arXiv:1302.6365v1 [hep-th] 26 Feb 2013

Nonperturbative enhancement of nonGaussian correlators in de Sitter space

Julien Serreau Astro-Particule et Cosmologie (APC), CNRS UMR 7164, Université Paris 7 - Denis Diderot 10, rue Alice Domon et Léonie Duquet, 75205 Paris Cedex 13, France. (Dated: February 27, 2013)

We compute the four-point correlation function of a light O(N) scalar field in de Sitter space in the large-N limit. For superhorizon momentum modes, infrared effects strongly enhance the size of loop contributions. We find that in the deep infrared limit, the latter are of the same order as the tree-level one. The resulting nonGaussian correlator presents a singular momentum dependence.

PACS numbers: 04.62.+v; 98.80.-k Keywords: Quantum field theory; de Sitter space; 1/N expansion

Quantum field theory in curved spaces is a topic of great interest with a long history [1]. The case of de Sitter (dS) space has attracted a lot of attention both because of its large degree of symmetry and because of its phenomenological relevance for the early inflationary era and for the current accelerated expansion of the universe. Specific phenomena such as gravitational redshift or particle creation imposes one to rethink much of what is known in Minkowski space, starting from the basic notions of particle and vacuum state, even for free fields [2]. At present, free gauge fields, such as the photon or the graviton, are still the subjects of debates [3].

Interacting fields can be studied by means of perturbation theory [4–8]. They pose practical and conceptual issues. An example is the transPlanckian problem [9], i.e., the question of the effective decoupling between infrared (IR) and ultraviolet physics, which underlies the very concept of QFT on dS. They also reveal novel specific features as compared to the flat space case. For instance, scalar fields of sufficiently large mass—in units of the expansion rate—are fundamentally unstable and can decay to themselves [10]. Light fields, which have no Minkowski analog, are also of great interest because of their phenomenological relevance, e.g., for inflationary cosmology. They exhibit strong semi-classical fluctuations for superhorizon modes and turn out to be essentially nonperturbative, even at weak coupling, due to large IR effects [5, 11]. In recent years, various methods inspired from flat space techniques have been developed to deal with IR issues in dS. Results are still rather scarce but the nonperturbative aspects of light scalar fields are being unravelled [12–20]

A typical example is the phenomenon of dynamical mass generation: a field with vanishing tree-level mass develops an effective mass due to its self-interactions [11]. This lifts the flat tree-level potential and regulates possible IR divergences. Incidentally, this results in nonanalytic coupling dependences of physical observables. A similar phenomenon has been demonstrated for an O(N) scalar field in the large-N limit in the case where the tree-level potential shows spontaneous symmetry breaking [15]. Strong IR fluctuations restore the symmetry, as anticipated in [21], and lead to nonperturbatively enhanced loop contributions [19].

Immediate phenomenological implications of nontrivial field interactions in the inflationary universe are possible quantum corrections to standard inflationary observables [6, 22], or the possibility of nonGaussian features of primordial density fluctuations [23]. It has been pointed out in [12] that IR effects may lead to parametrically enhanced nonGaussianities at tree-level. In this letter, we show that loop corrections to nonGaussian correlators are also amplified by IR effects and may in fact be as large as the tree-level contribution. We consider the case of an O(N) theory with quartic interactions and employ a nonperturbative large-N limit. Using the expressions for the field propagator and four-point vertex function recently obtained in Refs. [15, 19], we compute the equal time four-point correlation function for the phenomenologically relevant case of superhorizon modes, which we obtain in closed analytical form. We point out the interesting momentum structure of the loop contributions.

Consider the O(N)-symmetric scalar field theory with classical action (a sum over a = 1, . . . , N is implied) S[φ] = ∫ x { 1 2 φ_a ( □ − m^2_{dS} ) φ_a − λ 4!N (φ_aφ_a)^2 } , (1)

with the invariant measure ∫ x ≡ ∫ d^{d+1}x √ −g, on the expanding Poincaré patch of a d + 1-dimensional dS space. In terms of comoving spatial coordinates X and conformal time −∞ < η < 0, the line-element reads (we choose the Hubble scale H = 1)

ds^2 = η^{−2} ( −dη^2 + dX · dX ) . (2)

In Eq. (1), the mass term m^2_{dS} = m^2 + ξR includes a possible coupling to the Ricci scalar R = d(d + 1) and □ is the appropriate Laplace operator.

