5.2)

and let us write l_k = [L_k ] for its class in K−theory. Moreover, we consider the diagram:

Z_{[i;j]} Ø

¨ // M_d− × ... × M_d+ p^− wwooo ooo ooo ooo_p^+

’’OO OOO OOO OOO O

M_d− M_d+ which forget all but the first / last sheaf in the flag. For any Laurent polynomial m(z_i, ..., z_j ), we define the operator:

x^±_m : K −→ K, α −→ p^±_∗ ( m(l_iq^{−i}, ..., l_j q^{−j} ) · [Z_{[i;j]}] · p^{∓∗}(α) ) (5.3)

where [Z_{[i;j]}] denotes the modified structure sheaf of the fine correspondence. This class on Z_{[i;j]} will be a replacement for the structure sheaf of this highly singular variety, and in fact we will build it up out of lci varieties, via a procedure which we now describe.

5.4. To have a better grasp on the above operator, consider the larger variety:

Z_{[i;j]} = {F^i ⊃^i F^{i+1} ⊃^{i+1} ... ⊃^{j−1} F^j ⊃^j F^{j+1}}, (5.4)

where now each inclusion is free to be supported at any point ∈ D. It is equidimensional of dimension |d| + |d^′|, and it breaks up into components:

Z^λ_{[i;j]} = {F^i ⊃_{x1} ... ⊃_{x1} F^{i+λ1} ⊃_{x2} ... ⊃_{x2} F^{i+λ1 +λ2} ⊃_{x3} ...} (5.5)

as λ = (λ_1, λ_2, ...) goes over all ordered partitions of j − i + 1 and x_1, x_2, ... over all sets of distinct points of D.

5.5. In (5.4), points of the variety Z_{[i;j]} are described as flags of flags of sheaves. They can be alternatively written as commutative square diagrams of sheaves, as follows. Without loss of generality, let us assume i = 1 and j = n(k − 1) + r for 0 ≤ r < n, in order to ensure clear notation:

F_1 Ø

¨ //

F_2 Ø

¨ // ...Ø ¨ // F_r Ø

¨ // ...Ø ¨ // F_n Ø

¨ // ` r $$JJ JJJ JJJ JJ F_1(D)

F_{n+1} ?Ø OO Ø ¨ // F_{n+2}?Ø OO Ø ¨ // ...Ø ¨ // ?Ø

OO

F_{n+r} Ø

¨ // ?Ø OO

...Ø ¨ // ?Ø

OO

F_{2n} ?Ø OO Ø ¨ // ´ s &&LL LLL LLL LLL F_{n+1}(D) ?Ø OO

...?Ø OO Ø ¨ // ...?Ø OO Ø ¨ // ...Ø ¨ // ?Ø OO

...Ø ¨ // ?Ø OO ...Ø ¨ // ?Ø OO

...?Ø OO Ø ¨ // ...?Ø OO

F_{nk+1} ?Ø OO Ø ¨ // F_{nk+2}?Ø OO Ø ¨ // ...Ø ¨ // ?Ø OO

F_{nk+r} Ø ¨ // ?Ø OO

...Ø ¨ // ...Ø ¨ // F_{nk+1}(D) ?Ø OO

(5.6)

All the vertical arrows are colength 1 inclusions, with the support point located on D. There are exactly nk + r = j − i + 1 of them, once the rightmost column is identified with the twist of the leftmost column. To pass from this description to the one of (5.4), we simply set:

F^1 := {F_1 ⊂ F_2 ⊂ ... ⊂ F_n ⊂ F_1(D)} and then the parabolic sheaves F^2, F^3, ... are obtained from each other by succesively replacing the sheaves F_1, F_2, ... by the one directly underneath it in the square diagram.

5.6. For λ = (λ_1, λ_2, ...), the irreducible component Z^λ_{[i;j]} can be described as the locus of diagrams (5.6) which satisfy the following additional conditions:

• if we read the vertical colength 1 inclusions from left-right and then top-down (like the words on a page), the first λ_1 support points must coincide, the next λ_2 support points must coincide etc .

• there are inclusions F_{λ1+...+λt} ⊂ F_{λ1 +...+λt+ns+1} for all t ≥ 1, s ≥ 1, in a way compatible with the rest of the diagram^8.

In particular, for Z_{[i;j]} = Z^{(j−i+1)}_{[i;j]} the second condition is vacuous and the first simply asks that all the support points coincide, which is simply the definition (5.1).

5.7. On the other hand, for U_{[i;j]} := Z^{(1,...,1)}_{[i;j]} the first bullet is vacuous, but the second bullet requires that we have diagonal arrows from the upper left to the lower right corners of each square in the diagram (5.6). Therefore, a point of U_{[i;j]} can be written as a linear flag of torsion free sheaves (again take i = 1 and j = n(k−1)+r): F_{nk+1} ⊂ ... ⊂ F_1 ⊂ F_{nk+2} ⊂ ... ⊂ F_2 ⊂ ... ⊂ F_{nk} ⊂ ... ⊂ F_n ⊂ F_{nk+1}(D) This is a flag just as in (2.1), with the sole exception that the framing at the divisor ∞ ⊂ P^1 × P^1 is required to be:

8This condition models the fact that the support points from the previous bullet are distinct, for a generic point of Z^λ_{[i;j]}

O^{⊕n}_∞ (−D) ⊂ ... ⊂ O^{⊕n}_∞ (−D) ⊂ O^{⊕n−1}_∞ (−D) ⊕ O_∞ ⊂ ... ⊂ O^{⊕n−1}_∞ (−D) ⊕ O_∞ ⊂ ... ... ⊂ O_∞(−D) ⊕ O^{⊕n−1}_∞ ⊂ ... ⊂ O_∞(−D) ⊕ O^{⊕n−1}_∞ ⊂ O^{⊕n}_∞ Spaces of flags of torsion free sheaves with such more general framing conditions will be called generalized Laumon spaces, and they are all smooth by the same reason as affine Laumon spaces.

5.8. In [5], the authors have introduced the following rank |d| + |d^′| vector bundle on M_d × M_d′ :

E|_{F,F} ′ = Ext^1(F^′, F(−∞)) (5.7)

The notion of Ext space of flags of sheaves is defined in [5], where the following result is proved:

Proposition 5.9. The vector bundle E has a section s which vanishes set-theoretically on the locus: C = {(F ⊃ F^′)} ⊂ M_d × M_d′ Remark 5.10. When d = d^′, the locus is simply the diagonal and thus has the expected dimension. We conclude that the vanishing locus of s is scheme-theoretically equal to a multiple of the diagonal [Δ]. We conjecture that this multiple is equal to 1, although we will not need this.

5.11. Now we are able to explain why the subvarieties Z^λ_{[i;j]} ⊂ M_d × ... × M_{d+[i;j]} are linear combinations of lci subvarieties. Every ordered partition λ of j − i + 1 can be perceived as a (j − i + 1) × 1 rectangle where we draw some black vertical bars to separate the parts of the partition λ. The remaining vertical bars (which we will call white) determine another ordered partition μ of k, simply by inverting black and white:

In the above example, j − i + 1 = 11 and:

λ = (3, 1, 1, 2, 4) −→ μ = (1, 1, 4, 2, 1, 1, 1) With this in mind, we consider the smooth variety: U_{[i;i+μ1 −1]} × ... × U_{[i+μ1+...+μt−1 ;j]} (5.8) and the following vector bundle on it:

E_μ = t−1⨁ s=1 Ext^1(F^+_s , F^−_{s+1})

where F^−_s / F^+_s denote the first / last sheaf in U_{[i+μ1 +...+μs−1;i+μ1 +...+μs−1]}. We can consider the direct sum of the sections s from Proposition 5.9. By Remark 5.10, this direct sum vanishes on the locus: {(F^i ⊃^i ... ⊃^j F^{j+1})} ⊂ U_{[i;i+μ1 −1]} × ... × U_{[i+μ1+...+μt−1 ;j]} This locus is simply the union of Z^{λ′}_{[i;j]} for all partitions λ^′ ≤ λ. Here, the notation λ^′ ≤ λ means that the partition λ^′ is obtained from λ by breaking up some of its parts into smaller ones. We conclude that we have the following equality in the Chow group:

[Z^λ_{[i;j]}] + ∑ λ^′ <λ [Z^{λ′}_{[i;j]}] = [E_μ]

If we multiply these relations by −(−1)^{# parts of λ} and add them up over all λ, then all terms in the LHS drop out, except for [Z_{[i;j]}]:

[Z_{[i;j]}] = (−1)^{j−i+1} ∑ μ (−1)^{# parts of μ}[E_μ] (5.9)

The right hand side, as a class in the K−theory of the product M_d− × ... × M_d+ , will be our definition for the modified structure sheaf of Z_{[i;j]} that goes into (5.3). Note that it is equal to a sum of lci classes.

6. Fixed Points and Push-forwards

6.1. In [5], it was shown that the T −fixed points of M_d are indexed by collections of non-negative integers: d̃ = {d_{ii} ≥ d_{i+1,i} ≥ ..., 1 ≤ i ≤ n} such that ∑ i≤j d_{ji} = d_j . All our indices will be periodic modulo n, in the sense that d_{i+n,j+n} = d_{ij} . This latter condition implies that the above infinite descending sequences eventually stabilize to 0. Fixed points are important because equivariant K−theory is “concentrated” around these fixed points, as in the following localization formula:

c = ∑ d̃ [d̃] · c|_{d̃} Λ(T_{d̃}M, 1) ∀c ∈ K (6.1)

where [d̃] is the class of the skyscraper sheaf at the fixed point corresponding to d̃. Therefore, if we know that two K−theory classes are equal when resricted to all T −fixed points, we conclude that they are equal. We will call this delocalization.

6.2. Take a fixed point d̃ = {d_{kl}} and we claim that the character of T in the fiber of the tautological bundle T_k is:

char_T (T_k |_{d̃}) = ∑ l≤k d_{kl}−1∑

i=0 q^{2i}t^{−2}_l (6.2)

The dependence on q^′ can be found inside t_l := t_{l mod n} · q^′⌊^{ln} ⌋. By (2.5), the character in the fiber of the quotient sheaf W_k is:

char_T (W_k|_{d̃}) = ∑ l≤k q^{2dkl−k−1}t^{−2}_l − ∑ l≤k−1 q^{2dk−1,l −k−1}t^{−2}_l (6.3) 6.3. We can use our description of the fixed points to prove Proposition 2.5. In general, suppose we are given a vector space V = span(v_1, ..., v_p). Take a vector v = ∑ α_iv_i with all α_i ≠ 0, and a collection of commuting endomorphisms A_1, ..., A_k that are diagonal in the basis {v_1, v_2, ...}. It is easy to prove the assertion that the products: A^{β1}_1 ...A^{βk}_k · v, β_1, ..., β_k ∈ N_0 span the vector space V if and only if for any two different basis vectors v_i and v_j , there exists an l ∈ {1, ..., k} such that A_l has different eigenvalues on v_i and v_j .

