arXiv:1303.0994v1 [hep-th] 5 Mar 2013

κ-Poincaré-Hopf algebra and Hopf algebroid structure of phase space from twist

Tajron Jurić^1 Rudjer Bošković Institute, Bijenička c.54, HR-10002 Zagreb, Croatia

Stjepan Meljanac^2, Rudjer Bošković Institute, Bijenička c.54, HR-10002 Zagreb, Croatia

Rina Štrajn^3, Jacobs University Bremen, 28759 Bremen, Germany

We unify κ-Poincaré algebra and κ-Minkowski spacetime by embeding them into quantum phase space. The quantum phase space has Hopf algebroid structure to which we apply the twist in order to get κdeformed Hopf algebroid structure and κ-deformed phase space. We explicitly construct κ-Poincaré-Hopf algebra and κ-Minkowski spacetime from twist. It is outlined how this construction can be extended to κ-deformed super algebra including exterior derivative and forms. Our results are relevant for constructing physical theories on noncommutative spacetime by twisting Hopf algebroid phase space structure.

Keywords: noncommutative space, κ-Minkowski spacetime, κ-Poincaré algebra, κ-deformed phase space, Hopf algebra, Hopf algebroid, twist .

1 e-mail: tjuric@irb.hr 2 e-mail: meljanac@irb.hr 3 e-mail: r.strajn@jacobs-university.de

I. INTRODUCTION

The noncommutative (NC) spacetime is a natural setting for investigating the properties of physical theories and the structure of spacetime at very small distances [1, 2]. There are arguments based on quantum gravity [3, 4], and string theory models [5, 6], which suggest that spacetime at Planck length is quantum, i.e. it should be noncommutative. One of the main motivations for dealing with NC spaces is related to the fact that general theory of relativity together with Heisenberg uncertainty principle leads to coordinate uncertainty Δx_μΔx_ν > l_{Planck} which can naturally be realized via noncommuting coordinates [3]. In this setting the spacetime becomes “fuzzy” and the notion of smooth spacetime geometry and its symmetry are generalized using Hopf algebraic methods.

κ-Minkowski spacetime [7]-[23] is a Lie algebraic deformation of Minkowski spacetime, where κ is the deformation parameter usually interpreted as Planck mass or the quantum gravity scale. The full symmetry of special relativity, i.e. Minkowski spacetime is algebraically described by Poincaré-Hopf algebra U(P) generated by rotations, boosts and translations. Analogously, the symmetries of κ-Minkowski spacetime are encoded in the κ-Poincaré-Hopf algebra. Generalized Poncaré algebras related to κ-Minkowski spacetime were considered in [21].

Some of the main features of physical theories on κ-Minkowski spacetime are modification of particle statistics [24]-[26], deformed Maxwell’s equations [27, 28], Aharonov-Bohm problem [29] and quantum gravity effects [30, 31]. The construction of QFT’s on NC spaces is of immense importance and is still under investigation [32]-[36]. κ-Minkowski spacetime is also related to doubly-special and deformed relativity theories [37–41].

It is known that the deformations of the symmetry group can be realized through the application of the Drinfeld twist on that symmetry group [42, 43]. The main virtue of the twist formulation is that the deformed (twisted) symmetry algebra is the same as the original undeformed one and the only thing that changes is the coalgebra structure which then leads to the same free field structure as the corresponding commutative field theory.

One of the ideas presented by the group of Wess et al. [44, 45] is that the symmetries of general relativity, i.e. the diffeomophisms, are considered as the fundamental objects and are deformed using twist [46, 47]. The generalization of the diffeormorphism symmetry is formulated in the language of Hopf algebras, a setting suitable for studying quantization of Lie groups and algebras. Physical applications of this approach are investigated in [48], and especially for black holes in [49]. Our main motivation is to generalize the ideas of the group of Wess et al. to the notion of the Hopf algebroid [50–52] and to construct both QFT and gravity in Hopf algebroid setting, which is more general and it seams more natural since it deals with the whole phase space [23].

So far there have been attempts in the literature to obtain κ-Poincaré-Hopf algebra from Drinfeld twist, but none of them succeeded to accomplish this completely. The Abelian twists [12, 14, 25] and Jordanian twits [19] compatible with κ-Minkowski spacetime were constructed, but the problem with these twists is that they can not be expressed in terms of the Poincaré generators and the coalgebra runs out into U(igl(4))⊗ U(igl(4)).

