arXiv:1303.0653v1 [hep-ph] 4 Mar 2013

Final state Coulomb interaction and asymmetry of pair production close to threshold in e^+e^− annihilation.

V.F. Dmitriev^∗ and A. I. Milstein^† Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia (Dated: March 5, 2013)

Abstract

We investigate a contribution of the d wave to the cross section of e^+e^− annihilation to the pair of charged leptons or nucleons close to threshold of the process. In contrast to the point of view accepted in literature, due to the Coulomb final state interaction this contribution does not vanish even at zero relative velocity of produced particles. This results in the nonzero asymmetry in angular distribution at threshold. Though value of the asymmetry is small, observation of this effect is not hopeless.

PACS numbers: 13.75.Cs, 13.66.Bc, 13.40.Gp Keywords: asymmetry, final state interaction, electromagnetic form factors

∗Electronic address: V.F.Dmitriev@inp.nsk.su †Electronic address: A.I.Milstein@inp.nsk.su

I. INTRODUCTION

Recently, much attention has been attracted to low-energy nucleon-antinucleon production in the processes e^+e^− → pp̄ and e^+e^− → nn̄. It was found that the ratio |G_E(Q^2)/G_M (Q^2)| of the proton (antiproton) electric, G_E (Q^2), and magnetic, G_M (Q^2), form factors strongly depends on Q^2 = 4E^2 (in the center-of-mass frame) in the narrow region of the energy E near threshold of pp̄ production [1–3]. The most natural explanation of this behavior refers to the final state interaction (FSI) of proton and antiproton [4–11]. Such behavior of the form factors results in the strong energy dependence of the angular distribution of final particles near threshold. Similarly, angular distribution of heavy quarks and leptons produced in e^+e^− annihilation close to threshold depends strongly on the energy [12–15].

It is interesting to consider influence of the Coulomb FSI on energy and angular dependence of the cross section of particle production in e^+e^− annihilation. This is so-called Sommerfeld-Gamov-Sakharov factor [16] discussed in many papers [17–22]. The origin of this factor is simple. Let us consider the attractive Coulomb potential U(r) = −e^2/r and the corresponding radial wave function R^{(c)}_{k l} (r), where e is the electric charge, k is the particle momentum, and l is the angular momentum. Then the ratio C_{k l} = |R^{(c)}_{k l} (r)/R^{(0)}_{k l} (r)|^2 at kr −→ 0, where R^{(0)}_{k l} (r) is the radial wave function for zero charge, has the form [23],

C_{k 0} = 2πη 1 − e^{−2πη} , C_{k l≠0} = C_{k 0} l∏ s=1 ( 1 + η^2 s^2 ) , η = μα k . (1)

Here μ is the reduced mass of the system, α = e^2 is the fine structure constant, units ℏ = c = 1 are used. If pair of particles is produced with the angular momentum l and energy close to the threshold, then the cross section dσ/dΩ is equal to the cross section dσ_B/dΩ, calculated in the leading Born approximation, multiplied by the factor C_{k l} [21, 22, 24] with the replacement μ −→ M/2 (M is the mass of the particle ), and with k being the momentum of each particle in the center-of-mass frame. At k −→ 0, the cross section dσ_B /dΩ is proportional to k^{2l+1}. For η ≫ 1, we have C_{k l} = 2πη^{2l+1}/(l!)^2 ∝ 1/k^{2l+1}, so that dσ/dΩ is nonzero constant at k = 0 for all l. In e^+e^− annihilation via one virtual photon to pair of particles with spin 1/2, the only contribution of partial waves with the angular momentum l = 0 (s wave) and l = 2 (d wave) exists. It is generally accepted in literature that dσ/dΩ is angular independent at k = 0 since the contribution of d wave vanishes.

However, the arguments presented above show that the contribution of d wave may also be nonzero at k = 0 due to Coulomb interaction, so that dσ/dΩ is not spherically symmetric at threshold. This effect is interesting both from the theoretical and experimental point of view, and we investigate it in detail in the present paper.

