arXiv:1303.1884v3 [hep-th] 23 Apr 2013

Entanglement entropy from the holographic stress tensor

Arpan Bhattacharyya and Aninda Sinha 1Centre for High Energy Physics, Indian Institute of Science, Bangalore, India.

April 24, 2013

Abstract

We consider entanglement entropy in the context of gauge/gravity duality for conformal field theories in even dimensions. The holographic prescription due to Ryu and Takayanagi (RT) leads to an equation describing how the entangling surface extends into the bulk geometry. We show that setting to zero the time-time component of the Brown-York stress tensor evaluated on the co-dimension one entangling surface, leads to the same equation. By considering a spherical entangling surface as an example, we observe that Euclidean action methods in AdS/CFT will lead to the RT area functional arising as a counterterm needed to regularize the stress tensor. We present arguments leading to a justification for the minimal area prescription.

Entanglement entropy of a local quantum field theory is a useful concept featuring in diverse areas ranging from black holes in general relativity [1, 2] to Fermi surfaces in condensed matter systems [3, 4]. Entanglement entropy in conformal field theories in even d dimensions [5, 6, 7] takes the form S_{EE} = c_d l^{d−2} ϵ^{d−2} + O( l^{d−3} ϵ^{d−3} ) + a_d log l ϵ + O(( l ϵ )^0) . (1)

Here l is a length scale parametrizing the size of the entangling region and ϵ is a short-distance cutoff. The leading l^{d−2} term gives the famous area law with a non-universal proportionality constant–when d = 2 the leading term is the log term. The coefficient of the log term is a universal quantity typically related to a function of the conformal anomalies in the theory [5, 8, 9]. Entanglement entropy has also proved useful in quantifying the number of degrees of freedom in quantum field theories [10, 11]. In the context of quantum field theories, a direct computation of entanglement entropy is hard and has been possible only in very specific examples. Typically numerical techniques and the so-called replica trick are used [12] . Owing to its diverse applications [13], it is of crucial importance to probe other computational tools available to us.

One useful computational prescription originally proposed by Ryu and Takayanagi (RT) comes from the gauge/gravity correspondence [14]. The correspondence demands the existence of a duality between a quantum field theory in d dimensions and a theory of gravity (possibly string theory) in one dimension higher. For computational purposes one typically uses Einstein gravity in a weakly curved anti-de Sitter (AdS) background which corresponds to a strongly coupled conformal field theory (CFT). According to this prescription [5], in order to derive the holographic entanglement entropy for a d dimensional quantum field theory, one has to minimize the following entropy functional on a d − 1 dimensional hypersurface (a co-dimension 2 surface), S = 2π ℓ^{d−1}_P ∫ d^{d−1}x √ h , (2)

where ℓ_P is the Planck length and h is the induced metric on the hypersurface. The gravity dual theory is simply Einstein gravity with a negative cosmological constant I = − 1 ℓ^{d−1}_P ∫ d^{d+1}x √ g [d(d − 1) L^2 + R ] (3) where g is the determinant of the bulk metric, R is the scalar curvature for the bulk space time and L is the AdS radius. The generalization of the RT prescription to a class of higher derivative theories of gravity called Lovelock theories has been proposed recently [15]. The hypersurface is a co-dimension 2 surface and extends into the extra dimension. The minimization of S leads to an equation which gives the way the entangling surface extends into the bulk spacetime. In this paper, for definiteness we will consider d = 4 and take the entangling surface to be either a sphere or a cylinder.

For the AdS_5 metric in Euclidean signature ,

ds^2 =

L^2 z^2

(dz^2 + dt^2 + 3∑ i=1 dx^2_i ) . (4)

Here z is the radial coordinate of the AdS space corresponding to the extra dimension. The field theory lives on the surface parametrized by (t, x_i). The z = 0 slice corresponds to the boundary of AdS and according to the AdS/CFT dictionary corresponds to the ultraviolet (UV) regime of the field theory. Now we can choose, either

∑_3

i=1 dx^2_i = dr^2 + r^2dΩ^2 corresponding to spherical coordinates for the boundary or

