arXiv:1303.2265v1 [math-ph] 9 Mar 2013

On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes

A. A. Bytsenko and E. Elizalde

Abstract Highest-weight representations of infinite dimensional Lie algebras and Hilbert schemes of points are considered, together with the applications of these concepts to partition functions, which are most useful in physics. Partition functions (elliptic genera) are conveniently transformed into product expressions, which may inherit the homology properties of appropriate (poly)graded Lie algebras. Specifically, the role of (Selberg-type) Ruelle spectral functions of hyperbolic geometry in the calculation of partition functions and associated q-series are discussed. Examples of these connection in quantum field theory are considered (in particular, within the AdS/CFT correspondence), as the AdS_3 case where one has Ruelle/Selberg spectral functions, whereas on the CFT side, partition functions and modular forms arise. These objects are here shown to have a common background, expressible in terms of Euler-Poincaré and Macdonald identities, which, in turn, describe homological aspects of (finite or infinite) Lie algebra representations. Finally, some other applications of modular forms and spectral functions (mainly related with the congruence subgroup of SL(2,Z)) to partition functions, Hilbert schemes of points, and symmetric products are investigated by means of homological and K-theory methods.

1 Introduction

This paper deals with highest-weight representations of infinite dimensional Lie algebras and Hilbert schemes of points, and considers applications of these concepts

A. A. Bytsenko Departamento de Física, Universidade Estadual de Londrina, Caixa Postal 6001, Londrina-Paraná, Brazil, e-mail: abyts@uel.br

E. Elizalde Consejo Superior de Investigaciones Científicas (ICE/CSIC) and Institut d’Estudis Espacials de Catalunya (IEEC), Campus UAB, Facultat de Ciències, Torre C5-Par-2a, 08193 Bellaterra (Barcelona) Spain e-mail: elizalde@ieec.uab.es;elizalde@math.mit.edu

1

2 A. A. Bytsenko and E. Elizalde

to partition functions, which are ubiquitous and very useful in physics. The role of (Selberg-type) Ruelle spectral functions of hyperbolic geometry in the calculation of the partition functions and associated q-series will be discussed. Among mathematicians, partition functions are commonly associated with new mathematical invariants for spaces, while for physicists they are one-loop partition functions of quantum field theories. In fact, partition functions (elliptic genera) can be conveniently transformed into product expressions, which may inherit the homological properties of appropriate (poly)graded Lie algebras. In quantum field theory the connection referred to above is particularly striking in the case of the so-called AdS/CFT correspondence. In the anti de Sitter space AdS_3, for instance, one has Ruelle/Selberg spectral functions, whereas on the conformal field theory (CFT) side, on the other hand, one encounters partition functions and modular forms. What we are ready to show here is that these objects do have a common background, expressible in terms of Euler-Poincaré and Macdonald identities which, in turn, describe homological aspects of (finite or infinite) Lie algebra representations, what is both quite remarkable and useful.

Being more specific, we will be dealing in what follows with applications of modular forms and spectral functions (mainly related to the congruence subgroup of SL(2,Z)) to partition functions, Hilbert schemes of points, and symmetric products. Here are the contents of the paper. In Sect. 2 we shortly discuss the case of two-geometries and then present Thurston’s list of three-geometries. This list has been organized in terms of the corresponding compact stabilizers being isomorphic to SO(3), SO(2), or the trivial group {1}, respectively. The analogue list of fourgeometries and the corresponding stabilizer subgroups are considered in Sect. 2.3. Special attention is paid to the important case of hyperbolic three-geometry.

In Sect. 3 we introduce the Petterson-Selberg and the Ruelle spectral functions of hyperbolic three-geometry. Later, in Sect. 3.1, we consider examples for which we explicitly show that the respective partition functions can be written in terms of Ruelle’s spectral functions associated with q-series, although the hyperbolic side remains still to be explored. In Sect. 4 we briefly explain the relationship existing between the Heisenberg algebra and its representation, and with the Hilbert scheme of points in Sect. 4.1. This allows to construct a representation of products of Heisenberg and Clifford algebras on the direct sum of homology groups of all components associated with schemes. Hilbert schemes of points of surfaces are discussed in Sect. 4.2; we rewrite there the character formulas and Göttsche’s formula in terms of Ruelle’s spectral functions.

In Sect. 4.3 we pay attention to the special case of algebraic structures of the K-groups K_{~HΓN} (X^N) of Γ_N -equivariant Clifford supermodulus on X^N, following the lines of [1]. This case is important since the direct sum F^−_Γ (X) = ⊕^∞_N K_{~HΓN} (X^N ) naturally carries a Hopf algebra structure, and it is isomorphic to the Fock space of a twisted Heisenberg superalgebra with K_{~HΓN} (X) ∼= K_Γ (X). In terms of the Ruelle spectral function we represent the dimension of a direct sum of the equivariant Kgroups (related to a suitable supersymmetric algebra). We analyze elliptic genera for generalized wreath and symmetric products on N-folds; these cases are examples of rather straightforward applications of the machinery of modular forms and

On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes 3

spectral functions discussed above. Finally, in the conclusions, Sect. 5, we briefly outline some issues and further perspectives for the analysis of partition functions in connection with deformation quantization.

2 Classification of low-dimensional geometries

The problem of the classification of geometries is most important in complex analysis and in mathematics as a whole, and also plays a fundamental role in physical theories. Indeed, in quantum field theory functional integration over spaces of metrics can be separated into an integration over all metrics for some volume of a definite topology, followed by a sum over all topologies. But even for low-dimensional spaces (say, for example, the three-dimensional case) of fixed topology, the moduli space of all metric diffeomorphisms is infinite dimensional. And this leads back to the deep mathematical task associated with the classification problem. In this section we present a brief discussion of the classification (uniformization) issue and of the sum over the topology for low-dimensional cases, allong the lines of [2, 3, 4].

All curves of genus zero can be uniformized by rational functions, those of genus one by elliptic functions, and those of genus higher than one by meromorphic functions, defined on proper open subsets of C . These results, due to Klein, Poincaré and Koebe, are among the deepest achievements in mathematics. A complete solution of the uniformization problem has not yet been obtained (with the exception of the one-dimensional complex case). However, there have been essential advances in this problem, which have brought to the foundation of topological methods, covering spaces, existence theorems for partial differential equations, existence and distortion theorems for conformal mappings, etc.

