arXiv:1302.6215v1 [hep-ph] 25 Feb 2013

Multiple polylogarithms and linearly reducible Feynman graphs

Christian Bogner and Martin Lüders

Abstract. We review an approach for the computation of Feynman integrals by use of multiple polylogarithms, with an emphasis on the related criterion of linear reducibility of the graph. We show that the set of graphs which satisfies the linear reducibility with respect to both Symanzik polynomials is closed under taking minors. As a step towards a classification of Feynman integrals, we discuss the concept of critical minors and exhibit an example at three loops with four on-shell legs.

1. Introduction

In recent years we witnessed rapid progress in the developement of techniques for the computation of higher order corrections in perturbative quantum field theory. While other talks at this conference cover progress in the computation of entire amplitudes, our talk refers to the ’classical’ approach of computing the amplitude by its Feynman graphs, which is inevitable when meeting the needs of present collider experiments. In this field of research, it has shown to be fruitful to discuss Feynman integrals in their own right, without restrictions to a particular quantum field theory.

Computations of higher order corrections to observables often start from the consideration of hundreds or thousands of Feynman integrals with tensor structure, and proceed via effective standard procedures to reduce the problem, possibly to a relatively small number of scalar integrals. At higher loop-orders, the evaluation of the latter remains to be the hard part of the problem. There is no algorithm which would succeed in the analytical computation of every Feynman integral. However, there is a variety of powerful methods which have been useful for a wide range of relevant cases, such as the Mellin-Barnes approach (see [9, 60, 59, 56]), the expansion of hypergeometric functions [48, 39, 40], differential equation methods [43, 53, 33, 49, 50], difference equations [44, 57, 58, 47] or position-space methods [28] (also see [37]). In this talk we focus on the approach of iteratively integrating out Feynman parameters by use of multiple polylogarithms.

2000 Mathematics Subject Classification. Primary .

The first author is grateful to Francis Brown for useful communication and hospitality in Paris Jussieu, supported by ERC grant no. 257638. We thank Erik Panzer for useful communication and Dirk Kreimer’s group at Humboldt University for hospitality and support. Our graphs were drawn using [38]. 1

In order to choose an appropriate strategy for the computation of a given Feynman integral, it would be desirable in general, to know in advance, which are the classes of functions and numbers the integral may evaluate to. As a slightly more refined question of this type we may ask: Which scalar Feynman integrals can be expressed by multiple polylogarithms and multiple zeta values, and for which integrals do we need a wider range of functions and numbers? In the past few years, questions of this type turned out to define a fruitful common field of research for quantum field theorists and algebraic geometers alike. While the physicist’s interest in these questions is given by the desire to compute specific integrals or to learn about the ’number content’ of a given quantum field theory, the mathematician arrives at the same question from a different direction. In a very general context, Feynman integrals can be viewed as period integrals, and the question of evaluating to multiple zeta values is related to the question wether an underlying motive is mixed Tate over Z (see [12, 20, 21, 24, 2, 3, 4]).

A definite classification of Feynman graphs with respect to the above questions is missing. However, for vacuum and two-point graphs important progress was made by considering the first Symanzik polynomial, given by the Feynman parametric representation of a Feynman integral. Even though many vacuum-type Feynman integrals evaluate to multiple zeta values [17, 18], this is not the case in general. A first vacuum graph whose period has to belong to a set of numbers beyond multiple zeta values was exhibited in a recent article by Brown and Schnetz [24] (also see [22]). When allowing the Feynman integrals to depend on kinematical invariants and particle masses, we can ask for graphs where multiple polylogarithms are not sufficient to express the result. Here the first cases show up at much lower looporder, such as in the case of massive sunrise graphs and related graphs with a cut through three massive edges (see e.g. [6, 7]).

In this talk we review a criterion on graphs which is related to the above questions and show that if a graph satisfies the criterion, its minors do so as well. In graph theory such a minor monotony is an important and desireable feature. In section 2 we begin with a brief reminder on scalar Feynman integrals, their two Symanzik polynomials and the approach of integrating out Feynman parameters by use of multiple polylogarithms. In section 3 we briefly review the criterion of linear reducibility of a graph, which is used to decide whether a given integral can be computed by use of the method. If this is the case, the functions and numbers in all intermediate steps and in the result will not exceed combinations of multiple polylogarithms and their values at rational points. In this way the criterion and the corresponding algorithm are useful tools for adressing the above questions. In the case of integrals only involving the first Symanzik polynomial, the criterion was extensively studied in [20, 21]. As the iterated integration over Feynman parameters can be expected to be useful in the case of integrals depending on kinematical invariants and particle masses as well, we intend to extend the discussion to the second Symanzik polynomial. In section 4 we consider linear reducibility with respect to both Symanzik polynomials and show that the set of linearly reducible graphs is closed under taking minors. This property is useful for a classification, as it allows us to characterize families of reducible graphs by a small number of graphs not belonging to the family. In a case study we exhibit such a ’forbidden minor’ at the level of massless three-loop graphs with four on-shell legs. Section 5 contains our conclusions.

2. Multiple Polylogarithms and Feynman Integrals

In this section we recall some general facts about Feynman integrals, Symanzik polynomials and a method to compute period integrals by use of multiple polylogarithms. Let us begin with a generic Feynman graph G with n edges, loop-number (i.e. first Betti number) L ≥ 1 and with r external half-edges (or ’legs’). We label each edge e_i by an integration variable α_i (Feynman parameter), an integer ν_i (exponent of the Feynman propagator), a real or complex variable m_i (particle mass). Each leg is labelled by a vector p_j (external momentum).

To this labelled graph G we associate the scalar Feynman integral in Dimensional Regularization:

(2.1) I_G = Γ(ν − LD/2) ∏_n j=1 Γ(ν_j ) ∫ α_j ≥0 δ ( 1 − n∑ i=1 α_i ) n∏ j=1 dα_j α^{νj −1}_j U^{ν−(L+1)D/2} G F_G^{ν−LD/2} where ν = ∑_n i=1 ν_i. (We omit to write a trivial prefactor by which the integral becomes independent of the physical mass-scale.) The Feynman integral I_G and the function F_G depend on the particle masses and on certain kinematical invariants, which are quadratic functions of the external momenta. The functions U_G and F_G are the first and second Symanzik polynomial of the graph. A definition is given below. Usually a Feynman integral is associated to a Feynman graph by Feynman rules in momentum or position space, and we refer to the literature [41, 51] for the standard computation leading from there to the Feynman parametric representation given in eq. 2.1.

