arXiv:1303.1124v1 [math-ph] 5 Mar 2013

ON CHARACTERISTIC INTEGRALS OF TODA FIELD THEORIES

ZHAOHU NIE

Abstract. Characteristic integrals of Toda field theories associated to simple Lie algebras are presented in the most explicit forms, both in terms of the formulas and in terms of the proofs.

1. Introduction

First consider the famous Liouville equation, for which we take the following version:

(1.1) u_{xy} = −e^{2u}, where x and y are the independent variables, and u = u(x, y) is an unknown function. Let (1.2) I = u_{xx} − u^2_x.

Then I_y =^∂_{∂y} I = 0 for a solution u(x, y) to (1.1). I is thus called a characteristic integral of (1.1).

Toda field theories are generalizations of the Liouville equation (1.1). Let g be a simple Lie algebra of rank n with Cartan matrix A = (a_{ij} )^n_{i,j=1}. For 1 ≤ i ≤ n, let u^i = u^i(x, y) be n unknown functions of the independent variables x and y. The Toda field theory associated to g is

(1.3) u^i_{xy} = −e^{ρi} := − exp (_n∑ j=1 a_{ij} u^j ) , 1 ≤ i ≤ n. The Liouville equation (1.1) is the Toda field theory associated to A_1 = sl_2.

Toda field theories are important integrable systems and have rich properties. (For surveys on them, see for example [BBT03, LS92].) In this paper, we are concerned with the explicit forms of their characteristic integrals.

Definition 1.4. A differential polynomial in the u^i(x, y) for 1 ≤ i ≤ n is a polynomial in the u^i and their partial derivatives with respect to x of various orders u^i_x, u^i_{xx}, · · · . A characteristic integral of the Toda field theory (1.3) is a differential polynomial I in the u^i(x, y) for 1 ≤ i ≤ n such that I_y = 0 for solutions u^i(x, y) to (1.3).

By the symmetry between x and y in Toda field theories (1.3), there are differential polynomials Ĩ in the u^i and their y-partial derivatives such that Ĩ_x = 0 but they follow the same patterns as those in the above definition. For simplicity, we sometimes write ∂ for ∂_x.

Date: February 15, 2013. 1

For a differential mononomial in the u^i, we call by its degree the sum of the orders of differentiation multiplied by the corresponding algebraic degrees for the factors. Therefore the I in (1.2) has homogeneous degree 2. Since a differential polynomial of some characteristic integrals is another such integral, the characteristic integrals form a differential algebra. The structure theorem (see for example [FF95, Theorem 1] for the affine version) asserts that it is a polynomial differential algebra generated by n primitive characteristic integrals. Furthermore these generators are homogeneous and their degrees are equal to the degrees of the Lie algebra g. Recall that the algebra of adjoint-invariant functions on g is a polynomial algebra on n homogenous generators, whose degrees we call the degrees of g [Kos59].

Many works [Lez85, BFO^+90, FOR^+92] are devoted to the characteristic integrals, very often under different names such as local conservation laws, chiral currents or intermediate integrals and from different viewpoints. Furthermore many works [LS89, HO96, ZS01, AFV09] are concerned with using these characteristic integrals to obtain explicit solutions to the original Toda field theories (1.3) by the method of Darboux.

However to this author, the results about characteristic integrals for Toda field theories (1.3) are not explicit enough, in terms of both the formulas and the proofs. Therefore we would like to present the concrete formulas to compute the primitive characteristic integrals together with new and self-contained proofs.

Our general formula in Theorem 1.10 employes the zero curvature representation [LS79] of the Toda field theories (1.3) under a Drinfeld-Sokolov gauge [DS84]. When the Lie algebra has a non-branching representation (see (1.12)), we present a more concrete formula in Theorem 1.13. We stress that in both cases, we prove that we obtain characteristic integrals directly.

Let us introduce more terminology before we present our main results. Let h ⊂ g be a Cartan subalgebra, and we denote the corresponding set of roots of g by Δ, the sets of positive/negative roots by Δ_±, and the set of positive simple roots by π = {α_i}^n_{i=1}. Let g = h ⊕ ⨁ α∈Δ g_α be the root space decomposition.

For a root α, define its height by ht(α) = ∑_n i=1 c_i if α = ∑_n i=1 c_iα_i. Also define the standard height gradation

(1.5) g = ⨁ k g_k, g_k = ⨁ ht(α)=k

g_α, g_0 = h.