Three-geometries. According to Thurston’s conjecture [5], there are eight model spaces in three dimensions:

X = G/Γ = { R^3 (Euclidean space), S^3 (spherical space), H^3 (hyperbolic space) H^2 × R, S^2 × R, ~SL(2,R) , Nil^3 , Sol^3 }

An important remark is in order. This conjecture follows from considering the identity component of the isotropy group, Γ ≡ Γ_x of X, through a point, x. Γ is a compact, connected Lie group, and one must distinguish the three different cases: Γ = SO(3), SO(2) and {1}.

1. Γ = SO(3). In this case the space X has constant curvature: R^3 , S^3 (modeled on R^3 ) or H^3 (which can be modeled on the half-space R^2 × R^+ ).

2. Γ = SO(2). In this case there is a one-dimensional subspace of T X that is invariant under Γ , which has a complementary plane field P_x. If the plane field P_x is integrable, then X is a product R × S^2 or R × H^2 . If the plane field P_x is nonintegrable, then X is a non-trivial fiber bundle with fiber S^1: S^1 → X ↠ Σ_{g≥2}

4 A. A. Bytsenko and E. Elizalde ( ~ SL(2,R)−geometry), Σ_g stands for a surface of genus g, S^1 → X ↠ T^2 (Nil^3- geometry) or S^1 → X ↠ S^2 (S^3−geometry).

3. Γ = {1}. In this case we have the three-dimensional Lie groups: ~SL(2,R) , Nil^3, and Sol^3 .

The first five geometries are familiar objects, so we briefly discuss the last three of them. The group ~SL(2,R) is the universal covering of SL(2,R), the threedimensional Lie group of all 2 × 2 real matrices with determinant equal to 1. The geometry of Nil is the three-dimensional Lie group of all 3 × 3 real upper triangular matrices endowed with ordinary matrix multiplication. It is also known as the nilpotent Heisenberg group. The geometry of Sol is the three-dimensional (solvable) group.

Four-geometries. The list of Thurston three-geometries has been organized in terms of the compact stabilizers Γ . The analogue list of four-geometries can also be organized using connected groups of isometries only (Table 2). Here we have the

Table 2. List of the four-geometries

Stabilizer-subgroup Γ Space X

SO(4) R^4 , S^4, H^4 U(2) C P^2 , C H^2 SO(2) × SO(2) S^2 × R^2 , S^2 × S^2, S^2 × H^2, H^2 × R^2 , H^2 × H^2 SO(3) S^3 × R, H^3 × R SO(2) Nil^3 × R, ~PSL(2,R) × R, Sol^4 S^1 F^4 trivial Nil^4, Sol^4_{m,n} (including Sol^3 × R),Sol^4_1

four irreducible four-dimensional Riemannian symmetric spaces: sphere S^4, hyperbolic space H^4, complex projective space C P^2 , and complex hyperbolic space C H^2 (which we may identify with the open unit ball in C^2 , with an appropriate metric). The other cases are more specific and we shall illustrate them for the sake of completeness only.

The nilpotent Lie group Nil^4 can be presented as the split extension R^3 ⋊_U R of R^3 by R, where the real 3-dimensional representation U of R has the form

U(t) = exp(tB) with B =

0 1 0 0 0 1 0 0 0

. In the same way, the soluble Lie groups

Sol^4_{m,n} = R^3 ⋊_{Tm,n} R, on real three-dimensional representations T_{m,n} of R, T_{m,n}(t) = exp(tC_{m,n}), where C_{m,n} = diag(α,β ,γ) and α + β + γ = 0 for α > β > γ. Furthermore e^α , e^β and e^γ are the roots of λ^3 − mλ^2 + nλ − 1 = 0, with m, n positive

On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes 5

integers. If m = n, then β = 0 and Sol^4_{m,n} = Sol^3 ×R. In general, if C_{m,n} ∝ C_m′_{,n}′ , then Sol^4_{m,n} ∼= Sol^4_{m′,n′} . It gives infinitely many classes of equivalence. When m^2n^2 + 18 = 4(m^3 + n^3) + 27, one has a new geometry, Sol^4_0, associated with the group SO(2) of isometries rotating the first two coordinates. The soluble group Sol^4_1, is most con-

veniently represented as the matrix group

1 b c 0 α a 0 0 1 : α,a,b,c ∈ R,α > 0 . Finally, the geometry F^4 is associated with the isometry group R^2 ⋊ PSL(2,R) and stabilizer SO(2). Here the semidirect product is taken with respect to the action of the group PSL(2,R) on R^2 . The space F^4 is diffeomorphic to R^4 and has alternating signs in the metric. A connection of these geometries with complex and Kählerian structures (preserved by the stabilizer Γ ) can be found in [3].

We conclude this section with some comments. In two-dimensional quantum theory it is customary to perform the sum over all topologies. Then, any functional integral of fixed genus g can be written in the form: ∫ [Dg] = ∑^∞_{g=0} ∫ (fixed genus)[Dg]. A

necessary first step to implement this in the three-dimensional case is the classification of all possible three-topologies (by Kleinian groups). Provided Thurston’s conjecture is true, every compact closed three-dimensional manifold can be represented as ⋃∞ ℓ=1 G_{nℓ} /Γ_{nℓ} , where n_ℓ ∈ (1,...,8) represents one of the eight geometries, and Γ is the (discrete) isometry group of the corresponding geometry. It has to be noted that gluing the above geometries, characterizing different coupling constants by a complicated set of moduli, is a very difficult task. Perhaps this could be done, however, with a bit of luck, but the more important contribution to the vacuum persistence amplitude should be given by the compact hyperbolic geometry, the other geometries appearing only for a small number of exceptions [6]. Indeed, many three-manifolds are hyperbolic (according to a famous theorem by Thurston [5]). For example, the complement of a knot in S^3 admits a hyperbolic structure unless it is a torus or satellite knot. Moreover, according to the Mostow Rigidity Theorem [7], any geometric invariant of a hyperbolic three-manifold is a topological invariant. Our special interest here is directed towards hyperbolic spaces. Some examples of partition functions and elliptic genera written in term of spectral functions of H^3 spaces and their quotients by a subgroup of the isometry group PSL(2,C ) ≡ SL(2,C )/{±1} can be found in [8, 9].

3 The Ray-Singer norm. Hyperbolic three-geometry

If L_p is a self-adjoint Laplacian on p-forms then the following results hold. There exists ε,δ > 0 such that for 0 < t < δ the heat kernel expansion for Laplace operators on a compact manifold X is given by Tr ( e^{−tLp} ) = ∑_{0≤ℓ≤ℓ0} a_ℓ(L_p)t^{−ℓ} + O(t^ε ).

