arXiv:1303.2497v4 [cond-mat.mes-hall] 27 May 2013

Unruh effect in vacua with anisotropic scaling: Applications to multilayer graphene

M.I. Katsnelson^a, G.E. Volovik^{b,c}, M.A. Zubkov^{1d}

aRadboud University Nijmegen, Institute for Molecules and Materials, Heyndaalseweg 135, NL-6525AJ Nijmegen, The Netherlands bLow Temperature Laboratory, School of Science and Technology, Aalto University, P.O. Box 15100, FI-00076 AALTO, Finland cL. D. Landau Institute for Theoretical Physics, Kosygina 2, 119334 Moscow, Russia dITEP, B.Cheremushkinskaya 25, Moscow, 117259, Russia

Abstract

We extend the calculation of the Unruh effect to the universality classes of quantum vacua obeying topologically protected invariance under anisotropic scaling r → br , t → b^zt. Two situations are considered. The first one is related to the accelerated detector which detects the electron - hole pairs. The second one is related to the system in external electric field, when the electron - hole pairs are created due to the Schwinger process. As distinct from the Unruh effect in relativistic systems (where z = 1) the calculated radiation is not thermal, but has properties of systems in the vicinity of quantum criticality. The vacuum obeying anisotropic scaling can be realized, in particular, in multilayer graphene with the rhombohedral stacking. Opportunities of the experimental realization of Unruh effect in this situation are discussed.

1. Introduction

Relativistic physics can be considered as emergent phenomenon, which occurs in the low-energy limit in some universality classes of quantum vacua with topologically protected nodes in the energy spectrum. The general topological approach to classification of gapless vacua, which is based on connection to the K-theory, has been developed by Hořava [1]. Hořava demonstrated that the reason for the emergence of Lorentz invariance is the topological theorem, called the Atiyah-Bott-Shapiro construction.

The Lorentz invariance emerges only for the particular classes of topological vacua, where nodes in energy spectrum are characterized by the elementary topological charges, N = ±1. For the higher values of the winding number, the Lorentz invariance can be supported by symmetry between the fermionic species. This symmetry makes the vacuum to be effectively equivalent to system of fermions, each having elementary topological charges N = ±1, see [2]. If such symmetry is absent but the splitting of the nodes in the energy spectrum into the elementary nodes is still forbidden, then in the quantum vacua with higher values of topological number |N| > 1 the low-energy fermionic spectrum obeys the invariance under anisotropic scale transformation. An example of the anisotropic scale transformation is r → br , t → b^zt with z ≠ 1, i.e. one has different scale transformation for space and time and thus contrary to the relativistic systems with z = 1 space and time cannot be united into space-time. Systems with anisotropic scaling in 3+1 and 2+1 vacua are discussed in Ref. [2] and in Refs. [3, 4, 5, 6, 7, 8], respectively. In a simple case of 2+1 systems, such as multilayered graphene [9], the scaling parameter z coincides with topological charge of the node in the energy spectrum, z = |N|, in other words, the anisotropic scaling is topologically protected.

Physics obeying the topologically protected anisotropic scaling is fundamentally different from the relativistic physics. It emerges in the vacua, which belong to different topological classes, and thus cannot overlap with the relativistic physics. The transition between different topological classes cannot occur adiabatically. That is why the transfer from the vacuum with emergent relativistic physics to the anisotropic vacuum with a given scaling parameter z ≠ 1 occurs only by discontinuous jump – by quantum phase transition. The

1Corresponding author, e-mail: zubkov@itep.ru

Preprint submitted to Elsevier May 28, 2013

same refers to the quantum transitions between anisotropic vacua with different z. Thus, the topologically protected quantum vacua with anisotropic scaling open the new natural area for application of quantum field theory. For example, while traditional relativistic QED was considered as the function of the space dimension D [10], the general QED must be considered as function of two parameters, D and N [8]. The QED with the anisotropic scaling can be realized in the multilayered graphene, and it is essentially richer than the relativistic QED with z = 1. The modified Heisenberg-Euler action describing the polarization of the anisotropic quantum vacuum with z ≠ 1 has been discussed in Refs. [8, 11, 12]. In particular, this effective action has different scaling laws for electric and magnetic fields.

