arXiv:1302.6566v1 [gr-qc] 26 Feb 2013

Singularity resolution from polymer quantum matter

Andreas Kreienbuehl^{1, ∗} and Tomasz Pawłowski^{2, †} 1Theoretical High Energy Physics, Radboud University, Mailbox 79, P.O. Box 9010, 6500 GL Nijmegen, The Netherlands 2Katedra Metod Matematycznych Fizyki, Universytet Warszawski, ul. Hoża 74, 00-681 Warszawa, Poland

We study the polymeric nature of quantum matter fields using the example of a Friedmann- Lemaître-Robertson-Walker universe sourced by a minimally coupled massless scalar field. The model is treated in the symmetry reduced regime via deparametrization techniques, with the scale factor playing the role of time. Subsequently the remaining dynamic degrees of freedom are polymer quantized. The analysis of the resulting dynamic shows that the big bang singularity is resolved, although with the form of the resolution differing significantly from that of the models with matter clocks: dynamically, the singularity is made passable rather than avoided. Furthermore, the results of the genuine quantum analysis expose crucial limitations to the so-called effective dynamics in loop quantum cosmology when applied outside of the simplest isotropic settings.

I. INTRODUCTION

Einstein’s theory of general relativity (GR) successfully describes gravitational phenomena, predicting with high precision all large scale observations made to date. It is however expected to fail in the ultraviolet regime due to the quantum nature of the reality at the Planck energy scales. To obtain accurate predictions for such situations one has to resort to quantum gravity (QG).

Despite many attempts [1–6], no general, complete and working (quantitatively) formulation of QG exists. In particular, in the context of the canonical quantization programs, so far it was possible to complete the quantization program only in certain situations, where gravity is coupled to specific matter fields (for irrotational dust see [7, 8] and also the earlier, well defined implicit constructions in [9, 10]). In order to generalize these frameworks (or complete the alternative approaches) it is crucial to first study in detail the simplified mini- and midisuperspace settings.

In this paper we consider the simplest minisuperspace model, which represents a Friedmann-Lemaître-Robert-son-Walker (FLRW) universe – an isotropic, flat spacetime admitting a massless scalar field as source. This model is widely used as a testing ground for QG methods and is at the same time of particular interest in cosmology.

In the context of QG, the model has been studied in detail using tools of loop quantum cosmology (LQC – see the references in the second paragraph and [11–17]). In LQC, an application of the polymer quantization [18–22] to the geometric degrees of freedom results in a dynamical singularity resolution [17], whereby the big bang is replaced by a big bounce. This result was later confirmed (at the genuine quantum level) for different matter fields, in particular the Maxwell field [23] and dust [24].

∗ a.kreienbuehl@hef.ru.nl † tpawlow@fuw.edu.pl

However, the abovementioned big bounce result was obtained via a somewhat “hybrid” approach: the geometry is quantized via loop techniques, while the matter (the scalar field) is treated by methods of standard quantum mechanics (Schrödinger representation).^1 Furthermore, the system was analyzed by methods dedicated to theories with a time reparametrization freedom. Namely, the evolution was implicitly defined by means of the formalism of partial observables [26]. The above approach was also applied outside of the isotropic settings, both for homogeneous models (like various Bianchi models [27]) and inhomogeneous spacetimes (in particular Gowdy models [28]) as well as in the context of perturbation theory about the cosmological sectors [29–31].^2 The results for the inhomogeneous settings are however based on heuristic methods and the dynamic is not systematically investigated.

An alternative approach is presented in [32] (see also [33]), where the investigated model is the one considered here but including a nonvanishing cosmological constant. The analysis is carried out in the context of quantum geometrodynamics, which is based on the standard Schrödinger quantization of the metric Hamiltonian formulation of Arnowitt, Deser, and Misner (ADM). More specifically, the system is treated via the so-called deparametrization technique (for an example starting from the full theory see [9]): one of the dynamical variables – in this case the scale factor – is selected as clock at the classical level, after which the system can be quantized and regarded as freely evolving with respect to this clock. The obtained results are (by the majority) consistent with those of the studies of the same systems in the

1 Recently, the results of [17] were confirmed [25] through the analysis of the same model, where both the geometric and the matter degrees of freedom are quantized via polymer techniques. This work used one of several possible in this context loop quantization schemes (see [19] and the discussion in Sec. III).

2 The list of references given here contains only selected examples representing the current state of development for each model. For a more complete list we refer the reader to [13, 15].

framework of geometrodynamics in [34–36], where the partial variable formalism has been applied [26].

A consistent treatment requires the quantization of the geometry and the matter in the same way. In the context of LQC the intermediate step towards this goal is the analysis of a loop quantized scalar field coupled to gravity quantized via standard techniques. This step is necessary to identify the physical effects arising specifically due to the polymer nature of matter.

In full loop quantum gravity (LQG) a consistent quantization of the scalar field was proposed in [37], where one of two possible (and inequivalent) implementations of the polymer representation [19] was used. The same choice was later made in [25] to derive the symmetry reduced description and to determine the LQC dynamics of (this form of) the polymer scalar field.

The alternative (in a certain sense dual to the above) consistent quantization prescription was applied in [38], where again the FLRW isotropic universe is investigated by scalar quantum mechanics on a classical cosmological background. Elements of a semiclassical analysis led to the construction of an effective approximation of the dynamics, of which the study showed that the big bang singularity is replaced by a past-eternal de Sitter phase (“eternal inflation”) with graceful exit.

The mathematical formalism characteristic to this prescription was later successfully extended to the inhomogeneous setting in the context of quantum field theory on Minkowski space and on a cosmological background [39]. Both of these extensions were built via Bojowald’s lattice refinement techniques [40].

Since the nature of the studies mentioned just now is semi-heuristic, a comparison with the genuine quantum dynamic is indispensable. This is exactly the goal of the work presented here. To provide the precise quantum theory we first perform a deparametrization analogous to the one in [32], choosing the scale factor cubed as clock. Then, we quantize the scalar field via loop techniques, applying the prescription originally provided in [38].

In our work we focus on the precise construction of the quantum model, that is in particular the correct definition of the Hilbert space, and the analysis of the physical consequences: the dynamic, the existence of a semiclassical sector, and the correct GR limit. Surprisingly, the requirement of the latter will have a critical impact on the form of the Hilbert space and, consequently, on the domain of applicability of the heuristic construction of the so-called effective dynamics from LQC.

The numerical analysis of the dynamic shows that, yet again, there is no quantum big bang. However, instead of bouncing back, the quantum state (the wave packet) transits deterministically through the point marking the singularity in GR. The quantum evolution picture appearing here resembles thus the one advertised in the “early LQC epoch” [11].^3 Consequently, this work (see

3 We note that the early results were derived for a different system,

also the results in [25]) suggests that the big bounce is an effect arising solely due to the polymeric (discrete) quantum nature of the geometry.

The paper is structured as follows: in Sec. II we introduce the details of the classical FLRW model that we analyze. Then we proceed in Sec. III with the construction of the precise quantum theory. Finally, in Sec. IV we analyze the physical results and conclude in Sec. V with a general discussion.

In our studies we select the natural units c ≡ ̷h ≡ 1 and introduce the abbreviation L^2 ≡ 12πG_N for a length scale. Later in the paper we further restrict our attention to the case L = 1 corresponding to a form of Planck units.