We also denote by n = ⨁ α∈Δ_+ gα = ⨁ k>0 g_k the maximal nilpotent subalgebra, and by N the corresponding unipotent group.

For α ∈ Δ_+, let e_α and e_{−α} be root vectors in the root spaces g_α and g_{−α} such that for H_α = [e_α, e_{−α}] ∈ h, we have α(H_α) = 2. Then the Cartan matrix A = (a_{ij} )^n_{i,j=1} of g is defined by a_{ij} = α_i(H_{αj} ).

Let us recall the zero curvature representation of (1.3) following [LS79]. Let

(1.6) u = n∑ i=1 u^i_xH_{αi} , ϵ = n∑ i=1 e_{−αi} , Y = n∑ i=1 e^{ρi} e_{αi} , where as in (1.3) ρ_i = ∑_n j=1 a_{ij} u^j . Then the Toda field theory (1.3) is equivalent to the following zero curvature equation

(1.7) [−∂_x + ϵ + u, ∂_y + Y ] = 0.

Now let us recall the definition of a Kostant slice s ⊂ g [Kos63], which is used in a Drinfeld-Sokolov gauge [DS84]. Let s be a complement of [ϵ, g] in g, that is,

(1.8) g ∼= s ⊕ [ϵ, g].

Then by [Kos63], s ⊂ n, and dim(s) = n is equal to the rank. We call s a Kostant slice, and let {s_j }^n_{j=1} be a homogeneous basis of s with respect to the height gradation (1.5).

By [DS84], we can bring the first element in (1.7) into its Drinfeld-Sokolov gauge. More precisely, there exists an element g ∈ N (whose components are differential polynomials of the u^i) such that

(1.9) g^{−1}(−∂_x + ϵ + u)g = −∂_x + ϵ + I, I = n∑ j=1 I_j s_j ∈ s, where the components I_j are differential polynomials of the u^i.

Theorem 1.10. For the solutions u^i to (1.3), the differential polynomials I_j for 1 ≤ j ≤ n defined in (1.9) through a Drinfeld-Sokolov gauge are primitive characteristic integrals, that is, ∂_yI_j = 0.

The calculations of g ∈ N and the I_j in (1.9) can be done by an inductive formula given in [DS84]. In practice, a computer software such as Maple solves it easily in simple cases. Furthermore very often there are more direct formulas for the characteristic integrals as we explain now.

Take an irreducible representation ϕ : g → End V . Let the β_k ∈ h^∗ for 1 ≤ k ≤ m be the weights of ϕ, and

(1.11) V = m⨁ k=1 V_{βk} , the weight space decomposition. We assume that dim V_{βk} = 1 and also that the representation ϕ does not branch. That is, for each weight β_k there is one unique negative simple root −α_{ik} such that β_k − α_{ik} is another weight of ϕ. Order our weights such that β_{k+1} = β_k − α_{ik} for 1 ≤ k ≤ m − 1 and we draw the following weight diagram (1.12) β_m^{−αim−1}←− · · ·^{−αi2}←− β_2^{−αi1}←− β_1. Such non-branching representations are the cases for the first fundamental representations of the Lie algebras A_n, B_n, C_n and g_2.

Theorem 1.13. If a non-branching representation ϕ as above exists with weight diagram (1.12), then we have

(1.14) [(∂ − β_1(u))(∂ − β_2(u)) · · · (∂ − β_m(u)), ∂_y ] = 0,

for a u (1.6) satisfying (1.7) or equivalently the Toda filed theory (1.3). Here ∂ = ∂_x, and the product is in the sense of composition for operators on functions of x and y. The product is non-commutative, and we strictly follow the order. If by the Leibniz rule, we expand

(∂ − β_1(u))(∂ − β_2(u)) · · · (∂ − β_m(u)) = ∂^m + m∑ j=1 I_j ∂^{m−j} , then (1.14) implies that (1.15) ∂_yI_j = 0, 1 ≤ j ≤ m.

We will prove the theorems in the next section. We present examples of Theorem 1.13 in Section 3, and an example of Theorem 1.10 in Section 4. Acknowledgment. The author thanks Ian Anderson for introducing this topic to him. He thanks Anderson and Pawel Nurowski for helps with Maple. He also thanks László Fehér and Luen-Chau Li for their interests and useful correspondences.