We will use this assertion in the case when V = K^∗_T (M_d), v = 1 is the class of the structure sheaf, and {v_1, ..., v_p} is the basis of torus fixed points. We will choose A_k to be the operator of multiplication by the K−theory class:

Λ^1(T_k) = coefficient of u in Λ(T_k, u) This class has restriction equal to minus the dual of (6.2) at each of the fixed points, and therefore, at least one of these restrictions will be different between any two different fixed points. This proves Proposition 2.5.

6.4. In [5], it was shown that the character of T in the tangent space to M_d at a fixed point d̃ = {d_{kl}} equals:

char_T (T_{d̃}M) = n∑ k=1 ∑ l≤k t^2_l t^2_k · q^{−2dkl} − 1 q^{−2} − 1 + n∑ k=1 ∑ l^′ ≤k−1 t^2_k t^2_l′ · q^{2d(k−1)l′ +2} − q^2 q^2 − 1 +

n∑ k=1 l^′ ≤k−1 ∑ l≤k t^2_l t^2_l′ · (q^{2d(k−1)l′ +2} − q^2)(q^{−2dkl} − 1) q^2 − 1 − n∑ k=1 l^′≤k∑

l≤k t^2_l t^2_l′ · (q^{2dkl′ +2} − q^2)(q^{−2dkl} − 1) q^2 − 1 (6.4)

We will now delocalize this equality, meaning we will write a equality of K−theory classes which restricts to the above at all torus fixed points:

[T M] = n∑ k=1 t^{−2}_k · [T_k]^∨ + q^2t^2_k · [T_{k−1}] + (q^2 − 1)[T_k]^∨ ⊗ ([T_k] − [T_{k−1}]) =

= n∑ k=1 q^2t^2_k · [T_{k−1}] + q^{k+1}[T_k]^∨ ⊗ [W_k] = n∑ k=1 t^{−2}_k · [T_k ]^∨ + q^{−k}[T_k] ⊗ [W_{k+1}]^∨ (6.5)

6.5. Another formula which was worked out in [5] is the character in the tangent space to Z_i := Z_{[i;i]} at the torus fixed points. Since Z_i parametrizes pairs of parabolic sheaves F ⊃^i F^′ such that the quotient has length 1 and is supported on the i−th piece of the flag, fixed points of Z_i are parametrized by pairs of partitions:

(d̃, d̃^′) such that d̃^− ≤_i d̃^+ The notation d̃^− ≤_i d̃^+ means that d^−_{jk} = d^+_{jk} − δ^i_j δ^l_k for a unique l ≤ i. The following is the delocalized version of Proposition 4.21 of [5]:

[T Z_i] = p^{±∗}([T M]) ∓ p^{±∗}([W_{i+ε}]^∓) · l^{±1}_i q^{1∓(i+ε)} + q^2 − 1 (6.6)

where we write W^+ = W and W^− = W^∨, while ε is 1 or 0 depending on whether the sign is + or −. In the above, p^± : Z_i −→ M_d± are the standard projections, and l_i = [L_i] is the tautological line bundle on Z_i, whose restrictions are given by:

l_i|_{(d̃}−_{≤id̃}+_) = q^{2d−il} t^{−2}_l (6.7)

where l is the unique index such that d^−_{il} = d^+_{il} − 1.

6.6. A more general formula is the one for the character in the torus fixed fibers of the vector bundle E of (5.7). Given any two fixed points d̃^1, d̃^2 ∈ M^T , we have:

char_T (E_{d̃,d̃}′ ) = n∑ k=1 ∑ l≤k t^2_l t^2_k · q^{−2d1kl} − 1 q^{−2} − 1 + n∑ k=1 ∑ l^′ ≤k−1 t^2_k t^2_l′ · q^{2d2(k−1)l′ +2} − q^2 q^2 − 1 +

n∑ k=1 l^′ ≤k−1 ∑ l≤k t^2_l t^2_l′ · (q^{2d2(k−1)l′ +2} − q^2)(q^{−2d1kl} − 1) q^2 − 1 − n∑ k=1 l^′ ≤k∑

l≤k t^2_l t^2_l′ · (q^{2d2}kl^{′ +2} − q^2)(q^{−2d1kl} − 1) q^2 − 1

After simplification, the above will be a sum of monomials in q, t_1, ..., t_n, and it contains the trivial character 1 as a summand unless d̃ ≤ d̃^′. Delocalizing the above gives us:

[E] = n∑ k=1 t^{−2}_k · [T^1_k ]^∨ + q^2t^2_k · [T^2_{k−1}] + (q^2 − 1)[T^1_k ]^∨ ⊗ ([T^2_k ] − [T^2_{k−1}]) =

= n∑ k=1 q^2t^2_k · [T^2_{k−1}] + q^{k+1}[T^1_k ]^∨ ⊗ [W^2_k ] = n∑ k=1 t^{−2}_k · [T^1_k ]^∨ + q^{−k}[T^2_k ] ⊗ [W^1_{k+1}]^∨ (6.8)

where T^1_i and T^2_i denote the tautological bundles on the two factors of M × M.

6.7. We will now use the above fixed point computations to compute some pushforwards. But first, we need to consider some generalities. Take a proper map of algebraic varieties π : X −→ X_0 which is equivariant under a torus action, and a class l ∈ K^1_T (X). For any rational function P (u) ∈ K^∗_T (X_0)(u), we may consider the push-forward:

π_∗ (P (l)) ∈ K^∗_T (X_0). (6.9)

Now suppose that π factors as:

π : X_k^{πk}−→ ...^{π2}−→ X_1^{π1}−→ X_0 (6.10)

where each π_i is proper. We call the above a tower, and fix a class l_i ∈ K^∗_T (X_i) for each i ∈ {1, ..., k}. For any rational function P (u_1, ..., u_k) ∈ K^∗_T (X_0)(u_1, ..., u_k), we are interested in computing push-forwards of the form:

π_∗ (P (l_1, ..., l_k)) ∈ K^∗_T (X_0). (6.11)

Though each l_i is a class on X_i, we view it as a class on X_k and suppress the obvious pull-back maps.

6.8. For a single proper map π : X −→ X_0, let us assume that there exists a rational function f(u) ∈ K^∗_T (X_0)(u) such that:

π_∗ (P (l)) = ∫ P (u)f(u)Du, ∀P (u) ∈ K^∗_T (X_0)(u) (6.12)

where Du =^{du}_{2πi} and the integral is taken over a contour that separates the poles of P from those of f. Specifying the contour is necessary, because we want it to only pick up the poles of the rational function f. Relation (6.12) might seem like a formal artifice, but it comes up naturally in important situations:

Example 6.9. Suppose X = PV^∨ for some vector bundle V on X_0, and l = [O(1)] is the tautological line bundle. Then f(u) = Λ(−V, u) of subsection 2.4. In this case, the push-forwards (6.9) are simply K−theoretic analogues of Segre classes.

6.10. Take a tower as in (6.10) and suppose that for each proper map therein there exists a rational function f_i(u) fulfilling (6.12). Then by writing π = π_{1∗}...π_{k∗}, we can inductively conclude that:

π_∗ (P (l_1, ..., l_k)) = ∫ P (u_1, ..., u_k)f_1(u_1)...f_k(u_k)Du_1...Du_k (6.13) where the contours of integration all separate the poles of the functions f_i from those of the rational function P , in such a way that we only pick up the residues at the former.

6.11. Now we will apply the whole setup above to our situation.

Proposition 6.12. Consider the projections p^± : Z_i −→ M_d± , and the tautological line bundle l_i on Z_i. Then for any rational function m(u) with coefficients in K^∗_T (M_d± ), we have: p^±_∗ ( m(l_iq^{−i}) ) = ±1 1 − q^{−2} ∫ m(u)Λ(±W^∓_{i+ε}, u^{∓1}q^{ε−1})Du (6.14)

where ε = 1 or 0, depending on whether the sign is + or −. The integral is taken over a contour which separates the poles of Λ(±W^∓) from Poles(m)∪{0, ∞}.

Proof We can apply the equivariant localization formula (6.1) on Z_i and obtain: m(l_iq^{−i}) = ∑ d̃−≤_id̃+ [(d̃^−, d̃^+)] · m(l_i|_{d̃}−_{≤id̃}+ q^{−i}) Λ(T_{d̃}−_{≤id̃}+ Z_i, 1) ⇒

⇒ p^±_∗ ( m(l_iq^{−i}) ) = ∑ d̃± [ d̃±] Λ(T_{d̃}± M, 1) ∑ d̃−≤_id̃+ m(l_i|_{d̃}−_{≤id̃}+ q^{−i}) Λ(T_{d̃}−_{≤id̃}+ p^±, 1) (6.15) where T p^± = Cone(T Z_i −→ p^{±∗}T M) is the vertical tangent sheaf. Using (6.6), we see that:

[T p^±] = [T Z_i] − p^{±∗}([T M]) = ∓p^{±∗}([W_{i+ε}]^∓) · l^{±1}_i q^{1∓(i+ε)} + q^2 − 1 and therefore (6.15) equals: ∑ d̃± [ d̃±] Λ(T_{d̃}± M, 1) ∑ d̃−≤_id̃+ m(l_i|_{d̃}−_{≤id̃}+ q^{−i}) 1 − 1 1 − q^{−2} Λ(±W^∓_{i+ε}|_{d̃}± l^{±1}_i q^{1∓(i+ε)}, 1)

The term 1 − 1 = 0 which appears in the numerator of the above will cancel out with a single zero which appears in the rightmost Λ. By looking at (6.3), we can rewrite the above as: ∑ d̃± [ d̃±] Λ(T_{d̃}± M_d± ) ∑ d̃−≤_id̃+ m(lq^{−i}) (1 − 1) ∏ j≤i±1(1 − q ±2d^±_{i±1,j} −ε±it∓2 j l^{∓1}) (1 − q^{−2}) ∏ j≤i(1 − q^{±2d±ij −ε±i}t^{∓2}_j l^{∓1}) | |_{l=li|d̃−,d̃+} As a function of l, the poles of the above occur precisely at l = q^{2d±ij ∓2ε+i}t^{−2}_j , and by (6.7), these are precisely the various l_i|_{d̃}−_{,d̃}+ . Then we can apply the residue formula to write the above as: ±1 1 − q^{−2} ∑ d̃± [ d̃±] Λ(T_{d̃}± M_d± ) ∫ m(uq^{−i}) ∏ j≤i±1(1 − q ±2d^±_{i±1,j} −ε±it∓2 j u^{∓1}) ∏ j≤i(1 − q^{±2d±ij −ε±i}t^{∓2}_j u^{∓1}) Du =

= ±1 1 − q^{−2} ∑ d̃± ( [d̃^±] Λ(T_{d̃±} M_d± ) ∫ m(u)Λ(±W^∓_{i+ε}|_{d̃}± , u^{∓1}q^{ε−1})Du ) where in the last equality, we changed variables u −→ uq^i. Delocalizing, this gives precisely the RHS of (6.14). □ 6.13. We now need to generalize the above proposition to allow for any fine correspondences. Let c^±_{[i;j]} ∈ N be the number of elements in {i, ..., j} which are congruent to j+1 or i modulo n, depending on whether the sign is + or −.

