arXiv:1303.0194v2 [gr-qc] 19 Jun 2013

Statefinder hierarchy of bimetric and galileon models for concordance cosmology

R. Myrzakulov^∗ Department of General and Theoretical Physics, Eurasian National University, Astana, Kazakhstan

M. Shahalam^† Centre for Theoretical Physics, Jamia Millia Islamia, New Delhi-110025, India

In this paper, we use statefinder hierarchy method to distinguish between bimetric theory of massive gravity and DGP model applied to late time expansion of universe. We also carry out comparison of bimetric model and galileon system . We show that statefinder diagnostic can differentiate between the currently discussed cosmological models.

I. INTRODUCTION

There exists a belief that observed late time cosmic acceleration is driven by some unknown exotic energy component characterized by negative pressure dubbed ‘dark energy’ [1–4]. This hypothesis is supported by number of observational results related to Type Ia supernovae [1, 2], cosmic microwave background radiation and large scale structures [3].

The simplest candidate of dark energy is cosmological constant Λ with p = −ρ. There is also a variety of dynamical dark energy models which can fit the observations. In view of the forthcoming observations, it is of utmost importance to find ways to distinguish these models. Different diagnostic measures have been proposed in the literature to distinguish dark energy models; Om diagnostic [5] and statefinder [6, 7] are two examples for such diagnostic measures (see also Ref. [11] on the related theme). In this paper we shall employ statefinder to distinguish some recently proposed models of dark energy. The statefinder pair {r, s} is a geometrical diagnostic which is algebraically related to the higher derivative of scale factor “a” with respect to time. The deceleration parameter (q), statefinder (r) and snap (α_4) [8] contains second, third and fourth order derivative of scale factor respectively. It is really interesting that statefinder can successfully differentiate between a large variety of dark energy models [7, 9].

The statefinder diagnostics for nonminimally coupled scalar field system and galileon field which is generically nonminimally coupled system has been investigated in Ref. [9]. In which we have shown that the nonminimally coupled scalar field and galileon models are successfully differentiated from other popular dark energy models such as chaplygin gas, quintessence and Dvali, Gabadadze and Porrati (DGP) models in r - s, r - q plane. Recently, a more refined diagnostic known as ‘Statefinder hierarchy, S_n’ is introduced in Ref. [10].

In the present paper we consider bimetric (bigravity) model of massive gravity which is closely related to non-

∗ rmyrzakulov@gmail.com † mdshahalam@ctp-jamia.res.in

linear massive gravity a la dRGT [12–15]. An interesting scalar field dubbed galileon despite the higher order derivative terms does not suffer from Ostrogradki’s ghosts. Galileons emerge in dRGT in the so called decoupling limit which is a valid limit for studying the Vainshtein mechanism and galileon is a natural device to implement the latter. In fact, the lower order galileon lagrangian is responsible for the consistency of DGP with local physics. A large number of papers are devoted to cosmological dynamics of galileon field. It was first demonstrated in Ref. [17] that one needs a higher order galileon system to achieve de Sitter solution.

It is interesting to distinguish the bigravity models from models based on galileon field. In this paper, we use statefinder pair {r, s} to differentiate between bimetric and DGP models; we also use statefinder hierarchy S_n to compare bimetric model with other popular models of dark energy.

II. THE STATEFINDER HIERARCHY

In what follows we shall work in the framework of spatially homogeneous and isotropic universe; in this case, the scale factor a(t) is the only dynamical variable. Since we shall be interested in the late time behavior of expansion of universe, we consider the Taylor expansion of the scale factor around the present epoch t_0 [10]:

a(t) = a(t_0) + a(t_0) ∞∑ n=1 α_n(t_0) n! [H_0(t − t_0)]^n , (1)

where, α_n =^{dna}_{dtn} /(aH^n) ; a^{(n)} is the n^{th} derivative of the scale factor with respect to time. The deceleration parameter is defined as q = − ä aH^2 = −α_2 ≡ − Ḣ H^2

− 1 (2)

The statefinder pair {r, s} and the Snap are defined as

r = ... a aH^3 = α_3 ≡ Ḧ H^3 + 3 Ḣ H^2

+ 1 , (3) s = r − 1 3(q − 1/2)

, (4)

FIG. 1. Evolution of w_{ef f} versus redshift z for bimetric model of massive gravity.