Eq. 2.1 defines a very general class of integrals which deserves our attention for several reasons. Firstly, the class contains the Feynman integrals of scalar quantum field theory such as ϕ^3− or ϕ^4−theory. Secondly, any Feynman integral with a tensor-structure, arising from a physical quantum field theory, can in principle be expressed in terms of scalar integrals of the above class [57, 58]. Thirdly, as we allow the ν_j to take arbitrary integer values, there are well-known identities between these scalar integrals which can be used for efficient reduction procedures [29]. As a consequence, integrals of the above class appear in a wide range of physical set-ups and their evaluation is the bottleneck of many computational problems in particle physics.

The parameter D can either be fixed to the integer space-time dimension or, as the integral is very often ill-defined in the desired dimension, one may consider I_G in Dimensional Regularisation where D is a complex variable. Then, in order to separate the pole-terms and obtain finite contributions in four-dimenional Minkowski space, one usually attempts to compute the coefficients of a Laurent-expansion

I_G = ∞∑ j=j_0 c_j ϵ^j ,

with D = 4 − 2ϵ, to a desired order. Even though the computation of the functions c_j can be very difficult, we can make a general statement about them. It is shown in [15] that if for an arbitrary Feynman graph we evaluate any function c_j at algebraic values of the squared particle masses m^2_i and kinematical invariants s_i, where all m^2_i ≥ 0 and all s_i ≤ 0, we obtain a period according to the definition of Kontsevich and Zagier [42]. For the special case where the Feynman integral takes the form

(2.2) P_G = ∫ α_j ≥0 δ ( 1 − n∑ i=1 α_i ) n∏ j=1 dα_j 1 U^{D/2}_G this statement was already proven in [8]. It seems that Feynman integrals in fact evaluate to a restricted subset of periods and it is an important challenge to understand which one this is.

Let us now recall the definition of the Symanzik polynomials of a Feynman graph G. The first Symanzik polynomial is defined as

U_G = ∑ T ∏ e_i /∈T α_i, where the sum is over all spanning trees of the graph G. The second Symanzik polynomial is defined as

F_G = F_{0, G} + U_G n∑ i=1 α_im^2_i

with

F_{0, G} = ∑ (T_1, T_2 ) ∏ e_i /∈(T_1 , T_2) α_i s_{(T1 , T2)}.

Here the sum runs through all spanning two-forests (T_1, T_2) of G, where T_1 and T_2 denote the connected components of the forest.

In order to define the kinematical invariants s_{(T1 , T2)}, we introduce an arbitrary orientation on G. We firstly say that each external momentum p_j is incoming at the vertex at the corresponding leg. We furthermore label each oriented edge by a momentum-vector q_i. If the edge e_i is oriented from vertex v_j to v_k then q_i is said to be incoming at v_k and −q_i is incoming at v_j . Momentum-conservation on G is reflected in our labels by the condition that the sum of all external momenta p_j is zero, and at each vertex, the sum of all incoming momenta is zero. By these conditions, except for L momenta, each of the q_i can be expressed as a linear combination of external momenta. The kinematical invariants are defined as

s_{(T1, T2 )} = ∑ e_j /∈(T_1, T_2 ) ±q_j 2

where the sign of q_j is fixed by the condition that we sum over the momenta incoming at the component T_2. Note that by momentum conservation, the s_{(T1 , T2)} are functions of the external momenta.

As an alternative to the above construction by spanning trees and forests, there are several ways to obtain both Symanzik polynomials from determinants of certain matrices [16, 13, 52, 21]. To demonstrate such a derivation, let us label each edge e_i by an auxiliary variable y_i. Each vertex v_i is labelled by

u_i = { z_j if a leg with incoming momentum p_j is attached, 0 if no leg is attached.

y_2

y_3 y_1

y_4 y6

y_5 y_7 z_3

z_4 z_1

z_2

Figure 1. The non-planar double-box

For a Feynman graph with vertices v_1, ..., v_m we consider an m × m matrix M whose entries are: M_{ij} = { u_i + ∑ y_k for i = j, e_k attached to v_i at exactly one end, − ∑ y_k for i ≠ j, e_k connecting v_i and v_j .

We compute the determinant V(y_1, .., y_n, z_1, ..., z_r) = det(M) and consider the function W(α_1, .., α_n, z_1, ..., z_r) = V ( α^{−1}_1 , .., α^{−1}_n , z_1, ..., z_r )^n∏ i=1 α_i which is a polynomial in the α− and z−variables. Note that M depends on a chosen ordering on the vertices but W does not.

Let us assume that at least two legs are attached to the graph, i.e. r ≥ 2. We expand W as W = W^{(1)} + W^{(2)} + ... + W^{(r)} where W^{(k)} is homogeneous of degree k in the z−variables. We can directly read off the first Symanzik polynomial from the first term in this expansion, as it satisfies

W^{(1)}(α_1, .., α_n, z_1, ..., z_r) = U_G(α_1, .., α_n) r∑ i=1 z_i.

The massless second Symanzik polynomial F_{0, G} is directly obtained from W^{(2)}. By construction, W^{(2)} is homogeneous of degree 2 in the z−variables. We replace each product z_iz_j in W^{(2)} by the scalar-product of the corresponding external momentum vectors p_i · p_j . By momentum-conservation, ∑_r i=1 p_i = 0, we express each of the scalar products by the functions s_{(T1 , T2)}. As result we obtain F_{0, G} [16].