2. Proofs of the theorems We present direct proofs of our theorems in this section.

Proof of Theorem 1.10. Suppose that for the g ∈ N in (1.9), we have g^{−1}(∂_y + Y )g = ∂_y + Ỹ .

Since g ∈ N and Y ∈ g_1 by (1.6), we have Ỹ ∈ n. Suppose Ỹ = ∑_p i=1 Y_i by the height decomposition (1.5), where p is the biggest height of g.

By the invariance of the zero-curvature equation (1.7) under the adjoint action, from (1.9) we get

(2.1) [ − ∂_x + ϵ + n∑ j=1 I_j s_j , ∂_y + p∑ i=1 Y_i ] = 0.

We will prove by induction that all the Y_i = 0. This then implies that ∂_yI_j = 0 for 1 ≤ j ≤ n.

First recall the basic result of Kostant [Kos59] that ker(ad_ϵ) ∩ (h ⊕ n) = 0. The term on the left of (2.1) with height zero is [ϵ, Y_1] = 0, which then implies that Y_1 = 0.

Now assume i ≥ 2 and that Y_j = 0 for j ≤ i − 1. Then since the s_j ∈ n, the term on the left of (2.1) with height i − 1 is [ϵ, Y_i] − ∑ ht(s_j )=i−1

(∂_yI_j )s_j = 0.

By the decomposition (1.8), we get [ϵ, Y_i] = 0 which then implies that Y_i = 0. □ Proof of Theorem 1.13. In the weight decomposition (1.11), we let v_{β1} ∈ V_{β1} be a weight vector for the highest weight, and inductively we define the other weight vectors by v_{βk} = ϕ(e_{−αik−1} )v_{βk−1} for 2 ≤ k ≤ m by (1.12). Therefore by (1.6) (2.2) ϕ(ϵ)v_{βk−1} = v_{βk} , 2 ≤ k ≤ m. The zero curvature equation is the compatibility condition for the following system of equations. Let ψ(x, y) = ∑_m k=1 ψ_k(x, y)v_{βk} be a function of x and y with values in V . Then (1.7) implies that the following system of equations has solutions

(2.3) { (−∂_x + ϕ(u + ϵ))ψ = 0 (∂_y + ϕ(Y ))ψ = 0.

Then by (2.2) and u ∈ h (1.6), the first equation, at the weight vector v_{βk} , means that (2.4) (∂_x − β_k(u))ψ_k = ψ_{k−1}, 2 ≤ k ≤ m.

When k = 1, we actually have

(∂_x − β_1(u))ψ_1 = 0,

since β_1 is the highest weight. Therefore combining them, we have

(∂ − β_1(u))(∂ − β_2(u)) · · · (∂ − β_m(u))ψ_m = 0.

On the other hand, the second equation in (2.3), at the lowest weight vector v_{βm} , quickly gives that ∂_yψ_m = 0.

Therefore the above two equations have a solution ψ_m = ψ_m(x, y), which is general. The implied compatibility condition is exactly (1.14). The rest of the theorem is clear. □

3. Examples for Theorem 1.13

Non-branching representations (1.12) occur for the first fundamental representations of the Lie algebras A_n, B_n, C_n and g_2. Keeping our spirit of being as explicit as possible, we present the formulas in these cases. In this section we follow [FH91] for notation and choices of root vectors. The Cartan subalgebras h always consist of diagonal matrices. We let L_i ∈ h^∗ denote the linear function of taking the ith element on the diagonal. We also let E_{ij} denote the matrix with a 1 at the (i, j)-position and zero everywhere else.

Example 3.1 (A_n). The simple roots for A_n are α_i = L_i − L_{i+1} and the H_{αi} = E_{i,i} − E_{i+1,i+1}, 1 ≤ i ≤ n. The Cartan matrix is

2 −1 −1 2 −1 .. . .. . . . . −1 2 −1 −1 2

The degrees of A_n (that is, the degrees of primitive adjoint-invariant functions) are 2, 3, · · · , n + 1. The weight diagram for the first fundamental representation is L_{n+1}^{−αn}←− · · ·^{−α2}←− L_2^{−α1}←− L_1. The u in (1.6) is

u = Diag(u^1_x, u^2_x − u^1_x, · · · , u^n_x − u^{n−1}_x , −u^n_x )

Corollary 3.2. Consider the expansion

(∂ − u^1_x)(∂ + u^1_x − u^2_x) · · · (∂ + u^{n−1}_x − u^n_x)(∂ + u^n_x )

= ∂^{n+1} + n∑ j=1 I_j ∂^{n−j} . (3.3)

Then the I_j for 1 ≤ j ≤ n are primitive characteristic integrals of the A_n Toda field theory (1.3).

