arXiv:1302.7304v2 [astro-ph.CO] 16 May 2013

Preprint typeset in JHEP style - HYPER VERSION

The statistically anisotropic curvature perturbation generated by f^2(ϕ)F_{μν}F^{μν}

David H. Lyth

Consortium for Fundamental Physics, Cosmology and Astroparticle Group, Department of Physics, Lancaster University, Lancaster LA1 4YB, UK E-mail: d.lyth@lancaster.ac.uk

Mindaugas Karčiauskas

CAFPE and Departamento de Física Teórica y del Cosmos, Universidad de Granada, Granada-18071, Spain University of Helsinki and Helsinki Institute of Physics, P.O. Box 64, FI-00014, Helsinki, Finland E-mail: mindaugas.karciauskas@helsinki.fi

Abstract: The inflaton might be coupled to a gauge field through a term f^2(ϕ)F_{μν} F^{μν} . If f ∝ a^{−2} where a(t) is the scale factor, the perturbation δW of the gauge field generates a potentially observable statistically anisotropic contribution to the primordial curvature perturbation during slow-roll inflation. The spectrum and bispectrum of this contribution have been calculated using the in-in formalism of quantum field theory. We give a simpler and more complete calculation using only the classical perturbations. The results suggest that either the entire curvature perturbation ζ (both the statistically isotropic and anisotropic parts) is generated during slow-roll inflation, or else it is generated afterwards.

Keywords: Primordial curvature perturbation.

Contents

1. Introduction 1

2. Action and field equations 2

3. Pure slow-roll inflation and the curvature perturbation 3

4. Background (unperturbed) universe 6

5. Perturbed universe 7

6. Contribution of δW to the curvature perturbation 9 6.1 Working in a finite box 10 6.2 The value of W 10 6.3 The case W ≫ H 11 6.4 The case W ≲ H 12 6.5 How to make the calculation more accurate 13

7. Conclusion 14

8. Acknowledgments 16

1. Introduction

The observed primordial curvature perturbation ζ(x) presumably originates in the early universe, and a central task of theoretical cosmology is to determine its origin and the evolution ζ(x, t). It is usually supposed to be generated from the perturbation of one or more scalar fields, making it statistically isotropic which is consistent with observation. But it may also receive a contribution from one or more vector fields, making it statistically anisotropic. Observation does allow significant anisotropy and in particular a spectrum of the form^1

P_ζ (k) = P_ζ (k) [ 1 + g_∗(Ŵ · k̂)^2 ] (1.1)

1We use hats to indicate unit vectors

– 1 – with |g_∗| ≲ 10^{−1} [1]. The latest results of the Planck satellite are consistent with zero g_∗ at 3σ level [2]. However, the upper bound on g_∗ implied by the Planck results is not computed yet, though it is expected to be |g_∗| ≲ 10^{−2} [3].

Most schemes invoke a U(1) gauge field B_μ (see e.g. [4] for a review). If the field has the canonical kinetic term and no coupling to gravity, its spectrum increases with wavenumber like k^2, and its contribution to the spectrum of ζ has the same behaviour making it almost certainly negligible on cosmological scales [5]. One way of avoiding this may be to keep the canonical kinetic term but invoke a coupling to gravity given by −RB_μB^μ/6. This apparently [5, 6] generates a flat spectrum but the model has instability and (possibly) non-linearity [7] and it is not known [8] whether or not these spoil the prediction.

In this paper we consider a different scheme, which invokes a gauge kinetic function f^2(ϕ) that depends on the slowly rolling inflaton field ϕ. To allow a significant contribution on cosmological scales one needs (at least approximately) f ∝ a^{−2} where a(t) is the scale factor, which may be reasonable in the context of string theory [9]. A well-defined contribution to ζ is generated during slow-roll inflation [10, 11] and additional contributions may be generated afterwards [5, 9, 12]. In this paper we give for the first time a master equation that includes all contributions, but our main focus is on the contribution generated during slow-roll inflation. Under the assumption that the homogeneous part of the gauge field dominates the perturbation, it has been calculated [10, 11] using the in-in formalism of quantum field theory. Using instead the classical formula for ζ in terms of the energy density perturbation, we reproduce that calculation and extend it to the case where the homogeneous part is sub-dominant or even negligible. We also identify the assumptions made by the calculation, and show how to perform a more complete calculation with weaker assumptions. We end by discussing the significance of our result.

2. Action and field equations

During inflation we are taking the action to be S = ∫ d^4x √ −g [ 1 2 M^2_PR − 1 2 ∂_μϕ∂^μϕ − V (ϕ) − 1 4 f^2(ϕ)F_{μν} F^{μν} ] , (2.1)

where F_{μν} ≡ ∂_μB_ν − ∂_ν B_μ with B_μ a gauge field, and f is some function of the inflaton field ϕ.

Extremizing the action in Eq. (2.1) with respect to fields ϕ, B_μ and their derivatives we obtain field equations [ ∂_μ + ∂_μ ln √ −g ] ∂^μϕ + V^′ + 1 2 ff^′F_{μν} F^{μν} = 0; (2.2) [ ∂_μ + ∂_μ ln √ −g ] fF^{μν} = 0, (2.3)

– 2 – where g ≡ det(g_{μν} ), V^′ ≡ ∂V/∂ϕ and f^′ ≡ ∂f/∂ϕ. We make the gauge choice B_0 = 0, which fixes the spatial components B_i(x, t) up to a constant.