As an example let us compute the two Symanzik polynomials of the massless non-planar double-box, shown in figure 1 with auxiliary y− and z−variables. For this graph and a chosen ordering on the vertices we have

M = M_{11} −y_2 0 0 −y_1 0 −y_2 M_{22} −y_3 0 0 0 0 −y_3 M_{33} −y_7 0 −y_5 0 0 −y_7 M_{44} −y_6 0 −y_1 0 0 −y_6 M_{55} −y_4 0 0 −y_5 0 −y_4 M_{66} ,

where M_{11} = y_1 +y_2 +z_1, M_{22} = y_2 +y_3 +z_2, M_{33} = y_3 +y_5 +y_7, M_{44} = y_6 +y_7 +z_4, M_{55} = y_1 +y_4 +y_6, M_{66} = y_4 +y_5 +z_3. Proceeding in the described way we compute

U_G = (z_1 + z_2 + z_3 + z_4)^{−1}W^{(1)} = (α_1 + α_2 + α_3)(α_4 + α_5 + α_6 + α_7) + (α_4 + α_5)(α_6 + α_7), F_{0 G} = W^{(2)}|_{zizj =pi·pj ,}^∑4_{i=1 pi=0} = −p^2_1α_2(α_1(α_4 + α_5 + α_6 + α_7) + α_4α_6)

−p^2α_2(α_3(α_4 + α_5 + α_6 + α_7) + α_5α_7) −p^2_3(α_4α_5(α_1 + α_2 + α_3 + α_6 + α_7) + α_3α_4α_7 + α_1α_5α_6) −p^2_4(α_6α_7(α_1 + α_2 + α_3 + α_4 + α_5) + α_1α_4α_7 + α_3α_5α_6) −(p_1 + p_2)^2(α_1α_3(α_4 + α_5 + α_6 + α_7) + α_1α_5α_7 + α_3α_4α_6) −(p_1 + p_3)^2α_2α_5α_6 − (p_2 + p_3)^2α_2α_4α_7.

It is often sufficient to consider the Feynman integral after setting some of its legs on-shell, which means that the corresponding external momenta are fixed by setting their square to a squared particle mass. In our example we may assume massless particles and set p^2_i = 0 for all i = 1, ..., 4. The corresponding Feynman integral was evaluated in dimensional regularization by classical polylogarithms in reference [59]. We will return to Symanzik polynomials of graphs with four on-shell legs in section 4.

Let us now turn to iterated integrals. Let k be the field of either the real or the complex numbers and M a smooth manifold over k. We consider a piecewise smooth path on M, given by a map γ : [0, 1] → M, and some smooth differential 1-forms ω_1, ..., ω_n on M. The iterated integral of these 1-forms along the path γ is defined by ∫ γ ω_n...ω_1 = ∫ 0≤t_1≤...≤t_n≤1 f_n(t_n)dt_n...f_1(t_1)dt_1,

where f_i(t)dt = γ^⋆(ω_i) is the pull-back of ω_i to [0, 1]. With the term iterated integral we will more generally refer to k-linear combinations of such integrals.

We will consider classes of iterated integrals which define the same function for any two homotopic paths. Such integrals are called homotopy invariant. They are well-defined functions of variables given by the end-point of γ. In such iterated integrals the differential forms and the order in which we integrate over them have to satisfy a property known as the integrability condition. The condition is best formulated on tensor products of 1-forms over some field K ⊆ k, which we denote by [ω_1|...|ω_m] . Let D denote a K-linear map from tensor products of smooth 1-forms on M to tensor products of all forms on M, given by D ([ω_1|...|ω_m]) = m∑ i=1 [ω_1|...|ω_{i−1}|dω_i|ω_{i+1}|...|ω_m] + m−1∑ i=1 [ω_1|...|ω_{i−1}|ω_i ∧ ω_{i+1}|...|ω_m] .

A K-linear combination of tensor products ξ = ∑_m l=0 c_{i1 , ..., il} [ω_{i1} |...|ω_{il} ], c_{i1 , ..., il} ∈ K, is called an integrable word if it satisfies the equation Dξ = 0. Let Ω be a finite set of smooth 1-forms and let B_m(Ω) denote the vector space of integrable words of length m with 1-forms in Ω. Now we return from words to integrals by considering the integration map on integrable words:

(2.3) m∑ l=0 ∑ i_1 , ..., i_l c_{i1 , ..., il} [ω_{i1} |...|ω_{il} ] → m∑ l=0 ∑ i_1, ..., i_l c_{i1 , ..., il} ∫ γ ω_{i1} ...ω_{il} . A fundamental theorem of Chen [27] states that this map is an isomorphism from B_m(Ω) to the set of homotopy invariant iterated integrals in 1-forms in Ω of length less or equal to m, if Ω satisfies further conditions which we do not specify here.

In the following we fix K = Q and discuss two sets of 1-forms for which the theorem applies. For a coordinate t_1 on an open subset of C we firstly consider the set of closed 1-forms

Ω^{Hyp}_n = { dt_1 t_1 , dt_1 t_1 − 1 , t_2dt_1 t_1t_2 − 1 , ..., ( ∏_n i=2 t_i) dt_1 ∏_n i=1 t_i − 1 } . As a trivial consequence of dt_1 ∧ dt_1 = 0, any tensor product of 1-forms in Ω^{Hyp}_n is an integrable word. By applying the integration map eq. 2.3 to these words, we obtain the class of hyperlogarithms [46]. In particle physics it is very common to use sub-classes of hyperlogarithms. As an example, we may consider Ω^{Hyp}_2 and fix the constant t_2 = −1. To physicists, the iterated integrals obtained from this restriction are well known as harmonic polylogarithms [54] and suffice for the evaluation of many Feynman integrals.

We want to focus on a class of functions of severable variables, obtained from another set of 1-forms, where now all the t_1, ..., t_n are considered to be coordinates in an open subset of C^n :

Ω^{MPL}_n = dt_1 t_1 , ..., dt_n t_n , d (∏ a≤i≤b ti ) ∏ a≤i≤b ti − 1 where 1 ≤ a ≤ b ≤ n . For this set the integrability condition is not trivial and there are words for which it is not satisfied. The homotopy invariant iterated integrals which we obtain via the integration map from the the integrable words in Ω^{MPL}_n form the vector space B (Ω_n) of multiple polylogarithms in n variables. We use the notation B_m (Ω_n) for the vector space of such functions obtained from integrable words of length ≤ m. There is an explicit map [14] to construct all integrable words in Ω^{MPL}_n , closely related to the ’symbol’ in [34, 36, 32].

The functions in B (Ω_n) were extensively studied in reference [19]. We just want to recall a few statements which are relevant for the following considerations. Firstly, the multiple polylogarithms of Goncharov [35], frequently used in the physics literature, are contained in this class. As we want to use the elements of B (Ω_n) in an iterative integration procedure, it is important for us to know their primitives and limits. It is proven in [19] that B (Ω_n) is closed under taking primitives. Furthermore if we take the limits of elements of B (Ω_n) at t_n equal to 0 and

1, we obtain Z-linear combinations of elements in B (Ω_{n−1}) , where Z denotes the Q-vector space of multiple zeta values.