In the following we consider the n-point correlation and vertex functions of the conformaly rescaled fields ϕ_a(x) = (−η)^{1−d2} φ_a(x) in the (interacting) Bunch Davies vacuum state. The latter are conveniently expressed in terms of time ordered products of field operators along a closed contour in (conformal) time; see, e.g., [18]. For instance the two-point function G_{ab}(x, x^′) =

FIG. 1: The self-energy in the limit N → ∞; see Eq. (10). The internal line corresponds to the propagator G itself, hence the nonperturbative character of this limit.

⟨T_C ϕ_a(x)ϕ_b(x^′)⟩, where T_C denotes time-ordering along the contour C, encodes both the statistical and spectral correlators F_{ab}(x, x^′) =^1_2 ⟨{ϕ_a(x), ϕ_b(x^′)}⟩ and ρ_{ab}(x, x^′) = i⟨[ϕ_a(x), ϕ_b(x^′)]⟩: G_{ab}(x, x^′) = F_{ab}(x, x^′) − i 2 sign_C (x^0 − x^{′0})ρ_{ab}(x, x^′) , (3)

where the sign function is to be understood on the contour C. It was shown in [15] that, in the large-N limit, the system only admits O(N)-symmetric solutions. We thus have ⟨ϕ_a⟩ = 0 and G_{ab} = δ_{ab}G.

In the symmetric phase, the four-point correlation and vertex functions G^{(4)} and Γ^{(4)} are related by G^{(4)}_{ABCD} = G_{AA}′ G_{BB}′ G_{CC}′ G_{DD}′ iΓ^{(4)}_A′_B′_C′_D′ (4) where capital letter indices collectively denote spacetime variables and O(N) indices and an appropriate integral/summation over repeated indices is understood. Here, we are interested in computing the equaltime four-point correlator in comoving momentum space G^{(4)}(η, K_1, . . . , K_4) for superhorizon physical momenta, −K_iη ≲ 1. Both the propagator G and the vertex Γ^{(4)} have been computed recently in the IR regime in the limit N → ∞ [15, 19]. Let us briefly review the results relevant for our present purposes.

In comoving momentum space, the two-point function has the free-field-like expression, for sign_C (η − η^′) = 1, G(η, η^′, K) = π 4 √ ηη^′H_ν (−Kη)H^∗_ν (−Kη^′) (5) where H_ν (z) is the Hankel function of the first kind and ν = √ d^2/4 − M^2. Here, M a self-consistent, dynamically generated mass, to be discussed shortly. In the cases of interest below, M ≪ 1 and it is convenient to introduce the small parameter ε = d/2 − ν ≈ M^2/d. For superhorizon modes, the statistical and spectral twopoint function read

F_{IR}(η, η^′, K) = √ ηη^′ F_ν (K^2ηη^′)^ν (6) ρ_{IR}(η, η^′, K) = − √ ηη^′ P^0_ν ( ln η η^′ ) , (7)

where F_ν = [2^ν Γ(ν)]^2/4π and we introduced the function

P^b_a(x) = sinh(ax) a e^{−b|x|}. (8)

The self-consistent mass M satisfies the gap equation

M^2 = m^2_{dS} + σ (9)

where the constant σ is given by the tadpole diagram of Fig. 1. Retaining only the dominant IR contribution in the loop (see [15] for a complete treatment), one gets σ = λ 6N ⟨φ^2(x)⟩ ≈ λ_{eff} ε , (10)

where we introduced λ_{eff} = λF_ν Ω_d/12(2π)^d and Ω_d = 2π^{d/2}/Γ(d/2). Equation (9) is solved as

M^2 = m^2_{dS} 2 + √ (m^2_{dS})^2 4 + dλ_{eff} . (11)

The nonanalytic coupling dependence reflects the nonperturbative IR character of mass generation.

The four-point vertex function can be written as [19]

Γ^{(4)}_{abcd}(η_i, K_i) = [η_1 · · · η_4]^{d−34} × { δ_{ab}δ_{cd} δ_C (η_1 −η_2)δ_C (η_3 −η_4)iD(η_1, η_3, K_{12})+perm. } , (12)

where δ_C (η − η^′) is a Dirac delta function on the contour, K_{ij} = |K_i + K_j | and ’perm.’ denotes the two permutations needed to make Γ^{(4)} symmetric. The function D is the two-point correlator of the composite field χ ∝ ϕ^2: iD(η, η^′, K) = − λ 3N [δ_C (η − η^′) + iI(η, η^′, K)] , (13)

The first term on the right hand side corresponds, when inserted in Eq. (12), to the tree-level vertex and the function I resums an infinite series of bubble loop diagrams. The one-loop contribution gives a nonlocal power in the IR. Each additional loop leads to an additional power of a large IR logarithm which actually resum to a modified IR power law [19]. The nonlocal function I admits a decomposition in terms of statistical and spectral components as in (3), which read, in the IR,