In this letter we will show that the key for resolving these problems is to analyze the whole quantum phase space H and its Hopf algebroid structure. Here, we use the Abelian twist, satisfying cocycle condition. This twist is not an element of κ-Poincaré-Hopf algebra, but an element of H ⊗ H. By applying the twist to the Hopf algebroid structure of quantum phase space H we obtain the Hopf algebroid structure of κ-deformed phase space Ĥ. Moreover, this twist also provides the correct Hopf algebra structure of κ-Poincaré algebra when applied to the generators of rotation, boost and momenta.

In section II. we present the κ-Poincaré-Hopf algebra in the bicrossproduct basis and show how the generators of κ-Poincaré-Hopf algebra and κ-Minkowski spacetime can be viewed as elements of both quantum phase space H and κ-deformed phase space Ĥ. In section III. we first give the Hopf algebroid structure of quantum phase space H and then using the twist F construct the Hopf algebroid structure of κ-deformed phase space Ĥ. At the end of section III. we show that the twist F provides the correct Hopf algebra structure of κ-Poincaré algebra. In section IV. we illustrate the construction of exterior derivative and NC one-forms compatible with κ-Poincaré algebra and comment some of the problems which could be resolved by using the extended twist within super-Heisenberg algebra.

II. κ-POINCARÉ-HOPF ALGEBRA IN BICROSSPRODUCT BASIS

For κ-Poincaré-Hopf algebra U(P_κ) generated by Lorentz generators M_{μν} and momentum generators p_μ the coproducts Δ in bicrossproduct basis [10] are^4

Δp_0 = p_0 ⊗ 1 + 1 ⊗ p_0, Δp_i = p_i ⊗ 1 + e^{a0 p0} ⊗ p_i, ΔM_{i0} =M_{i0} ⊗ 1 + e^{a0 p0} ⊗ M_{i0} − a_0 p_j ⊗ M_{i j}, ΔM_{i j} = M_{i j} ⊗ 1 + 1 ⊗ M_{i j} (1)

where a_0 ∝^1_κ is the deformation parameter and κ can be interpreted as Planck Mass or the quantum gravity scale. Equations in (1) describe the coalgebra structure of the κ-Poincaré-Hopf algebra and together with

4 Greek indices (μ, ν, ...) are going from 0 to 3, and latin indices (i, j, ...) from 1 to 3. Summation over repeated indices is assumed. We use η_{μν} = diag(−1, 1, 1, 1).

antipode S : U(P_κ) → U(P_κ) and counit ϵ : U(P_κ) → C ϵ(p_μ) = ϵ(M_{μν}) = 0 S (p_0) = −p_0 S (p_i) = −p_ie^{−a0 p0} S (M_{i j}) = −M_{i j} S (M_{i0}) = −e^{−a0 p0} ( M_{i0} + a_0 M_{i j} p_j ) (2)

make the κ-Poincaré-Hopf algebra. The κ-Poincaré-Hopf algebra U(P_κ) is generated by Lorentz generators M_{μν} and momentum generators p_μ, where M_{μν} generate undeformed Lorentz algebra, [M_{μν}, M_{λρ}] = −i ( η_{νλ} M_{μρ} − η_{μλ} M_{νρ} − η_{νρ} M_{μλ} + η_{μρ} M_{νλ} ) (3) and p_μ satisfies [p_μ, p_ν] = 0. (4) Additionally, the commutation relations [M_{μν}, p_λ] are [M_{i j}, p_k] = i ( δ_{ik} p_j − δ_{jk} p_i ) , [M_{i j}, p_0] = 0 [M_{i0}, p_k] = δ_{ik} ( 1 − e^{2a0 p0}

2ia_0 − ia_0 2 p^2_l ) + ia_0 p_i p_k [M_{i0}, p_0] = ip_i + ia_0 p_i p_0 (5)

Note that in the limit a_0 → 0 we have Δ → Δ_0, S → S_0 and the κ-deformed Poincaré algebra (3-5) reduces to the undeformed Poincaré-Hopf algebra U(P).