The zeta function of L_p is the Mellin transform

ζ (s|L_p) = M [ Tre^{−tLp} ] = [Γ (s)]^{−1} ∫ R_+

Tre^{−tLp} t^{s−1}dt. (1)

6 A. A. Bytsenko and E. Elizalde

This function equals Tr ( L^{−s}_p ) for s > (1/2)dimX. Let χ be an orthogonal representation of π_1(X). Using the Hodge decomposition, the vector space H(X; χ) of twisted cohomology classes can be embedded into Ω(X; χ) as the space of harmonic forms. This embedding induces a norm | · |^{RS} on the determinant line detH(X; χ). The Ray-Singer norm || · ||^{RS} on detH(X; χ) is defined by [10]

|| · ||^{RS de f}= | · |^{RS}

dimX

∏_{p=0} [ exp ( − d ds ζ (s|L_p)|_{s=0}

)]_{(−1)}p_{p/2} , (2)

where the zeta function ζ (s|L_p) of the Laplacian acting on the space of p-forms orthogonal to the harmonic forms has been used. For a closed connected orientable smooth manifold of odd dimension, and for the Euler structure η ∈ Eul(X), the Ray-Singer norm of its cohomological torsion τ_{an}(X;η) = τ_{an}(X) ∈ detH(X; χ) is equal to the positive square root of the absolute value of the monodromy of χ along the characteristic class c(η) ∈ H^1(X) [11]: ||τ_{an}(X)||^{RS} = |det_χ c(η)|^{1/2}. And in the special case where the flat bundle χ is acyclic (namely the vector space H^q(X; χ) of twisted cohomology is zero), we have

[τ_{an}(X)]^2 = |det_χ c(η)|

dimX

∏_{p=0} [ exp ( − d ds ζ (s|L_p)|_{s=0}

)]_{(−1)}p+1_p . (3)

3.1 Spectral functions of hyperbolic three-geometry

For a closed oriented hyperbolic three-manifold of the form X_Γ = H^3/Γ and for acyclic χ the analytic torsion reads [12, 13, 14]: [τ_{an}(X_Γ )]^2 = R(0), where R(s) is the Ruelle function.^1 A Ruelle type zeta function, for Res large, can be defined as the product over prime closed geodesics γ of factors det(I − ξ (γ)e^{−sℓ(γ)}), where ℓ(γ) is the length of γ, and can be continued meromorphically to the entire complex plane C [16]. The function R(s) is an alternating product of more complicated factors, each of which is a Selberg zeta function Z_Γ (s). The relation between the Ruelle and Selberg functions is:

R(s) =

dimX−1

∏_{p=0}^ZΓ^{(p + s)(−1) j . (4)}

The Ruelle function associated with closed oriented hyperbolic three-manifold X_Γ has the form: R(s) = Z_Γ (s)Z_Γ (2 + s)/Z_Γ (1 + s).

1 Vanishing theorems for the type (0,q) cohomology of locally symmetric spaces can be found in [15]. Again, if χ is acyclic (H(X; χ) = 0) the Ray-Singer norm (3) is a topological invariant: it does not depend on the choice of the metric on X and χ, used in the construction. If X is a complex manifold (smooth C^∞-manifold, or topological space) then E → X is the induced complex (or smooth, or continuous) vector bundles. We write H^{p,q}(X;E) ≃ H^{0,q}(X;Λ^{p,0}X ⊗ E) holonomic vector bundles Λ^{p,0}X → X (see [15] for details).

On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes 7

We would like here to shed light on some aspects of the so-called AdS_3/CFT_2 correspondence, which plays a very important role in quantum field theory. Indeed, it is known that the geometric structure of three-dimensional gravity allows for exact computations, since its Euclidean counterpart is locally isomorphic to constant curvature hyperbolic space. Because of the AdS_3/CFT_2 correspondence, one expects a correspondence between spectral functions related to Euclidean AdS_3 and modularlike functions (Poincaré series).^2 One assumes this correspondence to occur when the arguments of the spectral functions take values on a Riemann surface, viewed as the conformal boundary of AdS_3. According to the holographic principle, strong ties exist between certain field theory quantities on the bulk of an AdS_3 manifold and related quantities on its boundary at infinity. To be more precise, the classes of Euclidean AdS_3 spaces are quotients of the real hyperbolic space by a discrete group (a Schottky group). The boundary of these spaces can be compact oriented surfaces with conformal structure (compact complex algebraic curves). A general formulation of the “Holography Principle” states that there is a correspondence between a certain class of fields, their properties and their correlators in the bulk space, where gravity propagates, and a class of primary fields, with their properties and correlators of the conformal theory on the boundary. More precisely, the set of scattering poles in 3D coincides with the zeroes of a Selberg-type spectral function [17, 14]. Thus, encoded on a Selberg function is the spectrum of a three-dimensional model. In the framework of this general principle, we would like to illustrate the correspondence between spectral functions of hyperbolic three-geometry (its spectrum being encoded in the Petterson-Selberg spectral functions) and Poincaré series associated with the conformal structure in two dimensions.

Let us consider a three-geometry with an orbifold description H^3/Γ . The complex unimodular group G = SL(2,C ) acts on the real hyperbolic three-space H^3 in a standard way, namely for (x,y,z) ∈ H^3 and g ∈ G, one has g·(x,y,z) = (u,v,w) ∈ H^3.

Thus, for r = x + iy, g = [ a b c d ] , u + iv = [(ar + b)(cr + d) + acz^2] · [|cr + d|^2 +

|c|^2z^2]^{−1}, w = z · [|cr + d|^2 + |c|^2z^2]^{−1} . Here the bar denotes complex conjugation. Let Γ ∈ G be the discrete group of G be defined as

Γ = {diag(e^{2nπ(Imτ+iReτ)}, e^{−2nπ(Imτ+iReτ)}) : n ∈ Z} = {g^n : n ∈ Z}, g = diag(e^{2π(Imτ+iReτ)}, e^{−2π(Imτ+iReτ)}). (5)

One can define a Selberg-type zeta function for the group Γ = {g^n : n ∈ Z}generated by a single hyperbolic element of the form g = diag(e^z,e^{−z}), where z = α + iβ for α,β > 0. In fact, we will take α = 2πImτ, β = 2πReτ. For the standard action of SL(2,C ) on H^3, one has

2 The modular forms in question are the forms for the congruence subgroup of SL(2,Z), which is viewed as the group that leaves fixed one of the three non-trivial spin structures on an elliptic curve.