The anisotropic scaling can be useful also to quantum gravity. For example, the vacua with topologically protected anisotropic scaling can host the Hořava gravity, which is based just on the idea of anisotropic scaling [13, 14, 15]. The advantage of the Hořava extension of general relativity is that for z = 3 the quantum gravity can be ultraviolet complete.

The natural question is how the other quantum phenomena, such as Hawking radiation [16] and Unruh effect [17], which are intrinsic to the quantum vacuum, are modified compared to the relativistic case. The related phenomenon – Schwinger pair creation in electric field in anisotropic vacuua – has been considered in Refs. [8, 11, 12]. In the relativistic vacuum, the Bekenstein conjecture of the generalized second law of the black hole thermodynamics [18] and Hawking conjecture of the black hole radiance [16] indicated the close connection between general relativity (GR) and thermodynamics of the quantum vacuum. This was followed by the Unruh conjecture [17] that the detector moving in the Lorentz invariant vacuum with constant acceleration views the quantum vacuum as a thermal background. The latter indicated the close connection between the thermodynamics and the vacuum in special relativity. Then the thermal behavior of the quantum vacuum has been extended to the expanding Universe [19]. At the same time, it was found that the vacuum of Lorentz invariant quantum electrodynamics (QED) in an exactly constant electric field E can be also understood as a thermal background characterized by the temperature parameter [20] (for recent papers see [21]).

All these phenomena occurring in the relativistic quantum vacuum are interrelated and have similar properties. In particular, the power spectrum of the vacuum noise (or the detector-response function) seen by a uniformly accelerated observer in flat spacetimes depends on space dimension D, and for even D it exhibits the phenomenon of the apparent inversion of statistics [23]. A similar phenomenon of the inversion of spin-statistics relation occurs for the vacuum polarization in a constant electric field [20, 25]. As another example, it is argued that the same back reaction effect of particle creation influences the vacuum of QED in electric field and the quantum vacuum in the de Sitter space-time [26]. This implies the instability of the de Sitter vacuum towards decay, which remains the issue of controversy [27, 28, 29, 30, 31]. Extension of the stability analysis to de Sitter vacuum with different z ≠ 1 has been considered in Ref. [32].

Here we discuss the modification of the thermal properties of the quantum vacuum as compared to the Lorentz invariant vacua. We consider the particle production in electric field and the Unruh effect in the anisotropic scaling system, such as multilayered graphene. In general anisotropic case the energy distribution of electron-hole pairs in electric field and the distribution detected by the accelerated observer do not look as thermal. Nevertheless the distributions depend on the same dimensionless quantity E/T , where T is some effective parameter of dimension of energy, which is determined by electric field or acceleration correspondingly and by the integer parameter z. This indicates the new type of quantum criticality [33, 34, 35, 36, 37, 38], emerging in the anisotropic vacua with z ≠ 1. We will also discuss the opportunities to study these effects in the multilayer graphene experimentally.

2. Unruh temperature in multilayer graphene

In this section we extend the notion of Unruh temperature T_U to the field theory of multilayer graphene (with ABC stacking). Namely, we introduce it as the typical energy of processes that take place in the presence of external force F acting on the quasiparticles. (In the case of external electric field E we have F = eE.) We consider classical motion of quasiparticles, introduce the generalized acceleration that characterizes this motion, and relate it to the Unruh temperature. We give qualitative estimate of the “typical” energy in graphene in the presence of external force. This estimate is considered as the definition of Unruh temperature and will be given in Eq. (7). It will be shown in the following sections that this temperature enters the considered distributions over energy ω of the electron - hole pairs in a number of situations. Namely these distributions depend on the ratio ω/T_U .