II. CLASSICAL THEORY

In this paper we focus on the case of an isotropic and flat FLRW universe with a minimally coupled massless scalar field ϕ ≡ ϕ(T ) ∈ R as source. The metric tensor of such a universe can be expressed as

g ≡ −(NdT )^2 + a^2δ_{ij} dX^idX^j , (2.1)

where N ≡ N(T ) ∈ R^+ is the lapse function and a ≡ a(T ) ∈ R is the scale factor. Since the “symmetric criticality principle” [3, 41] is valid in the present situation, the canonical action

A = ∫^{TF}_{TI} (P_aȧ + P_ϕϕ̇ − H[N]) dT, (2.2)

can be directly and conveniently derived from the reduced Einstein-Hilbert action. The canonical momenta appearing in (2.2) are P_a V_C = ( 3 L ) 2 ∣a∣ȧ N , P_ϕ V_C = ∣a∣^3ϕ̇ N , (2.3a)

{a, P_a} = 1, {ϕ, P_ϕ} = 1, (2.3b)

whereas the scalar Hamiltonian constraint takes the form H[N] = N V_C∣a∣^3 2L^2 ⎡⎢ ⎢ ⎢⎣ − ( L^2P_a 3V_Ca^2 ) 2 + ( LP_ϕ V_Ca^3 ) 2⎤⎥ ⎥ ⎥⎦ . (2.4)

Note that to arrive at the form (2.2) of the action we had to first introduce the 3+1 splitting M ≃ R×N , where for the flat universe (considered here) N = R^3 . Due to the noncompactness of the spatial slices we had to introduce in the process of deriving (2.2) the infrared regulator – a cube or “cell” V ⊂ R^3 of finite size (see [34, 42] and the discussion in [43]). Its physical volume is V = V_C∣a∣^3, where V_C ≡ ∫_V d^3X is the comoving coordinate volume of V.

where the geometry instead of the matter was polymeric.

This step introduces an additional complication into the treatment as one has to make sure that the resulting model has a well defined (unambiguous) regulator removal limit. The classical FLRW theory is invariant under the rescaling ⃗X ↦ ζ ⃗X, ζ ∈ R^+ , which increases V by a factor of ζ^3 (an active diffeomorphism). This invariance is a natural requirement for the description of the model to remain well defined when the regulator is removed [44]. We stress that this requirement is however by no means sufficient in the quantum theory (see in particular [43]). Furthermore, in the quantum theory the ζ-invariance is not given trivially [13, 34, 42] and hence imposing it as a condition for consistency affects the choice of the canonical variables for the quantization [see (2.11), (2.12), and the paragraph prior to them].

The first-class [45–47] Hamiltonian constraint H[N] ≈ 0 generates infinitesimal transformations of T . As can be seen from (2.1), there also is the possibility of a reparametrization of the scale factor a and the Euclidean metric δ by an η ∈ R^± such that a ↦ a/η and δ ↦ η^2δ, respectively. This residual η-symmetry corresponds to the freedom of fixing the coordinate scale (a passive diffeomorphism) and orientation (a “large gauge transformation” [13, 17, 34, 42, 48]). Just like it is required for the ζ-transformation, the physics has to be invariant under an η-transformation. Among the η-invariant quantities are the action A, the volume V and ratios of the scale factor such as the Hubble parameter h ≡ ȧ/(Na).

In the next step we fix the time reparametrization freedom by implementing the second-class [45–47] gauge

G ≡ T −

V_Ca^3 L^2

, (2.5)

Given the equation of motion

ȧ = {a, H[N]} = −N

L^2P_a 9V_C∣a∣

, (2.6)

the form of G implies in particular that P_a is negative. This and the form of the constraint H[N] then lead to the reduced canonical action

A = ∫^{TF}_{TI} (P_ϕϕ̇ − H_R) dT, (2.7)

where again {ϕ, P_ϕ} = 1. The reduced Hamiltonian takes the form

H_R ≡ −P_T = −

L^2P_a 3V_Ca^2 = ∣ L^2P_a 3V_Ca^2

∣ = ∣ P_ϕ LT ∣ . (2.8)

Finally, the consistency condition

∂_T G + {G, H[N]} = 0 (2.9)

uniquely determines the lapse function N = L ∣P_ϕ∣

. (2.10)

We emphasize that the time-gauge G becomes T − sig(η)V_Ca^3/L^2 under an η-transformation. This means that the orientation of a relative to T changes if η ∈ R^− . Replacing T by −T has no impact on the space of solutions to the Wheeler-DeWitt equation resulting from (2.7), and thus amounts to a “time-reversal” operation [49]. However, the reduced classical and quantum formalism based on (2.5) and derived here is the result of singling out one of ±T , and is therefore no longer timereversal invariant. If (2.5) defines a future-directed clock, the past orientation would be given by the gauge constraint G = T + V_Ca^3/L^2. These considerations are relevant in the construction of the initial state for the quantum evolution (see Subsec. IV B).

The canonical formalism we constructed here has the deficiency of explicitly depending on the infra-red regulator V since, according to (2.5), the clock variable T scales like ζ^3. This would make the removal of the infra-red regulator V from the resulting quantum theory a rather tedious task. As the initial step in addressing this problem we replace T by the dimensionless variable t ≡ T /∣T^♡∣, where T^♡ ∈ R^± is some fixed but otherwise arbitrary reference value. Furthermore, since P_ϕ also scales like ζ^3, we analogously define p_ϕ ≡ P_ϕ/∣P^♡_ϕ ∣ with P^♡_ϕ ∈ R^± being a fixed reference value for P_ϕ. Technically, the replacement of T by t can be brought about by a simple change of the integration variable in (2.8), whereas the replacement of P_ϕ by p_ϕ is realized by an “extended canonical” or “scale transformation” [50]. Altogether, this procedure yields the canonical action A = ∣P^♡_ϕ ∣ L ∫ ∣T^♡∣t_F

∣T^♡∣t_I

(Lp_ϕϕ^′ − H_S) dt, (2.11)

where ϕ^′ ≡ dϕ/(dt), {ϕ, p_ϕ} = 1/L, and

H_S ≡ ∣ p_ϕ t ∣ , ∣ p_ϕ t ∣ dt = L ∣P^♡_ϕ ∣

H_R dT, (2.12)

is the Hamiltonian related to H_R by a scaling. We stress that t and p_ϕ are dimensionless variables.

At this point it is necessary to mention that the above modification does not yet remove the dependence of the theory on the infrared regulator. Indeed, while the constant T^♡ and P^♡_ϕ are fixed, no particular value of V can be distinguished on physical grounds. In consequence, the particular “physical” universe is represented by classes of solutions rather than by single ones. This nonuniqueness can be easily shown on the level of specifying the initial data. There, the single universe regulated by different cells V will correspond to the entire set (class of equivalence) of the initial data at the chosen initial time t^⋆. This dependence will propagate through to the quantum theory.

For initial t^⋆, p^⋆_ϕ ∈ R^± the solutions to Hamilton’s equations of motion derived from (2.11) and (2.12) are

p_ϕ(t) = p^⋆_ϕ, ϕ(t) = ϕ^⋆ + sig(tp^⋆_ϕ) L ln (∣ t t^⋆

∣) . (2.13)

Therefore, the lapse function N = ∣T^♡∣/∣P^♡_ϕ p_ϕ∣ is a constant [positive since we fixed the time orientation by the chosen gauge constraint (2.5)]. The canonical representation of the spacetime Ricci scalar takes then the form R = −6h^2, which in turn implies − 3R(t) 2R^♡ = [ p_ϕ(t) t ] 2 = ( p^⋆_ϕ t ) 2 , R^♡ ≡ (

P^♡_ϕ LT^♡ ) 2 . (2.14)

The form of the reference value R^♡ suggests the natural and simplifying choice ∣P^♡_ϕ ∣ = ∣T^♡∣, which corresponds to fixing the initial curvature value to be R(t^⋆) = −(2/3)[p^⋆_ϕ/(Lt^⋆)]^2. This partially fixes the freedom of rescaling t and p_ϕ but still does not remove the implicit ξ-dependence discussed earlier.