II. ANGULAR DEPENDENCE OF THE CROSS-SECTION

Let us discuss first the production of a lepton pair. In nonrelativistic approximation, the Born amplitude of the process e^+e^− −→ LL̄ near threshold via one virtual photon can be presented as follows (in units 4πα/Q^2) [25] :

T^B_{λμ} = √ 2ϵ^∗_λ · [ G_se_μ + G_d k^2e_μ − 3(k · e_μ)k 6M^2 ] . (2)

Here e_μ is a virtual photon polarization vector, ϵ_λ is the spin-1 function of LL̄ pair, G_s = F_1(Q^2) + F_2(Q^2), G_d = F_1(Q^2) − F_2(Q^2), F_1(Q^2) and F_2(Q^2) are the Dirac form factors of lepton. Two tensor structures in Eq.(2) correspond to the s-wave and d-wave production amplitudes. The total angular momentum of the LL̄ pair is fixed by a production mechanism. We skipped the correction of order k^2/M^2 in the contribution of s wave since it does not contribute to asymmetry. Note that the Dirac form factor F_2(Q^2) is small (∝ α) and the form factor F_1(Q^2) is almost constant in the vicinity of threshold. The amplitude which takes into account the effect of Coulomb interaction in the final state can be written as follows T_{λμ} = √ 2ϵ^∗_λ · ∫ d^3p (2π)^3

Φ^{(−)∗}_k (p) [ G_se_μ + G_d p^2e_μ − 3(p · e_μ)p 6M^2 ] , (3)

where Φ^{(−)}_k (p) is the Fourier transform of the function ψ^{(−)}_k (r), the wave function of the LL̄ pair in coordinate space (see, e. g., §136 and §137 of [23]):

ψ^{(−)}_k (r) = 1 2k ∞∑ l=0 ı^l e^{−iδl} (2l + 1) R_{k l}(r) P_l(n · k̂) ,

δ_l = argΓ(l + 1 − ıη) . (4)

Here n = r/r, k̂ = k/k, P_l are the Legendre polynomials, and R_{k l}(r) is the regular radial solution of the Schrödinger equation in a Coulomb field,

R_{k l}(r) = 2k l! √ C_{kl} (2l + 1)! (2kr)^l e^{−ıkr} F (ıη + l + 1, 2l + 2, 2ıkr) , (5) where C_{kl} and η are defined in Eq.(1), and F (a, b, x) is a confluent hypergeometrical function. Performing the integration over p in Eq.(3), we obtain T_{λμ} = √ 2ϵ^∗_λ · [ e^{iδ0} √ C_{k 0}G_s e_μ + e^{iδ2} √ C_{k 2}G_d k^2e_μ − 3(k · e_μ)k 6M^2 ]

= √ 2 e^{iδ0} √ C_{k 0} ϵ^∗_λ · [ G_se_μ + ( 1 − η^2 2 − 3iη 2 ) G_d k^2e_μ − 3(k · e_μ)k 6M^2 ] . (6)

We see that second term in a square brackets is finite at k → 0. Let us introduce the new ”dressed” form factors G_d and G_s via the relation

G_d = ( 1 − η^2 2 − 3ıη 2 ) G_d , G_s = G_s . (7)

Due to FSI, the form factor G_d becomes singular at η → ∞ ( k → 0). For the corresponding ”dressed” Dirac form factors, we have

F_1 = ( 1 − η^2 4 − 3iη 4 ) F_1 + ( η^2 4 + 3iη 4 ) F_2 ,

F_2 = ( η^2 4 + 3iη 4 ) F_1 + ( 1 − η^2 4 − 3iη 4 ) F_2 , (8)

so that both F_1 and F_2 are singular at k → 0 (see also Ref.[24]). Note that F_2 is not equal to zero even in the case F_2 = 0.

