arXiv:1303.1727v2 [astro-ph.CO] 25 Jun 2013

March 2013

A dark matter scaling relation from mirror dark matter

R. Foot^1

ARC Centre of Excellence for Particle Physics at the Terascale, School of Physics, University of Melbourne, Victoria 3010 Australia

Mirror dark matter, and other similar dissipative dark matter candidates, need an energy source to stabilize dark matter halos in spiral galaxies. It has been suggested previously that ordinary supernovae can potentially supply the required energy. By matching the energy supplied to the halo from supernovae to that lost due to radiative cooling, we here derive a rough scaling relation, R_{SN} ∝ ρ^2_0r^3_0 (R_{SN} is the supernova rate and ρ_0, r_0 the dark matter central density and core radius). Such a relation is consistent with dark matter properties inferred from studies of spiral galaxies with halo masses larger than 3×10^{11}M_⊙. We speculate that other observed galaxy regularities might be explained within the framework of such dissipative dark matter.

1E-mail address: rfoot@unimelb.edu.au

A hidden sector exactly isomorphic to the ordinary matter sector is required if one hypothesizes fundamental improper space-time symmetries which are unbroken[1]. In such a theory, there is a mirror particle corresponding to every type of ordinary particle, except perhaps the graviton. Thus, a spectrum of stable dark particles naturally arises. We denote these mirror particles with a prime (^′), e^′, H^′, He^′, .... The symmetry implies that the masses of these particles are identical to their ordinary matter counterparts and that the mirror particles interact with mirror gauge fields (such as the mirror photon) in a manner completely analogous to the ordinary matter sector.

Mirror particles have emerged as an interesting candidate for dark matter (for reviews and more complete bibliography see e.g.[2]). Mirror dark matter can explain[3] the positive dark matter signals from the DAMA[4], CoGeNT[5] and CRESST-II[6] direct detection experiments. This requires photon-mirror photon kinetic mixing (defined below) of strength ϵ ∼ 10^{−9}. Mirror dark matter can also explain[7] the large scale structure of the Universe (matter power spectrum and CMB) in a similar way to standard collisionless cold dark matter provided[8] that ϵ^<∼ 3 × 10^{−9}.

On small scales mirror dark matter has a number of distinctive features due to self-interactions and dissipative interactions. In contrast to collisionless particles, galactic halos of spiral galaxies are composed predominately of mirror particles in a pressure supported spherical plasma[9]. There may also be a subcomponent consisting of compact objects such as old mirror stars[10] (gravitational lensing observations limit the MACHO halo fraction of the Milky Way to be less than around 0.3[11]). Because mirror dark matter is dissipative, an energy source is needed to stabilize the dark matter halos in galaxies. [Without an energy source the mirror particles would collapse to a dark disk on a time scale typically around a few hundred million years.] It has been speculated previously[9] that ordinary supernovae can potentially supply the required energy if photon - mirror photon kinetic mixing exists[12]: L_{mix} = ϵ 2 F^{μν} F^′_{μν} (1)

where F_{μν} (F^′_{μν} ) is the field strength tensor for the photon (mirror photon). The physical effect of the kinetic mixing interaction[13] is to induce a tiny ordinary electric charge (∝ ϵ) for the mirror charged particles. In the hot and dense core of type II supernovae mirror electrons and positrons can be produced from plasmon decay processes[14]. Thus ordinary supernovae can be a source of light mirror particles as well as the ordinary neutrinos. Indeed, it is estimated that half of the core collapse supernova energy is emitted by mirror particles (e^′, ē^′, γ^′) if ϵ ∼ 10^{−9} [14, 15]. A significant fraction of this energy might possibly be absorbed by the mirror particle halo. If this fraction is independent of galaxy size then a rough scaling relation, R_{SN} ∝ ρ^2_0r^3_0 (R_{SN} is the supernova rate and ρ_0, r_0 the dark matter central density and core radius) follows by matching the energy supplied to the halo from supernovae to that lost due to radiative cooling. We find that this derived relation is roughly consistent with dark matter properties inferred from studies of spiral galaxies. Although our discussion is in the context of mirror dark matter, a similar conclusion could be obtained for a class of dissipative dark matter candidates, such as those discussed recently in ref.[16].