8 A. A. Bytsenko and E. Elizalde

g x y z = e^α 0 0 0 e^α 0 0 0 e^α cos(β ) −sin(β ) 0 sin(β ) cos(β ) 0 0 0 1 x y z . (6)

Therefore, g is the composition of a rotation in R^2 , with complex eigenvalues exp(±iβ ), and a dilatation exp(α). The Patterson-Selberg spectral function Z_Γ (s) is meromorphic on C and can be attached to H^3/Γ . It is given, for Res > 0, by the formulas [17, 18, 19]

Z_Γ (s) := ∏

k_1,k_2≥0

[1 − (e^{iβ} )^{k1} (e^{−iβ} )^{k2} e^{−(k1+k2+s)α} ], (7)

logZ_Γ (s) = − 1 4 ∞ ∑_{n=1}^{e−nα(s−1)}

n[sinh^2 (_{αn} 2 ) + sin^2

(_{β n} 2 ) ] . (8)

The zeros of Z_Γ (s) are the complex numbers ζ_{n,k1,k2} = −(k_1 + k_2)+i(k_1 − k_2) β /α + 2πin/α, n ∈ Z (for details, see [18]). It can be also shown that the zeta function Z_Γ (s) is an entire function of order three and finite type. It is bounded in absolute value, for Res ≥ 0 as well as for Re s ≤ 0, and can be estimate as follows:

|Z_Γ (s)| ≤ ∞ ∏_{k1+k2≤|s|}^{e|s|ℓ ∞}∏_{k1+k2≥|s|}^{(1 − e(|s|−k1−k2)ℓ) ≤ C}1^{eC2|s|3 , (9)}

where C_1 and C_2 are suitable constants. The first factor on the right hand side of (9) yields exponential growth, while the second factor is bounded, what proves the required growth estimate. The spectral function Z_Γ (s) is an entire function of order three and finite type, and can written as a Hadamard product [17]

Z_Γ (s) = e^{Q(s)} ∏ ζ ∈Σ (1 − s ζ )exp ( s ζ + s^2 2ζ^2 + s^3 3ζ^3 ) , (10)

where ζ ≡ ζ_{n,k1,k2} and we denote the set of such numbers by Σ, Q(s) being a polynomial of degree at most three. It follows from the Hadamard product representation of Z_Γ (s) (10) that d ds logZ_Γ (s) = d ds Q(s) + ∑ ζ ∈Σ (s/ζ )^3 s − ζ . (11)

Let us define Ξ(y ± iξ ) := (d/ds)logZ_Γ (s) for s = y ± iξ . Then

Ξ(y ± iξ ) = d ds Q(s = y ± iξ ) + i^{−1} ∑ y±iε∈Σ (y ± iξ )^3 (y ± iε)^3(±ξ − ε)

. (12)

Generating functions. Using the equality sinh^2 (αn/2)+sin^2 (β n/2) = |sin(nπτ)|^2 = |1 − q^n|^2/(4|q|^n) and Eq. (8), we get

On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes 9 log ∞ ∏_{m=ℓ}^{(1 − qm+ε) = ∞}∑_{m=ℓ}^{log(1 − qm+ε) = − ∞}∑_{n=1}^{q(ℓ+ε)n(1 − qn)|q|−n}

4n|sin(nπτ)|^2

= log [ Z_Γ (ξ (1 − it)) Z_Γ (ξ (1 − it) + 1 + it) ] , (13) log ∞ ∏_{m=ℓ}^{(1 − qm+ε ) = ∞}∑_{m=ℓ}^{log(1 − qm+ε ) = − ∞}∑_{n=1}^{q(ℓ+ε)n(1 − qn)|q|−n}

4n|sin(nπτ)|^2

= log [ Z_Γ (ξ (1 + it)) Z_Γ (ξ (1 + it) + 1 − it) ] , (14) log ∞ ∏_{m=ℓ}^{(1 + qm+ε) = ∞}∑_{m=ℓ}^{log(1 + qm+ε) = − ∞}∑_{n=1}^{(−1)nq(ℓ+ε)n(1 − qn)|q|−n}

4n|sin(nπτ)|^2

= log [ Z_Γ (ξ (1 − it) + iη(τ)) Z_Γ (ξ (1 + it) + 1 − it + iη(τ)) ] , (15) log ∞ ∏_{m=ℓ}^{(1 + qm+ε ) = ∞}∑_{m=ℓ}^{log(1 + qm+ε ) = − ∞}∑_{n=1}^{(−1)nq(ℓ+ε)n(1 − qn)|q|−n}

4n|sin(nπτ)|^2

= log [ Z_Γ (ξ (1 + it) + iη(τ)) Z_Γ (ξ (1 + it) + 1 − it + iη(τ)) ] , (16)

where ℓ ∈ Z_+, ε ∈ C , t = Re τ/Imτ, ξ = ℓ + ε and η(τ) = ±(2τ)^{−1}. Let us next introduce some well-known functions and their modular properties under the action of SL(2,Z). The special cases associated with (13), (14) are (see [20]):

f_1(q) = q^{− 148} ∏ m>0 (1 − q^{m+ 12} ) = η_D(q^12 ) η_D(q)

, (17)

f_2(q) = q^{− 148} ∏ m>0 (1 + q^{m+ 12} ) = η_D(q)^2 η_D(q^12 )η_D(q^2)

, (18)

f_3(q) = q^{124} ∏ m>0 (1 + q^{m+1}) = η_D(q^2) η_D(q)

, (19)

where η_D(q) ≡ q^{1/24} ∏_{n>0}(1 − q^n) is the Dedekind η-function. The linear span of f_1(q), f_2(q) and f_3(q) is SL(2,Z)-invariant [20] ( g ∈ [ a b c d ] , g · f (τ) = f

(_{aτ+b}

cτ+d ) ). As f_1(q) · f_2(q) · f_3(q) = 1, we get R(s = 3/2 − (3/2)it) · R(σ = 3/2 − (3/2)it + iη(τ)) · R(σ = 2 − 2it + iη(τ)) = 1. For a closed oriented hyperbolic threemanifolds of the form X = H^3/Γ (and any acyclic orthogonal representation of π_1(X)) a set of useful generating functions is collected in Table 3.1.