The cross section corresponding to the amplitude (6) has the form in the center-of-mass frame dσ dΩ = βα^2 2Q^2 C_{k 0} [ |G_s|^2 + β^2 3 Re(G^∗_s G_d)P_2(cos θ) + β^4|G_d|^2[2 − P_2(cos θ)] ] . (9)

where β = k/M, and θ is the angle between the electron (positron) momentum P and the momentum of the final particle k. Here we have performed summation over the polarization of LL̄ pair and averaging over polarization of virtual photon, ∑ λ=1,2,3 ϵ^{i∗}_λ ϵ^j_λ = δ^{ij} , 1 2 ∑ μ=1,2 e^{i∗}_μ e^j_μ = 1 2 δ^{ij}_⊥ = 1 2 (δ^{ij} − P^iP^j/P^2) . (10)

Omitting the form factor F_2(Q^2) for lepton production, we obtain from Eq.(9) dσ dΩ = βα^2 2Q^2

C_{k 0}|F_1(Q^2)|^2 [ 1 + 1 3 (β^2 − α^2 8 ) P_2(cos θ) ] (11)

where η = α/(2β). Thus, at β = 0 the coefficient in front of the Legendre polynomial P_2 is −α^2/24. The standard equation for the cross section expressed via the electric form factor

G_E and magnetic form factor G_M reads (see, e.g., Ref. [20]) dσ dΩ = βα^2 4Q^2 C_{k 0} [ |G_M (Q^2)|^2(1 + cos^2 θ) +

4M^2 Q^2

|G_E(Q^2)|^2 sin^2 θ ] . (12)

In terms of the ”dressed” form factors G_s and G_d the electromagnetic Sachs form factors, which take into account Coulomb FSI, have the form

G_M = G_s + β^2 6 G_d , 2M Q G_E = G_s − β^2 3 G_d . (13)

Since β^2G_d does not vanish in the limit β → 0, we find that G_E ≠ G_M at threshold, in contrast to the conventional statement. Unlike the form factors G_s and G_d, the electromagnetic Sachs form factors G_E and G_M are not singular in the limit β → 0.

For pp̄ production near threshold, in addition to Coulomb interaction, there is a strong interaction that has to be accounted together with the Coulomb FSI. However, due to different scales in the strong and the Coulomb interactions, their contributions can be separated. The strong interaction exists at small distances, r ≤ 1.5 fm, where the Coulomb interaction can be neglected. In the absence of the long range interaction all the effects of strong interaction are absorbed into two complex functions F_1(Q^2) and F_2(Q^2), the Dirac form factors of proton. Typical scale in the Coulomb wave function at zero kinetic energy is given by Bohr radius a_B = 2/(M_pα), a_B ∼ 57 fm. At small distances, r < 1 fm, the Coulomb wave function is a smooth function, and one can use Eq.(6) for the amplitude, where the s-wave and d-wave amplitudes depend on complex proton form factors F_1 and F_2. For pp̄ production, the cross-section will be given by Eqs.(7) and (9).

For tt̄ quark-antiquark pair production in e^+e^− annihilation, the angular asymmetry of the corresponding jets can be estimated by Eq.(12) with the replacement α →^4_3 α_s(q), where α_s(q) is the QCD running coupling constant at the point q. Strictly speaking, the threshold of this reaction is not fixed due to finite width of t-quark, Γ_t ∼ 1.4 GeV. The width defines the minimal value of q and the corresponding maximal value of α_s(q_{min}): q_{min} ∼ √ M_tΓ_t ∼ 15.5 GeV, and α_s(q_{min}) ≈ 0.2, see Ref.[12]. Therefore, typical asymmetry in the vicinity of threshold is of the order of ∼ 2α^2_s(q_{min})/27 ∼ 3 × 10^{−3}. Of course, to determine the axes of jet at small β is a separate problem.

III. CONCLUSIONS

We have calculated the asymmetry in angular distribution of pair production in e^+e^− annihilation taking into account the Coulomb FSI. It is shown that the asymmetry does not vanish in the limit β → 0. The origin of this anomaly is the singularity of the ”dressed” Dirac form factors F_1 and F_2 at β → 0, see Eq. (8). The corresponding electromagnetic Sachs form factors G_E and G_M are not singular, but G_E ≠ G_M at β → 0. The effect is non-perturbative , since in this limit α/β ≫ 1. This very nonzero difference G_E − G_M at β → 0 provides nonzero asymmetry at threshold. Although the value of the asymmetry is small for electromagnetic Coulomb interaction (∼ α^2/24), the asymmetry for heavy quark pair production, where the Coulomb-like strong interaction must be considered, can be noticeable.