The physical picture then, is that galactic halos in spiral galaxies are composed predominately of mirror particles e^′, H^′, He^′, .... in a self-interacting pressure supported halo. Clue’s about the chemical composition of this halo arise from early Universe cosmology. Calculations indicate[17] a primordial mirror helium mass fraction around 0.9 for ϵ ∼ 10^{−9}. This suggests a halo composed primarily of He^′ with perhaps a fraction of H^′ and mirror metal components (produced in mirror star formation at an earlier epoch). To a first approximation, we can consider the halo as composed of mirror helium, which for temperatures above around 40 eV should be fully ionized. The radiative cooling rate, Γ_{cool}, of such a mirror particle plasma is given by the analogous expression for ordinary matter plasma[18]

Γ_{cool} = Λ(T ) ∫ n^2_e′ dV (2)

where n_e′ is the e^′ number density, and Λ(T ) is the cooling function and has units of erg cm^3 s^{−1}. For a mirror helium plasma, n_e′ ≃ 2ρ_{dm}/m_{He}.

Rotation curves in spiral galaxies are well fit[19] with a baryonic component described by a Freeman disk[20] and a spherically distributed cored dark matter component with the Burkert profile[21]: ρ_{dm} = ρ_0r^3_0 (r + r_0)(r^2 + r^2_0) (3) where r_0, ρ_0 is the dark matter core radius and central density respectively. However, as discussed in ref.[9], a spherical self gravitating isothermal gas of particles requires ρ ∝ 1/r^2. If the temperature is not isothermal but rises in the inner region then it might be possible to produce a cored distribution. This motivates the quasiisothermal profile with ρ_{dm} =^{ρ0r20}_{(r2+r20 )} . Note that if, instead of the Burkert profile we adopted the quasi-isothermal profile, which also provides a reasonable fit to the rotation curves of spiral galaxies, this would not significantly affect our subsequent analysis. Anyway, assuming a mirror dark matter halo composed (predominately) of an ionized plasma with the Burkert density profile, it follows that

Γ_{cool} = Λ(T )ρ^2_0r^3_0(4/m^2_{He})I (4)

where I ≡ 4π ∫_∞ 0 x^2 (1 + x)^2(1 + x^2)^2 dx ≃ 1.34 . (5) Thus, we find: Γ_{cool} ≃ ( Λ(T ) 10^{−23} erg cm^3/s ) ( ρ_0r_0 10^{2.2}M_⊙/pc^2

)_2 (

r_0 10 kpc ) 4 × 10^{43} erg/s . (6)

On the other hand, the rate at which the halo absorbs the energy from supernovae is: Γ_{SN} = f_{SN} ⟨E_{SN} ⟩R_{SN} ≃ ( f_{SN} 0.1 ) ( ⟨E_{SN} ⟩ 3 × 10^{53} erg ) ( R_{SN} 0.03 yr^{−1} ) 3 × 10^{43} erg/s (7)

where f_{SN} is the proportion of the supernova total energy, E_{SN} , absorbed by the halo and R_{SN} is the galactic supernova rate. Equating Γ_{cool} with Γ_{SN} for the Milky Way galaxy implies f_{SN} ∼ 0.1 with an order of magnitude uncertainty.

In this picture, Γ_{cool} ≃ Γ_{SN} should hold for any galaxy, not just the Milky Way. Imposing this condition suggests a scaling relation:

R_{SN} ∝ Λ(T )ρ^2_0r^3_0 . (8)

The idea is that the dynamics can keep this relation satisfied. If Γ_{cool} > Γ_{SN} (Γ_{cool} < Γ_{SN} ) then the halo should contract (expand), thereby increasing (decreasing) the star formation rate, and hence R_{SN} , until Γ_{cool} ≈ Γ_{SN} . What is the temperature T ? For an isothermal halo in hydrostatic equilibrium, we expect[9] T ≈ 1 2 m̄v^2_{rot} (9)

where m̄ is the mean mass of the particles in the halo (m̄ ≈ 1 GeV for a mirror helium dominated halo) and v_{rot} is the asymptotic value of the rotational velocity. For spiral galaxies, halo masses have values 3 × 10^{10} M_⊙^<∼ M_h^<∼ 3 × 10^{13} M_⊙. For such halo masses, v_{rot} has the range 50 km/s^<∼ v_{rot}^<∼ 500 km/s, and Eq.(9) suggests a rough temperature range:

