arXiv:1303.0856v1 [hep-th] 4 Mar 2013

Deformation of the O(3) sigma model leading to fixed size instantons

Adam J Peterson

School of Physics and Astronomy, University of Minnesota, Minneapolis, MN 55455, USA

We discuss instantons in the nonsupersymmetric CP (1) model with a small mass deformation m preserving a U(1)×Z_2 symmetry in the Lagrangian. The introduction of the mass term breaks the classical scale invariance and thus lifts the instanton size ρ from the moduli space. We observe that the instanton action in this model is unstable at any finite instanton size ρ ≠ 0. To remedy this we introduce a forth order derivative term in the Lagrangian to force the instanton action to diverge at small values of ρ. With this addition the instanton action exhibits a minimum at a finite instanton size, and thus the instanton is stabilized at particular non-zero value of the size ρ.

I. INTRODUCTION

The CP (N −1) model has proven to be an indispensable tool for analyzing many interesting phenomena in high energy physics where it has consistently appeared as a laboratory for studying non-perturbative effects in four-dimensional Yang-Mills theories [1][2]. The model shares many characteristics of four-dimensional Yang-Mills theories including asymptotic freedom [3] and infrared strong coupling. However, the lower dimensionality of the theory provides a less hostile environment for studying the non-perturbative effects that appear in Yang-Mills theories where a direct analysis is difficult to perform.

The CP (1) model in particular allows for the study of instantons [4]. In the supersymmetric generalization of the CP (1) model an exact calculation of fermion two point functions in the instanton background have been performed [2], which are similar to the calculation of the gluino vacuum condensate in supersymmetric gluodynamics [5]. Instantons in both supersymmetric and non-supersymmetric Yang-Mills theories with matter have also been studied [6][7]. The introduction of a Higgs sector results in the lifting of certain moduli from the instanton measure due to the loss of the scale symmetry from the Lagrangian. As a consequence the instanton density is provided with a natural suppression of instantons with sizes larger than the inverse Higgs mass scale [6]. Although these effects have been studied in certain Yang-Mills theories, to our knowledge there has been no attempt to perform analogous calculations in two-dimensional CP (1) models with a mass term.

Our focus for this work will be on the non-supersymmetric CP (1) model with a small mass deformation preserving a U(1)×Z_2 symmetry. This choice of mass deformation is relevant to the CP (N − 1) model emerging as a moduli theory on the world sheet of flux tube solutions in four-dimensional Yang-Mills theories [8]-[12]. The mass deformation is introduced at the four-dimensional level as an adjustable parameter, which preserves a Z_N symmetry on the moduli space. It is well known that local minima of the action in the original CP (1) model can be obtained through instantons, which give topologically nontrivial mappings of the Euclidean space-time onto the target space [2]. We find that the mass term breaks the scale symmetry of the instanton solution which results in the lifting of the instanton size from the moduli space. The action becomes a strictly increasing function of the instanton size, and thus the instantons are unstable. Only at zero instanton size is the minimal action achieved. To remedy this we follow the procedure illustrated in [13] where it was shown that in the fourdimensional Skyrme-Faddeev model a higher order derivative term was required to ensure the stability of stationary solitons in three-dimensions under a scale transformation. In this case the added term presents the Hopf invariant, which determines the topological degree of the soliton solution. The topological non-trivial nature of the soliton solutions characterized by the Hopf invariant establishes their stability [13][14]. We introduce a similar higher order derivative term to the two-dimensional mass deformed CP (1) model. We observe that the added term causes the instanton action to diverge at small values of the instanton size. Thus the finite size instanton becomes stabilized as in [13].

We will begin with a brief review of instantons in the original O(3) sigma model with no mass term. The small mass deformation and higher order derivative terms will then be introduced and their consequences will be presented. We will verify our results with numerical calculations and discuss how the instanton action varies with the strength of the new terms. In particular, we will show that for appropriately chosen coefficients for the added terms, the instanton can be constrained at finite size much less than the inverse mass. We will conclude with a qualitative interpretation of our results and compare with similar calculations performed in four-dimensional Yang Mills theories.