Proposition 6.14. For a general p^± : Z_{[i;j]} −→ M_d± and any rational function m(z_i, ..., z_j ) with coefficients in K^∗_T (M_d± ), we have: p^±_∗ ( m(l_iq^{−i}, ..., l_j q^{−j} ) ) = −(∓1)^{j−i+1}q^{j−i−1+c±[i;j]} 1 − q^{−2} ∫ Du_i...Du_j m(u_i, ..., u_j ) ∏_j k=i Λ(±W^∓_{k+ε}, u^{∓1}_k q^{ε−1}) ( 1 −^{qui}_{ui+1} ) ... ( 1 −^{quj−1}_{uj} ) ∏ i≤a<b≤j ω(u_b, u_a) (6.16)

where the contours separate Poles(Λ(±W)) from the set Poles(m) ∪ {0, ∞}, and are arranged in order of the variables u_i, ..., u_j with u_i closest to / farthest from the former set, depending on whether the sign is + or −.

Proof The maps p^± : Z_{[i;j]} −→ M_d± can be written as projective towers (6.10):

p^+ : Z_{[i;j]}^{pi+}−→ Z_{[i+1;j]} −→ ... −→ Z_{[j;j]}^{pj+}−→ M_d+ p^− : Z_{[i;j]}^{pj−}−→ Z_{[i;j−1]} −→ ... −→ Z_{[i;i]}^{pi−}−→ M_d− We would like to compute the push-forwards under the individual maps p^{k±}. When the sign is +, consider the vector bundle E similar to that of Section 5.8, whose fibers are given by:

Ext^1(F^{k+1}, F^k(−∞))Ø

¨ //

fflffl E fflffl F^k × (F^{k+1} ⊃^x_{k+1} ... ⊃^x_j F^{j+1})Ø

¨ // M_dk × Z_{[k+1;j]}

It was shown in [5] that this bundle has a section which vanishes on the locus:

{F^k ⊃_k F^{k+1} ⊃^x_{k+1} ... ⊃^x_{j−1} F^j ⊃^x_j F^{j+1}}, Note that we have removed the condition on support for the first quotient in the above. This locus has two components: the first corresponds to the case where the first support point is x, and the second corresponds to the case where the second support point is different from x (in this latter case we need to take the closure). Both these components have the expected codimension, so we have:

[E] = [Z_{[k;j]}] + [Z_{[k+1;j]} ×_{Mdk+2} Z_k] Letting:

π : M_dk × Z_{[k+1;j]} −→ Z_{[k+1;j]}, ρ : Z_{[k+1;j]} ×_{Mdk+2} Z_k −→ Z_{[k+1;j]}

denote the standard projections, we can use the above equality to compute our push-forwards from Z_{[k;j]} to Z_{[k+1;j]}, for any rational function r: p^{k+}_∗ ( r(l_kq^{−k}) ) = π_∗ ( [E] · r(l_kq^{−k}) ) − ρ_∗ ( r(l_k q^{−k}) ) , The map ρ_∗ reduces to pushing forward along the projection Z_k −→ M_dk+2 . As for computing π_∗ ( [E] · r(l_k q^{−k}) ) , note that E only takes into account the first two sheaves of the flag. Therefore, it reduces to pushing forward along the projection Z_k −→ M_dk+1 , so both cases are covered by Proposition 6.12. We conclude that: p^{k+}_∗ ( r(l_k q^{−k}) ) = 1 1 − q^{−2} ∫ r(u) [ Λ(W^{k+1∨}_{k+1} , u^{−1}) − Λ(W^{k+2∨}_{k+1} , u^{−1}) ] Du (6.17)

One obtains a similar relation in the case of −: p^{k−}_∗ ( r(l_k q^{−k}) ) = −1 1 − q^{−2} ∫ r(u) [ Λ(−W^k_k , uq^{−1}) − Λ(−W^{k−1}_k , uq^{−1}) ] Du (6.18)

The fixed point formula tells us that, on a simple correspondence F ⊃_m F^′, we have the relation:

[W^′_m] = [W_m] + q^{−m}(q − q^{−1}) · l, [W^′_{m+1}] = [W_{m+1}] + q^{−m−1}(q^{−1} − q) · l,

and W^′_m′ = W_m′ for all m^′ ≠ m, m + 1. The above has the following effect on the Λ construction: Λ(W^∨_m′ , u^{−1}) = Λ(W^{′∨}_m′ , u^{−1})q^{−⟨ςm,ςm′ ⟩}ω(lq^{−m}, u), (6.19)

Λ(−W^′_m′ , uq^{−1}) = Λ(−W_m′ , uq^{−1})q^{⟨ςm,ςm′ ⟩}ω(u, lq^{−m}) (6.20) for all weights m and m^′, where u is thought to have weight m^′ − ε and l is thought to have weight m (this is relevant for the definition of ω from (4.3)) . Therefore, (6.17) and (6.18) become equal to: p^{k+}_∗ ( r(l_kq^{−k}) ) = −q^2

∫ r(u)Λ(W_{k+2∨k+1} , u_{−1}) 1 −^{qu} l_{k+1}q^{−k−1} Du =

= −q^2

∫ r(u)Λ(W_{+∨k+1}, u_{−1}) 1 −^{qu} l_{k+1} q^{−k−1} ∏ m>k q^{−⟨ςm,ςk+1⟩}ω(l_mq^{−m}, u)Du and: p^{k−}_∗ ( r(l_k q^{−k}) ) = q^2 ∫ r(u)Λ(−W^{k−1}_k , uq^{−1}) 1 −^{lk−1q−k+2}_u Du =

= q^2 ∫ r(u)Λ(−W^−_k , uq^{−1}) 1 −^{lk−1q−k+2}_u ∏ m<k q^{⟨ςm,ςk⟩}ω(u, l_mq^{−m})Du

We can use (6.13) to iterated the above push-forwards, and we obtain:

p^+_∗ ( m(l_iq^{−i}, ..., l_j q^{−j} ) ) = (−1)^{j−i}q^{2(j−i)−∑j+1≥a≥b≥i+1 ⟨ςa,ςb⟩} 1 − q^{−2} ∫ Du_i...Du_j m(u_i, ..., u_j ) ∏_j k=i Λ(W^∨_{k+1}, u^{−1}_k ) ( 1 −^{qui}_{ui+1} ) ... ( 1 −^{quj−1}_{uj} ) ∏ i≤a<b≤j ω(u_b, u_a) and: p^−_∗ ( m(l_iq^{−i}, ..., l_j q^{−j} ) ) = −q^{2(j−i)+∑i≤a<b≤j ⟨ςa,ςb⟩} 1 − q^{−2} ∫ Du_i...Du_j m(u_i, ..., u_j ) ∏_j k=i Λ(−W_k, u_kq^{−1}) ( 1 −^{qui}_{ui+1} ) ... ( 1 −^{quj−1}_{uj} ) ∏ i≤a<b≤j ω(u_b, u_a) Then (6.14) follows easily. □ 6.15. We can now use the above computation to connect the geometric operators x^±_m of (5.3) to the shuffle elements X^±_m, for every Laurent polynomial m(z_i, ..., z_j ).

Proof of Theorem 1.4 The precise claim is that:

ψ_{[i;j]+1}X^+_m = γ^+_{[i;j]}(1 − q^{−2}) · x^+_{m(zi,...,zj )} (6.21)

τ(X_m)^−ψ_{[i;j]} = γ^−_{[i;j]}(1 − q^{−2}) · x^−_{m(zi ,...,zj )zi...zj} (6.22) as operators on K, where the constants are: γ^+_{[i;j]} = −(−1)^{∑ja=i a}q^{−c+[i;j]} , γ^−_{[i;j]} = −(−1)^{∑ja=i a}q^{−c+[i;j]−3(j−i+1)+} ∑_j a=i a where recall that c^+_{[i;j]} counts the number of residues ≡ j + 1 in {i, ..., j}. To prove this, note that it suffices by Proposition 2.5 to show that the two sides have the same action on tautological classes. By (5.3), we have:

x^±_m s∈S_k∏

1≤k≤n Λ(T_k, s) = p^±_∗ m(l_iq^{−i}, ..., l_j q^{−j} ) s∈S_k∏

1≤k≤n Λ(p^{∓∗}T_k, s) Comparing the various tautological sheaves on the variety Z_{[i;j]}, we can write:

Λ(p^{∓∗}(T_k ), s) = Λ(p^{±∗}(T_k), s) a≡k∏ i≤a≤j ( 1 − s l_a )_{∓1}

and therefore:

x^±_m s∈S_k∏

1≤k≤n Λ(T_k, s) = s∈S_k∏

1≤k≤n Λ(T_k, s)·p^±_∗ m(l_iq^{−i}, ..., l_j q^{−j} ) s∈S_k∏

i≤k≤j ( 1 − s l_k )_{∓1} which according to (6.16) equals: −(∓1)^{j−i+1}q^{j−i−1+c±[i;j]} 1 − q^{−2} s∈S_k∏

1≤k≤n Λ(T_k, s)· ∫ m(u_i, ..., u_j ) ∏ a<b ω(u_b, u_a) ( 1 −^{qui}_{ui+1} ) ... ( 1 −^{quj−1}_{uj} ) j∏ k=i Λ(±W^∓_{k+ε}, u^{∓1}_k q^{ε−1}) ∏ s∈S_k ( 1 −^s_{uk qk} )_{±1} Duk Comparing this with (4.16) and (4.17) for the actions of the shuffle algebra element X_m of (4.15) on K gives us the desired result. □ 7. The Isomorphism U_q(g̈l_n) ∼= A

7.1. In the remainder of this paper, we will prove several remaining algebraic results, namely Theorems 1.1 and 1.2. We will now define a pairing on A^≥, though we will need to do this in several steps. Denote by:

~A^≥ ⊂ A^≥ (7.1)

the image of the map Υ : U^≥_q (g̈l_n) −→ A^≥. Once we prove Theorem 1.1, the above inclusion will become an equality, but for the time being let us prove the following:

Proposition 7.2. The assignments (φ_i(z), φ_j (w^{−1})) =^{ω(z,w)}_{ω(w,z)} and:

(z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} , P ) = (q − q^{−1})^k ∫ u_1 ≪...≪u_k P (u^{−1}_1 , ..., u^{−1}_k ) ∏ a<b ω(u^{−1}_a , u^{−1}_b ) k∏ a=1 u^{ca}_a Du_a (7.2)

9 for all i_1, ..., i_k ∈ {1, ..., n} and all c_1, ..., c_k ∈ Z extend to a well-defined bialgebra pairing: ~A^≥ ⊗ ~A^≥ −→ C which is compatible with the one on U^≥_q (g̈l_n) under the map Υ.