I^{IR}_F (η, η^′, K) = − π_ρ √ ηη^′ F_ν (K^2ηη^′)^{κ̄}

, (14)

I^{IR}_ρ (η, η^′, K) = π_ρ √ ηη^′ P^ε_{ν̄} ( ln η η^′ ) , (15)

with π_ρ = 2σ, ν̄ = √ ν^2 − π_ρ and κ̄ = ν̄ − ε. Here, π_ρ is the effective parameter which actually controls the loop expansion. In the following we shall assume π_ρ ≲ 1 and we introduce the parameter ε̄ = d/2 − ν̄. Expanding the above expression in powers of the effective coupling π_ρ generates the whole series of perturbative logarithms. One sees however that the latter breaks down for large time separations π_ρ| ln η/η^′| ≳ 1 and/or deep IR momenta π_ρ| ln K^2ηη^′| ≳ 1.

FIG. 2: The equal-time four-point correlator (16). The black lines represent the propagator G and the dashed line represents the nonlocal vertex function (12), which includes the tree-level vertex and an infinite series of bubble loop diagrams.

We now have all the ingredients for our computation of the contribution from superhorizon, IR modes to the four-point equal-time correlator (5). Writing ∫ ξ = ∫ C dξ, the latter can be expressed as the following integral on the time contour C G^{(4)}_{abcd}(η, K_i) = δ_{ab}δ_{cd} ∫ ξ,ξ^′ A_{12}(η, ξ)B_{12}(ξ, ξ^′)A_{34}(ξ^′, η)

+perm. (16)

where we introduced the functions A_{ij} (η, ξ) = G(η, ξ, K_i)G(η, ξ, K_j ), (17) B_{ij} (ξ, ξ^′) = − (ξξ^′)^{d−32} D(ξ, ξ^′, K_{ij} ). (18)

The tree-level contribution is ∝ δ_C (ξ − ξ^′) and must be performed separately. It involves the time integral i ∫ C dξ(−ξ)^{d−3}A_{12}(η, ξ)A_{34}(η, ξ) = ∫_η −∞ dξ(−ξ)^{d−3} { A^F_{12}(η, ξ)A^ρ_{34}(η, ξ) + (12 ↔ 34) } ,(19)

where we introduced the statistical and spectral components of the function A_{ij} , as in (3), and we used standard manipulations on the contour [24]. Note the symmetry relations A^F_{ij} (η, ξ) = A^F_{ij} (ξ, η) and A^ρ_{ij} (η, ξ) = −A^ρ_{ij} (ξ, η). Due to the strong IR enhancement of the statistical function (6) as compared to the spectral one (7), we have A^F_{ij} (η, ξ) ≈ F (η, ξ, K_i)F (η, ξ, K_j ), (20) A^ρ_{ij} (η, ξ) = F (η, ξ, K_i)ρ(η, ξ, K_j ) + (i ↔ j), (21) where we neglected a term ∝ ρρ in the first line. This is typical of the classical statistical field regime [7, 25] and reveals, in the present context, the classical stochastic nature of dS IR fluctuations [26]. To estimate the contribution from superhorizon modes we replace the integral ∫_η −∞ → ∫_η η_0 , where η0 is such that the relevant momenta

are superhorizon: −K_iη_0 ≲ 1. One can then use the expressions (6) and (7) to compute (19); see below.

The loop contribution in (16) involves the nonlocal function I in (13). We write ∫ C dξdξ^′A_{ij} (η, ξ)I(ξ, ξ^′)A_{kl}(ξ^′, η) = ∫_η −∞ dξ ∫_η −∞ dξ^′A^ρ_{ij} (η, ξ)I_F (ξ, ξ^′)A^ρ_{kl}(ξ^′, η) − ∫_η −∞ dξ ∫_η ξ dξ^′A^F_{ij} (η, ξ)I_ρ(ξ, ξ^′)A^ρ_{kl}(ξ^′, η) − ∫_η −∞ dξ ∫_η ξ dξ^′A^F_{kl}(η, ξ)I_ρ(ξ, ξ^′)A^ρ_{ij} (ξ^′, η), (22) replace again ∫_η −∞ → ∫_η η_0 and use the IR behaviors (14)

and (15). The calculation is straightforward.