Now let us consider definite integrals of the form

(2.4) I =

∫_1 0 dt_n β({g_i}) f where f is a polynomial and β({g_i}) ∈ B (Ω_n) is a multiple polylogarithm whose arguments are some irreducible polynomials g_i. Let us call f and the g_i the critical polynomials of the integrand. If f and the g_i are linear in t_n we can evaluate the above integral and from the mentioned properties it is clear that the result will be a Z-linear combination of elements in B_m (Ω_{n−1}) . If the result can be again expressed by functions of the form of the above generic integrand and the critical polynomials are linear in t_{n−1} then we can continue and integrate over this variable from 0 to 1, and so on.

Such an iterative procedure can be used to compute Feynman integrals. For recent examples in the physics literature, partly relying on different parametrizations, we refer to [30, 31, 1, 26, 5]. Aiming at such a computation one has to express the Feynman integral by a finite parametric integral such that the integrand can be written in the above form, where after each integration step, the critical polynomials are linear in at least one of the remaining parameters. The method was introduced systematically in [20] and demonstrated for certain Feynman parametric integrals of the type of eq. 2.2, coming from primitive logarithmically divergent vacuum Feynman graphs. However, the approach is not restricted to such graphs. Reference [23] presents a method to express Feynman integrals with UV sub-divergences by finite parametric integrals to which the approach may apply. The treatment of graphs with infrared divergences is not excluded in principle, but we are missing a canonical method to express IR-divergent integrals by finite ones. In principle, the method of sector decomposition [11] allows us to write down the coefficients of a Laurent expansion for a dimensionally regularized, infrared divergent integral in terms of finite integrals over Feynman parameters, however, the polynomials in these integrals usually become very complicated. In view of the above approach one would ideally wish for a method, where the critical polynomials in the finite integrals could be obtained from the Symanzik polynomials in a rather simple way.

For the following discussion let us assume, that in some way we have already been able to express a given Feynman integral by finite integrals of the type I and that the critical polynomials are the Symanzik polynomials of the graph. We focus on the criterion, that after each integration over a Feynman parameter, the new critical polynomials have to be linear in a next Feynman parameter. The reduction algorithm to be reviewed in section 3 allows us to study this criterion as it computes for each integration step a set in which the critical polynomials are contained.

As a further motivation of the following discussion, let us have a glance at two well-known Feynman graphs in view of the mentioned criterion. For the massless two-loop graph of figure 2 (a) it was proven by use of the Mellin-Barnes approach and expansions by nested sums that each coefficient of the ϵ-expansion is a combination of multiple zeta values [10]. Reference [20] confirmed this statement for this two-loop graph and several higher-loop graphs by relating them to integrals of the type of eq. 2.2 whose integrands satisfy the criterion.

The case of the equal-mass two-loop sunrise graph, shown in figure 2 (b), is very different. The desired coefficients in the ϵ-expansion can be derived from the p m

m m

Figure 2. (a) Massless two-loop graph, (b) Equal-mass sunrise graph

D = 2-dimensional version of the Feynman integral,

I_{sunrise} = ∫ α_j ≥0 dα_1dα_2dα_3δ ( 1 − 3∑ i=1 α_i ) 1 F_G , with the second Symanzik polynomial

F_G = −p^2α_1α_2α_3 + m^2(α_1α_2 + α_2α_3 + α_1α_3)(α_1 + α_2 + α_3),

playing the role of the critical polynomial. As F_G is not linear in any of the Feynman parameters, integral I_{sunrise} fails the criterion. It is in perfect match with this simple observation, that the known result of the sunrise integral involves elliptic integrals [45]. In general, it is possible that the polynomials of an integrand fail the criterion and still the integral can be expressed by multiple polylogarithms. However, the criterion may provide a useful first classification and give a hint where to look for integrals, which exceed the class of multiple polylogarithms. We also want to mention reference [25], where different criteria are used to search for such integrals.

3. Linear Reducibility

Let us briefly review the polynomial reduction algorithm of [20]. Let S = {f_1, ..., f_N } be a set of polynomials in the variables α_1, ..., α_n with rational coefficients.

(1) If there is an index 1 ≤ r_1 ≤ n such that all polynomials in S are linear in α_{r1} we can write f_i = g_iα_{r1} + h_i for all 1 ≤ i ≤ N,

where g_i =^{∂fi}_{∂αr1} and h_i = f_i|_{αr1 =0}. We define

(3.1) S^′_{(r1)} = { (g_i)_{1≤i≤N} , (h_i)_{1≤i≤N} , (h_ig_j − g_ih_j )_{1≤i<j≤N} }

and furthermore we define S_{(r1)} to be the set of irreducible polynomials in S^′_{(r1)}. In S_{(r1)} we neglect all constants and monomials.

(2) If there is a 1 ≤ r_2 ≤ n such that all polynomials in S_{(r1)} are linear in α_{r2} , we repeat the above step, now with S_{(r1 )} and α_{r2} in the roles of S and α_{r1} , and obtain a new set of polynomials which we call S_{[r1](r2)}. Then, assuming that starting from S the above steps can be done first for α_{r2} and then for α_{r1} , we compute S_{[r2](r1)} and take the intersection of both sets:

S_{[r1, r2]} = S_{[r1](r2)} ∩ S_{[r2](r1)}.

Whenever we speak of intersections here and in the following, we mean the common zero loci, such that if a polynomial appears in two sets with a different constant prefactor, it nevertheless belongs to the intersection. Then we choose a next variable in which all polynomials of S_{[r1, r2 ]} are linear and continue in the same way. At each iteration we apply step (1) and take the intersection S_{[r1, r2, ..., rk ]} = ∩_{1≤i≤k} S_{[r1, ..., r̂i, ..., rk ](ri)}. If a set S_{[r1, ..., r̂i, ..., rk ]} contains a polynomial which is non-linear in α_{ri} , the set S_{[r1, ..., r̂i, ..., rk ](ri)} is undefined and omitted in the intersection. If this happens for all 1 ≤ i ≤ k the set S_{[r1, r2, ..., rk ]} is undefined and the algorithm stops. Unless this situation occurs, we obtain for each sequence of variables (α_{r1} , ..., α_{rk} ), k ≤ n, a sequence of sets S_{(r1)}, S_{[r1, r2 ]}, ..., S_{[r1, r2 , ..., rk ]}.