Proof While formula (7.29) defines the pairing on the whole of ~A^+ ⊗ ~A^+, one needs to show that it is well-defined, i.e. that it respects any possible linear relations between the products z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} . We will show that the pairing is symmetric, in the sense that: (z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} , z^{d1}_{j1} ∗ ... ∗ z^{dk}_{jk} ) = (z^{d1}_{j1} ∗ ... ∗ z^{dk}_{jk} , z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} ) (7.3) 9The variables ua should be thought of having weight ia. Because the rational function P is

symmetric among variables of the same weight, the order in which we place the u_a as arguments of P does not matter, as long as we place each variable in an argument of the same weight. Of course, if the number of arguments of a certain weight in P does not match up with that in z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} , then the two shuffle elements have different bidegrees and the pairing is set to be 0

The above pairings are non-trivial only if the sets of weights {i_1, ..., i_k} and {j_1, ..., j_k} are equal. Choose a permutation τ ∈ S(k) such that j_a ≡ i_{τ (a)} for all a. Then let us note that:

z^{d1}_{j1} ∗ ... ∗ z^{dk}_{jk} = σ∈S(k) ∑ j_{σ(a)} ≡j_a∀a z^{d1}_{jσ(1)} ...z^{dk}_{jσ(k)} ∏ 1≤a<b≤k ω(z_{jσ(a)} , z_{jσ(b)} ) (7.4)

Therefore, the LHS of (7.3) equals:

(q − q^{−1})^k ∫ u_1≪...≪u_k σ∈S(k) ∑ j_{σ(a)} ≡j_a∀a ∏ a<b ω(u^{−1}_{τ σ(a)}, u^{−1}_{τ σ(b)}) ω(u^{−1}_a , u^{−1}_b ) k∏ a=1 u^{ca}_a u^{−da}_{τ σ(a)}Du_a (7.5)

where the variable u_a is thought to have weight i_a. To prove (7.3), we need to show that (7.5) is symmetric when we change i ↔ j, c ↔ d and τ ↔ τ^{−1}. If we change variables to v_a = u_{τ σ(a)}, the above becomes (q^{−1} − q)^{−k} times: σ∈S(k) ∑ j_{σ(a)} ≡j_a ∀a ∫ v_{(τ σ)−1 (1)} ≪...≪v_{(τ σ)−1 (k)} a<b∏ τ σ(a)>τ σ(b) ω(v^{−1}_a , v^{−1}_b ) ω(v^{−1}_b , v^{−1}_a ) k∏ a=1 v^{ca}_{(τ σ)−1(a)}v^{−da}_a Dv_a

If we write ρ = τσ^{−1}τ^{−1} and w_a = v^{−1}_a , the above becomes (q^{−1} − q)^{−k} times: ρ∈S(k) ∑ i_{ρ(a)} ≡i_a∀a ∫ w_{τ −1ρ(1)} ≫...≫w_{τ −1ρ(k)} a<b∏ ρ^{−1} τ (a)>ρ^{−1}τ (b) ω(w_a, w_b) ω(w_b, w_a) k∏ a=1 w^{da}_a w^{−ca}_{τ −1ρ(a)}Dw_a If a < b are such that ρ^{−1}τ(a) < ρ^{−1}τ(b), then we can move move the contours from w_a ≫ w_b to w_a ≪ w_b, because we are not hindered by the poles of the fraction of ω’s. Therefore, the above expression equals:

(q − q^{−1})^k ρ∈S(k) ∑ i_{ρ(a)} ≡i_a ∀a ∫ w_1 ≪...≪w_k ∏ a<b ω(w^{−1}_{τ −1 ρ(a)}, w^{−1}_{τ −1ρ(b)}) ω(w^{−1}a , w^{−1}_b ) k∏ a=1 w^{da}_a w^{−ca}_{τ −1 ρ(a)}Dw_a (7.6)

We see that the above equals (7.5) after switching i ↔ j, c ↔ d and τ ↔ τ^{−1}, so (7.3) follows. We conclude that the pairing is symmetric.

The pairing is also easily seen to be non-degenerate in the second variable: if (7.29) vanishes for all collections of integers c_a, we conclude that P = 0. We will use this to show that the pairing is well-defined in the first variable. We need to prove that for any P_1, ..., P_k of the form (7.4) and any constants α_1, ..., α_k: k∑ i=1 α_iP_i = 0 =⇒ k∑ i=1 α_i(P_i, P ) = 0 ∀P ∈ ~A^+ Let us write P = ∑ β_j P^′_j for certain elements P^′_j of the form (7.4). Symmetry implies that

∑ i ∑ j α_iβ_j (P_i, P_j ) = ∑ i ∑ j α_iβ_j (P_j , P_i) = ∑ j β_j ( P_j , ∑ i α_iP_i ) = 0 because the pairing, as defined in (7.29) is certainly additive and well-defined in the second variable. To extend the pairing from ~A^+ to ~A^≥ via the bialgebra property, one needs to show that it respects relation (4.7), which is a straight-forward check that we leave to the reader. To finally conclude that (7.29) is a bialgebra pairing, one needs to show that: ( z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} ∗ z^{d1}_{j1} ∗ ... ∗ z^{dk}_{jk} , P ) = ( z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} ⊗ z^{d1}_{j1} ∗ ... ∗ z^{dk}_{jk} , Δ(P ) ) for any i’s, j’s, c’s and d’s. This is also straight-forward, and we leave it to the reader. Finally, to show that Υ preserves the bialgebra pairings, it is enough to show that they coincide on the degree one generators e_{i,k} ↔ z^k_i , which is obvious. □ 7.3. Proposition 4.13 claims that the shuffle elements:

X_m = Sym m(z^i, ..., z^j ) ( 1 −^{qzi}_{zi+1} ) ... ( 1 −^{qzj−1}_{zj} ) ∏ i≤a<b≤j ω(z_b, z_a) belong to ~A^+ for all Laurent polynomials m(z_i, ..., z_j ). We will need to prove a formula for pairing with X_m analogous with (7.29).

Proposition 7.4. Let us assume |q| < 1. For any element P ∈ ~A_{[i;j]}, we have:

(X_m, P ) = (q − q^{−1})^{j−i+1} ∫ u_j <_q ...<_q u_i m(u_i, ..., u_j )P (u^{−1}_i , ..., u^{−1}_j )Du_i...Du_j ( 1 −^{qui}_{ui+1} ) ... ( 1 −^{quj−1}_{uj} ) ∏ a<b ω(u^{−1}_b , u^{−1}a ) where r^′ <_q r means that rq < r^′ < r. The meaning of this assumption is that the only poles that should hinder us from moving the variables u_a apart are u_{a+1} = u_aq.

Proof It is enough to prove (7.29) for P of the form z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} , in which case the symmetry of the pairing implies: (X_m, z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} ) = (z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} , X_m) =

= z^{c1}_{i1} ∗ ... ∗ z^{ck}_{ik} , σ∈S({i,...,j}) ∑ σ(a)≡a ∀a m(z_{σ(i)}, ..., z_{σ(j)}) ( 1 −^{qzσ(i)} z_{σ(i+1)} ) ... ( 1 −^{qzσ(j−1)}_{zσ(j)} ) ∏ i≤a<b≤j ω(z_{σ(a)}, z_{σ(b)}) Now we need to play the same game of changing variables as in the proof of Proposition 7.2, in order to get the symmetrization away from the second term and onto the first. We will not review the steps here, since they are precisely those in the above mentioned proof. But let us note that at the last step, we cannot make u_{a+1} ≪ u_a because we are hindered by the pole at u_{a+1} = qu_a. Therefore, we must contend ourselves with keeping the contours at u_{a+1} <_q u_a for all a. □ 7.5. Using Proposition 7.2, we are now able to show that:

Υ : U^≥_q (g̈l_n) −→ A^≥ is injective. To do so, assume that Υ(a) = 0 for some a ∈ U^≥_q (g̈l_n). Then we have:

(Υ(a), Υ(b)) = 0 =⇒ (a, b) = 0 ∀b ∈ U^≥_q (g̈l_n) because Υ preserves the pairing. The fact that a = 0 is equivalent to the non-degeneracy of the pairing on U^≥_q (g̈l_n).

7.6. The graded components A_{k,d} of the shuffle algebra are, in general, infinitedimensional K −vector spaces. For P ∈ A_{k,d} and μ ∈ R, if the limits: lim ξ−→∞ P (..., z_{i1}, ..., z_{ili} , ξz_{i,li+1}, ..., ξz_{i,ki} , ...) ξ^{μ|k−l|} (7.7)

exist and are finite for all degree vectors 0 ≤ l ≤ k, then we say that P has slope ≤ μ. We denote by A^μ_{k,d} the subspace of shuffle elements of slope ≤ μ in A_{k,d}. The following proposition is a simple exercise, based on the fact that ω(x, y) remains finite when one of the variables goes to ∞.