We are going to assume that the inflationary expansion is nearly isotropic [13], checking later that this is justified. Writing

ds^2 = −dt^2 + a^2(t)δ_{ij} dx^idx^j , (2.4)

we then have

ϕ̈ + 3Hϕ̇ − a^{−2}∇^2ϕ + V^′ = −1 2 ff^′F_{μν} F^{μν} , (2.5)

B̈_i + ( H + 2 ḟ f ) Ḃ_i − a^{−2}∇^2B_i = a^{−2}2∂^jf f ∂_j B_i, (2.6)

where H ≡ ȧ/a and ∇^2 ≡ δ_{ij} ∂^2/∂x^i∂x^j .

3. Pure slow-roll inflation and the curvature perturbation

If the effect of the gauge field is completely negligible we have pure slow-roll inflation, described for instance in [14, 15]. The last term of Eq. (2.2) is absent, and for the unperturbed inflaton ϕ(t) we have

ϕ̈ + 3Hϕ̇ + V^′(ϕ) = 0. (3.1)

The potential is supposed to satisfy the flatness conditions ϵ ≪ 1 and |η| ≪ 1 where ϵ ≡ M^2_P(V^′/V )^2/2 and η ≡ M^2_PV^{′′}/V . Then, more or less independently of the initial condition 3Hϕ̇ ≃ −V^′. (3.2)

With the flatness conditions this is called the slow-roll approximation, which we use throughout. It gives |Ḣ|/H ≪ H and |ϵ̇|/H ≪ ϵ. Except where stated we take H and ϵ to be constant.

We write ϕ(x, t) = ϕ(t) + δϕ(x, t) and define δϕ_k(t) ≡ ∫ d^3xe^{−ik·x}δϕ(x, t), (3.3) and similarly for other quantities.

Let N(k) be the number of e-folds of slow-roll inflation after the epoch of horizon exit k = aH. The ‘cosmological scales’ on which ζ_k is observed have N(k_0) − 15 ≲ N(k) ≲ N(k_0), where k_0 = a_0H_0 and the subscript on the right hand side denotes the present epoch. Also, 15 ≲ N(k_0) ≲ 70, (3.4)

– 3 – where the upper bound assumes P ≤ ρ after inflation, were P is the pressure and ρ the energy density. The lower bound is needed so that cosmological scales leave the horizon. Typical cosmologies give a value in the upper third of the range.

Perturbing Eq. (2.2) to first order, and ignoring the metric perturbation (backreaction) we have δϕ̈_k + 3Hδϕ̇_k + (k/a)^2δϕ_k = −V^{′′}δϕ_k. (3.5) Evaluating the metric perturbation to first order, on the flat slicing of spacetime (such that the 3-curvature scalar vanishes) one finds [15, 16] that it is significant only after horizon exit, when Eq. (3.5) becomes

δϕ̈_k + 3Hδϕ̇_k ≃ −V^{′′}δϕ_k − 6H^2ϵδϕ_k. (3.6)

The last term represents the effect of the metric perturbation (back-reaction). From Eq. (2.2) this term can be written

a^{−3}∂_0δ(ln √ −g)a^3ϕ̇ ≃ 3Hδ(ln √ −g)ϕ̇. (3.7) Comparing Eqs. (3.6) and (3.7) we find^2

δ(ln √ −g) ≃ − √ 2ϵ M_P δϕ_k. (3.8)

Regarding δϕ_k(t) as an operator its mode function ϕ(k, t) satisfies Eq. (3.5). Well before horizon exit at k = aH Eqs. (2.1) and (3.2) describe a free field in flat spacetime. We choose a(t)ϕ(k, t) = e^{−ik/aH} / √ 2k, (3.9) and the vacuum state corresponding to the absence of ϕ particles. Then we have

⟨δϕ_kδϕ_k′ ⟩ = (2π)^3δ^3(k + k^′)(2π^2/k^3)P_ϕ(k, t), (3.10) (2π^2/k^3)P_ϕ(k, t) = ϕ^2(k, t). (3.11)

Also,

⟨δϕ_{k1} δϕ_{k2} δϕ_{k3} ⟩ = 0, (3.12) ⟨δϕ_{k1} δϕ_{k2} δϕ_{k3} δϕ_{k4} ⟩ = ⟨δϕ_{k1} δϕ_{k2} ⟩⟨δϕ_{k3} δϕ_{k4} ⟩ + + ⟨δϕ_{k1} δϕ_{k3} ⟩⟨δϕ_{k4} δϕ_{k2} ⟩ + ⟨δϕ_{k1} δϕ_{k4} ⟩⟨δϕ_{k3} δϕ_{k2} ⟩, (3.13)

and similarly for higher products.

Well after horizon exit (k ≪ aH ≪ 1) the phase of ϕ(k, t) becomes constant which means that δϕ can be regarded as a classical perturbation with the above correlators (gaussian perturbation). In the initial regime |η|, ϵ ≪ k/aH ≪ 1, (3.14) 2We assume ϕ̇ < 0 as is the case for hybrid inflation.