In κ-Minkowski space with deformed coordinates {x̂_μ} we have: [x̂_i, x̂_j] = 0, [x̂_0, x̂_i] = ia_0x̂_i. (6) Aiming at covariant notation we define a_μ = (a_0, ⃗0) and for eq.(6) get [x̂_μ, x̂_ν] = i(a_μx̂_ν − a_νx̂_μ) (7) NC coordinates x̂ and momentum p generate the κ-deformed phase space Ĥ.

We introduce the action^5 ▶: Ĥ(x̂, p) → Â(x̂), where Ĥ(x̂, p) is the algebra generated by x̂_μ and p_μ and Â(x̂) is a subalgebra of Ĥ(x̂, p) generated by x̂_μ. This action is defined by the following requirements

x̂_μ ▶ ĝ(x̂) = x̂_μĝ(x̂), p_μ ▶ 1 = 0, M_{μν} ▶ 1 = 0 p_μ ▶ x̂_ν = −iη_{μν}, M_{μν} ▶ x̂_λ = −i ( η_{νλ}x̂_μ − η_{μλ}x̂_ν ) . (8)

5 For more details see [20].

Namely, using coproducts (1), action (8) and Gx̂_μ = m(ΔG ▶ (x̂_μ ⊗ id)), ∀G ∈ U(P_κ), one can extract the commutation relations [M_{μν}, x̂_λ] and [p_μ, x̂_ν]:

[p_0, x̂_μ] = −iη_{0μ}, [p_k, x̂_μ] = −iη_{kμ} + ia_μ p_k, (9)

[M_{μν}, x̂_λ] = −i ( η_{νλ}x̂_μ − η_{μλ}x̂_ν + a_μ M_{νλ} − a_ν M_{μλ} ) . (10)

The Lorentz generators M_{μν} can be expressed in terms of x̂_μ and p_μ, that is as an element in Ĥ:

M_{i0} =x̂_i ( e^{2a0 p0} − 1

2a_0 − a_0 2 p^2_k ) − x̂_0 p_i

M_{i j} = x̂_i p_j − x̂_j p_i

(11)

In this way we have embedded the κ-Poincaré algebra (3-5) and κ-Minkowski space (6) into κ-deformed phase space Ĥ.

The realization for M_{μν} and x̂_μ in terms of x_μ and p_μ, that is as an element in quantum phase space H (see (13)), corresponding to bicrossproduct basis is :

x̂_i = x_i, x̂_0 = x_0 − a_0 x_k p_k, M_{i0} = x_i ( Z^2 − 1 2a_0 − a_0 2 p^2_k ) − ( x_0 − a_0 x_k p_k ) p_i, M_{i j} = x_i p_j − x_j p_i,

(12)

where Z = e^A and A = a_0 p_0 (for more details see [14] and [16]). In this way we have embedded the κ-Poincaré algebra (3-5) and κ-Minkowski space (6) into quantum phase space H (12, 13).

III. QUANTUM PHASE SPACE AND TWIST

A. Quantum phase space and Hopf algebroid structure

The quantum phase space, i.e. Heisenberg algebra H is defined by

[x_μ, x_ν] = [p_μ, p_ν] = 0 [p_μ, x_ν] = −iη_{μν}

(13)

We define the action ▷ : H(x, p) → A(x), where A is a subalgebra, A(x) ⊂ H(x, p), generated by x_μ. Heisenberg algebra H(x, p) can be written as H = A T , where T is a subalgebra, T (p) ⊂ H(x, p), generated by p_μ. For any element f (x) ∈ A(x) we have

x_μ ▷ f (x) = x f (x), p_μ ▷ f (x) = −i ∂ f ∂x^μ

, (14)

It is known that for Heisenberg algebra H there is no Hopf algebra structure. However there exists Hopf algebroid structure defined by undeformed coproduct Δ^′_0 , counit ϵ^′_0 and antipode S^′_0 Δ^′_0 p_μ =p_μ ⊗ 1 + 1 ⊗ p_μ, Δ^′_0 x_μ = x_μ ⊗ 1, ϵ^′_0(h) = h ▷ 1, ∀h ∈ H, S^′_0(p_μ) = −p_μ, S^′_0(x_μ) = x_μ