In order to simplify the expressions, from now on we will use the Planck units normalized by L = 1. With this choice the energy density ϱ and the pressure p are

ϱ(t) = p(t) = − 3 4 R(t), (2.15)

and the spacetime singularity occurs at t = 0^±. The positivity of N implies that the future-pointing evolution of the scalar field is “into” a big crunch for t ∈ R^− and “away from” a big bang for t ∈ R^+ . From (2.13) it is evident that for an element of the branch of the solution space admitting a big crunch, the value of ϕ(t) − ϕ^⋆ for p^⋆_ϕ ∈ R^− is related to the analogous value for p^⋆_ϕ ∈ R^+ by an overall sign-change. The same holds for for an element of the big bang branch of the solution space. Furthermore, we have the large time-inversion symmetry

(sig(p^⋆_ϕ)[ϕ(t) − ϕ^⋆])_− = −(sig(p^⋆_ϕ)[ϕ(t) − ϕ^⋆])_+, (2.16)

which relates big crunches (the left-hand side for t ∈ R^− ) with big bangs (the right-hand side for t ∈ R^+ ). In the canonical formalism at hand these identities are manifestations of the invariance of the covariant action under a replacement of ϕ with −ϕ.

Finally, we note again that the variables t and p_ϕ are dimensionless but still not invariant under a ζtransformation. The observable scalar field in (2.13) and the spacetime Ricci scalar in (2.14) – along with its related scalars in (2.15) – are inheriting this implicit noninvariance. This fact will play a crucial role in singling out the correct regularization scheme in the quantum theory.

III. QUANTUM THEORY

Our goal here is to build the precise quantum mechanical representation of the model introduced above. This means in particular the construction of a suitable Hilbert space H and the representation of H_S as a self-adjoint operator acting on the suitable domain in H. The quantum evolution will then be determined by some Schrödinger equation i ∂ ∂t ψ = ̂ ∣ p_ϕ t ∣ψ = Ĥ_Sψ (3.1)

for ψ ≡ ψ(t, ϕ).

A. The scalar field momentum operator

To start with, let us recall that the canonical formalism introduced in the previous section describes a freely evolving, isotropic and flat FLRW model. The evolution is governed by the Hamiltonian H_S in (2.12), which by (2.5) depends on the scale factor clock t = V_Ca^3/∣T^♡∣. The scalar field ϕ is thus the only object subject to a quantization. Here, we have several possibilities to proceed.

The most obvious way to construct the quantum description is to apply the Schrödinger representation, as in [32]. As shown there, this representation does not lead to a singularity resolution, as the semiclassical wave packets simply follow the classical trajectories into the singularity.

An alternative approach, which is pursued here, is the implementation of the polymer representation. The requirement of the existence of an infra-red regulator removal limit (see the previous section) forces this representation to be time-dependent.^4

To begin the detailed specification of the polymer quantization procedure, let us briefly recall the standard Schrödinger representation. It is characterized by the Stone-von Neumann uniqueness theorem [19, 20, 52], which implies that among all the irreducible regular realizations of the Weyl form

Î_λĴ_μ = e^{iλμ}Ĵ_μÎ_λ, λ, μ ∈ R^+ , (3.2)

of the canonical commutation relation

[ϕ̂, p̂_ϕ] = i^1 (3.3)

on the space L^2(R, dϕ) of Lebesgue square-integrable functions, the Schrödinger representation

Î_λ ≡ e^{iλϕ̂}, Ĵ_μ ≡ e^{−iμp̂}ϕ , (3.4)

is unique. The regularity property says that the mappings of λ to Î_λ and μ to Ĵ_μ are continuous, which holds if for ψ, ω ∈ L^2(R, dϕ) the mappings

λ ↦ ⟨ψ∣Î_λ∣ω⟩, μ ↦ ⟨ψ∣Ĵ_μ∣ω⟩, (3.5)

are continuous.

4 This situation is analogous to the one in the loop quantization of the geometric degrees of freedom, where consistency requirements label the improved dynamics construction as the correct one [51].

To generalize the above formalism, let us now consider the space of exponentiated operator labels, further parametrized in the following way

λ ≡ λ_t ≡ νν_t, μ ≡ μ_t ≡ ρρ_t, ν, ν_t, ρ, ρ_t ∈ R^+ . (3.6)

The subscript t can be seen as parametrizing the parameters λ and μ of the groups of unitary operators Î_λ and Ĵ_μ, respectively. That is, the Weyl algebra given in (3.2) depends now on time and so do the unitary operators defined in (3.4). However, we observe that because of the continuity the operators ϕ̂ and p̂_ϕ are

ϕ̂ ≡ i lim_λ

t →0

^1 − Î_{λt} λ_t = i lim_{ν→0}

^1 − Î_{λt} λ_t = ϕ^1, (3.7a)

p̂_ϕ ≡ −i lim_{μt →0}

^1 − Ĵ_{μt} μ_t = −i lim_{ρ→0}

^1 − Ĵ_{μt} μ_t = −i ∂ ∂ϕ , (3.7b)

thus they are independent of t. To conclude, in the Schrödinger quantization the operators defined in (3.7) are not changing if the group parameters are themselves parametrized by t.

The situation changes drastically if the regularity condition in the Stone-von Neumann uniqueness theorem is dropped. In this case a possible faithful realization of (3.2) is given by the so-called “polymer representation”. For the sake of generality we will further allow it to be time-dependent (in a yet unspecified way). The nonseparable Hilbert space H for this representation consists of functions ψ ∈ l^2(R, #_ϕ ) satisfying the squaresummation requirement

∥ψ∥^2 ≡ ∑ ϕ∈D_{μt} (ψ) ∣ψ(ϕ)∣^2 < ∞. (3.8)

The inner product on H providing this norm is

⟨ψ∣ω⟩ ≡ ∑ ϕ∈D_{μt} (ψ,ω) ψ(ϕ)ω(ϕ), (3.9)

where ω is another element of l^2(R, #_ϕ ). We denote by #_ϕ the measure that maps a subset of R to its cardinality (the so-called “counting measure”) and by

D_{μt} (ψ) ≡ ⋃_ϕ

0 ∈S(ψ)/≋

L_{μt} (ϕ_0), D_{μt} (ψ, ω) ≡ ⋃

ϕ_0∈(S(ψ)∩ S(ω))/≋

L_{μt} (ϕ_0), (3.10)

domains defined in terms of the necessarily countable support S of ψ or ω. For ϕ, χ ∈ R we have the equivalence ϕ ≋ χ if and only if there is an integer i ∈ Z such that ϕ = χ + iμ_t [recall (3.6)]. The domains D_{μt} are then disjoint unions of uniform lattices

L_{μt} (ϕ_0) ≡ {ϕ_0} + Zμ_t, ϕ_0 ∈ [0, μ_t). (3.11)

Orthonormal basis states of H are “half-deltas”

δ_ϕ ∶ χ ↦ δ_ϕ(χ) ≡ δ_{ϕχ} ≡ { 1, ϕ = χ, 0, otherwise,

(3.12) extending the definition of the Kronecker delta symbol to the real line.