Acknowledgements

The work was supported by the Ministry of Education and Science of the Russian Federation and in part (VFD) by RFBR grant 12-02-00560 a, DFG grant, GZ: HA 1457/7-2.

[1] G. Bardin et al., Nucl. Phys. B 411, 3 (1994).

[2] T.A. Armstrong et al., Phys. Rev. Lett. 70, 1212 (1993); M. Ambrogiani et al., Phys. Rev. D 60, 032002 (1999); M. Andreotti et al., Phys. Lett. B 559, 20 (2003).

[3] B. Aubert et al., Phys. Rev. D 73, 012005 (2006).

[4] B. Kerbikov, A. Stavinsky, and V. Fedotov, Phys. Rev. C 69, 055205 (2004). [5] D.V. Bugg, Phys. Lett. B 598, 8 (2004).

[6] B. S. Zou and H. C. Chiang, Phys. Rev. D 69, 034004 (2004). [7] B. Loiseau and S. Wycech, Phys. Rev. C 72, 011001 (2005).

[8] A. Sibirtsev, J. Haidenbauer, S. Krewald, Ulf-G. Mei-ner, and A.W. Thomas, Phys. Rev. D 71, 054010 (2005).

[9] J. Haidenbauer, Ulf-G. Mei-ner, A. Sibirtsev, arXiv:hep-ph/0605127 . [10] V.F. Dmitriev and A.I. Milstein, Physics Letters B 658, 13 (2007).

[11] A.E. Bondar, V.F. Dmitriev, A.I. Milstein, V.M. Strakhovenko, Physics Letters B 697, 159 (2011).

[12] V.S. Fadin and V.A. Khoze, JETP Lett. 46, 525 (1987); Sov. J. Nucl. Phys. 48, 309 (1988);

Yad. Fiz. 53, 1118 (1991) [Sov. J. Nucl. Phys. 53, 692 (1991)].

[13] S. J. Brodsky, A. H. Hoang, J. H. Kühn and T. Teubner, Phys. Lett. B 359, 355 (1995). [14] A. Hoang and T. Teubner, Phys. Rev. D 58, 114023 (1998). [15] K. Melnikov and A. Yelkhovsky, Nucl. Phys. B528, 59 (1998).

[16] A. Sommerfeld, Atmobau und Spektralinien ( F. Vieweg & Sohn: 1921); G. Gamow, Zeit.

Phys. 51, 204 (1928); A.D. Sakharov, Sov. Phys. JETP 18, 631 (1948). [17] N. Byers, E. Eichten, Phys. Rev. D 42, 3885 (1990).

[18] R. Kaiser, A. V. Manohar, and Th. Mehen, Phys. Rev. Lett. 90, 142001 (2003). [19] M.B. Voloshin, Yad. Fiz. 68, 804 (2005) [ Phys. Atom. Nucl. 68, 771 (2005)]. [20] R. Baldini, S. Pacetti, A. Zallo, A. Zichichi, Eur. Phys. J. A 39, 315 (2009). [21] R. Iengo, JHEP 0905, 024 (2009).

[22] S. Cassel, J. Phys. G: Nucl. Part. Phys. 37, 105009 (2010).

[23] L.D.Landau and E. M. Lifshitz, Quantum Mechanics: Non-Relativistic Theory, Course of Theoretical Physics, Vol. 3 ( Butterworth-Heinemann, Oxford, 2003).

[24] A.I. Baz’, Ya.B. Zel’dovich and A.M. Perelomov, Scattering, reactions and decay in nonrelativistic quantum mechanics, (Published by Israel Program for Scientific Translation in Jerusalem, 1966).

[25] V.B. Berestetski, E.M. Lifshits, L.P. Pitayevski, Relativistic Quantum Theory (Pergamon, Oxford, 1971).