Proposition 7.7. The vector space:

A^μ = d∈Z⨁ k∈N^n A^μ_{k,d} ⊂ A^+ is a subalgebra. In other words, the property of having slope ≤ μ is preserved under the shuffle product.

7.8. The notion of order is related to the coproduct of (4.8). Namely, suppose we take a shuffle element P ∈ A^μ_{k,d} and we look at the tensor Δ(P ). By definition of the coproduct in (4.8), we have:

Δ(P ) = l∈N^n∑

l≤k ψ_{k−l} ψ_{k−l+1} lim ξ−→∞ P (z_{i,j≤li} ⊗ ξ · z_{i,j>li} ) ξ^{μ|k−l|}q^{⟨l,k−l⟩} + (anything) ⊗ (slope < μ) (7.8)

where ψ_l = ∏_n i=1 ψ^{li}_i and ψ_{l+1} = ∏_n i=1 ψ^{li}_{i+1} for all l ∈ N^n . Recall that the tensor product inside the rational function P means that all powers of z_{i,j≤li} go to the left of the ⊗ sign, while all powers of z_{i,j>li} go to the right. In particular, it is easy to see that the leading term:

Δ_μ(P ) = l∈N^n∑

l≤k ψ_{k−l} ψ_{k−l+1} lim ξ−→∞ P (z_{i,j≤li} ⊗ ξ · z_{i,j>li} ) ξ^{μ|k−l|}q^{⟨l,k−l⟩} (7.9) is a coproduct on the subalgebra:

B^μ = d=μ|k| ⨁ k∈N^n A^μ_{k,d} ⊂ A^≥ (7.10)

Note that the generators ψ_i have to be added to B^μ in order for the above coproduct to be well-defined. The coproduct Δ_μ should be interpreted as the leading term of Δ to order μ. It is straightforward to show that the pairing (·, ·) on B^μ respects the bialgebra property with the above coproduct.

7.9. It is easy to note that the above subspaces form a filtration of A_{k,d}: A_{k,d} = ⋃ μ∈R A^μ_{k,d}, A^μ_{k,d} ⊂ A^{μ′}_{k,d} if μ ≤ μ^′ However, as opposed from A_{k,d} itself, the pieces of the filtration are all finite-dimensional. In fact, the following proposition gives some upper bounds for their dimensions:

Lemma 7.10. The dimension of A^μ_{k,d} is at most equal to the number of unordered collections: C = {(i_a, j_a, d_a)}_{a∈{1,...,t}}, (7.11) such that the following conditions hold: t∑ a=1 [i_a; j_a] = k t∑ a=1 d_a = d (7.12)

d_a ≤ μ(j_a − i_a + 1) ∀a ∈ {1, ..., t} (7.13) Recall that [i; j] denotes the particular degree vector in (3.1).

Proof This lemma and its proof are a generalization of Lemma 2.14 from [6]. Any shuffle element P is determined by the Laurent polynomial p of (4.4), which has total degree ∑_n i=1 k_ik_{i+1}. The fact that the limits (7.7) are finite implies that for all 0 ≤ l ≤ k, we have:

deg_{...,zi1,...,zili ,...} p(..., z_{i1}, ..., z_{iki} , ...) ≤ n∑ i=1 (k_il_{i+1} + l_ik_{i+1} − l_il_{i+1}) + μ n∑ i=1 l_i (7.14)

Let A^μ_{k,d} denote the set of symmetric Laurent polynomials p which satisfy the wheel conditions (4.5) and the above degree constraints. Then we need to prove the desired bound for the dimension of A^μ_{k,d}. Consider sets: C = {[i_1, j_1], ..., [i_t, j_t]} of intervals modulo n. If k = ∑_t a=1[i_u; j_u], then we will call such a set a partition of k and write C ⊢ k. We order the constituent intervals from 1 to t in descending order of length, where those of the same length can be placed in any order. Given k variables (which means k_i variables of weight i for each i ∈ {1, ..., n}), we can play the following game. Split up the variables into groups, each associated to one of the intervals [i_a; j_a], and set the variables in each interval equal to y_aq^{−ia} , ..., y_aq^{−ja} . This evaluation gives rise to a linear operator: ϕ_C : A^μ_{k,d} −→ K [y_1 , ..., y_t], p(..., z_{ij} , ...) −→ p|_{yaq}−ia_{,...,yaq}−ja (7.15)

Because p is symmetric, the way we split up the k variables among the intervals [i_a; j_a] does not matter. The image of ϕ_C is a partially symmetric polynomial, i.e. is symmetric in y_a and y_b whenever (i_a, j_a) − (i_b, j_b) ∈ Z(1, 1). Let us denote by S the space of such partially symmetric Laurent polynomials which satisfy the above degree condition and also the wheel conditions (4.5). We can filter the vector space A^μ_{k,d} by using these evaluation maps: A^{μ,C}_{k,d} = ⋂ C^′ >C ker ϕ_C′

where C^′ > C is the partial ordering on partitions, lexicographic in the set of lengths of these intervals (if the partition C is maximal, then we set A^{μ,C}_{k,d} = A^μ_{k,d}). It is very easy to see that: dim A^μ_{k,d} ≤ ∑ C dim ϕ_C (A^{μ,C}_{k,d} ) Then our lemma is implied by the following assertion:

dim ϕ_C (A^{μ,C}_{k,d} ) ≤ #(d_1, ..., d_t) (7.16)

such that conditions (7.12) and (7.13) hold. The above collections (d_1, ..., d_t) are partially ordered: we ignore the order of d_a and d_b if (i_a, j_a) ≡ (i_b, j_b) modulo n. Given p ∈ A^{μ,C}_{k,d} , the Laurent polynomial r = ϕ_C (p) has total degree ∑_n i=1 k_ik_{i+1}+d, while the degree in each variable is controlled by (7.14):

deg_{ya} (r) ≤ n∑ i=1 ( k_il^a_{i+1} + l^a_i k_{i+1} − l^a_i l^a_{i+1} ) + μ|l^a|, ∀a ∈ {1, ..., t} where l^a := [i_a; j_a]. We now claim that for all 1 ≤ a < b ≤ t, the Laurent polynomial r vanishes for:

• y_bq^{−x′} = y_aq^{−x+1} for all x ∈ [i_a, j_a) and x^′ ∈ [i_b, j_b] of weight ≡ x + 1

• y_bq^{−x′} = y_aq^{−x−1} for all x ∈ (i_a, j_a] and x^′ ∈ [i_b, j_b] of weight ≡ x − 1

• y_bq^{−x′+1} = y_aq^{−ia} for all x^′ ∈ [i_b, j_b] of the same weight as i_a − 1

• y_bq^{−x′−1} = y_aq^{−ja} for all x^′ ∈ [i_b, j_b] of the same weight as j_a + 1

The above are counted with the correct multiplicities. The first and second cases take place because of the wheel conditions (4.5). As for the last two cases, if we could set the variables equal to each other as prescribed there, we could splice together the longer interval [i_a; j_a] to part of [i_b; j_b], thus obtaining a collection C^′ which is larger than C in lexicographic order. The assumption p ∈ ∩_C′_{>C} ker ϕ_C′ tells us that this assignment must yield 0, hence the vanishing of r. It follows that r is divisible by the polynomial r_0 which is the product of the linear factors in the four bullets above. It is not hard to see that:

deg y_a(r_0) = n∑ i=1 ∑ b≠a ( l^a_i l^b_{i+1} + l^a_{i+1}l^b_i ) = n∑ i=1 l^a_i k_{i+1} + l^a_{i+1}k_i − 2l^a_{i+1}l^a_i (7.17)

while the total degree of r_0 equals:

deg(r_0) = n∑ i=1 ( k_ik_{i+1} − t∑ a=1 l^a_i l^a_{i+1} )

We conclude that the Laurent polynomial r/r_0 has total degree equal to ∑_n i=1 ∑_t a=1 l^a_i l^a_{i+1} + d, while (7.14) and (7.17) imply that:

deg y_a ( r r_0 ) ≤ n∑ i=1 l^a_i l^a_{i+1} + μ|l^a| Therefore, the polynomial^r_{r0} spans a vector space of dimension equal to the RHS of (7.16), since it is a sum of monomials in the y_a’s which satisfy the above inequality and are symmetric in y_a and y_b if (i_a, j_a) − (i_b, j_b) ∈ Z(1, 1). Therefore, (7.16) is proved, and with it, the lemma. □ 7.11. Now set μ =^d_{|k|} , and consider any P ∈ B^μ. Note that the numbers in the RHS of (7.16) are all at most equal to 1, for any partition C = {[i_1; j_1], ..., [i_a; j_a]} of the degree vector k. The reason for this is that the d_a are constrained by: d_a j_a − i_a + 1 = μ Such integers may exist only when μ(j_a − i_a + 1) ∈ Z for all intervals [i_a; j_a] in the collection C. We call such a collection viable, and it follows that the dimension of B^μ_{k,d} is at most equal to the number of viable collections. However, we can say more. Because the vector space in (7.16) is at most one-dimensional, tracing through the above proof shows that it is actually spanned by a single monomial in the y_a’s (which may or may not be 0). For such a monomial to vanish, it is enough for it to vanish in the limit when y_1 ≪ ... ≪ y_t, that is to satisfy:

lim y_1≪...≪y_t P (y_1q^{−i1} , ..., y_1q^{−j1} , ..., y_tq^{−it} , ..., y_tq^{−jt} ) y^{d1}_1 ...y^{dt}_t = 0 (7.18)

The above limit is precisely obtained by applying the coproduct t − 1 times to P , so it is equivalent to:

ϕ^{⊗t} ( component of Δ^{(t−1)}(P ) in B^μ_{[i1;j1 ]} ⊗ ... ⊗ B^μ_{[it;jt ]} ) = 0 (7.19)

where ϕ is the scaled evaluation map: ϕ : B^μ_{[i;j]} −→ K , ϕ(P ) = P (q^{−i}, ..., q^{−j} ) ∏ i≤x<y≤j ω(q −y, q^{−x}) 10 If all these expressions vanish, then P lies in the kernel of all the linear maps ϕ_C , and the proof of Lemma 7.10 implies that P = 0. To summarize:

Proposition 7.12. If P ∈ B^μ_k is such that (7.19) holds for all partitions C ⊢ k, then P = 0.

7.13. To prove that the upper bounds in Lemma 7.10 are attained, we need to introduce certain shuffle elements, particular cases of (4.15).