∑_3 i=1 dx^2_i = dv^2 + dr^2 + r^2dϕ^2 corresponding to cylindrical coordinates for the boundary. Choosing the surface t = 0, r = f(z) one has to evaluate the entropy functional S, then find the equations of motion for f(z) for the corresponding geometry of the entangling surface. Since we want the entangling surface in the field theory on the z = 0 slice to be a sphere (S^2) or a cylinder (R × S^1) we demand that f(z) satisfies

f(z) = f_0 + f_1z + f_2z^2 + · · · , (5)

where f_0 gives the radius of the S^2 or the S^1. Let us review how this works. We first put r = f(z), t = 0 in (4). Then,^1 S = 2π ℓ^3_P ∫ d^3x

L^3f(z)^n √ (1 + f^′(z)^2) z^3

. (6)

where n = 1 for the cylinder and n = 2 for the sphere. The volume form d^3x = sin(θ)dzdθdϕ for the sphere and d^3x = dzdvdϕ for the cylinder. From here we get the following Euler-Lagrange equation for f(z) , L^3 [zf(z)f^{′′}(z) − (3f(z)f^′(z) + nz) (f^′(z)^2 + 1)] ℓ^3_P z^4 (f^′(z)^2 + 1)^{3/2}

= 0 . (7)

Solving this equation as an expansion around z = 0 fixes f_1, f_2 in terms of f_0. It leads to

f_1 = 0, f_2 = − 1 4f_0

, (8)

for the cylinder. For the sphere one can get an exact solution of the form f(z) = √ f^2_0 − z^2 . (9)

When one evaluates the on-shell action eq.(6) and expands around z = 0, then one gets a result exactly of the form in eq.(1). The RT prescription satisfies the strong subadditivity condition that entanglement entropy is known to satisfy and also passes some other nontrivial consistency checks [6]. However, attempted derivations [16] of this prescription are plagued with problems [17]. For instance, the implementation of the Replica trick needs the introduction of a conical deficit in the spacetime that the field theory lives. This leads to an introduction of the conical singularities in the bulk and it is not known how to deal with such singularities consistently. The only case where a derivation exists is in the case where the entangling surface is a sphere [18]. As such it is important to explore this prescription to find clues that may shed light on an alternative way to a derivation.

Let us begin by calculating the stress tensor for the field theory living on a r = f(z) co-dimension 1 surface using holography. The Brown-York (holographic) stress tensor is given by [19] T_{ab} = 1 ℓ^3_P (K_{ab} − h_{ab} K) + 2 √ h δS_{ct} δh^{ab} . (10)

where K_{ab} = e^α_a e^δ_b p^β_δ ∇_αn_β is the extrinsic curvature, K is the trace of it, p^α_γ = g^α_γ − n^αn_γ is the projection operator, n_β is the normal for the surface r = f(z), α, β, γ, δ and a, b are bulk and boundary indices respectively. e^α_a ’s are the pullbacks. S_{ct} is the counterterm action needed to regularize the

1prime denotes derivative w.r.t z

stress tensor. We will address this contribution separately in a moment. Conventionally, the stress tensor is evaluated on z = ϵ with ϵ → 0, corresponding to the UV of the field theory. However, we will compute the stress tensor on the slice r = f(z). Furthermore, note that we will not set t = 0 when calculating the stress tensor, unlike the RT prescription. As a result we will be computing the tensor on a 4d slice. One could have equivalently chosen the slice z = ρ(r). In this case for each fixed z, on the dual CFT side, we would have to consider the entangling surface at different RG scales. It may be possible to set up the RG equations leading to the entangling surface along these lines similar in spirit to [20]. For this paper, we will compute on the r = f(z) slice. Another point that we should emphasise is that we are assuming Dirichlet boundary conditions throughout. Neumann boundary conditions on the r = f(z) slice appear in the considerations of Boundary Conformal Field Theory as in [21].