10 A. A. Bytsenko and E. Elizalde

Table 3.1. List of generating functions

∏^∞_{n=ℓ}(1 − q^{n+ε} ) =

[_{ZΓ (ξ (1−it))}

Z_Γ (ξ (1−it)+1+it) ] = R(s = ξ (1 − it))

∏^∞_{n=ℓ}(1 − q^{n+ε} ) =

[_{ZΓ (ξ (1+it))}

Z_Γ (ξ (1+it)+1−it) ] = R(s = ξ (1 + it))

∏^∞_{n=ℓ}(1 + q^{n+ε} ) =

[_{ZΓ (ξ (1−it)+iη(τ))}

Z_Γ (ξ (1−it)+iη(τ)+1+it) ] = R(σ = ξ (1 − it) + iη(τ))

∏^∞_{n=ℓ}(1 + q^{n+ε} ) =

[_{ZΓ (ξ (1+it)+iη(τ))}

Z_Γ (ξ (1+it)+iη(τ)+1−it) ] = R(σ = ξ (1 + it) + iη(τ))

∏^∞_{n=ℓ}(1 − q^{n+ε} )^n = R(s = ξ (1 − it))^ℓ ∏^∞_{n=ℓ} R(s = (n + ε + 1)(1 − it))

∏^∞_{n=ℓ}(1 − q^{n+ε} )^n = R(s = ξ (1 + it))^ℓ ∏^∞_{n=ℓ} R(s = (n + ε + 1)(1 + it))

∏^∞_{n=ℓ}(1 + q^{n+ε} )^n = R(σ = ξ (1 − it) + iη(τ))^ℓ ∏^∞_{n=ℓ} R(σ = (n + ε + 1)(1 − it) + iη(τ))

∏^∞_{n=ℓ}(1 + q^{n+ε} )^n = R(σ = ξ (1 + it) + iη(τ))^ℓ ∏^∞_{n=ℓ} R(σ = (n + ε + 1)(1 + it) + iη(τ))

4 Generalized symmetric products of N-folds

4.1 Hilbert schemes and Heisenberg algebras

Before entering the discussion of the main topic in this section, a short comment about Heisenberg algebras and Hilbert schemes will be in order. Preliminary to the subject of symmetric products and their connection with spectral functions, we briefly explain the relation between the Heisenberg algebra and its representations, and the Hilbert scheme of points, mostly following the lines of [21].

To be more specific, note that the infinite dimensional Heisenberg algebra (or, simply, the Heisenberg algebra) plays a fundamental role in the representation theory of affine Lie algebras. An important representation of the Heisenberg algebra is the Fock space representation on the polynomial ring of infinitely many variables. The degrees of polynomials (with different degree variables) give a direct sum decomposition of the representation, which is called weight space decomposition.

The Hilbert scheme of points on a complex surface appears in algebraic geometry. The Hilbert scheme of points decomposes into infinitely many connected components according to the number of points. Betti numbers of the Hilbert scheme have been computed in [22]. The sum of the Betti numbers of the Hilbert scheme of N-points is equal to the dimension of the subspaces of the Fock space representation of degree N.

Algebraic preliminaries. Let R = Q[p_1 , p_2,...] be the polynomial ring of infinite many variables {p_j}^∞_{j=1}. Define P[ j] as j∂ /∂ p_j and P[− j] as a multiplication of p_j

On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes 11

for each positive j. Then, the commutation relation holds: [P[i], P[ j]] = iδ_{i+ j,0} Id_R, i, j ∈ Z/{0}. We define the infinite dimensional Heisenberg algebra as the Lie algebra generated by P[ j] and K with defining relation

[P[i], P[ j]] = iδ_{i+ j,0}K_R, [P[i], K ] = 0, i, j ∈ Z/{0}. (1)

The above R labels the representation. If 1 ∈ R is the constant polynomial, then P[i]1 = 0, i ∈ Z_+ and

R = Span{P[− j_1]··· P[− j_k]1 | k ∈ Z_+ ∪ {0}, j_1,... , j_k ∈ Z_+}. (2)

1 is a highest weight vector. This is known in physics as the bosonic Fock space. The operators P[ j]( j < 0) (P[ j]( j > 0)) are the creation (annihilation) operators, while 1 is the vacuum vector. Define the degree operator D : R → R by D(p^{m1}_1 p^{m2}_2 · ··)^{de f}= (∑_i im_i)p^{m1}_1 p^{m2}_2 ... The representation R has D eigenspace decomposition; the eigenspace with eigenvalue N has a basis p^{m1}_1 p^{m2}_2 · · · (∑_i im_i) = N. Recall that a partition of N is defined by a non-increasing sequence of non-negative integers ν_1 ≥ ν_2 ≥ ... such that ∑_ℓ ν_ℓ = N. One can represent ν as (1^{m1} ,2^{m2} ,· · ·) (where 1 appears m_1-times, 2 appears m_2-times, and so on, in the sequence). Therefore, elements of the basis corresponds bijectively to a partition ν. The generating function of eigenspace dimensions, or the character in the terminology of representation theory, is known to have the form

Tr_R q^{D de f}= ∑ N≥0 q^Ndim{r ∈ R | Dr = Nr } = ∞ ∏_{n=1}^{(1 − qn)−1 . (3)}

Let us define now the Heisenberg algebra associated with a finite dimensional Qvector space V with non-degenerate symmetric bilinear form (, ). Let W = (V ⊗ t Q[t])⊕(V ⊗t^{−1} Q[t^{−1} ]), then define a skew-symmetric bilinear form on W by (r ⊗ t^i, s⊗t^j) = iδ_{i+ j,0}(r,s). The Heisenberg algebra associated with V can be defined as follows: take the quotient of the free algebra A(W ) divided by the ideal I generated by [r, s]−(r, s)1 (r,s ∈ W ). It is clear that when V = Q one has the above Heisenberg algebra. For an orthogonal basis {r_j}^p_{j=1} the Heisenberg algebra associated with V is isomorphic to the tensor product of p-copies of the above Heisenberg algebra.