The time-dependent polymer representation is now given by

Î_{λt} δ_ϕ ≡ e^{iλ}t^ϕδ_ϕ, Ĵ_{μt} δ_ϕ ≡ δ_{ϕ+μt} , (3.13)

which characterizes again a multiplication and a translation operator, respectively. The “λ-mapping” given in (3.5) is once more continuous for λ_t so that by Stone’s theorem [19, 52] the scalar field multiplication operator remains to be given by (3.7). The difference to the Schrödinger representation in (3.4) is that the “μmapping” in (3.5) is no longer continuous in μ_t. There is therefore no self-adjoint momentum operator generating infinitesimal translations. On l^2(R, #_ϕ ) there is only an operator generating finite translations. We are therefore forced to regularize it, for which we employ the technique introduced by Thiemann in the context of full LQG [5, 53]. In essence this technique is approximating the undefined p̂_ϕ by well-defined translation operators. Following [20, 39, 54] we choose

p̂_{ϕμt} ≡ − i 2μ_t (Ĵ^†_{μt} − Ĵ_{μt} ), (3.14a)

̂p2_{ϕμt} ≡ 2 μ^2_t ⎛ ⎝ ^1 −

Ĵ^†_{μt} + Ĵ_{μt} 2 ⎞ ⎠ . (3.14b)

The action of the former on a state ψ ∈ H is p̂_{ϕμt} ψ(ϕ) = − i 2μ_t [ψ(ϕ + μ_t) − ψ(ϕ − μ_t)] (3.15)

so that, if we could send μ_t to 0 [or according to (3.6) send ρ to 0, thereby taking the limit at the kinematic level], we would get back the differential operator −i∂/(∂ϕ). We observe that the representation of the momentum operator p̂_{ϕμt} is highly non-unique, in the same way the representation of finite difference operators in numerical analysis is. We stress that, unlike in the Schrödinger representation, because of (3.6) the momentum operator is now time-dependent.

At this point it is necessary to emphasize that the presented polymer quantization is not the only possible one. Essentially, by replacing the roles of ϕ and p_ϕ we arrive at another polymer representation, inequivalent (and in a sense “dual”) to ours (see the discussion in [19]). Such a dual representation was used in the quantization of the scalar field in full LQG [37]. Its symmetry reduced version was applied to the LQC model of an FLRW universe [25] filled with a massless scalar field. The subsequent analysis of the spectral decomposition of the evolution operator (playing the role of the Hamiltonian) shows that the dynamic of such a system is exactly the same as the one of the system with the scalar field quantized via standard methods of quantum mechanics [34]. Both approaches, ours and the one of [25], are equally viable from a mathematical point of view. Therefore, choosing one of them requires a physical input.

B. The Hamiltonian

The next step is the construction (including the determination of the action) of the quantum Hamiltonian Ĥ_S generating the unitary evolution. To do so, we switch to the scalar field momentum space, which is again the Pontryagin dual of the real line but this time the latter is equipped with the discrete topology. In short, it is the Bohr-compactified real line R_B . The Hilbert space defined in the previous subsection is then equivalent to the space H^♮, which consists of Bohr square-measurable functions

ψ^♮(p_ϕ) ≡ ∑ ϕ∈D_{μt} (ψ) ψ(ϕ)e^{−iϕpϕ} ∈ L^2(R_B , (dp_ϕ)_B) (3.16)

satisfying

∥ψ^♮∥^2 ≡ ∫ ∣ψ^♮(p_ϕ)∣^2 (dp_ϕ)_B

≡ lim_{C→∞} 1 2C ∫ C −C ∣ψ^♮(p_ϕ)∣^2 dp_ϕ < ∞. (3.17)

The inner product (between ψ^♮ and another ω^♮ ∈ H^♮) generating this norm is

⟨ψ^♮∣ω^♮⟩ ≡ ∫ ψ^♮(p_ϕ)ω^♮(p_ϕ) (dp_ϕ)_B. (3.18)

The basis orthonormal with respect to it is formed by the plane waves

e_ϕ ∶ p_ϕ ↦ e_ϕ(p_ϕ) ≡ e^{−iϕpϕ} = δ^♮_ϕ(p_ϕ). (3.19)

We observe that for a uniform lattice D_{μt} (ψ) = L_{μt} (ϕ_0) [see (3.11)] the Bohr measure (dp_ϕ)_B becomes the Lebesgue measure dp_ϕ with an integration over the fixed interval (−π/μ_t, π/μ_t]. The momentum space polymer theory defined here would then be that of Fourier with discreteness in position rather than momentum space.

In the general polymer theory at hand, the action of the multiplication and translation operator on the basis states e_ϕ is unchanged in comparison to (3.13) so that the scalar field operator is given by i∂/(∂p_ϕ). On the other hand, the operator p̂_ϕ is now the regularized p̂_{ϕμt} (see the previous subsection), which is approximated by translation operators. Indeed, since e_{ϕ+μt} = e_{μt} e_ϕ we have

Ĵ_{μt} = e^{−iμ}t^pϕ ^1, p̂_{ϕμt} = sin(μ^tp^ϕ) μ_t ^1, (3.20)

because of which the action of the Hamiltonian operator can be explicitly given by

Ĥ_Sψ^♮ = ∣sin(μ^tp^ϕ) μ_tt ∣ ψ^♮, (3.21)

where ψ^♮ ≡ ψ^♮(t, p_ϕ). Given this, the fact that ∥ψ∥ = ∥ψ^♮∥ allows us to immediately prove the conservation of the norm under an action of Ĥ_S. To show this we write explicitly the time derivative of the norm i ∂ ∂t ∥ψ∥^2 = i ∂ ∂t ∥ψ^♮∥^2 = ∫ i ∂ ∂t ∣ψ^♮∣^2 (dp_ϕ)_B = ∑ ϕ,χ∈D_{μt} (ψ) ψ(t, ϕ)ψ(t, χ) ∫ Ĥ_Se^{−ipϕ(ϕ−χ)} (dp_ϕ)_B. (3.22)

To evaluate the right-hand side we first observe that the integral can be expressed as the contour integral

lim_{C→∞} 1 2C C ∫ −C = lim_{n→∞} μ_t 4nπ n ∑_{i=1} ⎛ ⎝ −(2i−1)π/μ_t ∫ −2iπ/μ_t + −2(i−1)π/μ_t ∫ −(2i−1)π/μ_t + (2i−1)π/μ_t ∫ 2(i−1)π/μ_t + 2iπ/μ_t ∫ (2i−1)π/μ_t ⎞ ⎠ . (3.23)

The specific form of this integral allows us the to drop the absolute value Ĥ_S in (3.21)) replacing it instead with a sign appropriate for each integration domain. Next, we apply some simple trigonometric identities, the μ_ttranslation invariance of D_{μt} (ψ), and (see [55]) n ∑_{i=1} cos (

(2i + 1)π μ_t (ϕ − χ)) = sin ( 2nπ μ_t (ϕ − χ))

2 sin ( π μ_t (ϕ − χ))

. (3.24)

Finally, if we divide this by n and take the limit n → ∞ [see (3.23)], we get i∂∥ψ∥/∂t = 0.

Up to now, the shift function μ_t in the approximated p̂_ϕ operator is an arbitrary function of time. At the mathematical level the situation is analogous to the one in the loop quantization of the geometry (see [56]), where the fiducial holonomy length could be an arbitrary function on the phase space). There, however, the physical consistency requirements restricted the possible choices to just one class of functions [51]. We expect that the same situation occurs in our model. To show that this expectation is indeed realized let us recall the following facts.

The particular moment of the universe’s evolution can be represented by various points on the phase space corresponding to different choices of the regulator cell. Furthermore, once we ask about the locally measurable properties of the universe (observables) at this moment, there has to exist their nontrivial limit as we remove the regulator.