Definition 3.1. We say that S is Fubini reducible (or linearly reducible) if there is an ordering of all n variables (α_{r1} , ..., α_{rn} ) such that every polynomial in S_{[r1, r2, ..., rk ]} is linear in α_{rk+1} for all 1 ≤ k < n.

The linear reducibility of the set of critical polynomials of an integrand as in eq. 2.4 is a criterion for the integral to be computable by the above approach. The criterion is sufficient but not neccessary. The sets S_{[r1, ..., rk ]} contain the critical polynomials of the integrand after the first k integrations, but might as well contain spurious polynomials which drop out in the integration procedure. A more refined reduction algorithm presented in reference [21] omits such cases, but not necessarily all of them. Furthermore the occurrence of a quadratic polynomial does not always forbid us to continue with the computation.

By applying the above algorithm to first Symanzik polynomials, it was shown in [20] that several vacuum Feynman integrals can be computed and evaluate to combinations of multiple zeta values. Moreover the same is true for coefficients of a dimensional series expansion of Feynman integrals with two legs, obtained from cutting one edge in one of these vacuum graphs, as in the case of figure 2 (a). The linear reducibility of first Symanzik polynomials is extensively studied in terms of Dodgson polynomials in [21]. It is shown that the first five iterations of the reduction succeed for any first Symanzik polynomial. Moreover, a first Symanzik polynomial is reducible, if its graph has vertex width less or equal three. (This is the class of graphs which decompose into two connected components after removing three vertices or less.) These results explain, why one has to go up to complicated graphs at high loop orders to find first examples for vacuum-type Feynman integrals which exceed the set of multiple zeta values [24, 22].

In the following, we want to consider the above algorithm applied to both Symanzik polynomials. In order to include F which may depend on particle masses and external momenta, we slightly extend the above formulation of step (1), allowing f_i to be polynomials whose coefficients are rational numbers or algebraic functions of additional parameters s_1, ..., s_m. The rest of the algorithm is not affected by this change.

It will be useful to consider polynomial reduction in coordinates for products of P^1. Let P (α_1, ..., α_n) be a polynomial in n Feynman parameters and consider an associated function of new variables x_1, ..., x_n, y_1, ..., y_n defined by P̄ (x_1, ..., x_n, y_1, ..., y_n) = (_n ∏ i=1 y^{di(P )} i ) P ( x_1 y_1 , ..., x_n y_n ) , where d_i(P ) denotes the maximal degree of P in α_i for all 1 ≤ i ≤ n. We obtain our original polynomial back by setting (3.2) P̄ (α_1, ..., α_n, 1, ..., 1) = P (α_1, ..., α_n). The function P̄ is by definition a polynomial in x_1, ..., x_n, y_1, ..., y_n and it is linear in x_k if and only if P is linear in α_k.

Let us consider a set of polynomials S = {P_1, ..., P_N } which are all linear in α_k. We can write P_i = α_k ∂ ∂α_k P_i + P_i|_{αk =0}.

Consider the corresponding set of polynomials S̄ = {P̄_1, ..., P̄_N }, obtained from S by changing to the projective coordinates. Each of these polynomials is linear in x_k and we can write P̄_i = x_kP̄_i|_{xk =1, yk =0} + y_kP̄_i|_{xk =0, yk =1}.

Let us use the convention that in a Fubini reduction with respect to the x-variables, we neglect the above prefactor y_k in the sense that in eq. 3.1 the terms are given by g_i = P̄_i|_{xk =1, yk =0} and h_i = P̄_i|_{xk =0, yk =1}, which does not affect the linear reducibility. Step (1) of the reduction algorithm applied to S̄ with respect to x_k then gives the set S̄_{(k)} consisting of the irreducible factors of

S̄^′_{(k)} = {( P̄_i|_{xk =1, yk =0})_{1≤i≤N} , (P̄_i|_{xk =0, yk =1})_{1≤i≤N} , (¯ P_i|_{xk =0, yk =1} · P̄_j |_{xk =1, yk =0} − P̄_i|_{x1=1, yk =0} · P̄_j |_{xk =0, yk =1} ) 1≤i<j≤N } . (3.3)

Considering a Fubini reduction in x-variables instead of α-variables, we convince ourselves that the factorizations into irreducible polynomials are not affected by the change of variables. Indeed if P factorizes as P = f_1 · f_2

into two polynomials f_1, f_2 then P̄ factorizes as

f̄_1 · f̄_2 = (_n ∏ i=1 y^{di(f1)} i ) f_1 ( x_1 y_1 , ..., x_n y_n ) · (_n ∏ i=1 y^{di(f2)} i ) f_2 ( x_1 y_1 , ..., x_n y_n ) = P̄ , because of d_i(f_1) + d_i(f_2) = d_i(P ) for all 1 ≤ i ≤ n. As a consequence we obtain:

Lemma 3.2. P is linearly reducible with respect to the variables α_1, ..., α_n if and only if P̄ is linearly reducible with respect to the variables x_1, ..., x_n.

Now let us choose some coordinate x_l, 1 ≤ l ≤ n, and define two new sets of polynomials by restrictions x_l = 0, y_l = 1 and x_l = 1, y_l = 0 respectively: S̄^{(l, 0, 1)} = S̄|_{xl=0, yl=1}, S̄^{(l, 1, 0)} = S̄|_{xl=1, yl=0}.

To these sets we apply one reduction step with respect to x_k . At first let us assume l ≠ k. Step (1) of the algorithm gives

S̄^{(l, 0, 1)} (k) = irreducible factors of S̄^′_{(k)}|_{xl=0, yl=1},

S̄^{(l, 1, 0)} (k) = irreducible factors of S̄^′_{(k)}|_{xl=1, yl=0}.