Example 3.4 (C_n, n ≥ 2). The simple roots for C_n are α_i = L_i − L_{i+1} for 1 ≤ i ≤ n − 1 and α_n = 2L_n. Also H_{αi} = E_{i,i} − E_{i+1,i+1} − E_{n+i,n+i} + E_{n+i+1,n+i+1} for 1 ≤ i ≤ n − 1 and H_{αn} = E_{n,n} − E_{2n,2n}. The Cartan matrix is 2 −1 −1 2 −1 .. . .. . . . . −1 2 −1 −2 2 The degrees of C_n are 2, 4, · · · , 2n. The weight diagram for the first fundamental representation is −L_1^{−α1}←− · · ·^{−αn−1}←− −L_n^{−αn}←− L_n^{−αn−1}←− · · ·^{−α2}←− L_2^{−α1}←− L_1. The u in (1.6) is

u = Diag(u^1_x, u^2_x − u^1_x, · · · , u^n_x − u^{n−1}_x , −u^1_x, −u^2_x + u^1_x, · · · , −u^n_x + u^{n−1}_x ).

Corollary 3.5. Consider the expansion (∂ − u^1_x)(∂ + u^1_x − u^2_x) · · · (∂ + u^{n−1}_x − u^n_x ) (∂ + u^n_x − u^{n−1}_x ) · · · (∂ + u^2_x − u^1_x)(∂ + u^1_x)

= ∂^{2n} + n∑ j=1 I_j ∂^{2n−2j} + n−1∑ j=1 J_j ∂^{2n−2j−1}. (3.6)

Then the I_j for 1 ≤ j ≤ n are primitive characteristic integrals of the C_n Toda field theory, and the J_j are some differential polynomials in them.

Example 3.7 (B_n, n ≥ 2). The simple roots for B_n are α_i = L_i − L_{i+1} for 1 ≤ i ≤ n − 1 and α_n = L_n. Also H_{αi} = E_{i,i} − E_{i+1,i+1} − E_{n+i,n+i} + E_{n+i+1,n+i+1} for 1 ≤ i ≤ n − 1 and H_{αn} = 2E_{n,n} − 2E_{2n,2n}. The Cartan matrix is 2 −1 −1 2 −1 .. . .. . . . . −1 2 −2 −1 2 The degrees of B_n are 2, 4, · · · , 2n. The weight diagram for the first fundamental representation is (3.8) − L_1^{−α1}←− · · ·^{−αn−1}←− −L_n^{−αn}←− 0^{−αn}←− L_n^{−αn−1}←− · · ·^{−α2}←− L_2^{−α1}←− L_1. The u in (1.6) is

u = Diag(u^1_x, u^2_x − u^1_x, · · · , 2u^n_x − u^{n−1}_x , −u^1_x, −u^2_x + u^1_x, · · · , −2u^n_x + u^{n−1}_x , 0).

Corollary 3.9. Consider the expansion (∂ − u^1_x)(∂ + u^1_x − u^2_x) · · · (∂ + u^{n−1}_x − 2u^n_x) ∂(∂ + 2u^n_x − u^{n−1}_x ) · · · (∂ + u^2_x − u^1_x)(∂ + u^1_x)

= ∂^{2n+1} + n∑ j=1 I_j ∂^{2n−2j+1} + n∑ j=1 J_j ∂^{2n−2j} . (3.10)

Then the I_j for 1 ≤ j ≤ n are primitive characteristic integrals of the B_n Toda field theory, and the J_j are some differential polynomials in them. Example 3.11 (g_2). The Cartan matrix is ( 2 −1 −3 2 )

For simplicity we call the unknown functions u^1, u^2 by u and v. The Toda system is { u_{xy} = −e^{2u−v} v_{xy} = −e^{−3u+2v} Although we can work abstractly with just the above Cartan matrix, we choose to use the embedding of g_2 ⊂ so_7 = B_3 such that the two roots are α_1 = L_1 − L_2, α_2 := L_2 − L_3, and H_{α1} = Diag(1, −1, 2, −1, 1, −2, 0) H_{α2} = Diag(0, 1, −1, 0, −1, 1, 0).