One such local observable is the energy density (2.15) determined by (2.14). The quantum operator corresponding to it is related to the Hamiltonian Ĥ_S in the following way

ϱ̂ = 1 2 Ĥ^2_S . (3.25)

From (3.21) it follows that at the fixed time t the spectrum of this operator equals

Sp(ϱ̂) = [0, 1 2μ^2_t t^2

] . (3.26)

The most natural way to satisfy the consistency requirements discussed in the previous paragraph is to require that the spectrum of ϱ̂ be time independent. This implies μ_t ∝ 1/t so that we can fix the function ρ_t in (3.6) as

ρ_t ≡ 1 ∣t∣ . (3.27)

This in turn gives μ_t = ρ/∣t∣, which for the “volume clock” v ≡ t/ρ results in the momentum space Schrödinger equation i ∂ ∂v ψ^♮ = ∣sin ( p_ϕ v )∣ ψ^♮ (3.28)

for ψ^♮ ≡ ψ^♮(v, p_ϕ).

Note, that the above method of fixing μ_t is almost a full analog of the conditions used for the geometry degrees of freedom in [51]. There, however, the reasoning exploited the existence of “nicely” behaving semiclassical sectors through the use of the so called effective dynamics. Here, as we have not yet investigated the dynamical sector implementing that reasoning directly would be risky. Instead, we managed to fix the ambiguity through the considerations on the genuine quantum level.

In the next section we solve the Schrödinger equation (3.28) in order to analyze the dynamics of the system and to discuss the physical properties of the solutions.

IV. THE DYNAMIC

The Hilbert space and the explicit action of the Hamiltonian operator constructed just now allow us to easily determine the system’s dynamic. At this level the requirement of the theory to be physically meaningful becomes crucial. The principal requirement is that the theory must have the proper low energy limit. Here, this means that in the distant past and future the quantum evolution ought to agree with the predictions of GR. In our case an inability of the model-description to realize this property would imply that the formulation should be further and adequately corrected. In fact, as we will see below, this is precisely what is required here.

To begin, let us investigate the dynamic of the theory exactly as specified in the previous section.

A. Single Lattice Hilbert space

Once we select p_ϕ as the configuration variable, the Schrödinger equation given in (3.28) becomes a simple ordinary differential equation, which is easy to solve on the domains t > 0 and t < 0. Its solution reads

ψ^♮(v, p_ϕ) ≡ Ê_{vv}⋆ ψ^♮(v^⋆, p_ϕ)

≡ e^{−i[F (v,pϕ)−F (v⋆,pϕ)]}ψ^♮(v^⋆, p_ϕ),

(4.1a)

F (v, p_ϕ) ≡ vS(v, p_ϕ) [sin ( p_ϕ v ) − Ci (∣ p_ϕ v ∣) p_ϕ v ] , (4.1b)

S(v, p_ϕ) ≡ sig (sin ( p_ϕ v )) , (4.1c)

where we set v^⋆ = t^⋆/ρ. For ∣arg(z)∣ < π the cosine integral function is

Ci(z) ≡ γ + ln(z) + ∫^z_0 cos(y) − 1 y dy (4.2)

with γ the Euler-Mascheroni number [57]. The definition implies Ci(z) ∼ γ + ln(z) for z → 0, suggesting semiclassical behavior of sufficiently sharply peaked initial states in the limit ∣v∣ → ∞.

At the point v = 0 the operator Ĥ_S is not well defined so that the Cauchy-Peano theorem, which normally ensures the existence and uniqueness of the solution, cannot be applied there. Thus, in principle one cannot extend the solution to (3.28) through that point. However, the solutions (4.1) admit well defined limits v → 0^± for v > 0 and v < 0, and thus one can define an extension to that point by taking these limits. Since

lim_{v→0} F (v, p_ϕ) = 0, (4.3)

there exists a unique unitary operator evolving states to the instant v = 0. Furthermore, it has the very simple form

Ê_{0v⋆} ≡ e^{iF (v⋆,p}ϕ^)^1. (4.4)

As a consequence there exists a preferred extension of the evolution through v = 0, defined by the requirement of continuity of ψ^♮ at v = 0. The global solution is again given by (4.1).

It appears that the existence of such a preferred extension is sufficient for singularity resolution. However, as we will see below, this is not the case. To explain what is missing, we consider any normalized initial state ψ^♮(v^⋆, p_ϕ) such that the expectation value of the scalar field operator is finite

⟨ψ^♮, v^⋆∣ϕ̂∣ψ^♮, v^⋆⟩ = ϕ^⋆, ∣ϕ^⋆∣ < ∞. (4.5)

Then the expectation value of ϕ at any volume v is given by the following formula

ϕ(v) = ⟨ψ^♮, v∣ϕ̂∣ψ^♮, v⟩

= ⟨ψ^♮, v^⋆ ∣ϕ̂ − [S(v, p_ϕ)Ci (∣ p_ϕ v ∣) −S(v^⋆, p_ϕ)Ci (∣ p_ϕ v^⋆

∣)] ^1∣ ψ^♮, v^⋆⟩ . (4.6)

Since the cosine integral function belongs to L^2(R, dp_ϕ), the above expectation value is in fact equal to ϕ^⋆. That is to say the evolution is frozen. This result is then in direct disagreement with the predictions of GR. In consequence, our states exhibit an unphysical behavior in the low energy (large v) limit.

Our model then still lacks an appropriate physical Hilbert space. To explore the possibilities of constructing it, let us first go back to analyzing the solutions to (3.28) but this time by considering the wave functions on the configuration space as opposed to the momentum one used in (4.1). Then, the evolution of a state ψ_v ≡ ψ(v, ⋅) can be viewed as an assignment v ↦ ψ_v ∈ H_v, where v ∈ R. The Hilbert space H_v is spanned by eigenstates of Ĥ_S for a fixed value of v. However, per analogy with the loop quantization of the geometry [34] we can distinguish sectors that are invariant with respect to the action of Ĥ_S at v. These sectors consist of functions that are supported on the lattices L(φ_0 )μ_v, where μ_v ≡ 1/∣v∣ and

L(φ_0 ) ≡ L_{μv} (ϕ_0)/μ_v ≡ {φ_0} + Z, φ_0 ∈ [0, 1). (4.7)

We can then attempt to consider at the initial v = v^⋆ the subspaces H_{vφ0} ≡ H_v ∣_{μv L(φ0)} as the superselection sectors and evolve them independently. Such a decomposition can be performed at each v independently. Let us now probe whether there exists any relation between the spaces H_{vφ0} for different values of v. The answer is given immediately by the form of the solution (4.1): since the cosine integral function is non-periodic, the unitary evolution to any v ≠ v^⋆ immediately couples an infinite number of these lattices. In consequence, the sectors H_{vφ0} of H_v are not true superselection sectors in the sense of [13, 17, 34, 42, 48]. Therefore, we are forced to work with the original non-separable Hilbert space H_v without access to previously available tools that allow to distinguish separable subspaces. Furthermore, the form of (4.6) suggests that in order to provide a nontrivial evolution, the physical Hilbert space needs to be equipped with a continuous rather than a discrete inner product.