10 eV^<∼ T^<∼ 1000 eV . (10)

At the lowest temperature’s mirror helium will not be fully ionized and the cooling rate can become dramatically suppressed. This might explain why low mass halos < 10^{10} M_⊙ hosting disk systems are not detected. For temperatures above ∼ 20 eV, mirror helium is fully ionized. and for 40 eV^<∼ T^<∼ 1000 eV, Λ(T ) typically varies by only a factor of 2-3 [18]. [This is relatively minor compared to the variation of, say, r_0 over this range of halo masses, which is around 2 orders of magnitude.] Taking the rough approximation of Λ(T ) as constant in this temperature range, yields the scaling relation:

R_{SN} ∝ ρ^2_0r^3_0 . (11)

Is the above relation satisfied by spiral galaxies? A set of scaling relations have been derived from observations of spiral galaxies[22, 23, 24, 25] and summarized recently in ref.[26]. These relate ρ_0, r_0, M_h and r*-band luminosity, L_r:

log ( ρ_0r_0 M_⊙pc^{−2} ) ≃ 2.2 ± 0.25 L_r 1.2 × 10^{10}L_⊙ ≃ (_{Mh} 3×10^{11} M_⊙

)_{2.65} 1 + (_{Mh} 3×10^{11} M_⊙

)_{2.00}

log ( r_0 kpc ) ≃ 0.66 + 0.58 log ( M_h 10^{11}M_⊙ ) . (12)

These relations imply that for spiral galaxies with M_h^>∼ 3 × 10^{11}M_⊙,

L_r ∝ r^{1.1}_0 . (13)

Observations[27] indicate that the galactic B-band luminosity, L_B , scales wtih the type II supernova rate as L_B ∝ R^{1.3}_{SN} , with an uncertainty in the exponent around 0.1. Neglecting the expected minor difference between the scaling of L_B and L_r we arrive at a rough ‘empirical’ scaling relation:

R_{SN} ∝ r^{0.8}_0 . (14)

This relation is consistent, within the uncertainties, to the rough ‘theoretical’ scaling relation arrived at in Eq.(11) (given that ρ_0r_0 is observed to be approximately constant). This provides some observational support to the notion that ordinary supernova supply the energy needed to stabilize halos in spiral galaxies, at least for M_h^>∼ 3 × 10^{11}M_⊙.

The above analysis has assumed that a significant fraction of supernova energy can be transmitted to the halo and that this fraction is roughly independent of galaxy size. How reasonable are these assumptions? Let us assume a kinetic mixing parameter ϵ ∼ 10^{−9}, so that around half of type II supernova energy is converted into e^′, ē^′ emitted from the core with energies ∼ MeV. One could imagine that the huge number of MeV e^′, ē^′ injected into a volume [(∼ 1 pc)^3] around ordinary supernova will radiatively cool, converting most of their energy into mirror photons. The energy spectrum of these mirror photons is of course very hard to predict but it might be have some similar features to the γ spectrum of ordinary Gamma Ray Bursts (GRB’s). GRB’s feature a wide spectrum of energies with mean around 700 keV with a few percent of energy radiated below 10 keV. In any case, these mirror photons will then heat the mirror particle halo, potentially supplying the energy lost from the halo due to radiative cooling. Whether this can happen depends on how strongly the mirror photons scatter off mirror electrons, both bound and free.

Consider first the scattering off free mirror electrons, i.e. elastic (Thomson) scattering with E^′_γ independent cross-section σ_T = 6.7 × 10^{−25} cm^2. We estimate that the optical depth due to elastic scattering for γ^′ propagating out from the galactic center is τ_{ES} = ∫_∞ 0 σ_T n_e′ dr ≈ 0.78σ_T ρ_0r_0 ( 2 m_{He} ) ∼ 0.006 (15) where we obtained ρ_0r_0 from Eq.(12). We expect f_{SN} ∼τ and Eq.(7) then suggests that elastic scattering is probably not frequent enough to supply enough heat to the halo to stabilize it. The cross-section is at least an order of magnitude too small. However if the halo contains a significant proportion of heavy mirror elements - necessary to explain the direct detection experiments[3] - then the photoelectric cross-section of heavy mirror elements can easily dominate over the elastic crosssection for a large range of energies. This was noted in ref.[9] and we expand upon this point here.