– 4 – the left hand side of Eq. (3.5) is still close to zero, and the mode function is ϕ(k, t) ≃ ϕ_0(k, t) ≡ e^{−ik/aH} a √ 2k (1 − iaH/k) ≃ iH k √ 2k . (3.15)

This gives a slowly varying perturbation, H^{−1}|δϕ̇_k| ≪ |δϕ_k| with P_ϕ(k, t) ≃ P^0_ϕ ≡ ( H 2π )_2 . (3.16)

The subsequent evolution is given by Eq. (3.6). It has two independent solutions but the initial slow variation will pick out the solution 3Hδϕ̇_k ≃ − [ V^{′′} + 6H^2ϵ ] δϕ_k. (3.17)

Going to second order in the perturbations of the field and metric one finds additional correlators of δϕ (non-gaussianity) [17], starting with the three-point correlator which defines the bispectrum B_ϕ:

⟨δϕ_{k1} δϕ_{k2} δϕ_{k3} ⟩ = (2π)^3δ^3(k_1 + k_2 + k_3)B_ϕ(k_1, k_2, k_3). (3.18)

To define the primordial curvature perturbation ζ(x, t), one smoothes the metric and the energy-momentum tensor on a super-horizon scale and chooses the comoving threading and the uniform energy-density slicing of spacetime. Then

ζ(x, t) = δ ln(a(x, t)) = δ [ln a(x, t)/a(t_1)] ≡ δ[N(x, t, t_1)], (3.19)

where a(x, t) is the local scale factor such that a comoving volume element is proportional to a^3, and a(t_1) is its unperturbed value which can be evaluated at any epoch. As we discuss in Section 6.5 it is usually enough to work to first order in ζ; then one can choose t_1 = t to get ζ(x, t) = Hδt(x, t) = −Hδρ(x, t)/ρ̇(t), (3.20) where δt is the displacement of the uniform-ρ slice from the flat slice and δρ is evaluated on the flat slice and

ρ̇ = −3H(ρ + P ). (3.21)

Since ρ is smoothed on a super-horizon scale, Eq. (3.21) applies at each location, which implies that ζ(x, t) is constant during any era when P (x, t) is a unique function of ρ(x, t). Galaxy surveys and observation of the CMB anisotropy detect the value of ζ at the epoch with temperature T ∼ 10^{−1} MeV; the universe is then radiationdominated (P = ρ/3) giving ζ a constant value that we denote simply by ζ(x). Its spectrum is nearly scale-independent with [18]^3

P_ζ (k) ≃ (5 × 10^{−5})^2 (3.22) n(k) − 1 ≡ d ln P_ζ (k)/d ln k ≃ −0.0397 ± 0.0073. (3.23)

3The spectrum and bispectrum of any perturbation are defined as in Eqs. (3.10) and (3.18).

– 5 –

The result for n(k) assumes that it has negligible scale dependence and tensor fraction, both of which are consistent with observations [19].

For the reduced bispectrum defined by

f_{NL}(k_1, k_2, k_3) ≡ 5 6 B_ζ P_ζ (k_1)P_ζ (k_2) + P_ζ (k_2)P_ζ (k_3) + P_ζ (k_3)P_ζ (k_4)

(3.24)

where P_ζ (k) ≡ (2π^2/k^3)P_ζ , current observations [20] give |f_{NL}| ≲ 10. For f_{NL} to ever be observable we need |f_{NL}| ≳ 1.

During pure slow-roll inflation, ζ has a time-independent value that we denote by ζ_ϕ. It is well-approximated by Eq. (3.20) with

ρ_ϕ ≡ V (ϕ) + 1 2 ϕ̇^2 ≃ V (ϕ), (3.25)

leading to the gaussian perturbation ζ = ζ_ϕ ≡ −Hδϕ/ϕ̇ and

P_{ζϕ} (k) = 1 2ϵM^2_P ( H 2π )_2 , (3.26)

where ϵ and H are evaluated at horizon exit.

Going to higher order in the perturbation of the metric and of δϕ, one finds [17, 21] a non-zero B_ϕ. Then, using the δN formula to go beyond the first-order formula (3.20), one can use Eqs. (3.10), (3.12), and (3.13) to find |f_{NL}| ∼ (P_{ζϕ} /P_ζ )^210^{−2} which is too small to observe [17, 21].^4

4. Background (unperturbed) universe

Recasting Eqs. (2.5) and (2.6) in terms of W with components W_i ≡ fB_i/a and dropping gradient terms, one arrives at equations of motion for homogeneous fields ϕ(t) and W(t)

ϕ̈ + 3Hϕ̇ + V^′ = f^′ f | | | | Ẇ + ( H − ḟ f ) W | | | | 2 , (4.1)

Ẅ + 3HẆ + ( 2H^2 − H ḟ f − f̈ f ) W = 0. (4.2)

We assume f ∝ a^{−2} so that the last term of Eq. (4.2) vanishes and there is a solution with Ẇ = 0. The other solution is decaying, W ∝ a^{−3}, and corresponds to B_i = constant. With the action (2.1) this can be set to zero by a gauge transformation and has no physical effect. We therefore take W(t) to be constant. (For hybrid inflation with the waterfall coupling to W both solutions are physical [9] but we assume that the decaying solution is anyhow negligible.) It would make no essential

4This result was first found in [22] by a different method.

– 6 – difference if we allow f ∝ a^α with α slightly different from −2, or more generally if we just assume 3HẆ ≃ − ( 2H^2 − H ḟ f − f̈ f ) W, H^{−1}|Ẇ| ≪ W ≡ |W|. (4.3)

We assume that the right hand side of Eq. (4.1) is small enough that the approximation 3Hϕ̇ ≃ −V^′ still applies. Then f^′/f ≃ 2/ √ 2ϵM_P and treating the right hand side as a first order perturbation we have 3Hϕ̇ ≃ −V^′ + 18H^2W^2 √ 2ϵM_P ≃ −V^′. (4.4)

The energy density of the gauge field is [23] ρ_W (x, t) = −f^2F_{μν} F^{μν} /4. Smoothed on a super-horizon scale this gives

ρ_W = 9 2 H^2W^2. (4.5)

Using this result for the unperturbed energy density, we see that our assumption that the right hand side of Eq. (4.4) is dominated by the first term is consistent if 2ρ_W ϵρ ≡ 3W^2 ϵM^2_P

≪ 1, (4.6)

which we assume.