α_4 =

....a aH^4 ≡ 1 + ... H H^4 + 4 Ḧ H^3 + 3 Ḣ 2 H^4 + 6 Ḣ H^2

. (5)

The Statefinder hierarchy S_n is given by [10]:

S_2 := α_2 + 3 2 Ω_m,

S_3 := α_3, (6)

S_4 := α_4 +

3^2 2 Ω_m and so on, (7)

where α_2, α_3, α_4 are given by (2), (3), (5) and Ω_m = Ω_{0m}(1 + z)^3/h^2(z).

The alternate form of the Statefinder

S^{(1)}_3 := S_3, S^{(1)}_4 := α_4 + 3(1 + q), (8)

The second Statefinder corresponding to (8),

S^{(2)}_3 =

S^{(1)}_3 − 1 3(q − 1/2)

, (9)

consequently, {S^{(1)}_3 , S^{(2)}_3 } = {1, 0} and

S^{(2)}_4 =

S^{(1)}_4 − 1 9(q − 1/2)

, (10)

therefore, {S^{(1)}_4 , S^{(2)}_4 } = {1, 0}. In the discussion to follow, we shall use the above defined parameters to distinguish various models of dark energy.

III. DARK ENERGY MODELS

• Bimetric theory of massive gravity following Refs. [14, 15] we consider the bimetric massive gravity action S = − M^2_g 2 ∫ d^4x √ − det gR(g) − M^2_f 2 ∫ d^4x √ − det fR(f) +m^2M^2_g ∫ d^4x √ − det g 4∑ n=0 β_ne_n (√ g^{−1}f )

+ ∫ d^4x √ − det gL_m (g, Φ) . (11)

This theory contains two space-time metrics g and f. The g metric is assumed to be the physical metric and f metric is a reference metric. This theory is ghost free and reproduces dRGT in a certain limit. The generalized Friedmann equations for flat Universe (κ = 0) [15]: 3 ( ȧ a )_2 − m^2 [ β_0 + 3β_1 Y a + 3β_2

Y^2 a^2

+ β_3

Y^3 a^3 ]

= 1 M^2_g

(ρ_m + ρ_r) , (12)

− 2 ä a − ( ȧ a )_2

+ m^2 [ β_0 + β_1 ( 2 Y a + Ẏ ȧ )

+β_2 ( Y^2 a^2 + 2 Y Ẏ aȧ ) + β_3

Y^2Ẏ a^2ȧ ] = 1 3M^2_g ρ_r, (13)

3 ( ȧ Y )_2 −m^2 [ β_4 + 3β_3 a Y + 3β_2 a^2 Y^2

+ β_1 a^3 Y^3 ] = 0, (14)

m^2 [ β_4 + β_3 ( 2 a Y + ȧ Ẏ ) + β_2 ( a^2 Y^2 + 2 aȧ Y Ẏ )

+β_1 a^2ȧ Y^2Ẏ ] − 2 äȧ Y Ẏ − ( ȧ Y )_2

= 0, (15)

where, ρ_m and ρ_r are the energy density of matter and radiation respectively. The Hubble parameter and w_{ef f} for this model have the form

H(z) = H_0 [ Ω_{0m}(1 + z)^3 +

B_0 3 + B_1y + B_2y^2 +

B_3 3 y^3 ]_{1/2} (16)

w_{ef f} = − ( B_1y^′ + 2B_2yy^′ + B_3y^2y^′ − 3Ω_{0m}a^{−3} ) (B_0 + 3B_1y + 3B_2y^2 + B_3y^3 + 3Ω_{0m}a^{−3}) − 1. where, B_i ≡ m^2β_i/H^2_0 , β_i can be absorbed into m^2; Y (Y = ya) , a are the scale factors corresponding to the metric f and g respectively and^′ denotes derivative with respect to lna. As for m, it should be of the order of H_0 to be relevant to late time cosmic acceleration thereby B_i ∼ 1. While carrying out the statefinder analysis, we shall make a convenient choice, B_i = 1.44 [15].