B. Integral Hilbert space

A similar situation appeared in LQC already in a different context during the studies of the FLRW universe with a massless scalar field and a positive cosmological constant [36]. There, following the choice of a lapse adopted to using the scalar field as time variable, the evolution operator admitted a family of self-adjoint extensions, each with a discrete spectrum. However, a different choice of the lapse – corresponding to parametrizing the evolution by the cosmic time variable – led to a unique selfadjoint generator of the evolution with continuous spectrum [58]. The physical Hilbert space corresponding to the latter case appeared, furthermore, to be an integral of all the Hilbert spaces corresponding to the particular selfadjoint extensions of the former case, with the Lebesgue measure determined by the group averaging procedure.

Motivated by this observation, we introduce the analog of the integral Hilbert space in our case. First, we note that on the domain [0, 1) of φ_0 one can introduce a natural (quite general and time dependent) Lebesgue measure M(v, φ_0)dφ_0. Next, we introduce a decomposition of the non-separable Hilbert space H onto spaces H_{vφ0} at the initial time v^⋆. This defines the decomposition of the initial data at v = v^⋆

H ∋ ψ(v^⋆, ϕ) ↦ ψ_{φ0} (v^⋆, ϕ) ≡ ψ(v^⋆, ϕ)∣_{Lμv⋆ (ϕ0)} ∈ H_v⋆_{φ0} . (4.8) This initial data is then extended to the solutions to (3.28) via (4.1). We thus have a decomposition of the physical Hilbert space onto explicitly separable (at least at v = v^⋆) subspaces.

Now, we compose the new Hilbert space via an integral

H_{Pv}⋆ ≡ ∫^1_0 H_v⋆_{φ0} M(v^⋆, φ_0) dφ_0, (4.9)

equipping it with the inner product

⟨ψ_v ∣ω_v ⟩ ≡ ∫^1_0 ⟨ψ_{vφ0}Ê_{vv}⋆ ∣Ê_v⋆_vω_{vφ0} ⟩M(v^⋆, φ_0) dφ_0,

(4.10) where ψ_{vφ0} = ψ_{φ0} (v, ϕ) ∈ H_{vφ0} . This is our candidate for the physical inner product: between each pair of solutions it is evaluated on the initial data slice at v = v^⋆. On that initial slice it can be written in a very simple form, namely,

⟨ψ_v⋆ ∣ω_v⋆ ⟩ ≡ ∫_R ψ(v^⋆, ϕ)ω(v^⋆, ϕ)M(v^⋆, φ_0(ϕ))/μ_v⋆ dϕ.

(4.11) It is by definition time-independent but a priori it may not have a simple local form analogous to (4.11) at v ≠ v^⋆, which can potentially complicate the evaluations of the expectation values of the observables.

We note, however, that the construction performed for v = v^⋆ can be repeated at each value of v, giving rise to potentially inequivalent constructions of the candidate Hilbert space. One can then consider a function P (ψ_v∣ω_v ) ≡ ∫_R ψ(v, ϕ)ω(v, ϕ)M(v, φ_0(ϕ))/μ_v dϕ. (4.12) On each slice of constant v this function equals the inner product of the candidate Hilbert space constructed with respect to this slice. One can then ask under which condition these Hilbert spaces will be equivalent and their inner products equal. A condition necessary and sufficient for it is that ∂P (ψ_v∣ω_v)/∂v = 0. The form of the unitary evolution operator (4.1a) implies however that this condition will be satisfied if and only if

M(v, φ_0) ≡ μ_v m(φ_0). (4.13)

Following this choice, our candidate Hilbert space becomes (up to a rescaling ψ_v ↦ ψ_v / √ m on H_v) the space L^2(R, dϕ) with the standard L^2-inner product. Also, the momentum space is now L^2(R, dp_ϕ) with the corresponding Lebesgue measure.

Using (4.4), we can now consider an initial state

ψ^♮(v^⋆, p_ϕ) ≡ Ê_v⋆_0ψ^♮(0, p_ϕ) (4.14)

with a real, L^2-normalized Gaussian

ψ^♮(0, p_ϕ) ≡ √ w √ π e^{−w2(pϕ−p⋆ϕ)2/2}. (4.15)

This class of states is “special” in the sense that the quantum evolution they undergo is semiclassical both for v ∼ v^⋆ and v ∼ −v^⋆ (see below). Furthermore, the states Ê_{v0}ψ♮(0, p_ϕ) with unit L^2-normalized ψ♮(0, p_ϕ) also span the solution space of the Wheeler-DeWitt equation defined by the Hamiltonian constraint in (2.4) and with V_Ca^3 = T identified as clock. They are thus particularly convenient in comparing the evolution in the Schrödinger and polymer quantizations. The set of the complex conjugate of these states represents the analogous states for the clock −V_Ca^3 = T (see [49] and recall that we set L = 1).

We can now try to evaluate once more the expectation value of the scalar field. For that we chose an example of a “semiclassical” Gaussian state peaked at v^⋆ = 250 with w = 1. This choice results in a relatively small initial value of both the scalar field and its momentum fluctuations (see below). We further set p^⋆_ϕ = 5 to prevent any significant portion of the Gaussian initial state from overlapping with the momentum space origin, as this is where the cosine integral function has an integrable singularity. The quantum evolution of such initial state was then calculated numerically. Fig. 1 shows the quantum trajectory corresponding to this evolution. From there, it is evident that the evolution is semiclassical for ∣v∣ ≫ 1. In fact, the classical solution that is well approximating the quantum trajectory is characterized by

ϕ^⋆ = ∓ ⟨S(v^⋆, p_ϕ) [Ci (∣ p_ϕ v^⋆

∣) + ln(∣v^⋆∣)] ^1⟩_{ψ♮} , (4.16)

where the overall sign “∓” corresponds to v ∈ R^± and, where v^⋆ is taken to be the largest plotted value of v (250 in the present case). Given the definition of the function S, we observe that ∣v^⋆∣ ≫ ∣p^⋆_ϕ∣/π is a necessary requirement for semiclassicality. As we can see, the physical state is indeed passing in a continuous manner through the point v = 0, corresponding in the classical theory to the big bang singularity [which is particularly clear from Fig. 1(a) and also from (4.3)]. This happens regardless of the sign of the initial momentum so that the quantum evolution is effectively respecting (2.16), which in the classical theory specifies the relation between the solutions for negative and positive t.

(a) Quantum evolution for two values of p^⋆_ϕ.

(b) Classical and quantum evolution for p^⋆_ϕ = 5.

FIG. 1. An illustration of the quantum evolution of the scalar field is presented in Fig. 1(a). In Fig. 1(b) we display the p^⋆_ϕ = 5 quantum evolution along with the corresponding classical evolution over a subset of the v-interval used in Fig. 1(a). The circles, triangles and squares correspond to actual measurements made using the software Matlab and Octave. The time-interval between two consecutive measurements becomes smaller as ∣v∣ approaches 0. In this plot, the smallest value of ∣v∣ is 0.25 but values as small as 10^{−4} have been considered with the same outcome. Namely, there is semiclassicality for ∣v∣ ≫ 1 and the big bang singularity at v = 0 is resolved.

To examine more closely the issue of the singularity resolution we also analyzed the expectation values of the operator corresponding to the spacetime Ricci scalar. The quantum trajectory is presented in Fig. 2. The measurements are independent of the overall sign of p^⋆_ϕ, thus only the case p^⋆_ϕ > 0 has been plotted. We see that the spacetime curvature remains finite for all v. This confirms the analytical result of (3.26) and, thus, implies the global boundedness of the spectrum of the Ricci scalar operator once μ_v is fixed via (3.27). One can thus conclude that the big bang singularity is resolved.

FIG. 2. Expectation values of the spacetime Ricci operator for various values of v are plotted in this figure. As in Fig. 1, measurements are taken the more often the closer ∣v∣ gets to 0 and the smallest value is ∣v∣ = 0.25. It follows that the big bang curvature singularity is resolved and the branches v ∈ R^± are connected.