5. Perturbed universe

Evaluating Eqs. (2.5) and (2.6) to first order in δϕ and dropping the right hand side of Eq. (2.6) we get δϕ̈ + 3Hδϕ̇ − ∇^2δϕ = −V^{′′}δϕ + 2 √ 2ϵM_P δ [| | |Ẇx + 3HWx | | |^2 ] − − 8HW_x √ 2ϵM_P ( Ẇ_x + 3HW_x ) δϕ̇ ϕ̇ (5.1)

δẄ + 3HδẆ − ∇^2δW =

2W_x √ 2ϵM_P [ δϕ̈ − 3Hδϕ̇ − ∇^2δϕ ] (5.2)

W_x ≡ W(x, t) ≡ W + δW(x, t), (5.3)

where W is the unperturbed value.

This ignores the metric perturbation (back-reaction). Since slow-roll inflation is supposed to be a good approximation, the effect of the metric perturbation in

– 7 –

Eqs. (2.2) and (2.3) is significant only well after horizon exit, and is then given by Eq. (3.8). Including it, Eqs. (5.1) and (5.2) become well after horizon exit δϕ̈ + 3Hδϕ̇ = − ( V^{′′} + 6H^2ϵ ) δϕ + + 2 √ 2ϵM_P δ [| |Ẇ_x + 3HW_x | |^2 ] − 8HW_x √ 2ϵM_P ( Ẇ_x + 3HW_x ) δϕ̇ ϕ̇(5.4)

δẄ + 3HδẆ =

2W_x √ 2ϵM_P [ δϕ̈ − 3Hδϕ̇ + 3 2 Hϵ̇δϕ ] , (5.5)

where in Eq. (5.4) the back-reaction −6H^2ϵδϕ is the same as in Eq. (3.17).

Let us first set the right hand sides of Eqs. (5.1) and (5.2) to zero. We saw in Section 4.4 how the vacuum fluctuation of δϕ is then converted at horizon exit to a nearly gaussian classical perturbation, and the same thing happens to the vacuum fluctuation of W_k [5].^5 Its left- and right-handed components have the same mode function W (k, t) = ϕ_0(k, t) in Eq. (3.15), which gives well after horizon exit

⟨δW^i_kδW^j_k′ ⟩ = (2π)^3 ( δ^{ij} − k̂^ik̂^j ) δ^3(k + k^′)(2π^2/k^3)(H/2π)^2. (5.6)

Now we consider the effect of the right hand sides of Eqs. (5.1) and (5.2). In the regime k ≫ aH, spacetime curvature is negligible and we deal with field theory in flat spacetime. The theory involves massless gauge bosons and the nearly massless inflaton particles (|V^{′′}| ≪ (k/a)^2 which propagate as nearly free particles (perturbative regime), justifying the initial condition (3.9).

To discuss the subsequent evolution, let us take δϕ(x, t) and δW(x, t) to include only modes with k in some small interval, so that there is a well-defined epoch of horizon exit. In the (still quantum) regime k ∼ aH, H is the only relevant scale and we have typical magnitudes δϕ ∼ δW ∼ H, δϕ̇ ∼ δẆ ∼ H^2, (5.7) δϕ̈ ∼ δẄ ∼ ∇^2δϕ ∼ ∇^2δW ∼ H^3. (5.8)

Using these with Eq. (4.6), we see that the right hand sides of Eqs. (5.1) and (5.2) are much smaller than H^3, and hence have only a small effect.^6 It is therefore reasonable to assume that the perturbations become classical soon after horizon exit, with Eqs. (3.16) and (5.6) initially a good approximation giving typical values |δϕ| ∼ |δW| ∼ H. 5In contrast with the case for scalar field perturbations [17], the non-gaussianity of δW has yet to be evaluated, but we will assume that it still has a negligible effect.

6The findings of this and the previous paragraph remain valid when the last term of Eq. (5.2) is included, and that term is negligible in the super-horizon regime that we are about to discuss.

– 8 –

The evolution of classical perturbations is described by Eqs. (5.4) and (5.5) with k = 0. One of their solutions is 3Hδϕ̇ ≃ − ( V^{′′} + 6H^2ϵ ) δϕ + 18H^2 √ 2ϵM_P δ ( W^2(x, t) ) (5.9) ≡ − ( V^{′′} + 6H^2ϵ ) δϕ + 18H^2 √ 2ϵM_P (2W · δW + δW · δW) (5.10) δẆ ≃ − 2W √ 2ϵM_P δϕ̇, (5.11)

which implies |δϕ̇| ≪ H|δϕ| and |δẆ| ≪ H|δW|. The self-consistency of this solution can be checked by inserting it into the right hand sides of Eqs. (5.10) and (5.11). It is presumably picked out by the initial condition, just as in the case of slow-roll inflation.

Since all of the quantities appearing in the second term of Eq. (5.10) vary slowly on the Hubble timescale, we will take them all to be constant, giving

δϕ_k(t_{end}) = δϕ^0_k(t_{end}) + 6N(k) √ 2ϵM_P ( δ(W^2) ) k , (5.12)

where δϕ_bfk^0(t_{end}) is the slow-roll result.