(15)

where we have generated an equivalence class in A ⊗ A by the relations (R_0)_μ ≡ x_μ ⊗ 1 − 1 ⊗ x_μ (for details see [23]). The S^′_0 is antimultiplicative map, S^′_0 : H → H and a generalization of the antipode S_0 in Hopf algebra (see [50] and [51]). The ϵ^′_0 : H → A is a generalization of a counit ϵ_0 in Hopf algebra. If the coproduct Δ^′_0, counit ϵ^′_0 and antipode S^′_0 are applied only to the generators of the Poincaré algebra, they act in a same way as Δ_0, ϵ_0 and S_0 and they satisfy the axioms of a Hopf algebra. However, note that: S^′_0(x_μ p_ν) = −p_ν x_μ and S_0(x_μ p_ν) = −x_μ p_ν so for μ = ν we have that S^′_0(x_μ p_ν) � S_0(x_μ p_ν). The full treatment of Hopf algebroid structure of quantum phase space and κ-deformed phase space will be presented elsewhere.

B. κ-deformed phase space from twist

Let us introduce the twist operator F (see eq.(61) in [12] and also see [14])

F = exp (−iA ⊗ x_k p_k) (16)

where A = a_0 p_0, which is Abelian and satisfies the cocycle condition [25]. We apply it to the Hopf algebroid structure of quantum phase space H Δ^′h = F Δ^′_0hF^{−1} ϵ^′(h) =h ▷ 1 S^′(h) = χ S^′_0(h) χ^{−1} ∀h ∈ H

(17)

where χ^{−1} = m [( S^′_0 ⊗ id ) F^{−1} ] = e^{−iAxk pk} and χ = e^{iAxk pk} (note that in the Hopf algebroid χ � m [( id ⊗ S^′_0 ) F ] ). The results for the generators x_μ and p_μ are

Δ^′ p_0 = p_0 ⊗ 1 + 1 ⊗ p_0 ≡ Δp_0 Δ^′ p_i = p_i ⊗ 1 + e^A ⊗ p_i ≡ Δp_i Δ^′ x_0 = x_0 ⊗ 1 + 1 ⊗ a_0 x_k p_k Δ^′ x_i = x_i ⊗ 1 ϵ^′(x_μ) = x_μ ϵ^′(p_μ) = 0 S^′(p_0) = −p_0 ≡ S (p_0) S^′(p_i) = −p_ie^{−A} ≡ S (p_i) S^′(x_0) = x_0 − a_0 x_k p_k S^′(x_i) = x_ie^A

(18) where we have generated an equivalence class in (A ⊗ A)_F by the relations R_μ = F (R_0)_μF^{−1} (for details see [23]). We point out that the coproduct Δ^′ and antipode S^′ reduce to Δ and S when applied to the generators of κ-Poincaré algebra (see subsection C). With the coproduct Δ^′, antipode S^′ and counit ϵ^′ given in (18), we have defined the κ-deformed Hopf algebroid structure of quantum phase space H.

The NC coordinates x̂ are given by x̂_i = m ( F^{−1} ▷ (x_i ⊗ id) ) = x_i x̂_0 = m ( F^{−1} ▷ (x_0 ⊗ id) ) = x_0 − a_0 x_k p_k

(19)

and satisfy the κ-Minkowski algebra (6). Hence, from equations (18) we have Δ^′x̂_μ = x̂_μ ⊗ 1 ϵ̂^′(x̂_μ) = x̂_μ ▶ 1 = x̂_μ S^′(x̂_i) = x̂_ie^A S^′(x̂_0) = x̂_0 + a_0 p_k x̂_k

(20)

which defines the Hopf algebroid structure of κ-deformed phase space Ĥ.