(a) (b)

FIG. 2. The panel (a) shows the time evolution of the statefinder pair {r, s} for bimetric (silod line) and DGP (dashed line) models. Bimetric model lies to the left of the LCDM fixed point (r = 1, s = 0) and DGP model lies to the right of the LCDM fixed point (r = 1, s = 0). For Bimetric model, s remains at zero, whereas r first increases from unity to a maximum value, then decreases to unity. For DGP model, s decreases to zero, whereas r first decreases from unity to a minimum value, then increases to unity. Both models converge to the fixed point (r = 1, s = 0) which corresponds to LCDM. The panel (b) shows the time evolution of the statefinder pair {r, q} for bimetric (silod line) and DGP (dashed line) models. Both models diverge at the same point (r = 1, q = 0.5) which corresponds to a matter dominated universe (SCDM) and converge to the same point (r = 1, q = −1) which corresponds to the de Sitter expansion (dS). The dark dots on the curves show current values {r0, s0} (left) and {r0, q0} (right). In both models, Ω0m = 0.3 at the current epoch.

(a) (b)

FIG. 3. This figure shows the evolution of the Statefinder S2, S^{(1)}_3 plotted against Ωm = Ω0m(1 + z)^3/h^2(z). Large values Ωm → 1 correspond to the distant past (z ≫ 1), while small values Ωm → 0 correspond to the future (z → −1). The vertical band centered at Ω0m = 0.3 roughly corresponds to the present epoch.

• Galileon model [16–20]:

The Galileon is a massless scalar field (π); whose action is invariant under the Galilean transformation π(x) → π(x) + b_μx^μ + c, where b_μ and c are the constant four vector and scalar rspectively. The galileon action is of the form [17] S = ∫ d^4x √ −g ( R 2 + c_i L^{(i)} ) +S_m[ψ_m, e^{2βπ}g_{μν} ], (17)

where, c^{′s}_i are constants, β is coupling of field with

FIG. 4. This figure shows the evolution of the Statefinder S^{(1)}_4 plotted against Ωm.

matter and L^{′s}_i [17] are Lagrangians for Galileon field. L_1 is linear in field and is often omitted assuming c_1 = 0, L_2 represents the standard kinetic term, L_3 = (∂_μπ)^2□π is the third order galileon term which occurs in DGP; L_4 and L_5 are higher order Lagrangians. Following Ref.[17], we shall consider Galileon Lagrangian upto L_4 sufficient to obtain a stable de Sitter solution. As for the parameters c^{′s}_i and β, we adopt the choice of the said reference which gives rise to a viable late time cosmology. It is interesting to note that the observational constraint on β(β ≤ 0.1) found in Ref.[17] was independently confirmed by the observed limit on the time variation of Newtonian constant G [21]. Following this development, we shall use the numerical value of β = 0.1 in the statefinder analysis. In this case, the evolution equations in a spatially flat background have the form [17]

3H^2 = ρ_m + c_2 2 π̇^2 − 3c_3Hπ̇^3 + 45 2 c_4H^2π̇^4,(18)

2Ḣ + 3H^2 = − c_2 2 π̇^2 − c_3π̇^2π̈ + 3 2 c_4π̇^3 ( 3H^2π̇ + 2Ḣπ̇ + 8Hπ̈ ) , (19)

βρ_m = −c_2 (3Hπ̇ + π̈) + 3c_3π̇ ( 3H^2π̇ + Ḣπ̇ + 2Hπ̈ )