Now observe the following. Since the time direction is a direct product with the rest, the trace of the extrinsic curvature satisfies^{(4)}K^a_a =^{(4)}K^t_t +^{(3)}K^i_i . Thus if we demand that T^t_t = 0 =^{(4)}K^t_t − h^t^{(4)}K^a_a leads to^{(3)}K^i_i = 0 which is the same as the minimal surface condition for the 3d slice used in the RT calculation. Of course, if we considered higher curvature gravity, the T^t_t = 0 condition may be used to fix the surface f(z). At this stage the stress tensor could still have divergences and we need to add a suitable S_{ct} to remove them. If the (K_{tt} − h_{tt} K) piece of the stress tensor is zero, then the counterterm should not affect this result. As such the relevant counterterm will turn out to live on the t = 0 slice as we will explicitly show below.

One can easily calculate K_{ab} and hence T_{ab} using standard methods. We find

K^b_a = (K^z_z , K^t_t , K^θ_θ , K^ϕ_ϕ ) = ( f^′(z)^3 + f^′(z) − zf^{′′}(z) L(f^′(z)^2 + 1)^{3/2} , f^′(z) L √ (f^′(z)^2 + 1) , ((n − 1)z + f(z)f^′(z)) Lf(z) √ (f^′(z)^2 + 1) , (z + f(z)f^′(z)) Lf(z) √ (f^′(z)^2 + 1) ) . (11)

Here n = 2 would correspond to a sphere and n = 1 to a cylinder respectively. Thus we find that T_{tt} = L [zf(z)f^{′′}(z) − (3f(z)f^′(z) + nz) (f^′(z)^2 + 1)]

ℓ^3_P z^2f(z) (f^′(z)^2 + 1)^{3/2}

. (12)

Setting this to zero will lead to exactly the same equations as the RT prescription as we argued. This also seems consistent with the fact that we are after all interested in the entanglement entropy of the ground state [22].

We will now determine the counterterm needed to get a finite stress tensor. Let us focus on the sphere case. Using the solution for f(z) we can calculate the stress tensor as an expansion around the boundary z = 0. Let us start with the total Euclidean gravitational action. We will use the intuition gained from computing black hole entropy where the total action is evaluated by integrating from the horizon to infinity, I_{tot} = I_{bulk} + I^{r=f(z)}_{GH} + I^{r=f(z)}_{ct} + I^{z=ϵ}_{GH} + I^{z=ϵ}_{ct} . (13)

I_{bulk} is given by eq.(3) where the integration limits for r go from f(z) to Λ with Λ → ∞ is a radial cut-off, I^{r=f(z)}_{GH} is the surface term for the r = f(z) slice which is used in the calculation of eq.(12). I^{z=ϵ}_{GH} , I^{z=ϵ}_{ct} are the usual surface and counterterm [19] evaluated on the z = ϵ surface with ϵ → 0 corresponding to the usual AdS boundary. We will rescale the time coordinate as t̂ =^t_{f0} . The stress tensor contribution coming from r = f(z) slice is given by, T_{ab} = (T_{zz}, T_{t̂t̂}, T_{θθ}, T_{ϕϕ}) = ( L f_0z , 0, Lf_0 z , Lf_0 sin(θ)^2 z ) . (14)

Note that there are^1_z divergences in the stress tensor in all components except T_{tt} which is zero. Thus to regularize this stress tensor we will need a three dimensional counterterm on a co-dimension 2 surface. Remarkably, if we add the RT-functional in eq.(2) as I^{r=f(z)}_{ct} = −S, the stress-tensor becomes free of divergences.

Now let us evaluate various pieces of the total action as an expansion around z = ϵ: I_{bulk} = − π^2L^3 2ℓ^3_P [ 16f_0 (f^3_0 − Λ^3) 3ϵ^4 − 16f^2_0 ϵ^2

+ 8 log( f_0 ϵ ) + · · · ] . (15)

I^{r=f(z)} GH = − π^2L^3 ℓ^3_P [ 4f^2_0 ϵ^2

− 4 log( f_0 ϵ ) + · · · ] . (16)

I^{z=ϵ}_{GH} + I^{(z=ϵ)}_{ct} = π^2L^3 ℓ^3_P [ 8f_0 (f^3_0 − Λ^3) 3ϵ^4 + · · · ] . (17)