Let us consider next the super-version of the Heisenberg algebra, known as the super-Heisenberg algebra. The initial data are constituted by a vector space, V , with decomposition V = V_{even} ⊕V_{odd}, and a non-degenerate bilinear form satisfying (r,s) = (−1)^{|r||s|}(r,s). In this formula, r,s are either elements of V_{even} or V_{odd}, while |r| = 0 if r ∈ V_{even} and |r| = 1 if r ∈ V_{odd}. As above, we can define W , the bilinear form on W , and A(W )/I, where now we replace the Lie bracket [, ] by the super-Lie bracket. In addition, to construct the free-super Lie algebra in the tensor algebra, we set (r ⊗ t^i, s ⊗ t^j) = (r ⊗ t^i)(s ⊗ t^j) + (s ⊗ t^j)(r ⊗ t^i) for r,s ∈ V_{odd}. By generalizing the representation on the space of polynomials of infinite many variables one can get a representation of the super-Heisenberg algebra on the symmetric algebra R = S^∗(V ⊗ t Q[t]) of the positive degree part V ⊗ t Q [t]. As above, we can

12 A. A. Bytsenko and E. Elizalde

define the degree operator D. The following character formulas hold:

Tr_R q^D = ∞ ∏_{n=1}^{(1 + qn)dimVodd}

(1 − q^n)^{dimVeven} = R(σ = 1 − it + iη(τ))^{dimVodd} R(s = 1 − it)^{dimVeven}

, (4)

STr_R q^D = ∞ ∏_{n=1}^{(1 − qn)dimVodd−dimVeven = R(s = 1 − it)dimVodd−dimVeven , (5)}

where we have counted the odd degree part by −1 and replaced the usual trace by the super-trace.^3

If we consider the generating function of the Poincaré polynomials associated with sets of points we get the character of the Fock space representation of the Heisenberg algebra. This is, in general, the integrable highest weight representation of the corresponding affine Lie algebra and is known to have modular invariance, as was proven in [23]. This occurrence is naturally explained through the relation to partition functions of conformal field theory on a torus. In this connection, the affine Lie algebra has a close relationship to conformal field theory.

4.2 One-dimensional higher variety

Let us consider the N-fold symmetric product S^N X of a Kähler manifold X, that is the S^N X = [X^N /S_N] := X × ··· × X N /S_N orbifold space, S_N being the symmetric

group of N elements. Objects of the category of the orbispace [X^N/S_N ] are the Ntuples (x_1,... ,x_N) of points in X; arrows are elements of the form (x_1,... ,x_N ;σ), where σ ∈ S_N . In addition, the arrow (x_1,...,x_N ;σ) has as its source (x_1,... ,x_N ), and as its target (x_{σ(1)},... ,x_{σ(N)}). This category is a groupoid for the inverse of (x_1,... ,x_N ;σ) is (x_{σ(1)},... ,x_{σ(N)};σ^{−1}). (The orbispace as a groupoid has been describes in [24, 25]). For a one-dimensional higher variety (i.e. for a surface) the following results hold:

• For a Riemann surface (dimX = 1) S^N X and X^N are isomorphic under the Hilbert-Chow morphism.

• If X is a nonsingular quasi-projective surface, the Hilbert-Chow morphism π :

X^{[N]} → S^NX gives a resolution of the singularities of the symmetric product

3 In the case when V has the one-dimensional odd degree part only (the bilinear form is (r,r) = 1 for a nonzero vector r ∈ V ) and the above condition is not satisfied, we can modify the definition of the corresponding super-Heisenberg algebra by changing the bilinear form on W as (r ⊗ t^i,r ⊗ t^j) = δ_{i+ j,0}. The resulting algebra is termed an infinite dimensional Clifford algebra. The above representation R is the fermionic Fock space in physics and it can be modified as follows: the representation of the even degree part was realized as the space of polynomials of infinity many variables; the Clifford algebra is realized on the exterior algebra R = Λ^∗( ⨁ j Qd p_j ) of a vector space with a basis of infinitely many vectors. For j > 0 we define r ⊗t^{− j} as an exterior product of d p_j, and r ⊗t^j as an interior product of ∂ /∂ p_j.

On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes 13

S^NX [26]. In particular, X^{[N]} is a nonsingular quasi-projective variety of dimension 2N.

• If X has a symplectic form, X^{[N]} has also a symplectic form. For N = 2 this has been proven in [27], for N general in [28].

• The generating function of the Poincaré polynomials P_r(X^{[N]}) of X^{[N]} is given by ∞ ∑_{N=0}^{qN P}r^{(X [N]) = ∞}∏_{n=1}^{(1 + r2n−1qn)b1(X)(1 + r2n+1qn)b3(X)}

(1 − r^{2n−2}q^n)^{b0(X)}(1 − r^{2n}q^n)^{b2(X)}(1 − r^{2n+2}q^n)^{b4(X)} = ∏_{j=1,2} R(σ = ξ2 j−1(1 − it) + iη(τ))^{b2 j−1(X)} ∏_{j=1,2,3} R(s = ξ2 j−2(1 − it))^{b2 j−2(X)}

, (6)

where ξ_{2 j−1} = j − 1/2, ξ_{2 j−2} = j − 1 and r = exp(πiτ).

4.3 Equivariant K-theory, wreath products

We study here a direct sum of the equivariant K-groups F_Γ (X) := ⊕_{N≥0}K_{ΓN} (X^N ) associated with a topological Γ -space [1]. Γ is a finite group and the wreath (semidirect) product Γ_N ⋊ S_N acts naturally on the Nth Cartesian product X^N. One can calculate the torsion free part of K^•_Γ (Y ) (where Γ acts on Y and Γ is a finite group) by localizing on the prime ideals of R(Γ ), the representation ring of Γ (for details, see [29]) K^•_Γ (Y ) ∼= ⨁ {γ} K^•(Y^γ )^{Γγ} , where K_{ΓN} (X^N ) ≡ K_{ΓN} (X^N) ⊗ C . Here {γ} runs over the conjugacy classes of elements in Γ , Y^γ are the fixed point loci of γ and Γ_γ is the centralizer of γ in Γ . The fixed point set {X^N}^γ is isomorphic to X^N = X^{∑n Nn} , γ ∈ S_N , and Γ_γ ∼= ∏_n S_{Nn} ⋉ (Z/n)^{Nn}. The cyclic groups Z/n act trivially in K^•(X^N ) and therefore the following decomposition for the S_N-equivariant K-theory holds [30]

K^•(S^N X) ∼= ⨁ {γ} K^•((S^N )^γ ))^{Γγ} ∼= ⨁ ∑nNn=N ⨂ n K^•(S^{Nn} )^{SNn} . (7)

As an example of such K-group we here analyze the group K^−_{~HΓN} (X^N ) which has been introduced in [1]. The semi-direct product Γ_N can be extended to the action of a larger finite supergroup ~HΓ_N , which is a double cover of the semi-direct product (Γ × Z_2)^N ⋊ S_N. The category of ~HΓ_N -equivariant spin vector superbundles over X^N is the category of Γ_N-equivariant vector bundles E over X^N such that E carries a supermodule structure with respect to the complex Clifford algebra of rank N.^4 It has been shown [1] that the following statements hold: (i) The direct sum F^−_Γ (X) := ⊕^∞_{N=0}K_{~HΓN} (X^N ) carries naturally a Hopf algebra structure. (ii) It is isomorphic to the Fock space of a twisted Heisenberg superalgebra (in this section

4 A fundamental example of ~HΓ_N -vector superbundles over X^N (X compact) is the following: given a Γ -vector bundle V over X, consider the vector superbundle V ⊕V over X with the natural Z_2- grading. One can endow the Nth outer tensor product (V ⊕V )^{⊠N} with a natural ~HΓ_N -equivariant vector superbundle structure over X^N .