Heavy elements, such as C^′, O^′, Si^′, F e^′, are not completely ionized but have their atomic inner shells filled. The total photoelectric cross-section (in units with h̄ = c = 1) for the inner K shell mirror electrons of a mirror element with atomic number, Z, is given approximately by[28]

σ_{P E} (E^′_γ ) = 16 √ 2π 3m^2_e α^6Z^5 [ m_e E^′_γ ]_{7/2} . (16)

Evidently, the photoelectric cross-section decreases with mirror photon energy like (E^′_γ )^{−7/2} and, of course, E^′_γ must be larger than the mirror electron binding energy of the particular element concerned. The contribution to the optical depth due to such inelastic scattering for γ^′ propagating out from the galactic center is τ_{IS} = ∑ A^′ 2 ∫_∞ 0 σ_{P E}n_A′ dr ∼ ∑ A^′ 2ρ_0r_0σ_{P E} [ ξ_A′ m_A′ ] (17)

where ξ_A′ is the proportion by mass of the mirror metal component, A^′ (e.g. A^′ = C^′, O^′, Si^′, F e^′, ...) and we have included a factor of two since there are two K shell mirror electrons. For illustrative purposes we have evaluated the total optical depth, including both elastic and inelastic scattering (the latter assumed dominated by K shell bound electron scattering as discussed above) for an example with a 2% metal component with ξ_C′ = ξ_O′ = ξ_{Si}′ = ξ_{F e}′ = 0.005. The result is shown in figure 1. This figure indicates that for mirror photon energies

0.4 keV^<∼ E^′_γ^<∼ 30 keV (18)

inelastic scattering of mirror photons can dominate over elastic scattering. Thus, it might actually be possible for supernovae to transfer a significant part of their energy to the halo in a fairly efficient manner.

Importantly, the optical depth is approximately independent of galaxy size since it scales as ρ_0r_0 which is inferred to be constant [cf. Eq.(12)]. This means that the fraction of supernova energy transmitted to the halo is also roughly independent of galaxy size, which recall, was a necessary condition for the scaling relation, Eq.(11), to hold.

Figure 1: Galactic optical depth, τ, versus mirror photon energy. Also shown is the contribution to the optical depth due to elastic (Thomson) scattering, τ_{ES} (dotted line).

If the halos of spiral galaxies are supported by the energy from supernovae then it should be possible to make much more progress in understanding the structural properties of spiral galaxies. Additional scaling relations, possible existence of a core, etc, are anticipated if all the relevant astrophysics is understood. It is conceivable, for example, that the scaling relation, ρ_0r_0 ∝ constant might be related to the details of energy transport since the optical depth is also proportional to ρ_0r_0. One might suspect that the core region arises, at least in part, due to the heating up of the inner region of the halo due to the opacity. Below we give some further thoughts on the subject.

The scaling relation, Eq.(11), was derived from only the very general condition that the total energy lost due to radiative cooling is replaced by the total energy input. Of course in any particular volume element the energy input must match the energy output for a steady state configuration. Let us first consider a toy model, where we model the baryonic component as a point source whose energy output supports a spherical mirror dark matter halo. That is, we can assume a mirror photon luminosity, L, originating at r = 0. The energy going into a volume element, dV = 4πr^2dr, assuming mirror radiation dominates the energy transport is dE_{in} = F σndV = L 4πr^2 σndV (19) where σ is the photoelectric cross-section given in Eq.(16). We have assumed in this toy model that the optical depth, τ ≡ ∫ σndr ≪ 1 so that the γ^′ flux, F , scales as ∼ 1/r^2. The energy going out of the same volume element is

dE_{out} = Λ(T )n^2dV . (20)

Matching dE_{in} = dE_{out} implies n = F σ Λ(T ) = L 4πr^2 σ Λ(T )

. (21)

The obtained n ∝ 1/r^2 behaviour also matches the condition from hydrostatic equilibrium of a pressure supported self gravitating spherical distribution with a common (i.e. independent of r) temperature, T (see e.g. [9]). Thus a self consistent ‘toy model’ emerges, except it is unphysical at r = 0.