C. κ-Poincaré-Hopf algebra from twist

The realization of Lorentz generators M_{μν} is given in terms of H in (12). Then using the eq.(15) for coproduct and homomorphism of Δ^′_0 we can calculate Δ^′_0 M_{i0} = Δ^′_0 x_iΔ^′_0

(_{Z2−1}

2a_0 − a_0

2 p^2_k ) − Δ^′_0x̂_0Δ^′_0 p_i and Δ^′_0 M_{i j} = Δ^′_0 x_iΔ^′_0 p_j − Δ^′_0 x_jΔ^′_0 p_i = M_{i j} ⊗ 1 + 1 ⊗ M_{i j} ≡ Δ_0 M_{i j}. Note that Δ^′_0 M_{i0} � M_{i0} ⊗ 1 + 1 ⊗ M_{i0}. Furthermore, applying the twist F we get the deformed coproduct Δ^′ M_{i j} = F Δ^′_0 M_{i j}F^{−1} = M_{i j} ⊗ 1 + 1 ⊗ M_{i j} ≡ ΔM_{i j} Δ^′ M_{i0} = F Δ^′_0 M_{i0}F^{−1} = Δ^′ x_iΔ^′ ( Z^2 − 1 2a_0 − a_0 2 p^2_k ) − Δ^′x̂_0Δ^′ p_i

=(x_i ⊗ 1) ( Z^2 ⊗ Z^2 − 1 ⊗ 1 2a_0 − a_0 2 Δ^′(p^2_k ) ) − (x̂_0 ⊗ 1)Δ^′ p_i

= M_{i0} ⊗ 1 + e^{a0 p0} ⊗ M_{i0} − a_0 p_j ⊗ M_{i j} ≡ ΔM_{i0}

(21)

where in the last line we have used x_i ⊗ 1 = Z^{−1} ⊗ x_i which is derived from R_i, [23]. Similarly, using (18) and antihomomorphism of the antipode S^′_0 we get

S^′(M_{i j}) = χ S^′_0(M_{i j}) χ^{−1} = S^′(p_j)S^′(x_j) − S^′(p_i)S^′(x_j) = −M_{i j} ≡ S (M_{i j}) S^′(M_{i0}) = χ S^′_0(M_{i0}) χ^{−1} = S^′ ( Z^2 − 1 2a_0 − a_0 2 p^2_k ) S^′(x_i) − S^′(p_i)S^′(x̂_0)

= −e^{−a0 p0} ( M_{i0} + a_0 M_{i j} p_j ) ≡ S (M_{i0})

(22)

Hence, the twist F in (16) applied to the Hopf algebroid structure gives the correct Hopf algebra structure of κ-Poincaré algebra generated by M_{μν} and p_μ, eqs. (1-5).

In this letter we have presented the κ-Poincaré-Hopf algebra in the bicrossproduct basis from twist (16). This can be generalized to the twist corresponding to any realization [52]. The flip operator and universal R-matrix were analyzed in [23].

IV. EXTERIOR DERIVATIVE, NC FORMS AND κ-DEFORMED SUPER ALGEBRA

We define the exterior derivative d̂ and the NC one form ξ̂_μ in a usual way [11, 15, 16, 22, 53]

d̂^2 = 0, ξ̂_μ = [d̂, x̂_μ] (23)

with the properties { ξ̂_μ, ξ̂_ν } = 0, { d̂, ξ̂_μ } = 0 (24)

and the commutator between NC forms and NC coordinates [ξ̂_μ, x̂_ν] has to be constructed in order to be consistent with (super)Jacobi identities and in doing so, the most general expression reads

[ξ̂_μ, x̂_ν] = K^λ_{μν}(p)ξ̂_λ (25)

The equation for κ-Minkowski space (7) together with (23) implies the consistency condition

[ξ̂_μ, x̂_ν] − [ξ̂_ν, x̂_μ] = i(a_μξ̂_ν − a_νξ̂_μ) (26)

In order to have a differential calculus compatible with κ-Poincaré algebra we require

[M_{μν}, d̂] = [p_μ, d̂] = [p_μ, ξ̂_ν] = 0 [M_{μν}, ξ̂_λ] = −i ( η_{νλ}ξ̂_μ − η_{μλ}ξ̂_ν

) (27)

Hence, we have unified the algebra generated by { x̂, p, M_{μν}, ξ̂, d̂ } in a super-algebra.

Sitarz in [11] constructed differential algebra { ξ̂, x̂, ϕ } which can be exactly realized in the bicrossproduct basis (12) as:

ξ̂_0 =ξ_0 ( 2 − a^2_0 2 p^2_i Z^{−1} − ch(A) ) − a_0ξ_k p_k ξ̂_k = ξ_k + a_0ξ_0 p_kZ^{−1}, ϕ = − d̂_s = ξ_0 ( i a_0 sh(A) − ia_0 2 p^2_i Z^{−1} ) (28)

However, we point out that there does not exist realization for the generators M_{μν} compatible with [M_{μν}, d̂] = 0 and Lorentz algebra (3).