Extracting a overall factor and introducing the variable x = ln(η/η_0), our final result reads

G^{(4)}_{abcd}(η, K_i) = λ 3N F^3_ν 2ν (−η)^{2−4ν} (−η_0)^{2ε}

(K_1 · · · K_4)^{2ν} δ_{ab}δ_{cd} g(x, K_i) +perm. , (23)

with the two momentum structures

g(x, K_i) = g_1(x) ( K^{2ν}_1 + · · · + K^{2ν}_4 ) + g_2(x)

(K^{2ν}_1 + K^{2ν}_2 )(K^{2ν}_3 + K^{2ν}_4 ) (K_{12})^{2κ̄}

. (24)

The function g_1(x) receives contributions from the treelevel vertex and from the last two lines of Eq. (22), while g_2(x) comes from the second line of Eq. (22). We find

g_1(x) = L_{2ε}(x) + π_ρ 2ν L_{ε+ε̄}(x) − L_{2ε}(x) ε̄ − ε , (25)

g_2(x) = π_ρ 2ν (−η_0)^{2ε̄}L^2_{ε+ε̄}(x), (26)

where we defined the function L_a(x) = (e^{ax} − 1)/a. Note the mild dependence on η_0, which indicates that our assumption of IR dominance is consistent. The first term on the right hand side of Eq. (25) is the tree-level contribution. Loop terms are ∝ π_ρ.

Nontrivial IR effects arise in the cases of vanishing, or negative tree-level square mass m^2_{dS} ≤ 0. For m^2_{dS} = 0, the dynamically generated mass (11) is M^2 ∝ √ λ and ε = √ λ_{eff} /d , π_ρ = 2dε , (27)

such that ε̄ = 3ε. We thus get

g_1(x) = L_{2ε}(x) (1 + εL_{2ε}(x)) , (28) g_2(x) = 2ε(−η_0)^{6ε}L^2_{4ε}(x). (29)

We see that loop corrections get enhanced by IR effects and are controlled by ε ∼ √ λ. In the regime ε|x| ≲ 1,

g_1(x) ≈ x + εx^2 , g_2(x) ≈ 2ε(−η_0)^{6ε}x^2 (30)

and we recover the usual perturbative result [27]: G^{(4)} ∼ λx(1+O( √ λx^2)). However, we see that for λ|x| ∼ 1, loop contributions become of the same order as the tree-level one. In the deep IR regime ε|x| ≳ 1, the linear growth in x saturates and one finds the fully nonperturbative result

g_1(x) ≈ −1/4ε , g_2(x) ≈ (−η_0)^{6ε}/8ε (31)

and G^{(4)} ∼ √ λ. In the case of spontaneous symmetry breaking at treelevel, m^2_{dS} < 0, IR fluctuations restore the symmetry, resulting in a positive effective square mass M^2 ∝ λ; see Eq. (11). One has, assuming λ ≪ |m^2_{dS}| ≲ 1,

ε = λ_{eff} /|m^2_{dS}| , π_ρ = 2|m^2_{dS}| (32)

and thus ε̄ = π_ρ/d ≫ ϵ. In this case, we find

g_1(x) = L_{ε̄}(x) and g_2(x) = ε̄(−η_0)^{2ε̄}L^2_{ε̄}(x). (33)

We see that loop effects are not suppressed by powers of the coupling. In the deep IR regime π_ρ|x| ≳ 1, one has

g_1(x) ≈ −1/ε̄ , g_2(x) ≈ (−η_0)^{2ε̄}/ε̄, (34)

which exhibits, again, IR enhancement: G^{(4)} ∼ λ/|m^2_{dS}|.

Finally, we note the specific momentum dependence of the g_2 loop contributions in (23), (24) which is singular whenever the sum of any two momenta approaches zero, K_{ij} → 0. This loop contribution thus gives a distinct signature from the tree-level one and, in fact, provides the dominant contribution for such momentum configurations. This is a direct consequence of the IR behavior (14) of the nonlocal four-point vertex (12). In the present case, the latter is given by the two-point function (13) of the operator ϕ^2 which, at large momentum separation is essentially that of a free scalar field of mass M̄^2 ≈ d(ε+ε̄), as noticed in [19]. Loop contributions can thus be seen as describing the exchange of a light (composite) scalar degree of freedom, whereas the tree-level contribution is a contact term. Similar contact and exchange diagrams appear in tree-level calculations of nonGaussian trispectrum for primordial density perturbations in inflationary models and lead to specific nonGaussian signatures [28].

In conclusion, we have obtained an analytic expression of the nonGaussian four-point correlator of an O(N) scalar field in the large-N limit, which shows that dS IR effects can lead to nonperturbative enhancement of loop contributions. We believe our result adds to the understanding of the nontrivial IR physics of light scalar fields in dS space. Although the present model is too simplistic for realistic cosmology applications, our calculation demonstrates how IR effects may spoil the usual perturbative expectations. Possible implications for inflationary cosmology need to be investigated.