Let us now perturb this picture, by modelling the energy source, not as a point, but as a distribution extended over a distance ∼ r_D. In this more realistic case we expect n ∼ 1/r^2 for r ≫ r_D and a softer behaviour for r^<∼ few r_D. Specifically, consider supernova sources distributed in a Freeman disk with surface density,

Σ(^∼r) = M_D 2πr^2_D e^{−∼r /rD} . (22) It is convenient to use cylindrical co-ordinates (^∼r,^∼θ,^∼z) with the disk at^∼z= 0. The average flux at the point P = (r_1, 0, z_1) is then

F (r_1, z_1) = L 4πM_D ∫ ∫ Σ(^∼r)

∼r^2 −2^∼r r_1 cos^∼θ +r^2_1 + z^2_1 ∼ r d^∼r d^∼θ . (23)

In this case, matching dE_{in} = dE_{out} implies

n = F (r_1, z_1) σ Λ(T )

. (24)

One can indeed show that F (r_1, z_1) ∝ 1/r^2 (where r^2 = r^2_1 + z^2_1 ) for r ≫ r_D and has a much softer behaviour for r^<∼ few r_D with F (r_1, z_1) ∼ log(r) as r → 0. This suggests a rough scaling behaviour of r_0 ∝ r_D, for which there is some evidence[23]. This is all very interesting, however more detailed studies are clearly needed to rigorously check these ideas.

In conclusion, we have considered galaxy structure within mirror dark matter - a dissipative and self-interacting dark matter candidate. For this type of dark matter, an energy source is needed to stabilize dark matter halos in spiral galaxies such as the Milky Way. Previously[9] it has been speculated that ordinary supernovae can supply the required energy if photon-mirror photon kinetic mixing of strength ϵ ∼ 10^{−9} exists. We have shown here that this argument motivates a rough scaling relation, R_{SN} ∝ ρ^2_0r^3_0 (R_{SN} is the supernova rate and ρ_0, r_0 the dark matter central density and core radius). Interestingly, this scaling relation is consistent with the dark matter properties inferred from recent studies of spiral galaxies. We have also presented some speculative reasoning suggesting that more detailed studies with this type of dark matter candidate might lead to much more progress in understanding the structure of galaxies.

Acknowledgments

The author would like to thank Shunsaku Horiuchi and Paolo Salucci for useful discussions/correspondence. This work was supported by the Australian Research Council.

References

[1] R. Foot, H. Lew and R. R. Volkas, Phys. Lett. B272, 67 (1991); Mod.

Phys. Lett. A7, 2567 (1992); R. Foot and R. R. Volkas, Phys. Rev. D 52, 6595 (1995) [hep-ph/9505359]. Related concepts were discussed prior to the advent of the standard model in T. D. Lee and C. N. Yang, Phys. Rev. 104, 256 (1956); I. Kobzarev, L. Okun, I. Pomeranchuk, Sov. J. Nucl. Phys. 3, 837 (1966); M. Pavsic, Int. J. Theor. Phys. 9, 229 (1974) [hep-ph/0105344].

[2] A. Y. Ignatiev and R. R. Volkas, hep-ph/0306120; R. Foot, Int. J. Mod.

Phys. D 13, 2161 (2004) [astro-ph/0407623]; Int. J. Mod. Phys. A 19, 3807 (2004) [astro-ph/0309330]; Z. Berezhiani, Int. J. Mod. Phys. A 19, 3775 (2004) [hep-ph/0312335]; P. Ciarcelluti, Int. J. Mod. Phys. D 19, 2151 (2010) [arXiv:1102.5530].

[3] R. Foot, Phys. Rev. D 69, 036001 (2004) [hep-ph/0308254]; Phys. Rev.

D 78, 043529 (2008) [arXiv:0804.4518]; Phys. Rev. D 86, 023524 (2012) [arXiv:1203.2387].

[4] R. Bernabei et al. (DAMA Collaboration), Riv. Nuovo Cimento. 26, 1 (2003) [astro-ph/0307403]; Int. J. Mod. Phys. E13, 2127 (2004); Phys. Lett. B480, 23 (2000); Eur. Phys. J. C67, 39 (2010) [arXiv: 1002.1028]; Eur. Phys. J. C56, 333 (2008) [arXiv:0804.2741].

[5] C. E. Aalseth et al. (CoGeNT Collaboration), Phys. Rev. Lett. 106, 131301 (2011) [arXiv:1002.4703]; Phys. Rev. Lett. 107, 141301 (2011) [arXiv: 1106.0650].