−18c_4Hπ̇^2 ( 3H^2π̇ + 2Ḣπ̇ + 3Hπ̈ ) . (20)

The Hubble parameter for galileon model has the form

H(z) = H_0 [ Ω_{0m}(1 + z)^3 + Ω_π(1 + z)^{3(1+wπ )} ]_{1/2} (21) where,

w_π = p_π ρ_π ; ρ_π = c_2 2 π̇^2 − 3c_3Hπ̇^3 + 45 2 c_4H^2π̇^4,

p_π = c_2 2 π̇^2 + c_3π̇^2π̈ − 3 2 c_4π̇^3 ( 3H^2π̇ + 2Ḣπ̇ + 8Hπ̈ ) .

• The DGP model [22]: H(z) H_0 = ( 1 − Ω_{0m} 2 ) + √ Ω_{0m}(1 + z)^3 + ( 1 − Ω_{0m} 2 )_2

(22)

In order to apply the statefinder analysis to the models under consideration, we notice that the deceleration parameter q, statefinder pair {r, s} and snap α_4 can be easily expressed in terms of Hubble parameter H(z) and its derivatives. as follows:

q(z) = (1 + z) H^′ H − 1, r(z) = 1 − 2(1 + z) H^′ H + (1 + z)^2 ( H^{′′} H + H^{′2} H^2 ) , s(z) = r(z) − 1 3(q(z) − 1/2) , α_4(z) = 1 − 3(1 + z) H^′ H + (1 + z)^2 ( H^{′′} H + 3 H^{′2} H^2 )

−(1 + z)^3 ( H^{′′′} H + 4H^′ H^{′′} H^2 + H^{′3} H^3 ) , (23)

where, H is given by (16), (21), (22) for different dark energy models.

We are now in position to present the numerical results for statefinder parameters for each model and strike a comparision between them. In Fig. 2, We show the time evolution of the statefinder pairs {r, s} and {r, q} for bimetric model of massive gravity and DGP model. One can see that both the models are differentiated by statefinder pairs. The statefinder hierarchy is used for higher derivatives of scale factor; which can easily distinguish different dark energy models. In Fig. 3, the behavior of bimetric, galileon and DGP models are showing nondegeneracy around the present value of Ω_m = 0.3 in S_2 − Ω_m and S^{(1)}_3 − Ω_m plane.

In Fig. 4, galileon model is highly degenerate, DGP model is nearly degenerate whereas bimetric model of massive gravity is showing nondegeneracy around the present value of Ω_m. In S^{(2)}_3 − Ω_m plane, galileon and bimetric models are nearly degenerate whereas DGP model is nondegenerate around the present value of Ω_m see Fig. 5 (a). In S^{(2)}_4 −Ω_m plane, galileon model is highly degenerate, DGP model is nearly degenerate whereas bimetric model of massive gravity is nondegenerate around the present value of Ω_m see Fig.5 (b). In Fig. 6, we exhibit

(a) (b)

FIG. 5. The panels (a), (b) show the Statefinder S^{(2)}_3 , S^{(2)}_4 plotted against Ωm. The dark energy models are: bimetric (dashed line), galileon (solid line), DGP (dotdashed line). The horizontal black line shows LCDM. The vertical band centered at Ω0m = 0.3 roughly corresponds to the present epoch.

FIG. 6. The Statefinders S^{(1)}_4 and S^{(1)}_3 are shown for different dark energy models; the arrows and dots show time evolution and present epoch respectively. LCDM corresponds to fixed point (1,1). We assumed Ω0m = 0.3 (present epoch).

the phase portrait in S^{(1)}_4 −S^{(1)}_3 plane where degeneracies among different models are broken.