If a polynomial P̄ factorizes as P̄ = f_1 · f_2 then furthermore P̄ |_{xl=0, yl=1} = f_1|_{xl=0, yl=1} · f_2|_{xl=0, yl=1}, P̄ |_{xl=1, yl=0} = f_1|_{xl=1, yl=0} · f_2|_{xl=1, yl=0}, and the maximal degrees with respect to another variable x_i satisfy d_i(f_j ) ≥ d_i (f_j |_{xl=0, yl=1}) and d_i(f_j ) ≥ d_i (f_j |_{xl=1, yl=0}) for j = 1, 2 and for all i = 1, ..., n. This means that for each polynomial f ∈ S̄_{(k)} there is at most one polynomial f^′ ∈ S̄^{(l, 0, 1)}

(k) , and d_i(f) ≥ d_i(f^′) for all i = 1, ..., n. The same is true for S̄^{(l, 1, 0)}_{(k)} . Lastly we observe that in the case of l = k, the irreducible factors of S̄^{(l, 0, 1)} and S̄^{(l, 1, 0)} are already contained in S̄_{(k)}. This proves the following lemma:

Lemma 3.3. If S̄ is linearly reducible with the ordering (x_{r1} , ..., x_{rn} ) then for any 1 ≤ l ≤ n the sets S̄|_{xl=0, yl=1} and S̄|_{xl=1, yl=0} are linearly reducible with (x_{r1} , ..., x̂_l, ..., x_{rn} ) . In combination with the previous lemma we obtain:

Lemma 3.4. Let S = {P_1, ..., P_N } be a set of polynomials which is linearly reducible with (α_{r1} , ..., α_{rn} ) and whose members are linear in α_l. Then the sets S^l = {_{∂P1} ∂α_l , ..., ∂P_N ∂α_l } and S_l = {P_1|_{αl =0}, ..., P_N |_{αl=0}} are linearly reducible with (α_{r1} , ..., α̂_l, ..., α_{rn} ). 4. Towards a Classification by Critical Minors

Let G be a graph and E_G its set of edges. For e ∈ G we denote by G\e the graph obtained from G by deletion of e. Furthermore we write G//e for the graph obtained from G by contraction of e. This is the graph where the end-points of e are identified and then e is removed. For any distinct edges e_1, e_2 ∈ E_G the operations of deleting (or contracting) e_1 and deleting (or contracting) e_2 commute. Therefore we can more generally write γ = G\D//C with distinct D, C ⊂ E_G, for the unique graph obtained from G by deleting all edges in D and contracting all edges in C. Any such γ is called a minor of G.

If G is connected and there is an edge e such that G\e is disconnected then e is called a bridge. When speaking of Feynman graphs, we may ignore disconnected graphs, so we introduce the convention that the corresponding Symanzik polynomial are zero:

U_{G\e} = 0, F_{0, G\e} = 0 if e is a bridge.

Let us furthermore call e_t ∈ E_G a tadpole if it is attached to the same vertex at both ends. In this case we have a factorization in the corresponding Feynman parameter: U_G = U_{G\et} α_t, F_{0, G} = F_{0, G\et} α_t.

For any e which is not a tadpole we have the well-known deletion/contraction identities: U_G = U_{G\e}α_e + U_{G//e}, F_{0, G} = F_{0, G\e}α_e + F_{0, G//e}. Now we consider a set of arbitrary particle masses m_1, ..., m_n distributed over the edges of G, with the restriction that at least one edge e_k is massless, m_k = 0. Then the second Symanzik polynomial

F_G = F_{0, G} + U_G · ∑ i≠k α_im^2_i

is linear in α_k and the above relations are extended by

F_G = F_{G\ek} α_k if e_k is a tadpole, F_G = F_{G\ek} α_k + F_{G//ek} if e_k is not a tadpole.

Equivalently, if e_k is a massless edge of G and not a tadpole then

(4.1) ∂ ∂α_k U_G = U_{G\ek} , U_G|_{αk =0} = U_{G//ek} ,

(4.2) ∂ ∂α_k F_G = F_{G\ek} , F_G|_{αk =0} = F_{G//ek} . In the following let us call a Feynman graph G linearly reducible, if {U_G, F_G} is linearly reducible. We arrive at the main statement of these notes:

Theorem 4.1. If G is a linearly reducible Feynman graph then any minor of G is linearly reducible as well.

Proof. Let G be an arbitrary Feynman graph, e_j any of its edges and G̃ = G|_{mj =0} the graph obtained from G by setting the mass m_j associated to e_j equal to zero. Assume that G is linearly reducible. Then G is linearly reducible for any value of m_j and therefore G̃ is linearly reducible as well. As e_j is massless in G̃ we can apply equations 4.1 and 4.2 and obtain, if e_j is not a tadpole, S_{G̃\ej} = { U_{G̃\ej} , F_{G̃\ej} } = { ∂ ∂α_j U_{G̃}, ∂ ∂α_j F_{G̃} } , S_{G̃//ej} = { U_{G//ej} , F_{G//ej} } = { U_{G̃}|_{αj =0}, F_{G̃}|_{αj =0} } . If e_j is a tadpole we have S_{G̃//ej} = S_{G̃\ej} = { ∂ ∂α_j U_{G̃}, ∂ ∂α_j F_{G̃} } . By lemma 3.4 it follows from the linear reducibility of G̃ that G̃\e_j and G̃//e_j are linearly reducible. G and G̃ have the same minors with respect to deleting or contracting e_j : G\e_j = G̃\e_j , G//e_j = G̃//e_j and therefore S_{G\ej} = S_{G̃\ej} and S_{G//ej} = S_{G̃//ej} . By induction, this proves the theorem. □

Figure 3. K_4 with four legs

A set of graphs G is called minor closed if for all G ∈ G every minor of G belongs to G as well. Let H be any set of graphs and let G_H be the set of all graphs which do not have a minor in the set H. Then the set G_H is minor closed, and the graphs in H are called forbidden minors of G_H. A theorem of Robertson and Seymour [55] states that any minor closed set of graphs can be defined in such a way by a finite set of forbidden minors.

A graph H is called a critical minor of a set of graphs G if the minors of H belong to G but H does not. By removing a graph from H which is a minor of another graph in H, we do not change the set G_H. Therefore, to define a minor closed set G_H, it is sufficient to let H consist only of critical minors. A well-known example for a characterization by critical minors is given by the set of planar graphs. Due to a theorem of Wagner [61], the set of planar graphs is the set with forbidden minors {K_{3,3}, K_5}.