Lastly, I^{r=f(z)} ct = − π^2L^3 ℓ^3_P [ 4f^2_0 ϵ^2

− 4 log( f_0 ϵ ) + · · · ] . (18)

Firstly notice that the log ϵ pieces arising from I_{bulk} and I^{r=f(z)}_{GH} cancel. How does one get entropy from here? When we have a black hole, we identify the periodicity of the Euclidean time as inverse temperature. In this case if we identify the periodicity of the time coordinate t with the inverse Unruh temperature [23, 24] 1/(2πf_0) which can be shown using independent arguments as in [18], then after identifying the total action as the free energy we find S_{EE} = − ∂F ∂T = −4a log( f_0 ϵ ) + · · · (19)

where F = I_{tot}T is the free energy functional and a =^{π2L3}_{ℓ3P} . We identify S_{EE} as the entanglement entropy and is precisely what arises as the log term in the RT prescription. Notice that in this way of calculating the entropy, the power law divergences have cancelled out. We have also checked that the results of Gauss-Bonnet gravity [15] are reproduced using this approach [25].

At this stage one can give an argument as to why the area minimization prescription of RT leads to the same result as above. In an Euclidean path integral, the total action considered above would be a functional of f(z). The way that f(z) gets fixed in the path integral is as follows. In the total action considered above, f(z) appears in I_{bulk} + I^{r=f(z)}_{GH} + I^{r=f(z)}_{ct} . If we consider varying f(z) then since in I_{bulk} + I^{r=f(z)}_{GH} , such variations correspond to variations in the g_{zz} component of the metric, these will vanish on using the equations of motion for the background. However, δI^{r=f(z)}_{ct} /δf(z) has to be set to zero independently. Thus we are led to the minimization prescription. The fact that T_{tt} = 0 gave rise to the same equation as what follows from the minimization is a consistency check of this argument. This argument is similar to the one used by Fursaev [16] except that in our approach we did not have conical singularities in the bulk. This points to the possibility that there may be methods that do not rely on the replica trick for computing entanglement entropy.

Now one can ask if this observation can be used to extract f(z) from the field theory. Firstly note that in the holographic calculation we put r = f(z) and the resulting slice was a 4d one. We will consider field theory on this 4d slice–the idea is to see if we can construct f(z) by demanding the vanishing of the tt component of the field theory stress tensor in this geometry. It is well known that when one considers the expectation value of the stress tensor of any quantum field theory on a curved background [26], then there are UV divergences. These UV divergences depend on the local geometry and involve the local Riemann tensor and its contractions. This is expected since the divergences arise due to short wavelength modes which probe local geometry. Crucially the geometric feature of the divergences is independent of the global features of the spacetime as well as the actual quantum state involved [26, 27]. Once we regularize, the finite stress tensor will depend not only on geometric pieces but also the long wavelength features such as the global properties of the manifold as well as the actual quantum state involved. We will focus on cases where the stress tensor has divergences since here they are governed (upto overall constants) by local geometry [28]. This is also to be consistent with the fact that in the holographic calculation we worked with the unrenormalized stress tensor. Let us begin by considering for definiteness a massless scalar whose divergent stress tensor in dimensional regularization about d = 4 is given by [26, 29, 30] ⟨T_{ab}⟩_{div} = − 1 (4π)^{d/2} 1 d − 4 1 30 (_{(2)} H_{ab} − 1 3 (1)H_{ab} ) , (20)

where, (1)H_{ab} = −2∇_a∇_bR + h_{ab}(2□R − 1 2 R^2) + 2RR_{ab} (2)H_{ab} = □R_{ab} − 2h^{cd}∇_d∇_bR_{ac} + 1 2 h_{ab}(□R − R_{cd}R^{cd}) + 2R^c_aR_{bc} . (21)

Following the holographic calculation, if we demand ⟨T_{tt}⟩_{div} = 0, then we find [31] that for the sphere case, f(z) = √ f^2_0 − z^2 while for the cylinder case the expansion agrees with what arises from the RT prescription upto O(z^2). Specifically, for the sphere, when evaluated on-shell R_{ab} = −^3_{L2} h_{ab} . Using this it is easy to see that^{(1)}H_{ab} and^{(2)}H_{ab} will vanish. For the cylinder we first assume a f(z) of the form, f(z) = f_0 + f_2z^2. Then , (2)H_{tt} − 1 3 (1)H_{tt} =