In the papers [22, 53] it is shown that the above super algebra has no realization if x̂_i = x_i and x̂_0 = x_0 − a_0 x_k p_k.

The twist F defined in (16) leads to ξ̂_μ = m ( F^{−1} ▷ ξ_μ ⊗ 1 ) = ξ_μ and this is in contradiction with the consistency condition (26). The analysis of these problems is presented in [53], using super Heisenberg algebra and the extended twist F_{ext} . The physical consequences of this construction is still a work in progress and will be presented elsewhere.

In this letter we have analyzed the whole phase space and its Hopf algebroid structure. The idea is to construct quantum field theory and gravity in the Hopf algebroid setting generalizing the ideas presented by the group of Wess et al. This should be considered as a starting point for a further investigation along this line (work in progress).

Acknowledgment We would like to thank Domagoj Kovačević, Andjelo Samsarov and Zoran Škoda for useful discussions. This work was supported by the Ministry of Science and Technology of the Republic of Croatia under contract No. 098-0000000-2865. R.Š. gratefully acknowledges support from the DFG within the Research Training Group 1620 “Models of Gravity”.

[1] M. R. Douglas, N. A. Nekrasov, “Noncommutative Field Theory”, Rev.Mod.Phys.73:977-1029,(2001), arXiv:hep-th/0106048 [2] R. J. Szabo, “Quantum Field Theory on Noncommutative Spaces”, Phys.Rept.378:207-299,(2003), arXiv:hepth/0109162 [3] S. Doplicher, K. Fredenhagen and J. E. Roberts, Phys. Lett. B331 (1994) 39.

S. Doplicher, K. Fredenhagen and J. E. Roberts, “The quantum structure of spacetime at the Planck scale and quantum fields”, Comm. Math. Phys. Volume 172, Number 1 (1995), 187-220.

[4] A. Kempf and G. Magnano, Phys. Rev. D 55, 7909 (1997); hep-th/9612084 [5] N. Seiberg and E. Witten, JHEP 09, 032 (1999); hep-th/9908142 [6] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys. Lett. B 574, 98 (2003) [7] J. Lukierski, A. Nowicki, H. Ruegg and V. N. Tolstoy, “Q-deformation of Poincaré algebra”, Phys. Lett. B 264, 331 (1991).

[8] J. Lukierski, A. Nowicki and H. Ruegg, “New quantum Poincaré algebra, and κ-deformed field theory”, Phys.

Lett. B 293, 344 (1992).

[9] J. Lukierski and H. Ruegg, “Quantum κ-Poincaré in any dimension”, Phys. Lett. B 329, 189 (1994), hepth/9310117.

[10] S. Majid and H. Ruegg, “Bicrossproduct structure of κ-Poincaré group and noncommutative geometry”, Phys.

Lett. B 334, 348 (1994), hep-th/9404107.

[11] A. Sitarz, “Noncommutative differential calculus on the kappa-Minkowski space”, Phys. Lett. B 349, 42 (1995), hep-th/9409014.

[12] S. Meljanac and M. Stojić, “New realizations of Lie alegbra kappa-deformed Euclidean space”, Eur. Phys. J. C 47, 531 (2006).

[13] S. Meljanac, S. Krešić-Jurić and M. Stojić, “Covariant realizations of kappa-deformed space”, Eur. Phys. J. C 51, 229 (2007).

[14] S. Meljanac, A. Samsarov, M. Stojić and K. S. Gupta, “Kappa-Minkowski space-time and the star product realizations”, Eur. Phys. J. C 53, 295 (2008), arXiv:0705.2471.

[15] S. Meljanac and S. Krešić-Jurić, “Noncommutative differential forms on the kappa-deformed space”, J. Phys.

A: Math. Theor. 42, 365204 (2009), arXiv:0812.4571.

[16] S. Meljanac and S. Krešić-Jurić, “Differential structure on κ-Minkowski space, and κ-Poincaré algebra”, Int. J.

Mod. Phys. A 26 (20), 3385 (2011), arXiv: 1004.4547.