14 A. A. Bytsenko and E. Elizalde

super means Z_2-graded) associated with K^−_{~HΓN} (X) ∼= K_Γ (X). (iii) If X is a point, the

K-group K_{~HΓN} (X^N ) becomes the Grothendieck group of spin supermudules of ~HΓ_N.

Such a twisted Heisenberg algebra has played an important role in the theory of affine Kac-Moody algebras [31]. The structure of the space F^−_Γ (X) under consideration can be modeled on the ring Ω_C of symmetric functions with a linear basis given by the so-called Schur Q-functions (or equivalently on the direct sum of the spin representation ring of ~HΓ_N for all N). The graded dimension of the ring Ω_C is given by the denominator ∏_{n=0}(1 − q^{2n−1})^{−1}. On the basis of Göttsche’s formula [22] it has been conjectured [32] that the direct sum H (S) of homology groups for Hilbert scheme S^{[N]} of N points on a (quasi-)projective surface S should carry the structure of the Fock space of a Heisenberg algebra, which was realized subsequently in a geometric way [33, 34]. Parallel algebraic structures such as Hopf algebra, vertex operators, and Heisenberg algebra as part of vertex algebra structures [35, 31] have naturally showed up in H (S) as well as in F_Γ (X). If S is a suitable resolution of singularities of an orbifold X/Γ , there appears close connections between H (S) and F_Γ (X) [1]. In fact the special case of Γ trivial is closely related to the analysis considered in [36]. It would be interesting to find some applications of results discussed above in string theory.

The generating function. The orbifold Euler number e(X,Γ ) was introduced in [37] in the study of orbifold string theory and it has been interpreted as the Euler number of the equivariant K-group K_Γ (X) [38]. Define the Euler number of the generalized symmetric product to be the difference e(X^N, ~HΓ_N ) := dimK^{−,0}_{~HΓn} (X^N ) −

dimK^{−,1}_{~HΓN} (X^N), the series ∑^∞_{N=0} q^Ne(X^N, ~HΓ_N ) can be written in terms of spectral functions: ∞ ∑_{N=0}^{qN e(X N, ~HΓ}N^{) = ∞}∏_{n=1}^{(1 − q2n−1)−e(X,Γ ) = [q− 2524 (q − 1) f}3^{(q)]e(X,Γ )}

= R(s = 1/2 − (1/2)it)^{−e(X,Γ)} . (8)

One can give an explicit description of F^−_Γ (X) as a graded algebra. Indeed, the following statement holds [1]: As a (Z_+× Z_2)-graded algebra, F^−_Γ (X,q) is isomorphic to the supersymmetric algebra S (⨁_∞ N=1 q^{2N−1}K_Γ (X) ) . In particular,

dim_q F^−_Γ (X) = ∞ ∏_{n=1}^{(1 + q2n−1)dimK} 1 Γ (X)

(1 − q^{2n−1})^{dimK0}Γ^{(X)} = [R(σ = 1/2 − (1/2)it + (1/2)iη(τ))]^{dimK1Γ (X)}

[R(s = 1/2 − (1/2)it)]^{dimK0Γ (X)}

, (9)

where the supersymmetric algebra is equal to the tensor product of the symmetric algebra S (⨁_∞ N=1 q^{2N−1}K^0_Γ (X) ) and the exterior algebra Λ (⨁_∞ N=1 q^{2N−1}K^1_Γ (X) ) . In the case when X_{pt} is a point we have

On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes 15

∑_{N≥0}^{qN dimF −}Γ^{(X}pt^{) = ∞}∏_{n=1}^{(1 − q2n−1)−|Γ∗| = [R(s = 1/2 − (1/2)it)]−|Γ∗| . (10)}

In (10) Γ is a finite group with r + 1 conjugacy classes; Γ^∗ := {γ_j}^r_{j=0} is the set of complex irreducible characters, where γ_0 denotes the trivial character. By Γ_∗ we denote the set of conjugacy classes.

5 Conclusions

Having advocated in this paper the basic role of modular forms and spectral functions with their connection to Lie algebra cohomologies anf K-theory methods, we are now, in concluding, naturally led to other crucial problems, related to the deformation procedure. For instance, one might ask whether the form of the partition functions could be algebraically interpreted by means of infinitesimal deformations of the corresponding Lie algebras. No doubt this analysis will require a new degree of mathematical sophistication. Perhaps all the concepts of what could eventually be called the “deformation theory of everything” might be possibly tested in the case of associative algebras, which are algebras over operads [39]. In many examples dealing with algebras over operads, arguments of the universality of associative algebras are called forth. This strongly suggests that a connection between the deformation theory (deformed partition functions) and algebras over operads might exist. We expect to be able to discuss this key problem in forthcoming work.

Acknowledgements AAB would like to acknowledge the Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq, Brazil) and Fundaçao Araucaria (Parana, Brazil) for financial support. EE’s research has been partly supported by MICINN (Spain), contract PR2011-0128 and projects FIS2006-02842 and FIS2010-15640, by the CPAN Consolider Ingenio Project, and by AGAUR (Generalitat de Catalunya), contract 2009SGR-994.

References

1. W. Wang, Equivariant K-theory, generalized symmetric products, and twisted Heisenberg algebra, Commun. Math. Phys. 234 (2003) 101-127; [arXiv:math.QA/0104168v2].

2. R.P. Filipkiewicz, Four-dimensional Geometries, PhD Thesis., Univ. Warwick, 1984. 3. C.T.C. Wall, Geometries and Geometric Structures in Real Dimension 4 and Complex Dimension 2, in Geometry and Topology, Lectures Notes in Mathematics 1167, 268-292, Springer, Berlin, 1986.

4. A.A. Bytsenko, G. Cognola, E. Elizalde, V. Moretti and S. Zerbini, Analytic Aspects of Quantum Fields, World Scientific, Singapore, 2003.

5. W. Thurston, Three-Dimensional Manifolds, Kleinian Groups and Hyperbolic Geometry, Bull.

Amer. Math. Soc. (N.S.) 6 (1982) 357-381.