6. Contribution of δW to the curvature perturbation

Now we calculate ζ at the end of slow-roll inflation, using Eq. (3.20). Smoothed on a super-horizon scale the energy density is ρ = ρ_ϕ + ρ_W

δρ(x, t_{end}) ≃ V^′δϕ(x, t_{end}) + 9 2 H^2δ(W^2) (6.1)

≃ V^′δϕ_0(x, t_{end}) + 18N(k)H^2δ(W^2) + 9 2 H^2δ(W^2) (6.2)

≃ V^′δϕ_0(x, t_{end}) + 18N(k)H^2δ(W^2). (6.3)

This gives ζ_k(t_{end}) = ζ^ϕ_k + ζ^W_k , where

ζ^W_k = 1 2 C(k)δ(W^2)_k = C(k) [ W · δW_k + 1 2 [ (δW)^2 ] k ] , (6.4)

with C(k) = 6N(k) ϵM^2_P

. (6.5)

We can now calculate the spectrum and bispectrum of ζ_W using Eq. (5.6) and the analogues of Eqs. (3.12) and (3.13). The result depends on the value of the unperturbed field W, and in particular on its magnitude W .

– 9 –

6.1 Working in a finite box

An unperturbed quantity is the zero mode of its Fourier expansion, and at this point we need to remember that within the cosmological context that expansion has to be done within some box of finite coordinate size L [24]. Assuming nearly exponential inflation, the box leaves the horizon N_L(k) ≡ ln(kL) e-folds before the scale k. To avoid making unverifiable assumptions about an era that will never be constrained by observation (and, as we will see, also to simplify the calculation) one should take k_0L to be as small as is consistent with the requirement that the periodic boundary condition implied by the use of the Fourier expansion have a negligible effect (minimal box). Demanding say 1% accuracy in the calculation, it should be enough to choose k_0L ∼ 100 corresponding to ln(k_0L) ∼ 5. After choosing L one writes for a given quantity g(x, t) = g(t) + δg(x, t), where the ‘unperturbed’ value g(t) is the average of g within the box.

Expectation values like (3.10) are in general defined with respect to an ensemble of universes, one of which is the observed universe. But under the usual assumption that perturbations originate as a vacuum fluctuation the translation invariance of the vacuum makes them translation invariant. As a result the expectation values can be defined as spatial averages within a single realisation of the ensemble. Thus the ⟨(δg)^2⟩ can be defined as the spatial average within the box, ⟨δg(x + X)δg(x)⟩ can be defined as the average with respect to X and so on [15].

Keeping only classical modes, Eqs. (3.16) and (5.6) give

⟨(δϕ)^2)⟩ = ∫_k L P_ϕ(k)dk/k = ln(k_0L)(H/2π)^2 (6.6)

⟨|δW|^2⟩ ≃ 2 ln(k_0L)(H/2π)^2. (6.7)

For the minimal box size this corresponds to typical values |δϕ| ∼ |δW| ∼ H.

6.2 The value of W

As was discussed in [24], there are two possible viewpoints about the magnitude of an unperturbed field like W.^7 One is to regard the magnitude W as a free parameter, that one gets to choose just like the masses and couplings appearing in the action. The other viewpoint is to estimate the likely value of W , assuming that we are at a typical location within a box whose size M is very much bigger than the size L of the minimal box within which the calculations are done.

Adopting the second viewpoint one has to make an assumption about the evolution of the universe long before the observable universe leaves the horizon. The

7These apply to any non-inflaton field that acquires a perturbation from its vacuum fluctuation. The inflaton field is an exception because the inflation model and the cosmology determines its value N(k_0) before the end of inflation. We ignore the issue of anthropic selection, assuming that statistical anisotropy (like non-gaussianity [15]) is neither favoured or disfavoured in that respect.

– 10 – usual assumption is that there is almost exponential inflation, beginning N_M e-folds before the observable universe leaves the horizon with N_M fairly large. One can then estimate the likely value with suitable assumptions about the relevant physics during those e-folds. In our case, let us assume that the dependence f ∝ a^{−2} continues to (at least approximately) hold during those e-folds. Then, after smoothing W on the scale L Eq. (5.6) gives for the average within the exponentially inflated patch

⟨|δW|^2⟩ ≃ 2 ln(M/L)(H/2π)^2 ≃ 2N_M (k)(H/2π)^2, (6.8)

Therefore, the expected value of W^2, if our location is typical, is

W^2 = W^2_M + ln(M/L)(H/2π)^2 > ln(M/L)(H/2π)^2 = N_M (k_0)(H/2π)^2, (6.9)

where W_M is the average within the inflated patch. We conclude that if we occupy a typical location within an inflated patch that left the horizon many e-folds before the observable universe, then W ≫ H.

6.3 The case W ≫ H

If W ≫ H, the second term in the square bracket of Eq. (6.4) can be treated as a first-order perturbation. Then, assuming that ζ_W gives the only contribution to the anisotropy of P_ζ , Eq. (39) of [5] gives

P_ζ (k) = P_ζ (k) [ 1 + g_∗(k) ( Ŵ · k̂

)_2]

, (6.10)

with

g_∗(k) = −P_{ζW} (k)/P_ζ (k) (6.11) = − C^2(k)W^2 P_ζ (k) ( H 2π )_2 (6.12)

= −48N^2(k) ρ_W ϵρ P_{ζϕ} P_ζ (k)

. (6.13)

Here, P_{ζϕ} is given by Eq. (3.26), and is independent of k since we are taking H and ϵ to have negligible time-dependence.