8f^2_2 (1 + 4f_0f_2) 3f_0 z^2 + O(z^4) , (22)

Setting the O(z^2) term to zero gives (f_2 ≠ 0 as otherwise it leads to inconsistency at the next order),

f_2 = − 1 4f_0

, (23)

which is the same as what follows from the RT prescription. In the cylinder case, we note that it is precisely upto O(z^2) order that is needed to extract the universal log term in the entanglement entropy while O(z^4) terms gave rise to subleading non-universal terms. We find that the agreement for the cylinder case f(z) breaks down at O(z^4). This is not surprising since the O(z^4) terms will also be sensitive to the finite pieces of the stress tensor. What is perhaps surprising is the exact agreement for the sphere.

Let us conclude with some observations. First, we found that the RT area functional arises as a counterterm to get a regularized stress tensor on the r = f(z) slice. As a strong cross-check this result extends easily to Gauss-Bonnet gravity and reproduces the area functional considered in [15]. Wald entropy evaluated on the entangling surface gives wrong results for the cylinder case as noted in [15]. The difference is due to extrinsic curvature terms in the Wald entropy. Our derivation explains why the area functional does not have terms depending on the 3-extrinsic curvatures as observed in [15]. The reason is that we want a well defined Dirichlet problem and the presence of 3-extrinsic curvatures in the counterterm action would lead to variations in directions normal to the surface. This way of thinking also suggests a systematic way of deriving the area functional in more complicated examples. For example, while we have shown that the RT functional arises as a counterterm at a CFT fixed point, our approach would also suggest some differences from the RT prescription in the context of RG flows in case there are contributions to the co-dimension two counterterm action from the matter inducing the flow. It would be interesting to study examples where this happens. Second, we have tried to extract information about the way the entangling surface extends into the bulk by using the UV divergences in the field theory. We assumed a background that is given by the r = f(z) slice of AdS. As stated earlier, ideally, we would like to start by considering r = f_0 and a UV cutoff and see how r changes as we change the cutoff–this is an important future problem. In fact, in the field theory calculation, although we used a massless scalar for concreteness, the same result would hold for any massless field [26]. This strongly suggests that the form for f(z) at least upto O(z^2) is independent of the actual gravity dual to conformal field theories. This is borne out in the higher derivative calculations with Gauss-Bonnet terms performed in [15]. Further this procedure was crucially tied to even dimensions since in odd dimensions the analogous divergences are absent in dimensional regularization. In odd dimensions, one would need to use the regularized stress tensor which would then become sensitive to global properties of spacetime as well as the state being used. It will be interesting to extend this to d = 3 [32]. It will also be interesting to see if there is any connection with the covariant generalizations of the RT proposal [33].

Curiously, eq.(20) is what would arise from the ‘pole’ type counterterms in AdS/CFT. These encode the conformal anomaly. In fact the so-called dilaton action [36] can be derived by carefully regularizing the pole term [35]. This leads us to suspect that it may be possible to derive information about f(z) from the dilaton action itself by appropriately identifying the dilaton with f(z). Another point that we wish to emphasise is that constructing f(z) from entanglement renormalization is a part of the program [37] for connecting AdS with continuous Multiscale Entanglement Renormalization Ansatz (cMERA). The fact that we have been able to get some information of f(z) using a field theory calculation gives credence to the RT prescription as well as hope that f(z) construction from AdS/cMERA should be possible.

Acknowledgments : We thank Sayantani Bhattacharyya, Janet Hung, Chethan Krishnan, Gautam Mandal, Rob Myers, Miguel Paulos, Suvrat Raju and Tadashi Takayanagi for useful discussions. We especially thank Rob Myers, Miguel Paulos and Tadashi Takayanagi for useful comments on the draft. AS acknowledges support from a Ramanujan fellowship, Govt. of India.

References

[1] L. Bombelli, R. K. Koul, J. Lee and R. D. Sorkin, “A Quantum Source of Entropy for Black Holes,” Phys. Rev. D 34, 373 (1986).