6. A. Besse, Geométrie Riemannianne Eu Dimension 4, Séminaire Arthur Besse, 1978/1979, Cedic/Fernand Nathan, Paris 1981.

16 A. A. Bytsenko and E. Elizalde

7. G.D. Mostow, Quasiconformal mapping in n-space and the rigidity of hyperbolic space forms, Inst. Hautes Etudes Sci. Publ. Math. 34 (1968) 53-104.

8. L. Bonora and A.A. Bytsenko, Fluxes, Brane Charges and Chern Morphisms of Hyperbolic Geometry, Class. Quant. Grav. 23 (2006) 3895-3916; [arXiv:hep-th/0602162].

9. L. Bonora and A.A. Bytsenko, Partition functions for quantum gravity, black holes, elliptic genera and Lie algebra homologies, Nucl. Phys. B 852 (2011) 508-537; [arXiv:hep-th/1105.4571].

10. D. Ray and I. Singer, R-Torsion and the Laplacian on Riemannian Manifolds, Adv. Math. 7 (1971) 145-210.

11. M. Farber and V. Turaev, Poincaré-Reidemaister Metric, Euler Structures, and Torsion, J.

reine angew. Math. (Crelles Journal), 2000 (2006) 195-225.

12. D. Fried, Analytic torsion and closed geodesics on hyperbolic manifolds, Invent. Math. 84 (1986) 523-540.

13. A.A. Bytsenko, L. Vanzo and S. Zerbini, Ray-Singer torsion for a hyperbolic 3-manifold and asymptotics of Chern-Simons-Witten invariant, Nucl. Phys. B505 (1997) 641-659; [arXiv:hep-th/9704035v2].

14. A.A. Bytsenko, L. Vanzo and S. Zerbini, Semiclassical approximation for Chern-Simons theory and 3-hyperbolic invariants, Phys. Lett. B459 (1999) 535-539; [arXiv:hep-th/9906092v1].

15. F.L. Williams, Vanishing Theorems for Type (0,q) Cohomology of Locally Symmetric Spaces, Osaka J. Math. 18 (1981) 147-160.

16. A. Deitmar, The Selberg Trace Formula and the Ruelle Zeta Function for Compact Hyperbolics, Abh. Math. Se. Univ. Hamburg 59 (1989) 101-106.

17. P. Perry and F. Williams, Selberg zeta function and trace formula for the BTZ black hole, Int.

J. Pure Appl. Math. 9 (2003) 1-21.

18. A.A. Bytsenko, M.E.X. Guimãraes and F.L. Williams, Remarks on the Spectrum and Truncated Heat Kernel of the BTZ Black Hole, Lett. Math. Phys. 79 (2007) 203-211; [arXiv:hep-th/0609102].

19. A.A. Bytsenko and M.E.X. Guimãraes, Expository Remarks on Three-Dimensional Gravity and Hyperbolic Invariants, Class. Quantum Grav. 25 (2008) 228001; [arXiv:hep-th/0809.5179].

20. V.G. Kac, Infinite Dimensional Lie algebras, 3rd ed., Cambridge Univ. Press, 1990. 21. N. Nakajima, Lectures on Hilbert schemes of points on surface, ANS Univ. Lectures Series 18, 1999.

22. L. Göttsche, The Betti numbers of the Hilbert Scheme of Points on a Smooth Projective Surface, Math. Ann. 286 (1990) 193-207.

23. V. Kac and D. Peterson, Infinite dimensional Lie algebras, theta functions and modular forms, Advances in Math. 53 (1984) 125-264.

24. M. Kontsevich, Enumeration of rational curves via torus actions, The moduli space of curves (Texel Island, Netherlands, 1994), Progr. Math. 129 335-368, Birkhäuser Boston, MA, 1995, MR: MR1363062 (97d:14077); [arXiv:hep-th/9405035v2].

25. I. Moerdijk, Orbifolds as groupoids: an introduction, Orbifolds in mathematics and physics (Madison, WI, 2001), Contemp. Math. 310, Amer. Math. Soc., Providence, RI (2002) 205, MR 1 950 948; [arXiv:math.DG/0203100v1].

26. J. Fogarty, Algebraic families on an algebraic surface, Amer. J. Math. 90 (1968) 511-521. 27. A. Fujiki, On primitive symplectic compact Kähler v-manifolds of dimension four, in ”Classification of Algebraic and Analytic Manifolds“, K. Ueno, ed. Progress in Mathematics, Birkhäuser 39 (1983) 71-125.

28. A. Beauville, Complex Algebraic Surfaces, LMS Student Texts 34, Cambridge University Press, UK 1996.

29. G. Segal, Equivariant K-theory, Inst. Hautes Études Sci. Publ. Math. 34 (1968) 129-151; MR MR0234452 (38 # 2769).

30. E. Lupercio, B. Uribe, and M.A. Xicotencatl, The Loop Orbifold of the Symmetric Product, J.

Pure and Applied Algebra, ISSN 0022-4049 211 (2007) 293-306; [arXiv:math.AT/0606573]. 31. I. Frenkel, J. Lepowsky and A. Meurman, Vertex operator algebras and the Monster, Academic Press, New York 1988.

32. C. Vafa and E. Witten, A strong coupling test of S-duality, Nucl. Phys. B 431 (1994) 3-77;

[arXiv:hep-th/9408074v2].

On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes 17

33. H. Nakajima, Lectures on Hilbert schemes of points on surfaces, Univ. Lect. Ser. 18, Amer.

Math. Soc., 1999, MR 1711344 (2001b:14007).

34. I. Grojnowski, Instantons and affine algebras I: the Hilbert scheme and vertex operators, Math. Res. Lett. 3 (1996) 275-291; [arXiv:alg-geom/9506020v1].

35. R.E. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, Proc. Natl. Acad.

Sci. USA 83 (1986) 3068-3071.

36. J. de Boer, M.C.N. Cheng, R. Dijkgraaf, J. Manschot and E. Verlinde, A Farey Tail for Attractor Black Holes, JHEP 0611 (2006) 024; [arXiv:hep-th/0608059].

37. L. Dixon, J.A. Harvey, C. Vafa, and E. Witten, Strings on orbifolds, Nucl. Phys. B 261 (1985) 678-686.

38. M. Atiyah and I.M. Singer, The index of elliptic operators: III, Ann. Math. 87 (1968) 546-604. 39. M. Kontsevich and Y. Soibelman, Deformations of algebras over operads and Deligne’s conjecture, arXiv:math/0001151v2.