Particularly, we should comment on S_2 −Ω_m, S^{(1)}_3 −Ω_m and S^{(1)}_4 − S^{(1)}_3 planes. From Figures (3, 6), one can clearly see that both figures do not have degeneracies among bimetric, galileon and DGP models around the present value of Ω_m. In all figures we consider Ω_{0m} = 0.3, for other values of Ω_{0m} the conclusion also remain same. Other statefinder hierarchy does not seem to perform well in distinguishing the different dark energy models considered in this paper.

IV. CONCLUSIONS

In this paper we have shown that the bimetric model of massive gravity and the DGP model can be distinguished by using the statefinder pairs {r, s} and {r, q}. We also carried out comparison between bimetric theory of massive gravity, galileon modified gravity and other popular dark energy models using the statefinder hierarchy in concordance cosmology. Our investigation in S_2−Ω_m and S^{(1)}_3 − Ω_m planes show no degeneracy among bimetric, galileon and DGP models around the present value of Ω_m and all models considered in this paper are successfully differentiated by statefinder hierarchy on these planes. We have also noticed that our analysis presents the best comparison among the different dark energy models considered in this paper. Figures (3, 6) show nondegeneracy among popular dark energy models around the present value of Ω_m. We find that S^{(1)}_4 , S^{(2)}_3 and S^{(2)}_4 does not perform well in distinguishing the different dark energy models considered in this paper see Fig. 4 and 5 . Looking at the success of the statefinder hierarchy diagnostic, we are encouraged to apply the analysis to models of extended massive gravity discussed in the literature. A comment about the possibility of observational constraints on the statefinder parameters is in order. Since these parameters include higher time derivatives, it is really challenging to measure them with good accuracy. One must wait until Euclid for a precise determination of this diagnostic, which is a very exciting possibility, since Euclid is most likely to take off and the data should be available within about a decade. Meanwhile as demonstrated in Ref.[6] one can use mean statefinder statistics using SNAP type experiment to distinguish various models.

ACKNOWLEDGMENTS

The authors are grateful to S. Deser for his useful comments and for bringing Refs. [13, 16] to our attention.

We thank M. Sami, V. Sahni, S. Jhingan and Gaveshna Gupta for useful discussions. MS acknowledges the financial support provided by the DST, Govt. of India, through the research project No. SR/S2/HEP-002/2008.

[1] S. Perlmutter et al., Measurements of Omega and Lambda from 42 High-Redshift Supernovae, Astrophys. J. 517, 565 (1999).

[2] A. G. Riess et al. [Supernova Search Team Collaboration], Observational Evidence from Supernovae for an Accelerating Universe and a Cosmological Constant, Astron. J. 116 (1998) 1009;

[3] E. Komatsu, et al., Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological Interpretation, ApJS, 192, 18 (2011).

[4] E. J. Copeland, M. Sami and S. Tsujikawa, Dynamics of dark energy, Int. J. Mod. Phys. D 15, 1753 (2006)[hep-th/0603057]; V. Sahni and A. A. Starobinsky, The Case for a Positive Cosmological Lambda-term, Int. J. Mod. Phys. D 9, 373 (2000); M. Sami, A primer on problems and prospects of dark energy, Curr. Sci. 97, 887 (2009) [arXiv:0904.3445].

[5] V. Sahni, A. Shafieloo and A. A. Starobinsky, Two new diagnostics of dark energy, Phys. Rev. D 78, 103502 (2008).

[6] V. Sahni, T. D. Saini, A. A. Starobinsky and U. Alam, Statefinder – a new geometrical diagnostic of dark energy, JETP Lett. 77, 201 (2003); [arXiv:astro-ph/0201498].

[7] U. Alam, V. Sahni, T. D. Saini and A. A. Starobinsky, Exploring the Expanding Universe and Dark Energy using the Statefinder Diagnostic , Mon. Not. Roy. Ast. Soc. 344, 1057 (2003).

[8] M. Visser, Jerk, snap, and the cosmological equation of state , Class. Quant. Grav. 21, 2603 (2004).