The anisotropy is of the form (1.1) but with a strongly scale-dependent g_∗(k) ∝ N(k). This has not been compared with observation but the constraint is presumably similar to the scale-independent case, discussed after (1.1). Another constraint comes from the strong scale-dependence of P_{ζW} (k), which gives a contribution −g_∗(k) to the spectral index n(k). Using Eq. (3.23), this requires barring a cancellation |g_∗(k_0)| ≲ 0.04. In any case, one certainly needs |g_∗(k_0)| ≪ 1, which with Eq. (6.13) is stronger than Eq. (4.6), justifying the latter. Our assumption that the anisotropy of the expansion has a negligible effect is also justified, because that

– 11 – anisotropy is presumably only of order (ρ_W /ρ), which presumably gives a contribution (ρ_W /ρ)(P_{ζϕ} /P_ζ (k)) to g_∗ which is smaller than the one that we have calculated.

Using P_ζ (k_0) = (5 × 10^{−5})^2,

g_∗(k_0) ≃ −1.3 × 10^{−3} ( N(k) 60 )_2 ( P_{ζϕ} P_ζ (k_0)

)_2 ( W H )_2 . (6.14)

If we were to assume P_{ζϕ} = P_ζ as in [11], the observational bound |g_∗| ≲ 10^{−2} leads to two conclusions as those authors notice. First, our assumption W ≫ H would be only marginally allowed. Also, from Eq. (6.9), one sees that N_M to be very large if we occupy a typical location.

Now we calculate the contribution of ζ_W to the bispectrum B_ζ on cosmological scales. To simplify the calculation we set N(k) = N(k_0). Taking P_ζ (k) to be scaleindependent and defining 6 5 f_{NL}(k_1, k_2, k_3) ≡ 1 4π^4 B_ζ P_ζ^2 ∏ k^3_i ∑ k^3_i

, (6.15)

Eq. (41) of [5] gives

f_{NL}(k_1, k_2, k_3) = f_{NL} (1 + f_{ani}(k_1, k_2, k_3)) , (6.16)

where the constant prefactor is given by

f_{NL} = 5 6 g^2_∗ (k_0) C(k_0)W^2

(6.17)

= −10N(k_0)g_∗(k_0)(P_{ζϕ} /P_ζ ), (6.18) and f^{ani} =

−(Ŵ · k̂_1)^2 − (Ŵ · k̂_2)^2 + (k̂_1 · k̂_2)(Ŵ · k̂_1)(Ŵ · k̂_2) ∑ k^3_i /k^3

+ 2 perms.. (6.19)

This expression has not yet been confronted with data, but the bound is presumably similar to the one that takes g_∗(k) to be constant, currently |f_{NL}| ≲ 10.

6.4 The case W ≲ H

Consider now the case W = 0. Since there is no preferred direction, ζ_W is statisticaly isotropic. Using Eq. (40) of [5] we have P_{ζW} P_ζ = P^{loop}_{ζW} P_ζ ≡ 4 3 C^2(k) ( H 2π )_4

ln(kL)/P_ζ (6.20)

= 3N^2(k)P_ζ ln(kL) ( P_{ζϕ} (k) P_ζ )_2 ≪ 1. (6.21)

– 12 –

Using Eq. (5.6) and the analogues of Eqs. (3.12) and (3.13) we find

f_{NL} = f^{loop}_{NL} ≡ 2 3 C^3 ( H 2π )_6 ln(kL) (P_ζ )^2 1 + ( k̂_1 · k̂_2

)_2 ∑ i k^3_i /k^3

+ c.p.

(6.22)

= 3^{1/2} 4 ( P_{ζW} P_ζ )_{3/2} ln^{−2}(kL)P_ζ^{−1/2} 1 + ( k̂_1 · k̂_2

)_2 ∑ i k^3_i /k^3

+ c.p.

(6.23)

= 9 4 N^3P_ζ ( P_{ζϕ} P_ζ )_3 ln(kL) 1 + ( k̂_1 · k̂_2

)_2 ∑ i k^3_i /k^3

+ c.p.

≪ 1 (6.24)

In the general case, P_{ζW} and f_{NL} are the sum of the ‘tree’ and ‘loop’ contributions.

6.5 How to make the calculation more accurate

The calculation that we have presented is sufficiently accurate, unless and until statistical anisotropy is observed. If that does happen a more accurate calculation may be required.

Such a calculation should in principle begin with the generation of the classical perturbations δϕ and δW from the vacuum, along the lines of [21]. It may in principle generate significant time-dependence and correlation for these quantities, when they first become classical. But the analysis of Section 3 suggests that it will instead confirm the result obtained there; nearly time-independent and uncorrelated perturbations with the spectra (H/2π)^2 defined in Eqs. (3.10), (3.16), and (5.6).

After the perturbations become classical, their evolution is given by Eqs. (5.4) and (5.5), which can be solved numerical to determine the correlators of the perturbations at the end of inflation. That allows one to determine δρ, and working to first order in ζ we can use Eq. (3.20) to determine P_{ζW} and f_{NL}.