Proposition 7.14. For d > 0, consider the multiset:

S_{i,j,d} = { i + ⌊ a(j − i + 1) d ⌋ − δ^d_a, 0 ≤ a ≤ d } (7.20)

Then the shuffle element:

P^d_{[i;j]} := Sym ∏ k∈S_{i,j,d} zk ( 1 −^{qzi}_{zi+1} ) ... ( 1 −^{qzj−1}_{zj} ) z_j ∏ i≤a<b≤j ω(z_b, z_a) (7.21)

has bidegrees ([i; j], d) and slope ≤^d_{j−i+1} . In other words, P^d_{[i;j]} ∈ B^{dj−i+1} . Note that when d = 0, this shuffle element is precisely P_{[i;j]} of Theorem 1.2.

Proof Replacing d by d+(j −i+1) has the effect of multiplying the shuffle element by z_i...z_j , so it is enough to prove the proposition for d ∈ {0, ..., j−i} (moreover, this same periodicity allows us to extend the definition of P^d_{[i;j]} to d ≤ 0). The advantage of this assumption is that S_{i,j,d} becomes a set instead of a multiset. The statement about the bidegrees is immediate, so we will simply prove the statement about the slope. The slope condition asks that for any subset T ⊂ {i, ..., j}, multiplying the variables {z_k, k ∈ T } by ξ leaves the rational function (7.21) of order: O ( ξ^{d#Tj−i+1} ) From the form of ω(x, y) in (4.3), we see that it has a finite limit when either of its variables is sent to ∞. Therefore, it doesn’t contribute to the limit as ξ −→ ∞. Meanwhile, the power of ξ that we pick up from the numerator of (7.21) is #(S_{i,j,d} ∩ T ), counted with the multiplicities in the multiset S, while the power of

10The denominator has to be introduce to cancel the zeroes that appear in the denominator

of P (q^{−i}, ..., q^{−j} ) from the simple poles of P of the form z_{x+1}q − z_x, for all x ∈ {i, ..., j − 1}

ξ that we pick up from the denominator is the number of clusters of consecutive elements of T . So we need to show that for any subset T ⊂ {i, ..., j}, we have:

#(S_{i,j,d} ∩ T ) − # clusters in T ≤ d#T j − i + 1 (7.22)

To maximize the LHS of (7.22), the cluster must start and end with an element of S ∩ T , so it must be of the form: i + ⌊ a(j − i + 1) d ⌋ , ..., i + ⌊ b(j − i + 1) d ⌋

for some a ≤ b. The contribution of this cluster to (7.22) is: b − a ≤ d j − i + 1 (⌊ b(j − i + 1) d ⌋ − δ^d_b − ⌊ a(j − i + 1) d ⌋ + δ^d_a ) ⇔

⇔ { b(j − i + 1) d } − δ^d_b − { a(j − i + 1) d } + δ^d_a ≤ 1

Since the fractional part always lies in the interval [0, 1), the above inequality holds for all a and b. Moreover, we have equality if and only if b = d and d|a(j − i + 1), which means that we have equality in (7.22) if and only if the variables we multiply by ξ are: z_k, ..., z_j for some k such that j − i + 1|d(k − i). □ 7.15. A consequence of the above Proposition and formula (7.8) is that:

Δ(P^d_{[i;j]}) = ∑ i≤k≤j+1 ψ_k ψ_{j+1} P d(k−i) j−i+1 [i;k−1] ⊗ P d(j−k+1) j−i+1 [k;j] + (anything) ⊗ ( slope < d j − i + 1 ) (7.23)

where the sum goes over all k ∈ {i, ..., j + 1} such that the superscripts of P are integers. As for the coproduct on the smaller subalgebra B^{dj−i+1} , we have:

Δ_μ(P^d_{[i;j]}) = ∑ i≤k≤j+1 ψ_k ψ_{j+1} P d(k−i) j−i+1 [i;k−1] ⊗ P d(j−k+1) j−i+1 [k;j] (7.24)

Consider the a priori smaller algebra: ~B^μ = B^μ ⋂ ~A^≥ Then Propositions 4.13 and 7.14 imply that P^d_{[i;j]} ∈ ~B^{dj−i+1} . The advantage of looking at this smaller subalgebra is that it comes with the pairing (·, ·), which satisfies the bialgebra property (3.7) with respect to Δ_μ. In fact, we have the following:

Proposition 7.16. For any Q ∈ ~B^μ, we have:

(P^d_{[i;j]}, Q) = q^{∑dx=1}(^{i+}⌊^{xμ} ⌋)(q − q^{−1})^{j−i+1} (−1)^{j−i}Q(q^{−i}, ..., q^{−j} ) ∏ i≤a<b≤j ω(q −b, q^{−a}) (7.25)

for all d = μ(j − i + 1). In particular, we have:

(P^d_{[i;j]}, P^d_{[i;j]}) = q − q^{−1} (7.26)

Proof We will use Proposition 7.4, which says that:

(P^d_{[i;j]}, Q) = (q−q^{−1})^{j−i+1} ∫ u_j <_q ...<_q u_i (∏ a∈S_{i,j,d} ua ) Q(u^{−1}_i , ..., u^{−1}_j )Du_i...Du_j ( 1 −^{qui}_{ui+1} ) ... ( 1 −^{quj−1}_{uj} ) u_j ∏ a<b ω(u^{−1}_b , u^{−1}a ) As we try to move the contours past each other so as to insure u_{a+1} ≪ u_a, we will pick residues whenever: {u_i, ..., u_j } = {y_1q^{i1} , ..., y_1q^{j1} , ..., y_tq^{it} , ..., y_tq^{jt} } over partitions {[i_1; j_1], ..., [i_t; j_t]} of [i; j]. Let d_a = μ(j_a − i_a + 1). If t > 1, the corresponding residue is an integral over variables y_1 ≫ ... ≫ y_t, where the integrand has degree: ≤ #(S_{i,j,d} ∩ [i_t; j_t]) − 1 − ⌊d_t⌋ in the variable y_t. By (7.22), the above quantity is always ≤ d_t − 1 − ⌊d_t⌋ < 0, so the integrand vanishes as y_t −→ ∞. We conclude that the corresponding residue is 0, and therefore the only residue which survives is when t = 1 and our partition consists of a single interval. This precisely gives the first formula in the Proposition. Now to prove the second claim, (7.26). When we set the variables of P^d_{[i;j]} equal to q^{−i}, ..., q^{−j} , the only summand which does not vanish is the one corresponding to the identity permutation, hence:

P^d_{[i;j]}(q^{−i}, ..., q^{−j} ) = q^{− ∑dx=1}(^{i+}⌊^{xμ} ⌋) (q^{−1} − q)^{j−i} ∏ i≤a<b≤j ω(q −b, q^{−a}) Plugging this into (7.25) gives us (7.26). □ Corollary 7.17. The pairing (·, ·) is non-degenerate on ~B^μ.

Proof Suppose there exists Q ∈ ~B^μ_k in the kernel of the pairing. By taking its pairing with various products of P^d_{[i;j]}, Proposition 7.16 inductively shows that: ϕ^{⊗t} ( component of Δ^{(t−1)}(Q) in ~B^μ_{[i1;j1]} ⊗ ... ⊗ ~B^μ_{[it ;jt ]} ) = 0 for all viable partitions of k. Then Proposition 7.12 implies that Q = 0. □

7.18. Recall that the pairing (·, ·) is well-defined on ~B^μ and satisfies the bialgebra property (3.7) with respect to the coproduct Δ_μ of (7.9). In fact, one of the main steps in the proof of Theorem 1.1 is the following description of this smaller bialgebra:

Proposition 7.19. For any μ =^b_a with gcd(a, b) = 1, we have an isomorphism of bialgebras: [ U^≥_q (ġl n_{gcd(n,a)} ) ]_{⊗ gcd(n,a)} ∼= ~B^ba which preserves the pairing on both sides.

Note that Theorem 1.2 is the particular case of the above Proposition when b = 0 and a = 1, after taking the Drinfeld doubles of the algebras in question.

7.20. Before we can prove Proposition 7.19, let us recall from [3] the RTT presentation of the (positive half) of the affine quantum group. This is the algebra U^≥_q (ġl_n) defined by invertible elements ψ_1, ..., ψ_n together with the root generators: e_{[i;j]}, ∀i ∈ {1, ..., n}, ∀j ≥ i, These are N^n −graded by placing e_{[i;j]} in degree [i; j]. To give the relations between these generators, consider the algebra Mat^≥_∞ of upper triangular infinite periodic matrices: M = {m_{ij} }_{i≤j∈Z} such that m_{ij} = m_{i+n,j+n} ∀i, j ∈ Z where the multiplication of such matrices is the map:

(MM^′)_{ij} = ∑ k M_{ik}M^′_{kj} Similarly, one defines the algebra Mat^≤_∞ of lower triangular infinite periodic matrices. Letting E_{ij} denote the elementary symmetric matrix, we can define the following R−matrix:

R = n∑ i,j=1 q^{δij} E_{ii} ⊠ E_{jj} + (q − q^{−1}) n∑ i=1 ∑ i<j q^{δij+1} E_{ij} ⊠ E_{ji} (7.27)

We denote the tensor product of matrices by ⊠ in order to distinguish it from the tensor product ⊗ in the definition of the coproduct Δ. Note that the second tensor factor is lower triangular.

7.21. Let us place all the generators of U^≥_q (ġl_n) in the upper triangular infinite periodic matrix T given by: T_{ii} = ψ_i, T_{ij} = ψ_j · e_{[i;j−1]} ∀i < j Then the relations between the generators are given by the following RTT relation:

RT_1T_2 = T_2T_1R, (7.28) where T_1 = T ⊠ 1 and T_2 = 1 ⊠ T . Further, let us consider the coproduct:

Δ(T ) = T ⊗ T (7.29) 11 and the pairing:

(T_1, T^†_2 ) = R (7.30) where † simply means transpose. Explicitly in the root generators, the coproduct and the pairing are given by:

Δ(e_{[i;j]}) = j+1∑ k=i ψ_k ψ_{j+1} e_{[i;k−1]} ⊗ e_{[k;j]}, (e_{[i;j]}, e_{[i;j]}) = q − q^{−1} (7.31)

Proposition 7.22. The above data makes U^≥_q (ġl_n) into a bialgebra.