II. INSTANTONS IN THE 2-DIMENSIONAL O(3) SIGMA MODEL

We will begin by reviewing the instanton solutions in the 2-Dimensional O(3) sigma model. This brief analysis will follow that given in [15] where more details can be found.

The Euclidean action for the original O(3) sigma model can be written in the geometric representation as S = 2 g^2 ∫ d^2x ∂_μϕ∂_μϕ (1 + ϕϕ)^2

. (1)

Performing the Bogomol’nyi completion on this action we find S = 1 g^2 ∫ d^2x [( ∂_μϕ ∓ iε_{μν} ∂_ν ϕ ) (∂_μϕ ± iε_{μρ}∂_ρϕ) ∓2iε_{μν} ∂_μϕ∂_ν ϕ ] (1 + ϕϕ)^{−2}. (2)

It can be shown that the term in the second line of (2) is a total derivative and thus represents the topological term in the action, S = 1 g^2 ∫ d^2x ( ∂_μϕ ∓ iε_{μν} ∂_ν ϕ ) (∂_μϕ ± iε_{μρ}∂_ρϕ) + 4πQ g^2

, (3)

where Q is the topological charge. Choosing the upper sign in (3) we can see that the action achieves a local minimum if ∂_μϕ + iε_{μν} ∂_ν ϕ = 0, (4)

which is simply the Cauchy-Riemann condition dϕ dz = 0. (5)

Thus solutions of (1) are in fact analytic functions of z = x_1 + ix_2. In addition to ensure the action is finite the solutions ϕ(z) must be meromorphic functions. In addition in the limit |z| → ∞, ϕ(z) must be independent of the angular direction. This compactifies the two dimensional Euclidean space to the sphere S^2. Thus the solutions ϕ(z) represent topologically non-trivial mappings of the compactified Euclidean space S^2 to the target space S^2. The number of poles in the solution ϕ(z) determines the topological charge. The instanton with topological charge Q = 1 can be represented as ϕ(z) = ρ z − z_0 , (6)

with action S_0 = 4π/g^2. Here ρ is a complex parameter with |ρ| representing the instanton “size”, while z_0 determines the instanton center. The scale parameter ρ is arbitrary in the instanton action. This is because scale invariance is unbroken at the classical level [4] [15].

Once the classical instanton is determined it is possible to show that the instanton measure with quantum corrections at one-loop order takes the form [16][17] dμ_{inst} = const × M^2_{uv}d^2z_0 dρ ρ exp (−S_0), (7)

where M_{uv} is the ultraviolet cutoff of the model. The instanton measure diverges logarithmically in the large ρ limit due to the infrared strong coupling of the model. It is expected that the introduction of a mass deformation m will suppress instantons with sizes ρ ∼ 1/m.

III. INSTANTONS IN THE 2-DIMENSIONAL O(3) SIGMA MODEL WITH A MASS TERM

Our modification of the O(3) sigma model is to introduce a mass term in the numerator of the Lagrangian of (1): S = 2 g^2 ∫ d^2x ∂_μϕ∂_μϕ + |m|^2ϕϕ (1 + ϕϕ)^2

, (8)

where for our purposes we will assume m is real. In addition there is no loss of generality in the following if we assume the instanton size ρ to be real. Mass terms of this form appear in supersymmetric 2 dimensional sigma models with twisted mass.

The difficulty with the added term in (8) is that a simple substitution of the original instanton solution (6) leads to a divergent integral. We expect the solution (6) to be valid in the limit of |z| << 1/m. However, for values of |z| beyond 1/m we expect the instanton solution is modified to show a cutoff at 1/m. It is therefore assumed that the instanton solution will take on a form similar to ϕ(z) ≈ ρ z − z_0 exp (−F (m|z − z_0|)), (9)

where F (m|z−z_0|) → 0 as |z−z_0| → 0 is a monotonically increasing function of its argument. To simplify notation we will define r ≡ |z − z_0| and u ≡ m|z − z_0|. In addition we will use a dimensionless parameter λ defined as λ ≡ mρ. (10)

The exponential in (9) acts as an infrared cutoff in (8) at r ∼ 1/m. In the logarithmic approximation we may use the form of the solution (6) and impose a limit of integration r → 1/m. This results in an approximate form of the action: S → 4π g^2 ( 1 + λ^2 log 1 λ ) . (11)

Comparison of this approximation with a numerical minimization of the action for several values of λ << 1 is shown in Figure 1.