[17] H. C. Kim, Y. Lee, C. Rim and J. H. Yee, “Differential structure on the κ-Minkowski spacetime from twist”, Phys. Lett. B 671, 398 (2009), arXiv:hep-th/0808.2866.

[18] J.G. Bu, J.H. Yee and H.C. Kim, “Differential structure on κ-Minkowski spacetime realized as module of twisted Weyl algebra”, Phys. Lett. B 679, 486 (2009), arXiv:0903.0040v2.

[19] A. Boroweic and A. Pachol, “κ-Minkowski spacetime as the result of Jordanian twist deformation”, Phys. Rev.

D 79, 045012 (2009), arXiv:0812.0576.

[20] D. Kovacevic, S. Meljanac: "Kappa-Minkowski spacetime, Kappa-Poincaré Hopf algebra and realizations", J.

Phys. A: Math. Theor. 45 (2012) 135208, [arXiv:1110.0944].

[21] D. Kovacevic, S. Meljanac, A. Pachol and R. Štrajn, “Generalized kappa-Poincare algebras, Hopf algebras and kappa-Minkowski spacetime,” Phys. Lett. B 711 (2012) 122, arXiv:1202.3305 [hep-th] [22] S. Meljanac, S. Krešić-Jurić and R. Štrajn, “Differential algebras on kappa-Minkowski space and action of the Lorentz algebra”, Int. J. Mod. Phys. A 27 (10), 1250057 (2012), arXiv: 1203.2762 [23] S. Meljanac, A. Samsarov, R. Štrajn, “Kappa-deformation of Heisenberg algebra and coalgebra; generalized Poincaré algebras and R-matrix”, JHEP 08(2012)127 ; arXiv:1204.4324 [24] M. Arzano and A. Marciano, “Symplectic geometry and Noether charges for Hopf algebra space-time symmetries”, Phys. Rev. D 76 (2007) 125005 [arXiv:hep-th/0701268];

M. Daszkiewicz, J. Lukierski and M. Woronowicz, “-Deformed Statistics and Classical Fourmomentum Addition Law”, Mod. Phys. Lett. A 23 (2008) 653 [arXiv:hep-th/0703200];

C. A. S. Young and R. Zegers, “Covariant particle statistics and intertwiners of the kappa-deformed Poincare algebra”, Nucl. Phys. B 797 (2008) 537 [arXiv:0711.2206];

C. A. S. Young and R. Zegers, “Covariant particle exchange for kappa-deformed theories in 1+1 dimensions”,

Nucl. Phys. B 804 (2008) 342 [arXiv:0803.2659] [25] T. R. Govindarajan, K. S. Gupta, E. Harikumar, S. Meljanac and D. Meljanac, “Twisted statistics in κ-Minkowski spacetime”, Phys. Rev. D 77, 105010 (2008), arXiv:0802.1576.

[26] K. S. Gupta, S. Meljanac and A. Samsarov, “Quantum statistics and noncommutative black holes”, Phys. Rev.

D 85 (2012) 045029 [arXiv:1108.0341 [hep-th] [27] E. Harikumar, “Maxwell’s equations on the κ-Minkowski spacetime and Electric-Magnetic duality”, Europhys.

Lett. 90, 21001 (2010), arXiv:1002.3202v3.

[28] E. Harikumar, T. Juric and S. Meljanac, “Electrodynamics on κ-Minkowski space-time”, Phys. Rev. D 84, 085020 (2011), arXiv:1107.3936 [29] F. M. Andrade, E. O. Silva, “Effects of quantum deformation on the spin-1/2 Aharonov-Bohm problem”, Physics Letters B 719 (2013) pp. 467-471 ; arXiv:1212.1944 [30] A. Borowiec, S. Gupta, S. Meljanac and A. Pachoł, “Constraints on the quantum gravity scale from kappa– Minkowski spacetime”, Europhys. Lett. 92, 20006 (2010), arXiv:0912.3299.

[31] E. Harikumar, T. Juric and S. Meljanac, “Geodesic equation in k-Minkowski spacetime,” , Phys. Rev. D 86, 045002 (2012) arXiv:1203.1564 [hep-th].