[6] G. Angloher et al., Eur. Phys. J. C 72, 1971 (2012) [arXiv:1109.0702].

[7] Z. Berezhiani, D. Comelli and F. L. Villante, Phys. Lett. B503, 362 (2001) [hep-ph/0008105]; A. Yu. Ignatiev and R. R. Volkas, Phys. Rev. D68, 023518 (2003) [hep-ph/0304260]; Z. Berezhiani, P. Ciarcelluti, D. Comelli and F. L. Villante, Int. J. Mod. Phys. D14, 107 (2005) [astro-ph/0312605]; P. Ciarcelluti, Int. J. Mod. Phys. D14, 187 (2005) [astro-ph/0409630]; Int. J. Mod. Phys. D14, 223 (2005) [astro-ph/0409633]. For pioneering work, see: S. I. Blinnikov and M. Yu. Khlopov, Sov. J. Nucl. Phys. 36, 472 (1981); Sov. Astron. 27, 371 (1983).

[8] P. Ciarcelluti and R. Foot, Phys. Lett. B 679, 278 (2009) [arXiv:0809.4438];

R. Foot, Phys. Lett. B 718, 745 (2013) [arXiv:1208.6022].

[9] R. Foot and R. R. Volkas, Phys. Rev. D70, 123508 (2004) [astro-ph/0407522].

[10] Z. K. Silagadze, Phys. Atom. Nucl. 60, 272 (1997) [Yad. Fiz. 60N2, 336 (1997)] [hep-ph/9503481]; R. Foot, Phys. Lett. B 452, 83 (1999) [astro-ph/9902065].

[11] C. Alcock et al. [MACHO Collaboration], Astrophys. J. 542, 281 (2000) [astroph/0001272]; P. Tisserand et al. [EROS-2 Collaboration], Astron. Astrophys. 469, 387 (2007) [astro-ph/0607207].

[12] R. Foot and X-G. He, Phys. Lett. B267, 509 (1991).

[13] B. Holdom, Phys. Lett. B 166, 196 (1986).

[14] G. G. Raffelt, “Stars As Laboratories For Fundamental Physics: The Astrophysics Of Neutrinos, Axions, And Other Weakly Interacting Particles,” Chicago, USA: Univ. Pr. (1996) 664 p.

[15] R. Foot and Z. K. Silagadze, Int. J. Mod. Phys. D 14, 143 (2005) [astroph/0404515].

[16] J. -W. Cui, H. -J. He, L. -C. Lu and F. -R. Yin, Phys. Rev. D 85, 096003 (2012) [arXiv:1110.6893]; R. Foot, arXiv:1209.5602.

[17] P. Ciarcelluti and R. Foot, Phys. Lett. B 690, 462 (2010) [arXiv:1003.0880].

[18] B. W. Carroll and D. A. Ostlie, “Modern Astrophysics,” Addison-Wesley (1996).

[19] P. Salucci, A. Lapi, C. Tonini, G. Gentile, I. Yegorova and U. Klein, Mon.

Not. Roy. Astron. Soc. 378, 41 (2007) [astro-ph/0703115].

[20] K. C. Freeman, Astrophys. J. 160, 811 (1970).

[21] A. Burkert, IAU Symp. 171, 175 (1996) [Astrophys. J. 447, L25 (1995)] [astroph/9504041]; P. Salucci and A. Burkert, Astrophys. J. 537, L9 (2000) [astroph/0004397].

[22] J. Kormendy and K. C. Freeman, astro-ph/0407321.

[23] F. Donato and P. Salucci, Mon. Not. Roy. Astron. Soc. 353, L17 (2004) [astroph/0403206].

[24] M. Spano, et al., Mon. Not. Roy. Astron. Soc. 383, 297 (2008) [arXiv:0710.1345].

[25] F. Shankar, A. Lapi, P. Salucci, G. De Zotti and L. Danese, Astrophys. J.

643, 14 (2006) [astro-ph/0601577].

[26] P. Salucci and M. De Laurentis, arXiv:1302.2268.

[27] W. Li et al., Mon. Not. Roy. Astron. Soc. 412, 1473 (2011) [arXiv:1006.4613]. [28] B. H. Bransden and C. J. Joachain, “Physics of Atoms and Molecules”, Prentice Hall, 2nd Edition (2003).