FIG. 1: Here the solid line is the approximate action (11) as a function of λ. The dashed line is the action plotted as a function of λ by numerical minimization using the solution (9) with the trial function F (u) = a(λ)u + b(λ)u^2 and the requirement b(λ) > 0. The dotted line shows a similar numerical minimization of the action with trial function F (u) = a(λ)u + b(λ)u^2 + c(λ)u^3, and c(λ) > 0. The conditions on the coefficients in F (u) are required to satisfy the boundary condition ϕ(z) → 0 as |z| → ∞. Marginal improvement is observed with the additional cubic term in F (u) for the range of λ considered.

Clearly the instanton solution (9) breaks the invariance of the action to the instanton size ρ. In addition this causes the minimal action to tend towards solutions with ρ → 0. Thus the instanton for finite size ρ ≠ 0 are unstable.

IV. STABILIZING THE INSTANTON

To ensure the existence of instanton solutions with finite size we are forced to include new terms in the Lagrangian that will result in a minimal action at finite size ρ. A typical modification to the O(3) sigma model in two dimensions is to include a term that is forth order in the derivative [13][18]. Written in the form of the field ⃗S(x) the term takes on a form [14]: δL = β 4g^2 ( ∂_μ ⃗S × ∂_ν ⃗S ) · ( ∂_μ ⃗S × ∂_ν ⃗S ) , (12) where the parameter β << ρ^2 << 1/m^2 is assumed small enough to neglect corrections from the mass m in (12). Thus for this portion of the Lagrangian we will assume that (4) is valid. In this approximation (12) reduces to δL ≈ 2β g^2

(∂_μϕ∂_μϕ)^2 (1 + ϕϕ)^4

, (13)

Including the additional forth order derivative term in the action (8) and inserting the instanton solution (6), where we are ignoring the mass correction at large |z| for this term, we arrive at the following approximation to the action: S ≈ 4π g^2 ( 1 + m^2ρ^2 log 1 mρ + 2 3 β ρ^2 ) (14)

To simplify notation we define another dimensionless parameter α ≡ 2 3 βm^2. (15)

Thus we find, S = 4π g^2 ( 1 + λ^2 log 1 λ + α λ^2 ) . (16)

It is now clear that the action (16) admits a minimum at a finite value of λ defined parametrically by: λ^4_0 ( log 1 λ_0 − 1 2 ) = α. (17)

Thus the instanton solution is stabilized at a small but finite value of λ = mρ as can be seen in Figure 2. In addition a plot of the minimized action as a function of β is included in Figure 3. We see that the approximate action (16) agrees well with the action numerically minimized with the solution (9). The value of λ_0 determined by (17) implies that the action is minimized at ρ^2_0 ∼ √ β/m, and thus the requirement that ρ^2_0 ≪ 1/m^2 is satisfied.

V. DISCUSSION AND CONCLUSIONS

We have shown that the CP (1) model with a U(1) × Z_2 preserving mass deformation admits instantons that can be stabilized at finite size with the introduction of a higher order derivative term. This conclusions is not surprising since the target space of the mass deformed CP (1) model has the same topology S_2 as the original O(3) sigma model. Therefore we should still expect solutions of the equations of motion that provide a nontrivial mapping from the S_2 Euclidean space-time onto the target space in the mass deformed case.