The u in (1.6) is

u = Diag(u_x, −u_x + v_x, 2u_x − v_x, −u_x, u_x − v_x, −2u_x + v_x, 0). The first fundamental representation of g_2 is the restriction of that of B_3. Therefore we follow the weight diagram (3.8). The degrees of g_2 are 2 and 6. Corollary 3.12. Consider the expansion (∂ − u_x)(∂ + u_x − v_x)(∂ − 2u_x + v_x) ∂(∂ + 2u_x − v_x)(∂ − u_x + v_x)(∂ + u_x)

= ∂^7 + I_1∂^5 + I_2∂ + 3∑ j=1 J_j ∂^{5−j} + J_4.

(3.13)

Then the I_1 and I_2 are primitive characteristic integrals of the g_2 Toda field theory, and the J_j are some differential polynomials in them.

We actually list the results easily computed by a computer. Also for simplicity, we use the notation u_1 = u_x, u_2 = u_{xx}, u_3 = u_{xxx} and so on. The results are I_1 = 6 u_2 + 2 v_2 − 6 u_1^2 + 6 u_1v_1 − 2 v_1^2, I_2 = 5 u_6 + v_6 + 98 u_2v_2v_1u_1 − v_4u_1^2 − v_4v_1^2 − v_1^4u_1^2 + 21 v_4u_2 + 30 v_3u_3 + 3 v_1u_5 + 5 v_5u_1 − 10u_5u_1 − 17u_4u_2 + 19 v_2u_4 − 2 v_5v_1 − 23 u_4u_1^2 − 7 v_4v_2 − 7 v_1^2u_4 + 46 u_3u_1^3 − 23 v_3u_1^3 − 3 v_1^3u_3 + 2 v_3v_1^3 + 28 v_2^2u_1^2 + 114 u_2^2u_1^2 + 6 v_2^2v_1^2 + 2 v_1^4u_2 − 13 v_1^2u_1^4 − 10 v_2^2u_2 + 46 v_2u_2^2 + 17 v_1^2u_2^2 − 2 v_2u_1^4 + 12 u_2u_1^4 + 12 v_1u_1^5 + 6 v_1^3u_1^3 + 27 u_4v_1u_1 + 63 u_3v_1u_2 − 21 v_2v_1u_3 − 90 u_2^2v_1u_1 + 29 v_3v_1u_1^2 − 11 v_3v_1^2u_1 − 22 v_2^2v_1u_1 − 126 u_3u_2u_1 − 6 v_3v_2v_1 + 16 v_2v_1u_1^3 − v_3v_2u_1 + 23 v_3u_2u_1 − 18 u_2v_1^3u_1 − 122 u_2v_2u_1^2 + 21 u_3v_1^2u_1 − 16 v_2v_1^2u_1^2 + 42 u_3v_2u_1 − 57 u_3v_1u_1^2 + 50 u_2v_1^2u_1^2 − 48 u_2v_1u_1^3 + 4 v_2v_1^3u_1 − 22 v_2v_1^2u_2 − v_4v_1u_1 − 12 v_3v_1u_2 − 10 u_3^2 − 5 v_3^2 − 42 u_2^3

− 2 v_2^3 − 4 u_1^6

The other terms are

J_1 =^5_2 I_{1,x}

J_2 = 3 I_{1,xx} +^1_4 I_1^2

J_3 = 2 I_{1,xxx} +^3_4 I_1 · I_{1,x}

J_4 =^1_2 I_{2,x} −^1_4 I_{1,xxxxx} −^3_8 I_{1,x} · I_{1,xx} −^1_8 I_1 · I_{1,xxx}

4. An example of Theorem 1.10

It can be said that Theorem 1.13 is a quick way to compute a Drinfeld-Sokolov gauge (1.9) when there is a non-branching representation, and this is the viewpoint in [BFO^+90]. When such a simple representation does not exist, a Drinfeld-Sokolov gauge can still be computed through an inductive procedure (see [DS84,FOR^+92]). In the particular case of D_n, where an explicit matrix presentation of the Lie algebra is easy to write down, one can use a computer algebra system like Maple to solve a Drinfeld-Sokolov gauge easily and therefore obtain the characteristic integrals.