[9] M. Sami, M. Shahalam, M. Skugoreva, A. Toporensky, Cosmological dynamics of nonminimally coupled scalar field system and its late time cosmic relevance, Phys. Rev. D 86, 103532 (2012).

[10] M. Arabsalmani, V. Sahni,The Statefinder hierarchy:

An extended null diagnostic for concordance cosmology, Phys. Rev. D 83, 043501 [11] L.P. Chimento, A. S. Jakubi, D. Pavon and W. Zimdahl, Interacting quintessence solution to the coincidence problem, Phys.Rev. D 67, 083513 (2003) [astro-ph/0303145]; L. Zhang, J. Cui, J. Zhang, and X. Zhang, Interacting model of new agegraphic dark energy: Cosmological evolution and statefinder diagnostic, Int. J. Mod. Phys. D 19, 21 (2010) [arXiv:0911.2838]; A. Khodam-Mohammadi and M. Malekjani, Cosmic Behavior, Statefinder Diagnostic and w − w^′ Analysis for Interacting NADE model in Non-flat Universe, Astrophys. Space Sci.331:265-273 (2011) [arXiv:1003.0543]; Z.

L. Yi and T. J. Zhang, Statefinder diagnostic for the modified polytropic Cardassian universe, Phys.Rev.D75, 083515 (2007) [astro-ph/0703630]; M. Tong, Y. Zhang and T. Xia, Statefinder parameters for quantum effective Yang-Mills condensate dark energy model, Int. J.Mod. Phys.D18, 797 (2009) [arXiv:0809.2123]; H. Farajollahi and A. Salehi, Attractors, Statefinders and Observational Measurement for Chameleonic Brans–Dicke Cosmology, JCAP 1011:006 (2010) [arXiv:1010.3589].

[12] C. de Rham, G. Gabadadze and A..J. Tolley, Resummation of Massive Gravity, Phys. Rev. Lett. 106, 231101(2011).

[13] S. Deser, A. Waldron, Acausality of Massive Gravity, Phys. Rev. Lett. 110, 111101 (2013), [arXiv: 1212.5835].

[14] M. V. Strauss, A. Schmidt-May, J. Enander, E. Mortsell, and S. F. Hassan, Cosmological solutions in bimetric gravity and their observational tests, JCAP 03 (2012) 042, [arXiv:1111.1655].

[15] Y. Akrami, T. S. Koivisto, M. Sandstad, Accelerated expansion from ghost-free bigravity: a statistical analysis with improved generality, JHEP, 03 (2013) 099, [arXiv:astro-ph/1209.0457].

[16] C. Deffayet, S. Deser, and G. Esposito-Farese, Generalized Galileons: All scalar models whose curved background extensions maintain second-order field equations and stress tensors, Phys. Rev. D 80, 064015 (2009).

[17] Amna Ali, R. Gannouji and M. Sami, Modified gravity a ‘la Galileon: Late time cosmic acceleration and observational constraints, Phys. Rev. D 82, 103015 (2010); R. Gannouji and M. Sami, Galileon gravity and its relevance to late time cosmic acceleration, Phys. Rev. D 82, 024011 (2010).

[18] A. Nicolis, R. Rattazzi and E. Trincherini, The galileon as a local modification of gravity, Phys. Rev. D 79 (2009) 064036.

[19] A. De Felice and S. Tsujikawa, Cosmology of a covariant Galileon field, Phys. Rev. Lett. 105, 111301 (2010).

[20] S. A. Appleby and E. V. Linder, The Paths of Gravity in Galileon Cosmology, JCAP 1203:043 (2012).

[21] E. Babichev, C. Deffayet, G.E. Farese, Constraints on Shift-Symmetric Scalar-Tensor Theories with a Vainshtein Mechanism from Bounds on the Time Variation of G, Phys. Rev. Lett. 107, 251102 (2011);

[22] G. Dvali, G. Gabadadze and M. Porrati, 4D Gravity on a Brane in 5D Minkowski Space, Phys. Lett. B 485, 208 (2000).