Just as in the case of instantons in the Higgsed Yang-Mills theories [6][7] the mass deformation in the CP (1) model suppresses the contribution instantons at sizes ρ ∼^1_m , and thus instantons are effectively localized. We note however that the methods for obtaining approximate solutions in the two dimensional massive CP (1) are quite distinct from the methods used to obtain the instanton action in the Higgsed Yang Mills theory. In the Yang Mills theory the instanton solution for the gauge field A^a_μ(x) is assumed to not change when the scalar field χ^i(x) is introduced. This is justified at weak coupling. The field χ^i(x) is determined by minimization of the action with the instanton solution for A^a_μ(x). The source

FIG. 2: The action S is plotted as a function of λ various values of α. The solid, dashed, and dotted lines are plotted for values α at 0.001, 0.0001, and 0.00001 respectively.

FIG. 3: Here we have plotted the minimal value of the action as a function of βm^2. Again the solid line shows the result using action in (16), while the dashed line shows the result using the approximate solution (9) with the trial function F (u) = a(λ)u + b(λ)u^2, b(λ) > 0.

term induced by the nonzero scalar field can be made negligible by considering instantons with sizes that are constrained by hand to satisfy this approximation. As seen above, in the massive CP (1) model this approach fails because the original instanton solution (6) causes the additional term in (8) to diverge. We are forced to perform a numerical minimization of the action directly by assuming the modified form of the instanton solution (9). We have demonstrated that this approximate solution works well in the range |z − z_0| << 1/m as long as the condition β << ρ^2 << 1/m^2 is satisfied.

We would like to conclude by noting some suggestions for future research. It is clear that the mass deformation of the CP (1) model results in the effective localization of instanton solutions by suppressing the instanton contribution at sizes ρ ∼ 1/m. It is obvious that this localization to small sizes allows the dilute gas approximation of multi-instanton solutions to be applied in the appropriate limit. However, a detailed calculation of the multi-instanton measure in this model remains to be performed. In addition we have not discussed in any detail how the mass deformation will affect the mechanism of instanton melting at high densities, which was first demonstrated for the massless CP (1) case in [19]. Finally, we have omitted any discussion of instantons in the supersymmetric version of the mass deformed CP (1) model.

VI. ACKNOWLEDGEMENTS

The author would like to thank M. Shifman for his guidance on this project.

[1] E. Witten, Nucl. Phys. B 149, 285 (1979).

[2] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Phys. Rept. 116, 103 (1984) [3] A. M. Polyakov, Phys. Lett. B 59, 79 (1975).

[4] A. A. Belavin, A. M. Polyakov, A. S. Schwartz and Y. .S. Tyupkin, Phys. Lett. B 59, 85 (1975).

[5] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B 229, 407 (1983).

[6] G. ’t Hooft, Phys. Rev. D 14, 3432 (1976) [Erratum-ibid. D 18, 2199 (1978)]. [7] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B 260, 157 (1985) [Yad. Fiz. 42, 1499 (1985)].

[8] A. Gorsky, M. Shifman and A. Yung, Phys. Rev. D 71, 045010 (2005) [hep-th/0412082]. [9] A. Hanany and D. Tong, JHEP 0307, 037 (2003) [hep-th/0306150].

[10] R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi and A. Yung, Nucl. Phys. B 673, 187 (2003) [hep-th/0307287].

[11] M. Shifman and A. Yung, Phys. Rev. D 70, 045004 (2004) [hep-th/0403149]. [12] A. Hanany and D. Tong, JHEP 0404, 066 (2004) [hep-th/0403158]. [13] L. D. Faddeev and A. J. Niemi, Nature 387, 58 (1997) [hep-th/9610193]. [14] S. Bolognesi and M. Shifman, Phys. Rev. D 75, 065020 (2007) [hep-th/0701065]. [15] M. Shifman, “Advanced topics in quantum field theory: A lecture course,” Cambridge, UK:

Univ. Pr. (2012) 622 p [16] A. Jevicki, Nucl. Phys. B 127, 125 (1977).

[17] A. M. Din, P. Di Vecchia and W. J. Zakrzewski, Nucl. Phys. B 155, 447 (1979). [18] N. S. Manton and P. Sutcliffe, Cambridge, UK: Univ. Pr. (2004) 493 p [19] V. A. Fateev, I. V. Frolov and A. S. Shvarts, Nucl. Phys. B 154, 1 (1979).