FIG. 3. In this figure an illustration of the fluctuations of the scalar field operator is presented. For ∣v∣ → 0 the fluctuations increase but remain nonetheless finite.

Finally, in Figs. 3 and 4 the fluctuations of the scalar field and polymer momentum operator are depicted. They both quickly approach a constant value (for the presented example approximately equal to 2^{−1/2} for both quantum fluctuations) as ∣v∣ increases, which is the value expected for a Gaussian with w = 1. This confirms the semiclassical nature of the state for ∣v∣ ∼ v^⋆. What is interesting in the near-singularity region is the fact that the fluctuations of the scalar field operator are in fact decreasing for ∣v∣ → 0. This may happen because the state gets “squeezed” towards the origin in order to “fit through” the point v = 0. This however requires a more detailed analysis of the nature of the state there, which may be the subject of a subsequent investigation.

FIG. 4. This figure provides an illustration of the fluctuations of the polymeric momentum operator. Just like for the scalar field fluctuations in Fig. 3, the behavior for ∣v∣ ≫ 1 indicates semiclassicality.

V. DISCUSSION

In this paper we investigated the quantum dynamics of the isotropic and flat FLRW universe of infinite extent and sourced by a minimally coupled massless scalar field. Our focus was on the modifications to the dynamics following from the polymeric nature of the matter and in particular the issue of the singularity resolution. To single out these effects we implemented one of two possible loop quantization schemes of the scalar field. This scheme is the analog of the one used so far in LQC to quantize the geometry degrees of freedom. Unlike in the most previous works in LQC, instead of implementing the Dirac program to solve the Hamiltonian constraint, we performed a complete deparametrization of the system by choosing a scale factor dependent time variable. As a result, the physical evolution is described by a free Hamiltonian. The quantization of such a deparametrized system is implicitly equivalent to selecting the Schrödinger quantization for the geometry when applying the Dirac program. Therefore, the effects of the geometry discreteness are not featured in our model.

In the process of constructing the correct description of the quantum system we encountered several obstacles:

First, the noncompactness of the universe’s spatial slices forced us to introduce an infrared regulator. The necessary consistency condition that the theory has to admit a well defined and nontrivial regulator removal limit restricted then the Hamiltonian to particular form, which happened to be explicitly time-dependent.

Second, the Hilbert space to which the physical states belong occurred to be non-separable. This is a standard (and treatable) problem in LQC. Here however, the explicit time dependence of the Hamiltonian prevented us from implementing the known technique of subdividing the (too big) Hilbert space onto separable superselection sectors. An idea to naively proceed with determining the dynamics on that space led to a model significantly disagreeing with GR predictions at the low curvature limit. Indeed the quantum evolution of the scalar field was frozen.

To cure this defect we performed a specific construction of the separable Hilbert space out of the nonseparable one, taking as the guideline the relation between Hilbert spaces corresponding to the models with different choices of the lapse function in LQC in the presence of a positive cosmological constant. As a result, we were able to construct a certain integral Hilbert space equipped with continuous rather than discrete (as usually in LQC) inner product.

Such a construction of the Hilbert space was then used to investigate the dynamics. To do so we selected a class of Gaussian initial states and evolved them numerically. The resulting quantum trajectories showed a good convergence to the classical trajectories predicted by GR at low energies. At high curvatures (small ∣v∣) however we observed a significant departure from GR. Indeed, the most critical feature of the model is the existence of a unique unitary evolution operator evolving to/from the time slice v = 0 corresponding to the classical singularity. This and the regularity of the wave function describing the physical state allowed us to select a naturally preferred extension of the evolution, thus ensuring a deterministic evolution through the classical singularity. Furthermore, the quantum counterparts of the Ricci scalar, energy density, or pressure are explicitly bounded operators. In consequence, the listed quantities remain finite throughout the entire evolution, including in particular v = 0.

At this moment it is important to note that, unlike in previous contributions to the literature on this model, here the quantum features responsible for singularity resolution originate from the matter rather than the geometric sector. Therefore, the form of the singularity resolution is different than in the literature: Instead of being avoided, the surface v = 0 is made passable and all the standard locally measurable quantities remain finite.

Finally, let us comment on an important lesson learned from this model: the predicted dynamics depends critically on the construction of the physical Hilbert space of the model, even though the regularized form of the Hamiltonian remains the same. This implies in particular that the regularized form of the classical Hamiltonian or Hamiltonian constraint is not sufficient to robustly determine or even well approximate the quantum evolution. This issue is particularly critical in all the studies of models in LQC performed via the so called effective dynamics techniques without prior specification of the elements of the genuine quantum system.

In a further project we intend to take a closer look at the behavior of the state near the singularity. Why do the quantum fluctuations of the scalar field decrease towards the origin of the time-axis? Of interest is also the inclusion of a non-zero cosmological constant. Finally, and this is most intriguing, we would like to address the question of how the quantization procedure presented here can be combined with that of the geometric sector discussed in the LQC works [13, 17, 34, 42, 48].

ACKNOWLEDGMENTS

AK thanks Renate Loll for discussions and Viqar Husain for reading an early version of the manuscript. AK acknowledges support by the Dutch Foundation for Fundamental Research on Matter (FOM) and the Netherlands Organisation for Scientific Research (NWO). TP acknowledges support by the Polish Ministerstwo Nauki i Szkolnictwa Wyższego through their grant no. 182/N-QGG/2008/0 and support by the Polish Narodowe Centrum Nauki through their grant no. 2011/02/A/ST2/00300.

[1] R. Loll, Living Rev. Rel. 1 (1998),

http://www.livingreviews.org/lrr-1998-13.

[2] A. Ashtekar and J. Lewandowski, Class. Quant. Grav.

21, R53 (2004).

[3] C. Kiefer, Quantum Gravity, 2nd ed. (Oxford University Press, New York, 2007).

[4] C. Rovelli, Quantum Gravity (Cambridge University Press, Cambridge, UK, 2007).

[5] T. Thiemann, Modern Canonical Quantum General Relativity (Cambridge University Press, Cambridge, 2008).

[6] M. Bojowald, Canonical Gravity and Applications: Cosmology, Black Holes, and Quantum Gravity (Cambridge University Press, Cambridge, UK, 2011).

[7] V. Husain and T. Pawlowski, Phys. Rev. Lett. 108, 141301 (2012), arXiv:1108.1145v1.

[8] V. Husain and T. Pawłowski, “Loop quantum gravity with dust,” (2012), in prep.

[9] K. Giesel and T. Thiemann,

Class. Quant. Grav. 27, 175009 (2010), arXiv:0711.0119 [gr-qc].

[10] M. Domagała, K. Giesel, W. Kamiński, and J. Lewandowski, Phys. Rev. D 82, 104038 (2010), arXiv:1009.2445 [gr-qc].

[11] M. Bojowald, Living Rev. Rel. 11, 4 (2008). [12] A. Ashtekar, Gen. Rel. Grav. 41, 707 (2009), arXiv:0812.0177 [gr-qc]; Nuovo Cim. B 122, 135 (2007), arXiv:gr-qc/0702030.

[13] A. Ashtekar and P. Singh, Class. Quant. Grav. 28, 213001 (2011).

[14] G. Mena Marugan, J. Phys. Conf. Ser. 314, 012012 (2011), arXiv:1101.1738 [gr-qc].

[15] K. Banerjee, G. Calcagni, and M. Martin-Benito, SIGMA 8, 016 (2012), arXiv:1109.6801 [gr-qc].