In the following example, we will show how this works for D_4. First recall that the Cartan matrix of D_n is

2 −1 −1 2 −1 .. . .. . . . . −1 2 −1 −1 −1 2 −1 2

,

and its first fundamental representation branches with the following weight diagram (4.1) Ln −αn zzuuu uuu uuu −L1 −L2 −α1 oo · · · −α2oo −L_{n−1} −αn−2 oo L_{n−1} −αn−1 ccGGG GGG GGG

−αn ––www www ww · · · −αn−2 oo L_2 −α2 oo L_1 −α1 oo

−Ln −αn−1 ddIII III III

Therefore Theorem 1.13 can not be applied to the Lie algebras D_n, nor to F_4 or the E’s.

Example 4.2 (D_4). For simplicity, we write u, v, w, z for the unknown functions u^1, · · · , u^4. The Toda field theory (1.3) for D_4 is u_{xy} = −e^{2u−v} v_{xy} = −e^{−u+2v−w−z} w_{xy} = −e^{−v+2w} z_{xy} = −e^{−v+2z}. The degrees of D_4 are 2, 4, 4, 6, with the Pfaffian, the square root of the determinant, being an extra adjoint-invariant function of degree 4.

In this example, we use the convention that the non-degenerate symmetric matrix preserved by the orthogonal matrices in SO(8) is the anti-diagonal matrix (δ_{i,9−j} )^8_{i,j=1}. Then the matrices in D_4 = so_8 are skew-symmetric with respect to the anti-diagonal. Using u_1 = u_x and so on, the ϵ + u from (1.6) is

ϵ + u = u1 1 v1 − u1 1 z1 + w1 − v1 1 z1 − w1 1 −z1 + w1 −1 −1 −z1 − w1 + v1 −1 −v1 + u1 −1 −u1 We choose our slice in (1.9) to be

ϵ + I =

0 I2 I4 1 0 I3 −I4 1 0 I1 −I3 1 0 −I1 −I2 1 0 −1 −1 0 −1 0 −1 0 A unipotent orthogonal matrix B ∈ N_{SO(8)} is an upper-triangular matrix with 1’s on the diagonal and element b_{i,j} at the position (i, j) for i < j satisfying some extra conditions for the orthogonality. In particular we have that b_{4,5} = 0 and b_{3,4} + b_{5,6} = 0. Solving (1.9) by Maple, we get the following expression for the primitive characteristic integrals of the D_4 Toda field theory.

I_1 = −(u_2 + v_2 + z_2 + w_2 − u_1^2 − v_1^2 − z_1^2 − w_1^2 + u_1v_1 + z_1v_1 + w_1v_1)

I_2 = u_4 + v_4 + 2 w_4 + z_2v_1^2 + 3 w_2v_2 − w_2v_1^2 + w_1^2v_2 + v_2z_2

− v_2z_1^2 + 2 v_2u_2 − z_2u_2 − w_2u_1^2 + z_2u_1^2 + v_3u_1

− 2 u_3u_1 + 2 v_3w_1 − w_1^2u_2 + w_2u_2 − 4 w_2^2 − 2 v_2^2

− 2 u_2^2 + z_1^2u_2 + w_2v_1u_1 − z_1v_1u_2 + w_1v_1u_2 − z_2v_1u_1 − 2 v_1w_1v_2 + 2 w_2v_1w_1 + 2 z_1v_1v_2 − 2 v_1z_1z_2

+ u_3v_1 − 2 v_1v_3 + v_1z_3 − 4 w_1w_3 + v_1w_3 − z_1^2u_1^2 + w_1^2u_1^2

− w_1^2v_1u_1 − z_1v_1^2u_1 − w_1v_1u_1^2 + z_1^2v_1u_1 + z_1v_1u_1^2 + w_1v_1^2u_1

I_3 = 2 u_4 + v_4 + w_4 + w_1^2u_1^2 − 2 v_1v_3 + v_1z_3 − 2 w_1w_3 + v_1w_3

+ u_3v_1 + 3 v_2u_2 − w_2u_1^2 + w_2u_2 + 2 v_3u_1 − 4 u_3u_1 + v_3w_1

− w_1^2u_2 + v_2z_2 − v_2z_1^2 + z_2v_1^2 + 2 w_2v_2 − 2 v_2^2 − 4 u_2^2

− 2 w_2^2 − w_1^2v_1u_1 + w_1v_1^2u_1 + 2 z_1v_1v_2 − 2 v_1z_1z_2 + w_1v_1u_2

+ w_2v_1u_1 − w_1v_1u_1^2 − v_1^2u_2 + z_1^2w_2 − z_1^2w_1^2 + v_2u_1^2 − z_2w_2

+ z_2w_1^2 + z_1^2v_1w_1 − v_1^2z_1w_1 + w_1^2v_1z_1 − z_2v_1w_1 − w_2v_1z_1 + 2 v_1u_2u_1 − 2 v_2v_1u_1 I_4 = −u_6 −^1_2 v_6 − w_6 + a lot of other terms which we omit

Actually the usual Pfaffian of ϵ + u, which is the product of the first 4 diagonal entries, is contained in the characteristic integral I_2 as the last terms involving only partial derivatives of the first order.