For a review see S. N. Solodukhin, “Entanglement entropy of black holes,” Living Rev. Rel. 14, 8 (2011) [arXiv:1104.3712 [hep-th]].

[2] M. Srednicki, “Entropy and area,” Phys. Rev. Lett. 71, 666 (1993) [hep-th/9303048].

[3] D. Gioev and I. Klich, “Entanglement Entropy of Fermions in Any Dimension and the Widom Conjecture,” Phys. Rev. Lett. 96, 100503 (2006).

[4] N. Ogawa, T. Takayanagi and T. Ugajin, “Holographic Fermi Surfaces and Entanglement Entropy,” JHEP 1201, 125 (2012)

[5] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from AdS/CFT,” Phys. Rev. Lett. 96, 181602 (2006) [hep-th/0603001].

[6] S. Ryu and T. Takayanagi, “Aspects of Holographic Entanglement Entropy,” JHEP 0608, 045 (2006) [hep-th/0605073].

T. Nishioka, S. Ryu and T. Takayanagi, “Holographic Entanglement Entropy: An Overview,” J. Phys. A 42, 504008 (2009) [arXiv:0905.0932 [hep-th]]

[7] In odd dimensional theories, typically the log term is missing and is replaced by a constant which is conjectured to be universal.

[8] A. Schwimmer and S. Theisen, “Entanglement Entropy, Trace Anomalies and Holography,” Nucl. Phys. B 801, 1 (2008) [arXiv:0802.1017 [hep-th]].

[9] S. N. Solodukhin, “Entanglement entropy, conformal invariance and extrinsic geometry,” Phys.

Lett. B 665, 305 (2008) [arXiv:0802.3117 [hep-th]].

[10] R. C. Myers and A. Sinha, “Holographic c-theorems in arbitrary dimensions,” JHEP 1101, 125 (2011) [arXiv:1011.5819 [hep-th]].

[11] R. C. Myers and A. Singh, “Comments on Holographic Entanglement Entropy and RG Flows,” JHEP 1204, 122 (2012) [arXiv:1202.2068 [hep-th]].

H. Liu and M. Mezei, “A Refinement of entanglement entropy and the number of degrees of freedom,” arXiv:1202.2070 [hep-th].

[12] P. Calabrese and J. L. Cardy, “Entanglement entropy and quantum field theory,” J. Stat. Mech.

0406, P06002 (2004) [hep-th/0405152].

H. Casini and M. Huerta, “Entanglement entropy in free quantum field theory,” J. Phys. A 42, 504007 (2009) [arXiv:0905.2562 [hep-th]].

[13] E. Bianchi and R. C. Myers, “On the Architecture of Spacetime Geometry,” arXiv:1212.5183 [hep-th].

P. Calabrese and J. Cardy, “Entanglement entropy and conformal field theory,” J. Phys. A 42, 504005 (2009) [arXiv:0905.4013 [cond-mat.stat-mech]].

[14] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories, string theory and gravity,” Phys. Rept. 323, 183 (2000)

[15] L. -Y. Hung, R. C. Myers and M. Smolkin, “On Holographic Entanglement Entropy and Higher Curvature Gravity,” JHEP 1104, 025 (2011) [arXiv:1101.5813 [hep-th]]. J. de Boer, M. Kulaxizi and A. Parnachev, “Holographic Entanglement Entropy in Lovelock Gravities,” JHEP 1107, 109 (2011) [arXiv:1101.5781 [hep-th]].

[16] D. V. Fursaev, “Proof of the holographic formula for entanglement entropy,” JHEP 0609, 018 (2006) [hep-th/0606184].

[17] M. Headrick, “Entanglement Renyi entropies in holographic theories,” Phys. Rev. D 82, 126010 (2010) [arXiv:1006.0047 [hep-th]].

[18] H. Casini, M. Huerta and R. C. Myers, “Towards a derivation of holographic entanglement entropy,” JHEP 1105, 036 (2011) [arXiv:1102.0440 [hep-th]].