[16] M. Bojowald, Phys. Rev. Lett. 86, 5227 (2001), arXiv:gr-qc/0102069.

[17] A. Ashtekar, T. Pawlowski, and P. Singh, Phys. Rev.

Lett. 96, 141301 (2006).

[18] H. Nicolai, K. Peeters, and M. Zamaklar, Class. Quant. Grav. 22, R193 (2005), arXiv:hep-th/0501114 [hep-th].

[19] H. Halvorson, Stud. Hist. Philos. Sci. B Stud. Hist. Philos. Mod. Phys. 35, 45 (2003).

[20] A. Ashtekar, S. Fairhurst, and J. L. Willis, Class. Quant.

Grav. 20, 1031 (2003).

[21] T. Thiemann, Lect. Notes Phys. 721, 185 (2007), arXiv:hep-th/0608210 [hep-th].

[22] A. Ashtekar and J. Lewandowski, Class. Quant. Grav. 21, R53 (2004), arXiv:gr-qc/0404018 [gr-qc].

[23] R. Pierini, E. Wilson-Ewing, and T. Pawłowski, “Loop Quantum Cosmology of a Radiation-Dominated Flat FLRW Universe,” (2012), in preparation.

[24] V. Husain and T. Pawlowski, Class. Quant. Grav. 28, 225014 (2011), arXiv:1108.1147v1.

[25] M. Domagala, M. Dziendzikowski, and J. Lewandowski, (2012), arXiv:1210.0849 [gr-qc].

[26] C. Rovelli, Phys. Rev. D 65, 124013 (2002), arXiv:gr-qc/0110035; B. Dittrich, Class. Quant. Grav. 23, 6155 (2006), arXiv:gr-qc/0507106.

[27] A. Ashtekar and E. Wilson- Ewing, Phys. Rev. D 79, 083535 (2009), arXiv:0903.3397 [gr-qc]; Phys. Rev. D 80, 123532 (2009), arXiv:0910.1278 [gr-qc]; E. Wilson- Ewing, Phys. Rev. D 82, 043508 (2010), arXiv:1005.5565 [gr-qc].

[28] M. Martin-Benito, D. Martin-de Blas, and G. A.

Mena Marugan, Phys. Rev. D 83, 084050 (2011), arXiv:1012.2324 [gr-qc].

[29] I. Agullo, A. Ashtekar, and W. Nelson, Phys.Rev.Lett. 109, 251301 (2012), arXiv:1209.1609 [gr-qc]; Phys.Rev. D87, 043507 (2013), arXiv:1211.1354 [gr-qc]; (2013), arXiv:1302.0254 [gr-qc].

[30] M. Fernandez-Mendez, G. A. M. Marugan, J. Olmedo, and J. M. Velhinho, Phys.Rev. D85, 103525 (2012), arXiv:1203.2525 [gr-qc]; M. Fernandez-Mendez, G. A. Mena Marugan, and J. Olmedo, Phys.Rev. D86, 024003 (2012), arXiv:1205.1917 [gr-qc].

[31] A. Dapor, J. Lewandowski, and J. Puchta, (2013), arXiv:1302.3038 [gr-qc].

[32] A. Kreienbuehl, Phys. Rev. D 79, 123509 (2009). [33] W. F. Blyth and C. J. Isham, Phys. Rev. D 11, 768 (1975).

[34] A. Ashtekar, T. Pawlowski, and P. Singh, Phys. Rev. D 74, 084003 (2006).

[35] E. Bentivegna and T. Pawłowski, Phys. Rev. D 77, 124025 (2008), arXiv:0803.4446 [gr-qc].

[36] T. Pawłowski and A. Ashtekar, Phys.Rev. D 85, 064001 (2012), arXiv:1112.0360 [gr-qc]; W. Kamiński and T. Pawłowski, Phys. Rev. D 81, 024014 (2010), arXiv:0912.0162 [gr-qc].

[37] W. Kamiński, J. Lewandowski, and M. Bobieński, Class. Quant. Grav. 23, 2761 (2006), arXiv:gr-qc/0508091 [gr-qc]; W. Kamiński,

J. Lewandowski, and A. Okołów, Class. Quant. Grav. 23, 5547 (2006), arXiv:gr-qc/0604112 [gr-qc].

[38] G. M. Hossain, V. Husain, and S. S. Seahra, Phys. Rev.

D 81, 024005 (2010).

[39] G. M. Hossain, V. Husain, and S. S. Seahra, Phys. Rev.

D 80, 044018 (2009); 82, 124032 (2010); Class. Quant. Grav. 27, 165013 (2010); V. Husain and A. Kreienbuehl, Phys. Rev. D 81, 084043 (2010).

[40] M. Bojowald, D. Cartin, and G. Khanna, Phys. Rev. D 76, 064018 (2007), arXiv:0704.1137 [gr-qc].

[41] R. Palais, Commun. Math. Phys. 69, 19 (1979). [42] A. Ashtekar, T. Pawlowski, and P. Singh, Phys. Rev. D 73, 124038 (2006).

[43] A. Corichi and E. Montoya, Int. J. Mod. Phys. D 21, 1250076 (2012), arXiv:1105.2804 [gr-qc].

[44] A. Ashtekar, A. Corichi, and P. Singh, Phys. Rev. D 77, 024046 (2008), arXiv:0710.3565 [gr-qc].

[45] P. A. M. Dirac, Lectures on Quantum Mechanics (Belfer Graduate School of Science, New York, 1964).

[46] A. Hanson, T. Regge, and C. Teitelboim, Constrained Hamiltonian Systems (Accademia Nazionale dei Lincei, Roma, 1976).

[47] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems (Princeton University Press, Princeton, New Jersey, 1992).

[48] A. Ashtekar, T. Pawlowski, P. Singh, and K. Vandersloot, Phys. Rev. D 75, 024035 (2007).

[49] G. Catren and C. Simeone, in Trends in General Relativity and Quantum Cosmology, edited by C. V. Benton (Nova Science Publishers, New York, 2006) pp. 49–77, arXiv:math-ph/0504011v2.

[50] H. Goldstein, C. P. Poole, and J. L. Safko, Classical Mechanics, 3rd ed. (Pearson, London, 2001).

[51] A. Corichi and P. Singh, Phys. Rev. D 78, 024034 (2008), arXiv:0805.0136 [gr-qc].

[52] M. Reed and B. Simon, Methods of Modern Mathematical Physics. Volume 1: Functional Analysis, revised and enlarged ed. (Academic Press Limited, London, 1981).

[53] T. Thiemann, Phys. Lett. B380, 257 (1996), arXiv:gr-qc/9606088 [gr-qc]; Class. Quant. Grav. 15, 1281 (1998), arXiv:gr-qc/9705019 [gr-qc].

[54] A. Corichi, T. Vukašinac, and J. A. Zapata, Phys. Rev.

D 76, 044016 (2007).

[55] I. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series, and Products, 7th ed., edited by A. Jeffrey and D. Zwillinger (Academic Press, London, 2007).

[56] A. Ashtekar, M. Bojowald, and J. Lewandowski, Adv.Theor.Math.Phys. 7, 233 (2003), arXiv:gr-qc/0304074 [gr-qc].

[57] M. Abramowitz and A. Stegun, eds., Handbook of Mathematical Functions with Formulas, Graphs and Mathematical Tables (Dover, New York, 1972).

[58] W. Kaminski, J. Lewandowski, and T. Pawlowski, Class.

Quant. Grav. 26, 245016 (2009), arXiv:0907.4322.