We acknowledge interesting discussions with F. Gautier and R. Parentani.

[1] N. D. Birell, P. C. W. Davies, Quantum Fields in curved spaces, Cambridge Univeristy Press (1994).

[2] E. Mottola, Phys. Rev. D 31 (1985) 754; B. Allen and A. Folacci, Phys. Rev. D 35 (1987) 3771; J. Bros, U. Moschella and J. P. Gazeau, Phys. Rev. Lett. 73 (1994) 1746; E. Joung, J. Mourad and R. Parentani, JHEP 0608 (2006) 082; JHEP 0709 (2007) 030.

[3] N. C. Tsamis and R. P. Woodard, J. Math. Phys. 48, 052306 (2007); S. Faci, E. Huguet, J. Queva and J. Renaud, Phys. Rev. D 80, 124005 (2009); P. J. Mora, N. C. Tsamis and R. P. Woodard, J. Math. Phys. 53, 122502 (2012); I. A. Morrison, arXiv:1302.1860 [gr-qc].

[4] N. C. Tsamis and R. P. Woodard, Phys. Rev. D 54, 2621 (1996); T. Prokopec, O. Tornkvist and R. P. Woodard, Phys. Rev. Lett. 89 (2002) 101301.

[5] S. Weinberg, Phys. Rev. D 72 (2005) 043514; Phys. Rev.

D 74 (2006) 023508.

[6] M. S. Sloth, Nucl. Phys. B 748 (2006) 149. D. Seery, JCAP 0711 (2007) 025; JCAP 0802 (2008) 006.

[7] M. van der Meulen and J. Smit, JCAP 0711 (2007) 023. [8] L. Senatore and M. Zaldarriaga, JHEP 1012, 008 (2010). [9] T. Jacobson, Prog. Theor. Phys. Suppl. 136, 1 (1999). [10] J. Bros, H. Epstein and U. Moschella, JCAP 0802, 003 (2008); D. P. Jatkar, L. Leblond and A. Rajaraman, Phys. Rev. D 85, 024047 (2012).

[11] A. A. Starobinsky and J. Yokoyama, Phys. Rev. D 50 (1994) 6357.

[12] A. Riotto and M. S. Sloth, JCAP 0804 (2008) 030. [13] B. Garbrecht and G. Rigopoulos, Phys. Rev. D 84, 063516 (2011).

[14] C. P. Burgess, L. Leblond, R. Holman and S. Shandera, JCAP 1003 (2010) 033; JCAP 1010 (2010) 017.

[15] J. Serreau, Phys. Rev. Lett. 107, 191103 (2011). [16] T. Prokopec, JCAP 1212 (2012) 023; T. Arai, Class.

Quant. Grav. 29 (2012) 215014.

[17] A. Rajaraman, Phys. Rev. D 82, 123522 (2010);

M. Beneke and P. Moch, arXiv:1212.3058 [hep-th]. [18] R. Parentani and J. Serreau, Phys. Rev. D 87, 045020 (2013).

[19] J. Serreau and R. Parentani, arXiv:1302.3262 [hep-th]. [20] A. Youssef and D. Kreimer, arXiv:1301.3205 [gr-qc]. [21] B. Ratra, Phys. Rev. D 31 (1985) 1931.

[22] D. Boyanovsky, H. J. de Vega and N. G. Sanchez, Phys.

Rev. D 72 (2005) 103006; Nucl. Phys. B 747 (2006) 25. [23] J. M. Maldacena, JHEP 0305, 013 (2003); N. Bartolo, E. Komatsu, S. Matarrese and A. Riotto, Phys. Rept. 402, 103 (2004).

[24] J. Berges, AIP Conf. Proc. 739, 3 (2005). [25] G. Aarts and J. Berges, Phys. Rev. Lett. 88 (2002) 041603.

[26] D. Polarski and A. A. Starobinsky, Class. Quant. Grav.

13 (1996) 377; D. Campo and R. Parentani, Phys. Rev. D 70 (2004) 105020.

[27] F. Bernardeau, T. Brunier and J. -P. Uzan, Phys. Rev.

D 69 (2004) 063520.

[28] F. Arroja and K. Koyama, Phys. Rev. D 77 (2008) 083517; D. Seery, M. S. Sloth and F. Vernizzi, JCAP 0903 (2009) 018; X. Chen, B. Hu, M. -x. Huang, G. Shiu and Y. Wang, JCAP 0908 (2009) 008.