Proof The coassociativity of Δ is immediate from (7.29). To show that it extends multiplicatively from the generators to the whole algebra, we need to prove that it respects relation (7.28):

Δ(RT_1T_2) = RΔ(T_1)Δ(T_2) = R(T_1 ⊗ T_1)(T_2 ⊗ T_2) =

= RT_1T_2 ⊗ T_1T_2 = T_2T_1R ⊗ T_1T_2 = T_2T_1 ⊗ RT_1T_2 = T_2T_1 ⊗ T_2T_1R =

= (T_2 ⊗ T_2)(T_1 ⊗ T_1)R = Δ(T_2)Δ(T_1)R = Δ(T_2T_1R) where the equalities on the first and third lines are simply formal, and those on the second line (except for the middle ones) are applications of (7.28). We conclude that U^≥_q (ġl_n) is a bialgebra, and we now want to show that (7.30) extends to a bialgebra pairing via (3.7). To this end, let us write R_{12} = R ⊠ 1, T_3 = 1 ⊠ 1 ⊠ T , and then apply (3.7) to compute the following 3-tensors:

(R_{12}T_1T_2, T^†_3 ) = R_{12}(T_1 ⊗ T_2, Δ(T_3)) = R_{12}(T_1, T^†_3 )(T_2, T^†_3 ) = R_{12}R_{13}R_{23}

(T_2T_1R_{12}, T^†_3 ) = (T_2 ⊗ T_1, Δ(T_3))R_{12} = (T_2, T^†_3 )(T_1, T^†_3 )R_{12} = R_{23}R_{13}R_{12} The equality between the RHS of the two above relations is the well-known Yang- Baxter equation, so we onclude that the two LHS are also equal. This implies that the pairing (7.30) extends via (3.7) to a bialgebra pairing on the whole of U^≥_q (ġl_n). □ 11The relation between the symbols ⊗ and ⊠ is the following: elementary matrices E ij and E_i′_j′ get multiplied when they have ⊗ between them, but not ⊠. On the other hand, algebra generators T_{ij} and T_i′_j′ get multiplied when they have ⊠ between them, but not ⊗

7.23. Another description of U^≥_q (ġl_n) is that it is isomorphic to the Hall algebra of the cyclic quiver. We will not review this fact here, but will say that it implies that the dimension of U^≥_q (ġl_n) in degree k ∈ N^n is equal to the number partitions of the degree vector k (recall that a partition is an unordered collection of intervals [i; j] whose degree vectors sum up to k). We are now in position to prove Proposition 7.19:

Proof of Proposition 7.19: We need to prove that: [ U^≥_q (ġl n_g ) ]_{⊗g Ξ} ∼= ~B^ba (7.32)

where g = gcd(n, a). Denote the root generators in the factors of the LHS by e^{(1)}_{[i;j]}, ..., e^{(g)}_{[i;j]} for indices i and j modulo^n_g , and the Cartan generators by

ψ^{(1)}_i , ..., ψ^{(g)}_i for i ∈ { 1, ...,^n_g } . Construct the map Ξ of (7.32) by: ψ^{(x)}_i^Ξ−→ ψ_{ia+x}, e^{(x)}_{[i;j−1]}^Ξ−→ P^{b(j−i)}_{[ia+x;ja+x−1]} for all x ∈ {1, ..., g}, i ∈ {1, ..., n/g} and j > i. Comparing (7.23) and (7.26) with (7.31), we see that the coproduct Δ and the pairing are preserved under the above correspondence. We will use this fact to show that the map Ξ preserves relations, and thus gives rise to an algebra homomorphism. Any relation in the domain of Ξ is of the form: ∑ const ∏ ψ^{(x)}_i ∏ e^{(x)}_{[i;j−i]} = 0 (7.33)

and we want to show that the corresponding relation: ∑ const ∏ ψ_{ia+x} ∏ P^{b(j−i)} [ia+x;ja+x−1] = 0 holds in ~B^{ba} . By Corollary 7.17, it is enough to show that the above relation pairs trivially with all possible products of P^{b(j−i)}_{[ia+x;ja+x−1]}’s and ψ_{ia+x}’s. By the bialgebra property (3.7), the coproduct reduces such pairings to a product of with pairings of individual P^{b(j−i)}_{[ia+x;ja+x−1]} and ψ_{ia+x}’s. Since these pairings are

preserved under Ξ, it is enough to check this relation among the e^{(x)}_{[i;j−i]} and ψ^{(x)}_i ’s, where we already know that it holds, because of (7.33). We have thus showed that Ξ is an algebra homomorphism.

By construction, Ξ preserves the coproduct and the pairing. By the previous paragraph, an element in the codomain is 0 if and only if it pairs trivally with elements in the image, which implies that Ξ is surjective. To prove that it is injective, we use the fact that the pairing on the LHS of (7.32) is non-degenerate, and use the argument of Section 7.5. □ 7.24. Proposition 7.19 actually establishes much more. The map Ξ is an isomorphism, but in every degree k, the dimension of the algebra in the LHS is exactly equal to the number of viable partitions of k. By Lemma 7.10, the dimension of B^μ is ≤ that same number. This implies that:

B^μ = ~B^μ (7.34)

and therefore the dimension of B^μ_k equals the number of viable partitions of k, i.e. those partitions C = {[i_1; j_1], ..., [i_t; j_t]} such that μ(j_a − i_a + 1) ∈ Z for all a. Let v^μ_1 , v^μ_2 , ... be a linear basis of B^μ.

Proof of Theorem 1.1: We have already shown that Υ is an injective map of bialgebras which preserves the pairings, so all we need to prove is that it is surjective, i.e.

~A^+ = A^+

By (7.34), it is enough to show that A^+ is generated by the various B^μ. And to do that, it is enough to show that the filtration subspaces A^μ ⊂ A^+ are generated by the various v^{μ′}_i for μ^′ ≤ μ. Indeed, consider all products: μ_1 <...<μ_t≤μ ∏ i_1 ,...,i_t v^{μ1}_{i1} ...v^{μt}_{it} (7.35) Note that the above are all elements of A^μ, and moreover their number is precisely equal to the upper bound of Lemma 7.10. Therefore, to conclude the proof, it is enough to show that the above products are all linearly independent. This can be seen by applying Δ to the element (7.35): the second tensor factor will always have elements of slope ≤ μ_t, and v^{μt}_{it} only features in one such summand. Since the v^{μt}_{it} are all linearly independent, a maximality argument shows that the elements (7.35) are also independent. □ 8. Back to K

8.1. With the algebraic results of the previous section, we may revisit the K−theory group of affine Laumon spaces. Theorems 1.2 and 1.4 say that the subalgebra U_q(ġl_n) ⊂ U_q (g̈l_n) acts on K by sending the positive root generators ψ_{[i;j]+1}e^+_{[i;j]} to the geometric correspondence:

α −→ γ^+_{[i;j]}(1 − q^{−2}) · p^+_∗ ( [Z_{[i;j]}] · p^{−∗}(α) ) (8.1)

As for e^−_{[i;j]}, all that (6.22) claims is that τ(e^−_{[i;j]})ψ_{[i;j]} acts via the transposed correspondence:

α −→ γ^−_{[i;j]}(1 − q^{−2}) · p^−_∗ (_j ∏ k=i (l_kq^{−k}) · [Z_{[i;j]}] · p^{+∗}(α) )

where τ is the involution of (4.6). Under the isomorphism Υ, the algebra element τ(e^−_{[i;j]}) is the negative counterpart of the shuffle element τ(P_{[i;j]}) ∈ A^+. It is easy to see that τ(P_{[i;j]}) actually lies in the smaller algebra B^+ ∼= U^+_q (ġl_n), but we need to identify it in terms of the root generators of U_q (ġl_n).

Proposition 8.2. The isomorphism Υ : U^≥_q (ġl_n) −→ B^+ defined by sending e_{[i;j]} −→ P_{[i;j]} also sends:

(−1)^{j−i+1}ψ_i · S(e_{[i;j]}) · ψ^{−1}_{j+1} −→ τ(P_{[i;j]}) where S is the antipode map.

Proof The antipode map is an antiautomorphism of U^≥_q (ġl_n) best described in terms of the infinite matrix terminology of (7.28), in which we have:

S(T ) = T^{−1} Therefore, S(ψ_i) = ψ^{−1}_i , while S(e_{[i;j]}) is obtained from the matrix coefficients of the inverse matrix T . However, it is easy to check that:

Δ(S(T )) = S(T ) ⊗ S(T ), (S(T_1), S(T^†_2 )) = R which implies that f_{[i;j]} := (−1)^{j−i+1}ψ_iS(e_{[i;j]})ψ^{−1}_{j+1} satisfies:

Δ(f_{[i;j]}) = j+1∑ k=i ψ_i ψ_k f_{[k;j]} ⊗ f_{[i;k−1]}, (f_{[i;j]}, f_{[i;j]}) = q − q^{−1}

On the other hand, we have:

τ(P_{[i;j]}) = Sym 1 ( 1 −^{qzi+1}_{zi} ) ... ( 1 −^{qzj}_{zj−1} ) ∏ i≤a<b≤j ω(z_a, z_b) By analogy with (7.24) and (7.26), we see that:

Δ(τ(P_{[i;j]})) = j+1∑ k=i ψ_i ψ_k τ(P_{[k;j]} ) ⊗ τ(P_{[i;k−1]}), (τ(P_{[i;j]}), τ(P_{[i;j]})) = q − q^{−1}

Therefore, we see that τ(P_{[i;j]} ) and f_{[i;j]} satisfy the same coproduct and pairing relations. The non-degeneracy of the coproduct and the pairing on U^≥_q (ġl_n) imply that these elements must be equal, by an argument similar with the proof of proposition 7.19. □ 8.3. The above Proposition implies that the element (−1)^{j−i+1}ψ^{−1}_i S(e_{[i;j]})^−ψ_i in the negative part of the affine quantum group acts on K via the correspondence:

α −→ γ^−_{[i;j]}(1 − q^{−2}) · p^−_∗ (_j ∏ k=i (l_kq^{−k}) · [Z_{[i;j]}] · p^{+∗}(α) ) (8.2)

Proof of Theorem 1.3: Formulas (8.1) and (8.2) define the action of the positive and negative root generators of U_q(ġl_n) on K, and it follows from Theorems 1.1 and 1.2 that this action is well-defined. The last thing we need to prove is that this action makes K isomorphic to the Verma module:

V = U_q (ġl_n) ⊗_U ≤_{q (ġln)} C where U^−_q (ġl_n) −→ C annihilates C and the diagonal generators ψ_i act on C by multiplication with (−1)^it^{−1}_i q^{−1}. Sending 1 ∈ V to the unit K−theory class ∈ K_0 = K^∗_T (pt) gives us a map of U_q(ġl_n) modules: V −→ K For generic values of the t_i’s, the Verma module is irreducible, so the above map is injective. To prove that it is surjective, it is enough to show that any class in K can be brought to a non-zero multiple of 1 by acting on it with sufficiently many annihilators. For generic values of t_i, this is easy to see. □ 8.4. In this section, we will study the vector bundle E of (5.7) in the context of the previous section. More precisely, we will consider the operator: y^± : K −→ K, α −→ p^±_∗ (Λ(E, 1) · p^{∓∗}(α)) where p^−, p^+ : M × M −→ M are the projections onto the first and second factors, respectively. We will write y^±_k for the restriction of the above operator to Hom(K_•, K_{•±k}).