Remark 4.3. In [BFO^+90], there is a procedure to apply an integration step in using the first fundamental representation (4.1) of D_n to get an analogous formula to Theorem 1.13. That integration step will cause us to lose one characteristic integral, which in the case of D_4 is exactly the above I_2 corresponding to the Pfaffian.

References

[AFV09] Ian M. Anderson, Mark E. Fels, and Peter J. Vassiliou, Superposition formulas for exterior differential systems, Adv. Math. 221 (2009), no. 6, 1910–1963.

[BBT03] Olivier Babelon, Denis Bernard, and Michel Talon, Introduction to classical integrable systems, Cambridge Monographs on Mathematical Physics, Cambridge University Press, Cambridge, 2003.

[BFO^+90] J. Balog, L. Fehér, L. O’Raifeartaigh, P. Forgács, and A. Wipf, Toda theory and Walgebra from a gauged WZNW point of view, Ann. Physics 203 (1990), no. 1, 76–136.

[DS84] V. G. Drinfel^′d and V. V. Sokolov, Lie algebras and equations of Korteweg-de Vries type, Current problems in mathematics, Vol. 24, Itogi Nauki i Tekhniki, Akad. Nauk SSSR Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1984, pp. 81–180 (Russian).

[FF95] Boris Feigin and Edward Frenkel, Kac-Moody groups and integrability of soliton equations, Invent. Math. 120 (1995), no. 2, 379–408.

[FOR^+92] L. Fehér, L. O’Raifeartaigh, P. Ruelle, I. Tsutsui, and A. Wipf, Generalized Toda theories and W-algebras associated with integral gradings, Ann. Physics 213 (1992), no. 1, 1–20.

[FH91] William Fulton and Joe Harris, Representation theory, Graduate Texts in Mathematics, vol. 129, Springer-Verlag, New York, 1991. A first course; Readings in Mathematics.

[Kos59] Bertram Kostant, The principal three-dimensional subgroup and the Betti numbers of a complex simple Lie group, Amer. J. Math. 81 (1959), 973–1032.

[Kos63] , Lie group representations on polynomial rings, Amer. J. Math. 85 (1963), 327–404.

[HO96] Erling G. B. Hohler and Kåre Olaussen, Using conservation laws to solve Toda field theories, Internat. J. Modern Phys. A 11 (1996), no. 10, 1831–1853.

[Lez85] A. N. Leznov, The internal symmetry group and methods of field theory for integrating exactly soluble dynamic systems, Group theoretical methods in physics, Vol. 1–3 (Zvenigorod, 1982), Harwood Academic Publ., Chur, 1985, pp. 443–457.

[LS79] A. N. Leznov and M. V. Saveliev, Representation of zero curvature for the system of nonlinear partial differential equations x_{α,zz̄} = exp(kx)_α and its integrability, Lett. Math. Phys. 3 (1979), no. 6, 489–494.

[LS89] , Exactly and completely integrable nonlinear dynamical systems, Acta Appl.

Math. 16 (1989), no. 1, 1–74. Symmetries of partial differential equations. Part II. [LS92] , Group-theoretical methods for integration of nonlinear dynamical systems, Progress in Physics, vol. 15, Birkhäuser Verlag, Basel, 1992. Translated and revised from the Russian; Translated by D. A. Leuites.

[ZS01] A. V. Zhiber and V. V. Sokolov, Exactly integrable hyperbolic equations of Liouville type, Uspekhi Mat. Nauk 56 (2001), no. 1(337), 63–106 (Russian, with Russian summary); English transl., Russian Math. Surveys 56 (2001), no. 1, 61–101.

E-mail address: zhaohu.nie@usu.edu

Department of Mathematics and Statistics, Utah State University, Logan, UT 84322- 3900