Instead of working with the perturbations, one can use the δN formula [5]

ζ(x, t) = ζ_ϕ(x, t) + ζ_W (x, t)_+ + ∑ i 1 2 N_{ϕϕ}(t)[δϕ_∗(x)]^2 + 1 2 N_{ϕi}δϕ_∗(x)δW^∗_i (x) (6.25)

ζ_ϕ(x, t) ≡ N_ϕ(t)δϕ_∗(x), (6.26) ζ_W (x, t) ≡ ∑ i N_i(t)δW^∗_i (x) + 1 2 ∑ ij N_{ij} (t)δW^∗_i (x)δW^∗_j (x). (6.27)

Here N is defined by Eq. (3.19) with t_∗ the epoch of horizon exit for the scale of interest, and the subscripts on N denote partial derivatives evaluated at the unperturbed point in the field space. But as we now argue, the perturbative approach of

– 13 – the previous paragraph is expected to be adequate, i.e. the first-order Eq. (3.20) is expected to be adequate.^8

The validity of Eq. (3.20) for ζ_ϕ is a standard result but we need to justify its use for ζ_W . The second order correction is presumably of order ζ^2_W , corresponding to a tiny fractional correction of order ζ_W that can certainly be ignored for the evaluation of P_{ζW} . To see whether it can be ignored for f_{NL}, let us first pretend that W is a scalar field. Then, setting C(k) to a constant and assuming that the first term of Eq. (6.4) dominates, Eqs. (6.4) and (6.17) give^9

ζ_σ(x) = ζ_g(x) + 3 5 f_{NL} ( P_ζ P_{ζσ} )_2

ζ^2_g (x), (6.28)

where ζ_g ≡ CW δW . The first-order formula will therefore be adequate unless

f_{NL} ≲ ( P_{ζσ} P_ζ )_2 . (6.29)

Since we need |f_{NL}| ≳ 1 for it to be observable, we conclude that the first-order formula will be adequate for the evaluation of f_{NL} unless |f_{NL}| ∼ 1 and ζ_W is the dominant contribution to ζ. Except for the second proviso this is a standard result, that was first recognised in the context of the curvaton scenario [26, 27].

Keeping the vector nature of W, Eqs. (6.4) and (6.17) give

ζ_σ(x) = ζ_g(x) + 3 5 f_{NL} ( P_ζ P_{ζσ} )_2 ζ̃^2_g (x) (6.30)

ζ_g(x) = CW · δW(x)) (6.31) ζ̃_g(x) = CW |δW(k)| (6.32)

At a typical location, ζ̃_g ∼ ζ_g, and the previous conclusion about the validity of the first-order formula still applies.

7. Conclusion

Working exclusive with the classical perturbation of W, we have presented a rather complete calculation of the contribution to ζ_W that is generated during slow-roll inflation. In the regime W ≫ H we have reproduced the result of [10, 11] for the spectrum (Eq. (6.13)) and of [11] for the bispectrum (Eqs. (6.16) and (6.18), discussing for the first time the assumptions that are needed to obtain it.

8This conclusion is also supported by ref. [25]. The authors of this work calculated g_∗ and f_{NL} using the δN formalism. Their results agree with our computed values of g_∗ and tree level f_{NL} up to an overall sign (compare their eq. (4.14) and our eq. (6.18)).

9If instead the second term dominates, it is solely responsible for f_{NL} and the first-order formula will certainly be adequate.

– 14 –

The field W(x, t) may survive after the end of slow-roll inflation, and generate further contributions to ζ. The effect of these is to change C(k, t), so that Eqs. (6.11) and (6.17) as well as Eqs. (6.20), (6.22), and (6.23) still hold but with C the final value.

A contribution ζ_{end} may be generated during the waterfall that ends hybrid inflation [9, 12]. It can be calculated from the ‘end-of-inflation’ formula, provided that the waterfall is sufficiently brief which requires H ≲ 10^{−9}M_P(P_{ζend} /P_ζ )^{1/2}.^{10} The result is [9]

C_{end} = − h^2 √ 2ϵM_Pmg , (7.1)

where m is a bare mass of the waterfall field, and the inflaton and vector field coupling constants to the waterfall are denoted by g and h respectively.^{11}

If the gauge symmetry is spontaneously broken after inflation, the vector curvaton mechanism may generate another contribution after inflation [5, 29]. With the simplest assumption that W is nearly time-independent until it begins to oscillate

C_{curv} = ρ^{dec}_W ρ^{dec} 1 3W^2

, (7.2)

where ‘dec’ denotes the epoch just before the decay of W.

Including both these contributions we have

C = C_{sr} + C_{end} + C_{curv}, (7.3)

where C_{sr} = 6N(k)/ϵM^2_P is the contribution generated during slow-roll inflation. The extra contributions allow the non-gaussianity to be observable even if W ≪ H.

We close with an important comment, stemming from Eq. (6.14). On the reasonable assumption that there were some large number N_M of e-folds of inflation before the observable Universe left the horizon, one expects W/H ∼ N_M ≫ 1. But then Eq. (6.14) is compatible with the observational bound on g_∗ only if P_{ζϕ} ≪ P_ζ ; in other words, if the observed curvature perturbation is mostly generated after slowroll inflation by for instance the end-of-inflation or curvaton mechanism. Our results therefore suggest a dichotomy regarding the generation of observable statistical anisotropy of the curvature perturbation. Either the entire curvature perturbation ζ (both the isotropic and the statistically anisotropic part) is likely to be generated during slow-roll inflation, or it is likely to be generated afterwards.

10This result is an obvious extension of the one that was derived in [28] with the assumption P_{ζend} = P_ζ . It follows from the fact that the duration of the waterfall cannot be much less than 1/m._{11}

See eqs. (3.3) and (3.4) of ref. [9] for precise definitions of these quantities.

– 15 –

8. Acknowledgments

DHL acknowledges support from the Lancaster-Manchester-Sheffield Consortium for Fundamental Physics under STFC grant ST/J00418/1, and from UNILHC23792, European Research and Training Network (RTN) grant. MK is supported by the grants CPAN (CSD2007-00042) and MICINN (FIS2010-17395) also by the Academy of Finland grant 131454.