[19] V. Balasubramanian and P. Kraus, “A Stress tensor for Anti-de Sitter gravity,” Commun. Math.

Phys. 208, 413 (1999) [hep-th/9902121].

S. de Haro, S. N. Solodukhin and K. Skenderis, “Holographic reconstruction of space-time and renormalization in the AdS / CFT correspondence,” Commun. Math. Phys. 217, 595 (2001) [hep-th/0002230].

[20] T. Jacobson and A. Satz, “Black hole entanglement entropy and the renormalization group,” arXiv:1212.6824 [hep-th].

[21] T. Takayanagi, “Holographic Dual of BCFT,” Phys. Rev. Lett. 107, 101602 (2011) [arXiv:1105.5165 [hep-th]].

[22] Our original motivation for looking at the tt component of the stress tensor came from Jacobson’s pioneering work [34] connecting thermodynamics to equations of motion in general relativity.

[23] W. G. Unruh, “Notes on black hole evaporation,” Phys. Rev. D 14, 870 (1976).

[24] See also J. Bhattacharya, M. Nozaki, T. Takayanagi and T. Ugajin, “Thermodynamical Property of Entanglement Entropy for Excited States,” Phys. Rev. Lett. 110, 091602 (2013) [arXiv:1212.1164 [hep-th]].

[25] A. Bhattacharyya, A. Kaviraj and A. Sinha, to appear.

[26] Quantum Fields in Curved Space (Cambridge Monographs on Mathematical Physics) : N.D.

Birrell & P.C.W.Davies .

[27] See also J. H. Cooperman and M. A. Luty, “Renormalization of Entanglement Entropy and the Gravitational Effective Action,” arXiv:1302.1878 [hep-th].

[28] In those cases where the divergences cancel (e.g., for d = 2 massless scalar or if we consider the entangling surface to be a slab in which case the Weyl tensor vanishes irrespective of what f(z) we choose) it may still be possible to extract f(z) from the finite pieces but now details of the actual quantum state will enter and complicate matters.

[29] T. S. Bunch, “On Renormalization Of The Quantum Stress Tensor In Curved Space-time By Dimensional Regularization,” J. Phys. A 12, 517 (1979).

[30] Beware! There are sign errors in the expressions for^{(1)}H_{ab} and^{(2)}H_{ab} in [26].

[31] Mathematica notebooks for this can be made available upon request.

[32] R. C. Myers and A. Sinha, “Seeing a c-theorem with holography,” Phys. Rev. D 82, 046006 (2010) [arXiv:1006.1263 [hep-th]].

I. R. Klebanov, S. S. Pufu, S. Sachdev and B. R. Safdi, “Entanglement Entropy of 3-d Conformal Gauge Theories with Many Flavors,” JHEP 1205, 036 (2012) [arXiv:1112.5342 [hep-th]].

[33] V. E. Hubeny, M. Rangamani and T. Takayanagi, “A Covariant holographic entanglement entropy proposal,” JHEP 0707, 062 (2007) [arXiv:0705.0016 [hep-th]].

[34] T. Jacobson, “Thermodynamics of space-time: The Einstein equation of state,” Phys. Rev. Lett.

75, 1260 (1995) [gr-qc/9504004].

[35] A. Bhattacharyya, L. -Y. Hung, K. Sen and A. Sinha, “On c-theorems in arbitrary dimensions,” Phys. Rev. D 86, 106006 (2012) [arXiv:1207.2333 [hep-th]].

C. Imbimbo, A. Schwimmer, S. Theisen and S. Yankielowicz, “Diffeomorphisms and holographic anomalies,” Class. Quant. Grav. 17, 1129 (2000) [hep-th/9910267].

[36] Z. Komargodski and A. Schwimmer, “On Renormalization Group Flows in Four Dimensions,” JHEP 1112, 099 (2011) [arXiv:1107.3987 [hep-th]].

[37] B. Swingle, “Constructing holographic spacetimes using entanglement renormalization,” arXiv:1209.3304 [hep-th].

M. Nozaki, S. Ryu and T. Takayanagi, “Holographic Geometry of Entanglement Renormalization in Quantum Field Theories,” arXiv:1208.3469 [hep-th].