In general we have to be careful when adapting notions from pure graph theory to the study of Feynman graphs, which are equipped with labels and special properties. However, theorem 4.1 suggests to attempt an analogous characterization of the set of linearly reducible Feynman graphs by critical minors, i. e. by a set of Feynman graphs which are not linearly reducible but have linearly reducible minors. We conclude these notes with a first step towards such a characterization for Feynman graphs with a dependence on external momenta. Let Λ be the set of massless Feynman graphs with four on-shell legs, attached to four distinct vertices. The on-shell condition restricts the four external momenta to satisfy p^2_i = 0 such that the dependence on the external momenta can be expressed by two Mandelstam variables. By use of a Maple-implementation of the Fubini algorithm, we find linear reductions for all two-loop graphs of this class. At three loops there are several graphs in this class for which our program fails to find a linear reduction. Most of these graphs have the graph of figure 3 as a minor. This is the complete four-vertex graph K_4 where we attached an on-shell leg at each vertex. From direct observation of the two Symanzik polynomials one can see that the graph is not linearly reducible. As on the other hand all its minors are linearly reducible, the graph plays the role of a critical minor for the set of all linearly reducible graphs. Our case study suggests that only a few further critical minors are needed to distinguish all linearly reducible graphs of Λ at three loops. In this way, a large class of graphs can be separated into linearly reducible and irreducible members by knowing only a small number of critical minors.

5. Conclusions

In this talk we reviewed the criterion of linear reducibility of Symanzik polynomials, which can be used to decide whether a corresponding Feynman integral can be computed by iteratively introducing hyperlogarithms or multiple polylogarithms. Brown showed in [21] that with respect to the first Symanzik polynomial, the set of linearly reducible graphs is closed under taking minors and that therefore a characterization of this set by forbidden, critical minors is possible. We extended this line of argument to the case of graphs with masses and kinematical invariants, by showing, that minor closedness is true for both Symanzik polynomials. We exhibit a first critical minor with a non-trivial dependence on kinematical invariants.

We expect a classification with respect to the criterion of linear reducibility to be useful for the more difficult question of which Feynman integrals evaluate to multiple polylogarithms. Due to the simplicity of its derivation and the property of minor closedness, such a systematic classification of a large class of Feynman graphs appears feasible.

References

1. J. Ablinger, J. Blümlein, A. Hasselhuhn, S. Klein, C. Schneider and F. Wissbrock, Massive 3-loop Ladder Diagrams for Quarkonic Local Operator Matrix Elements, Nucl. Phys. B 864 (2012) 52 [hep-ph/1206.2252].

2. P. Aluffi and M. Marcolli, Feynman motives of banana graphs, Commun. Number Theory Phys. 3 (2009), no. 1, 157, hep-th/0807.1690.

3. P. Aluffi and M. Marcolli, Feynman Motives and Deletion-Contraction Relations, Contemp.

Math., 538, Amer. Math. Soc., 2011.math-ph/0907.3225.

4. P. Aluffi and M. Marcolli, Parametric Feynman integrals and determinant hypersurfaces, Adv.

Theor. Math. Phys. 14 (2010), no. 3, 911963, math-AG/0901.2107.

5. C. Anastasiou, C. Duhr, F. Dulat and B. Mistlberger, Soft triple-real radiation for Higgs production at N3LO, [hep-ph/1302.4379].

6. S. Bauberger, F.A. Berends, M. Böhm, M. Buza and G. Weiglein, Calculation of two-loop self-energies in theelectroweak Standard Model, Nucl. Phys. B (Proc. Suppl.) 37B (1994) 95- 114.

7. S. Bauberger, F.A. Berends, M. Böhm and M. Buza, Analytical and numerical methods for massive two-loop self-energy diagrams, Nucl. Phys. B 434 (1995) 383-407.

8. P. Belkale and P. Brosnan, Periods and Igusa local zeta functions, International Mathematics Research Notices, Vol. 2003, no. 49, 2655-2670, 2003.

9. M.C. Bergère and Y.-M. Lam, Asymptotic Expansion of Feynman Amplitudes, Commun.

Math. Phys. 39 (1974) 1.

10. I. Bierenbaum and S. Weinzierl, The massless two-loop two-point function, Eur.Phys.J. C32 (2003) 67-78, hep-ph/0308311.

11. T. Binoth and G. Heinrich, An automatized algorithm to compute infrared divergent multi-loop integrals, Nucl. Phys. B585 (2000), 741-759.

12. S. Bloch, E. Esnault and D. Kreimer, On motives associated to graph polynomials, Commun.

Math. Phys. 267 (2006), 181225.

13. S. Bloch and D. Kreimer, Feynman amplitudes and Landau singularities for one-loop graphs, Commun. Number Theory Phys. 4 (2010), no. 4, 709753.

14. C. Bogner and F. Brown, Symbolic integration and multiple polylogarithms, PoS(LL2012)053, arXiv:1209.6524 [hep-ph].

15. C. Bogner and S. Weinzierl, Periods and Feynman integrals, J. Math. Phys. 50, 042302 (2009). 16. C. Bogner and S. Weinzierl, Feynman graph polynomials, Int. J. Mod. Phys. A25 (2010) 2585-2618, [hep-ph/1002.3458].

17. D. Broadhurst and D. Kreimer, Knots and Numbers in ϕ^4-Theory to 7 Loops and Beyond, Int. J. Mod. Phys. C6 (1995), 519524.

18. D. Broadhurst and D. Kreimer, Association of multiple zeta values with positive knots via Feynman integrals up to 9 loops, Phys. Lett. B 393 (1997), 403412.

19. F. Brown, Multiple zeta values and periods of moduli spaces M_{0,n}, Ann. Sci. Éc. Norm. Supér.

(4) 42 (2009), 371-489, [math.AG/0606419].

20. F. Brown, The massless higher-loop two-point function, Commun. Math. Phys. 287:925- 958,2009, [math.AG/0804.1660].

21. F. Brown, On the periods of some Feynman integrals, math.AG/0910.0114. 22. F. Brown and D. Doryn, Framings for graph hypersurfaces, math.AG/1301.3056. 23. F. Brown and D. Kreimer, Angles, scales and parametric renormalization, hep-th/1112.1180. 24. F. Brown and O. Schnetz, A K_3 in ϕ^4, Duke Math. J. Volume 161, Number 10 (2012), 1817-1862.