[32] P. Kosinski, J. Lukierski and P. Maslanka, “Local D=4 Field Theory on κ–Deformed Minkowski Space”, Phys.

Rev. D 62, 025004 (2000), arXiv:hep-th/9902037 [33] M. Daszkiewicz, J. Lukierski and M. Woronowicz, “Towards Quantum Noncommutative κ-deformed Field Theory”, Phys. Rev. D 77, 105007 (2008), arXiv:hep-th/0708.1561.

[34] H. C. Kim, Y. Lee, C. Rim and J. H. Yee, “Scalar field theory in κ-Minkowski spacetime from twist”, J. Math.

Phys. 50, 102304 (2009), arXiv:hep-th/0901.0049.

[35] T. R. Govindarajan, K. S. Gupta, E. Harikumar, S. Meljanac and D. Meljanac, “Deformed osciallator algebras and QFT in the κ-Minkowski spacetime”, Phys. Rev. D 80, 025014 (2009), arXiv:0903.2355.

[36] S. Meljanac and A. Samsarov, “Scalar field theory on kappa-Minkowski spacetime and translation and Lorentz invariance”, Int. J. Mod. Phys. A 26, 1439 (2011), arXiv:1007.3943.

[37] J. Kowalski-Glikman and S. Nowak, “Double special relativity theories as different bases of kappa-Poincaré algebra”, Phys. Lett. B 539, 126 (2002), hep-th/0203040.

[38] G. Amelino-Camelia, “Testable scenario for relativity with minimum-length”, Phys. Lett. B 510, 255 (2001), hep-th/0012238.

[39] G. Amelino-Camelia, “Relativity in space-times with short-distance structure governed by an observerindependent (Planckian) length scale”, Int. J. Mod. Phys. D 11, 35 (2002), gr-qc/0012051.

[40] J. Kowalski-Glikman, “Introduction to doubly special relativity”, Lect. Notes Phys.

669, 131 (2005), hep-th/0405273v1.

[41] M. Bojowald, G. M. Paily, “Deformed General Relativity”, arXiv:1212.4773 [gr-qc] [42] V. G. Drinfeld, “Hopf algebras and the quantum Yang-Baxter equation,” Soviet Math. Dokl. 32, 254 (1985). [43] V. G. Drinfeld, “Quasi Hopf algebras,” Alg. Anal. 1:6, 114 (1989) (Leningrad Math. J. 1:6, 1419 (1990)). [44] P. Aschieri, C. Blohmann, M. Dimitrijevic, F. Meyer, P. Schupp, J. Wess, “A Gravity Theory on Noncommutative

Spaces”, Class.Quant.Grav. 22 (2005) 3511-3532, arXiv:hep-th/0504183 [45] P. Aschieri, M. Dimitrijevic, F. Meyer, J. Wess, “Noncommutative Geometry and Gravity”, Class.Quant.Grav.

23 (2006) 1883-1912, arXiv:hep-th/0510059 [46] P. Aschieri, F. Lizzi and P. Vitale, “Twisting all the way: from classical to quantum mechanics”, Phys. Rev. D 77 025037, (2008), arXiv:0708.3002v2.

[47] P. Aschieri, A. Schenkel, “Noncommutative connections on bimodules and Drinfeld twist deformation”, arXiv:1210.0241 [math.QA] [48] P. Aschieri, L. Castellani, “Noncommutative D=4 gravity coupled to fermions”, JHEP 0906:086,(2009), arXiv:0902.3817 [hep-th] [49] T. Ohl, A. Schenkel, “Cosmological and Black Hole Spacetimes in Twisted Noncommutative Gravity”, JHEP10(2009)052, arXiv:0906.2730 [hep-th] [50] J.H. Lu: “Hopf algebroids and quantum groupoids”, Internat. J. Math. 7 (1996)

P. Xu: “Quantum Groupoids”, Commun. Math. Phys. 216, 539-581 (2001) [51] G. Böhm: “Hopf Algebroids”, Handbook of Algebra (2008) [52] T. Juric, S. Meljanac, R. Štrajn, “Twists, realizations and Hopf algebroid structure of k-deformed phase space”, [work in progress] [53] T. Juric, S. Meljanac, R. Štrajn, “Differential forms and k-Minkowski spacetime from extended twist”, arXiv:1211.6612 [hep-th]