References

[1] D. Hanson, A. Lewis and A. Challinor, Phys. Rev. D 81 (2010) 103003

[2] P. A. R. Ade et al. [Planck Collaboration], arXiv:1303.5083 [astro-ph.CO].

[3] Y. -Z. Ma, G. Efstathiou and A. Challinor, “Testing a direction-dependent primordial power spectrum with observations of the Cosmic Microwave Background,” Phys. Rev. D 83 (2011) 083005

[4] A. Maleknejad, M. M. Sheikh-Jabbari and J. Soda, “Gauge Fields and Inflation,” arXiv:1212.2921 [hep-th].

[5] K. Dimopoulos, M. Karčiauskas, D. H. Lyth and Y. Rodriguez, “Statistical anisotropy of the curvature perturbation from vector field perturbations,” JCAP 0905 (2009) 013.

[6] K. Dimopoulos and M. Karčiauskas, “Non-minimally coupled vector curvaton,” JHEP 0807 (2008) 119

[7] B. Himmetoglu, C. R. Contaldi and M. Peloso, “Ghost instabilities of cosmological models with vector fields nonminimally coupled to the curvature,” Phys. Rev. D 80 (2009) 123530

[8] M. Karčiauskas and D. H. Lyth, “On the health of a vector field with (RA^2)/6 coupling to gravity,” JCAP 1011 (2010) 023

[9] D. H. Lyth and M. Karčiauskas, “Modulation of the waterfall by a gauge field,” JCAP 1301 (2013) 031

[10] T. R. Dulaney and M. I. Gresham, “Primordial Power Spectra from Anisotropic Inflation,” Phys. Rev. D 81 (2010) 103532; A. E. Gumrukcuoglu, B. Himmetoglu and M. Peloso, “Scalar-Scalar, Scalar-Tensor, and Tensor-Tensor Correlators from Anisotropic Inflation,” Phys. Rev. D 81 (2010) 063528; M. -a. Watanabe, S. Kanno and J. Soda, “The Nature of Primordial Fluctuations from Anisotropic Inflation,” Prog. Theor. Phys. 123 (2010) 1041

[11] N. Bartolo, S. Matarrese, M. Peloso and A. Ricciardone, “The anisotropic power spectrum and bispectrum in the f(ϕ)F^2 mechanism,” Phys. Rev. D 87 (2013) 023504

– 16 –

[12] S. Yokoyama and J. Soda, “Primordial statistical anisotropy generated at the end of inflation,” JCAP 0808 (2008) 005.

[13] M. -a. Watanabe, S. Kanno and J. Soda, “Inflationary Universe with Anisotropic Hair,” Phys. Rev. Lett. 102 (2009) 191302

[14] A. R. Liddle and D. H. Lyth, “The Cold dark matter density perturbation,” Phys.

Rept. 231 (1993) 1.

[15] D. H. Lyth and A. R. Liddle, The primordial density perturbation, Cambridge University Press, 2009;

http://astronomy.sussex.ac.uk/~andrewl/PDP/errataimp.pdf;
http://astronomy.sussex.ac.uk/~andrewl/PDP/supp.pdf.

[16] V. F. Mukhanov, “Gravitational Instability of the Universe Filled with a Scalar Field,” JETP Lett. 41 (1985) 493; M. Sasaki, “Large Scale Quantum Fluctuations in the Inflationary Universe,” Prog. Theor. Phys. 76 (1986) 1036.

[17] D. Seery and J. E. Lidsey, “Primordial non-Gaussianities from multiple-field inflation,” JCAP 0509 (2005) 011

[18] P. A. R. Ade et al. [Planck Collaboration], “Planck 2013 results. XVI. Cosmological parameters,” arXiv:1303.5076 [astro-ph.CO].

[19] P. A. R. Ade et al. [Planck Collaboration], “Planck 2013 results. XXII. Constraints on inflation,” arXiv:1303.5082 [astro-ph.CO].

[20] P. A. R. Ade et al. [Planck Collaboration], “Planck 2013 Results. XXIV.

Constraints on primordial non-Gaussianity,” arXiv:1303.5084 [astro-ph.CO].

[21] D. H. Lyth, K. A. Malik, and M. Sasaki, “A general proof of the conservation of the curvature perturbation,” JCAP 0505 (2005) 004.

[22] J. M. Maldacena, “Non-Gaussian features of primordial fluctuations in single field inflationary models,” JHEP 0305, 013 (2003).

[23] K. Dimopoulos, M. Karčiauskas and J. M. Wagstaff, “Vector Curvaton with varying Kinetic Function,” Phys. Rev. D 81 (2010) 023522

[24] D. H. Lyth, “The curvature perturbation in a box,” JCAP 0712 (2007) 016.

[25] A. A. Abolhasani, R. Emami, J. T. Firouzjaee and H. Firouzjahi, “δN Formalism in Anisotropic Inflation and Large Anisotropic Bispectrum and Trispectrum,” arXiv:1302.6986 [astro-ph.CO].

[26] N. Bartolo, S. Matarrese and A. Riotto, “On nonGaussianity in the curvaton scenario,” Phys. Rev. D 69 (2004) 043503.

[27] D. H. Lyth and Y. Rodriguez, “The Inflationary prediction for primordial non-Gaussianity,” Phys. Rev. Lett. 95, 121302 (2005).

– 17 –

[28] D. H. Lyth, “The hybrid inflation waterfall and the primordial curvature perturbation,” JCAP 1205 (2012) 022.

[29] K. Dimopoulos, “Can a vector field be responsible for the curvature perturbation in the Universe?,” Phys. Rev. D 74 (2006) 083502

– 18 –