25. S. Caron-Huot and K.J. Larsen, Uniqueness of two-loop master contours, JHEP 1210 (2012) 026, hep-ph/1205.0801.

26. F. Chavez and C. Duhr, Three-mass triangle integrals and single-valued polylogarithms, JHEP 1211 (2012) 114 [hep-ph/1209.2722].

27. K. T. Chen, Iterated path integrals, Bull. Amer. Math. Soc. 83, (1977), 831-879. 28. K.G. Chetyrkin, A.L. Kataev and F.V. Tkachov, New approach to evaluation of multiloop Feynman integrals: The Gegenbauer polynomial x-space technique, Nucl. Phys. B 174 (1980) 345.

29. K. G. Chetyrkin and F. T. Tkatchov, Integration by parts: The algorithm to calculate βfunctions in 4 loops, Nucl. Phys. B192 (1981), 159.

30. V. Del Duca, C. Duhr, E.W.N. Glover and V.A. Smirnov, The One-loop pentagon to higher orders in epsilon, JHEP 1001 (2010) 042 [hep-th/0905.0097].

31. V. Del Duca, C. Duhr and V.A. Smirnov, The Two-Loop Hexagon Wilson Loop in N = 4 SYM, JHEP 1005 (2010) 084 [hep-th/1003.1702].

32. C. Duhr, H. Gangl and J. Rhodes, From polygons and symbols to polylogarithmic functions, math-ph/1110.0458.

33. T. Gehrmann and E. Remiddi, Differential Equations for Two-Loop Four-Point Functions, 34. A. B. Goncharov, A simple construction of Grassmannian polylogarithms, math.AG/0908.2238v2.

35. A. B. Goncharov, Multiple polylogarithms and mixed Tate motives, math.AG/0103059v4. 36. A. B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, Classical Polylogarithms for Amplitudes and Wilson Loops, Phys. Rev. Lett. 105:151605,2010, [hep-th/1006.5703].

37. J. Gracey, Conformal methods for massless Feynman integrals and large N_f methods, [hep/ph:1301.7583].

38. T. Hahn and P. Lang, FeynEdit - a tool for drawing Feynman diagrams, Comput.Phys.Commun.179:931-935,2008, hep-ph/0711.1345.

39. T. Huber and D. Maitre, HypExp: A Mathematica package for expanding hypergeometric functions around integer-valued parameters, Comput.Phys.Commun. 175 (2006) 122-144, hep-ph/0507094.

40. T. Huber and D. Maitre, HypExp 2, Expanding Hypergeometric Functions about Half-Integer Parameters, Comput.Phys.Commun. 178 (2008) 755-776, arXiv:0708.2443.

41. C. Itzykson and J.-B. Zuber, Quantum field theory, Dover Publications, 2006. 42. M. Kontsevich and D. Zagier, Periods, in: B. Engquis and W. Schmid, editors, Mathematics unlimited - 2001 and beyond, 771-808, Springer (2001).

43. A.V. Kotikov, Differential equantions method: New technique for massive Feynman diagrams calculation, Phys. Lett. B254 (1991), 158164.

44. S. Laporta, High-precision calculation of multi-loop Feynman integrals by difference equations, Int. J. Mod. Phys. A15 (2000), 5087, hep-ph/0102033.

45. S. Laporta and E. Remiddi, Analytic treatment of the two loop equal mass sunrise graph, Nucl. Phys. B704 (2005) 349-386, hep-ph/0406160.

46. I. Lappo-Danilevskii, Mémoires sur la théorie des systèmes des équations différentielles linéaires, Chelsea, New York (1953).

47. R.N. Lee, Space-time dimensionality D as complex variable: calculating loop integrals using dimensional recurrence relation and analytical properties with respect to D, Nucl. Phys. B830: 474-492, 2010, arXiv:0911.0252.

48. S. Moch, P. Uwer and S. Weinzierl, Nested Sums, Expansion of Transcendental Functions and Multi-Scale Multi-Loop Integrals, J. Math. Phys. 43 (2002), 3363, hep-ph/0110083.

49. S. Müller-Stach, S. Weinzierl and R. Zayadeh, A second-order differential equation for the two-loop sunrise graph with arbitrary masses, Commun. Num. Theor. Phys. 6 (2012), 203222.

50. S. Müller-Stach, S. Weinzierl and R. Zayadeh, Picard-Fuchs equations for Feynman integrals, arXiv:1212.4389, (2012).

51. N. Nakanishi, Graph Theory and Feynman Integrals, Gordon and Breach, 1971. 52. E. Patterson, On the singular structure of graph hypersurfaces, Commun. Number Theory Phys. 4 (2010), no. 4, 659708.

53. E. Remiddi, Differential Equations for Feynman Graph Amplitudes, Nuovo Cim. A110 (1997), 1435. Nucl. Phys. B580 (2000), 485.

54. E. Remiddi and J. A. M. Vermaseren, Harmonic Polylogarithms, Int. J. Mod. Phys. A15 (2000) 725-754, [hep-ph/9905237].

55. N. Robertson and P. Seymour, in the series Graph Minors, IV-VII, IX-XII and XIV-XX, Journal of Combinatorial Theory, Series B, since 1983.

56. V.A. Smirnov, Analytical result for dimensionally regularized massless on-shell double box, Phys. Lett. B460 (1999), 397404, hep-ph/9905323.

57. O.V. Tarasov, Connection between Feynman integrals having different values of the spacetime dimension, Phys. Rev. D54 (1996), 6479, hep-th/9606018.

58. O.V. Tarasov, Generalized Recurrence Relations for Two-loop Propagator Integrals with Arbitrary Masses, Nucl. Phys. B502 (1997), 455, hep-ph/9703319.

59. J.B. Tausk, Non-planar massless two-loop Feynman diagrams with four on-shell legs, Phys.

Lett. B460 (1999), 225234, hep-ph/9909506.

60. N.I. Ussyukina, On a Representation for Three Point Function, Teor.Mat.Fiz. 22 (1975) 300- 306.

61. K. Wagner, Über die Eigenschaft der ebenen Komplexe, Math. Ann. 114 (1937), 570590.

Institute of Physics, Humboldt Universität zu Berlin, Unter den Linden 6, 10099 Berlin, Germany

E-mail address: bogner@math.hu-berlin.de, lueders@physik.hu-berlin.de