Proposition 8.5. The operators y^+_k (respectively y^−_k ) act on K via the shuffle element (Y^1_k )^+ (respectively τ(Y^2_k )^−), where:

Y^1_k := (−1)^{∑ni=1(i+1)ki} q^{−|k|} (q^{−1} − q)^{|k|} (ij)≠(i^′ j^′ ) ∏ 1≤i≤n,j≤k_i 1≤i^′ ≤n,j^′ ≤k_i′ ω(z_{ij} , z_i′_j′ ) · ψ^{k+1} ∈ A^≥

Y^2_k := (−1)^{∑ni=1 iki} q^{2|k|−∑ni=1 iki} (q^{−1} − q)^{|k|} · ψ^{−1}_k · (ij)≠(i^′ j^′ ) ∏ 1≤i≤n,j≤k_i 1≤i^′ ≤n,j^′ ≤k_i′ ω(z_{ij} , z_i′_j′ ) ∈ A^≥

Proof By the equivariant localization formula, we have:

y^± s∈S_i∏

1≤i≤n Λ(T_i, s) = ∑ d̃−,d̃+∈MT [d̃^±]

Λ(E_{d̃−,d̃+} , 1) Λ(T_{d̃}+ M, 1)Λ(T_{d̃}− M, 1) s∈S_i∏

1≤i≤n Λ(T_i|_{d̃}∓ , s) As was mentioned in Section 6.6, E_{d̃}−_{,d̃}+ contains a trivial character (and so the corresponding term in the above RHS vanishes) unless d̃^− ≤ d̃^+. From the fixed point formulas of (6.8), we see that the above equals:

= ∑ d̃±∈MT [d̃^±] · ∏_{s∈Si} 1≤i≤n Λ(Ti|d̃^± , s) Λ(T_{d̃±} M, 1) ∑ d̃−≤d̃+ Λ(E_{d̃}−_{,d̃}+ , 1) Λ(T_{d̃∓} M, 1) s∈S_i∏

1≤i≤n Λ(T_i|_{d̃}∓ , s) Λ(T_i|_{d̃±} , s) Given any d̃^− ≤ d̃^+, let us write the difference between the corresponding characters as d̃^+ = d̃^− + ∑ l_a, so the above equals:

= ∑ d̃±∈MT [d̃^±] · ∏_{s∈Si} 1≤i≤n Λ(Ti|d̃^± , s) Λ(T_{d̃}± M, 1) ∑ d̃+=d̃−+∑ l_a Λ(E_{d̃−,d̃+} , 1) Λ(T_{d̃}∓ M, 1) s∈S_a∏

l_a ( 1 − s l_a )_{∓1} =

= ∑ d̃±∈MT [d̃^±] ∏_{s∈Si} 1≤i≤n Λ(Ti|d̃^± , s) Λ(T_{d̃}± M, 1) ∑ d̃+=d̃−+∑ l_a ∏ l_a Λ(±W^∓_{a+ε}|_{d̃}∓ , l^{∓1}_a q^{±a}q^{ε−1}) ∏ s∈S_a ( 1 −^s_{la} )_{±1} We can use (6.19) and (6.20) to express the Λ classes of W|_{d̃}∓ in terms of the classes of W_{d̃±} , and so the above becomes: = q^{⟨k,k⟩} ∑ d̃±∈MT [d̃^±] ∏_{s∈Si} 1≤i≤n Λ(Ti|d̃^± , s) Λ(T_{d̃}± M, 1) · ∑ d̃+=d̃−+∑ l_a ∏ l_a Λ(±W^∓_{a+ε}|_{d̃±} , l^{∓1}_a q^{±a}q^{ε−1}) ∏ s∈S_a ( 1 −^s_{la} )_{±1} ∏ a,b ω(l_aq^{−a}, l_bq^{−b}) When a = b in the last product above, the factors ω contribute |k| factors^{1−1}_{q−1 −q} , which cancel out |k| zeroes from the denominators of Λ(±W). The above sum is therefore a sum of residues for a certain integral, so we have:

y^±_k s∈S_i∏

1≤i≤n Λ(T_i, s) = q^{⟨k,k⟩} (q^{−1} − q)^{|k|} ∑ d̃±∈MT [d̃^±] ∏_{s∈Si} 1≤i≤n Λ(Ti|d̃^± , s) Λ(T_{d̃±} M, 1) ∫ j≤k_i∏ 1≤i≤n Du_{ij} Λ(W^∓_{i+ε}|_{d̃±} , u^{∓1}_{ij} q^{ε−1}) ∏ s∈S_i ( 1 −^s_{uij qi} )_{±1} (ij)≠(i^′ j^′ ) ∏ 1≤i≤n,j≤k_i 1≤i^′ ≤n,j^′ ≤k_i′ ω(u_{ij} , u_i′_j′ )

Delocalizing makes the above equal to:

= q^{⟨k,k⟩} ∏_{s∈Si} 1≤i≤n Λ(Ti, s) (q^{−1} − q)^{|k|} ∫ j≤k_i∏ 1≤i≤n Du_{ij} Λ(W^∓_{i+ε}, u^{∓1}_{ij} q^{ε−1}) ∏ s∈S_i ( 1 −^s_{uij} )_{±1} (ij)≠(i^′ j^′ ) ∏ 1≤i≤n,j≤k_i 1≤i^′ ≤n,j^′ ≤k_i′ ω(u_{ij} , u_i′_j′ )

and comparing this with (4.10) and (4.11) produces the desired result. □ 8.6. The shuffle elements of Proposition 8.5 essentially boil down to the shuffle element:

Y_k =

(ij)≠(i^′ j^′ ) ∏ 1≤i≤n,j≤k_i 1≤i^′ ≤n,j^′ ≤k_i′ ω(z_{ij} , z_i′_j′ ) · ψ^{k+1} It is easy to see that Y_k ∈ B^≥, because all ω’s have finite limit when we let one of the variables go to ∞. Therefore, we may take:

g_k = Υ^{−1}(Y_k) ∈ U^≥_q (ġl_n) and try to express this element in terms of the root generators e_{[i;j]} and the ψ_i. We do not know a formula for this expression, but we expect it to be some kind of vertex operator for U_q (ġl_n). In fact, g_k is completely determined by its coproduct and pairing with root generators, as in the following Proposition.

Proposition 8.7. We have g_0 = 1, as well as:

Δ(g_k) = ∑ 0≤l≤k ψ_{k−l}g_l ⊗ g_{k−l}ψ_{l+1}, ∀k ∈ N^n (8.3)

(g_{[i;j]}, e_{[i;j]}) = (q − q^{−1})^{j−i+1} ⌊^{j−i+1}_n ⌋ ∏ k=1 q^{nk−1} − q q^{nk} − 1 (8.4)

Proof Since the isomorphism Υ preserves the coproduct and pairing, we can prove the above Proposition by replacing g_k with Y_k and e_{[i;j]} with P_{[i;j]}. By definition, the coproduct of the shuffle elements Y_k is computed by letting some of the variables go to ∞. Since: lim ξ−→∞ ω(ξ · x, y) = q^{⟨ςwt y ,ςwt x⟩}, lim_{ξ−→∞} ω(x, ξ · y) = q^{−⟨ςwt y ,ςwt x⟩} Then (8.3) follows from (7.9). From, (7.25), we infer that:

(P_{[i;j]}, Y_{[i;j]}) = (q − q^{−1})^{j−i+1} ∏ i≤b<a≤j ω(q^{−b}, q^{−a}) Looking back at the definition of ω in (4.3), this implies (8.4). □ References

[1] Braverman A., Finkelberg M. Finite difference quantum Toda lattice via equivariant K−theory, Transform. Groups 10 (2005), no. 3-4, 363-386 [2] Carlsson E., Okounkov A. Exts and Vertex Operators, Duke Math. J. 161 (2012), no. 9, 1797-1815 [3] Ding J., Frenkel I. Isomorphism of two realizations of quantum affine algebra U_q (^gl_n), Comm. Math. Phys. 156 (1993), no. 2, 277-300 [4] Enriquez B., On correlation functions of Drinfeld currents and shuffle algebras, Transform.

Groups 5 (2000), no. 2, 111 - 120 [5] Feigin B., Finkelberg M., Negut A., Rybnikov L. Yangians and cohomology rings of Laumon spaces Selecta Math. (N.S.) 17 (2011), no. 3, 573-607 [6] Feigin B., Hashizume K., Hoshnio A., Shiraishi J., Yanagida S. A Commutative Algebra on Degenerate C^1 and MacDonald Polynomials, J. Math. Phys. 50 (2009), no. 9 [7] Feigin B., Jimbo M., Miwa T., Mukhin E. Representations of quantum toroidal gl_n, preprint arXiv:1204.5378 [8] Feigin B., Odesskii A. Quantized moduli spaces of the bundles on the elliptic curve and their applications, Integrable structures of exactly solvable two-dimensional models of quantum field theory (Kiev, 2000), 123?137, NATO Sci. Ser. II Math. Phys. Chem., 35, Kluwer Acad. Publ., Dordrecht, 2001 [9] Finkelberg M., Gaitsgory D., Kuznetsov A. Uhlenbeck spaces for A^2 and affine Lie algebra ^sl_n, Publ. Res. Inst. Math. Sci. Vol 39 (2003), no. 4, pp 721-766.

[10] Negut A. Affine Laumon Spaces and the Calogero-Moser Integrable System, in preparation

[11] Tsymbaliuk A. Quantum affine Gelfand-Tsetlin bases and quantum toroidal algebra via K−theory of affine Laumon spaces, Selecta Math. (N.S.) 16 (2010), no. 2, 173-200 Columbia University, Department of Mathematics, New York, USA Simion Stoilow Institute of Mathematics, Bucharest, Romania E-mail address: andrei.negut@gmail.com