2.1. Classical motion of quasiparticles

We deal with the two-component spinors placed in the external electric field directed along the x-axis. We introduce the external force F acting on the fermion excitation adding the potential energy F x to the one-particle Hamiltonian. Then the Hamiltonian for low-energy fermionic quasiparticles propagating in the system with anisotropic scaling z = J has the form

H = H_0 + F x, H_0 = 0 v ( p̂_x − ip̂_y )_J v ( p̂_x + ip̂_y )_J 0 . (1) Here v = v_F is the Fermi velocity for the case of monolayer (J = 1) and v = 1/2m for the case of bilayer (J = 2), where m ≈ 0.028m_e [39] and m_e is the free-electron mass. In general case v ∝ t^{1−J}_⊥ v^J_F , where t_⊥ is the interlayer hopping parameter. Here and further in the text we work in the system of units with h̄ = 1. Schrödinger equation has the usual form i∂_tΨ = HΨ . (2) We consider the fermion excitations with fixed value of the transverse momentum p_y: Ψ(t, x, y) = e^{ipy y}ψ(t, x). The conserved transverse momentum p_y plays the role of mass of the one-dimensional fermion (multiplied by v_F instead of the speed of light). We denote p_y = M = Mv_F . The corresponding energy spectrum is E = ±v ( p_x^2 + M^2 )_{J/2} = ±t^{1−J}_⊥ v^J_F ( p_x^2 + M^2v^2_F )_{J/2} . Since p_y plays the role of mass, it is natural to identify the generalized acceleration as a = F/M = v_F F/p_y. To justify this choice, let us apply classical approximation to ψ(t, x) with the corresponding classical Hamiltonian H_{cl}(p_x, x) = F x + v ( p_x^2 + p^2_y )_{J/2} . (3)

Hamilton equations of motion give classical trajectory that corresponds to ẋ(0) = 0: x(t) = vF^{J−1} ( t^2 + v^2_F a^2 )_{J/2} − vF^{J−1} v^J_F a^J + x(0) , a = F M = v_F F p_y . (4)

This is the generalization of the relativistic J = 1 case, where Eq.(4) describes the hyperbolic motion with correctly determined linear acceleration a. The particular case p_y = 0 corresponds to the trajectory

x(t) = vF^{J−1}|t|^J + x(0) (5)

2.2. Unruh temperature

As it was mentioned above we define the Unruh temperature T_U as the “typical” energy of processes taking place in the system under the action of the external force. We estimate this energy semiclassically using the above mentioned classical trajectory for the particular case p_y = 0. Hamiltonian equations relate classical momentum to time as p_{cl} = F t. In Eq. (3) both terms of the Hamiltonian are typically of the same order. So, we can estimate the energy scale as T_U ∼ vp^J_{cl} ∼ vt^J F^J . Here typical values of time are related to energy by the uncertainty relation tT_U ∼ 1. Thus we get T_U ∼ ( vF^J ) 1_{J+1} (6) For J = 1 we shall typically use the definition T_U = ( v_F F ) 1_2 /(2π). For J ≥ 2 we shall define T_U = ( vF^J ) 1_{J+1} . For the completeness let us rewrite the expression for the Unruh temperature at J ≥ 2 in the usual system of units (with the dimensional Fermi velocity for the single-layer graphene v_F and the Plank constant h̄ restored):

T_U = t_⊥ ( v_F F h̄ t^2_⊥ ) J_{J+1} (7) with t_⊥ ≈ 0.4 eV, and v_F ≈ c/300, where c is the speed of light. Here it is used that v = t^{1−J}_⊥ v^J_F .

2.3. Generalized acceleration

The identification of Eq. (4) for the generalized acceleration does not work for the case of Eq. (5), i.e. for p_y = 0. This is the case that was used above for the estimate of the “typical” energy T_U . Unruh temperature in (quasi) relativistic models is related to the acceleration as T_U = a/(2πv_F ). This allows us to estimate the “typical” acceleration in the presence of the external force F for the multilayer graphene. For J ≥ 1 we define the acceleration as equal to the Unruh temperature of Eq. (7) multiplied by the Fermi velocity v_F .

The same result is obtained when we define the generalized acceleration as F/M_{ef f} , where the effective mass M_{eff} is played by vacuum fluctuations of the p_x projection of momentum, ⟨|p_x|⟩. The latter can be found from the Hamiltonian (3) at p_y = 0. The contribution of two terms to the energy of vacuum fluctuations is of the same order, while the fluctuations ⟨|x|⟩ and ⟨|p_x|⟩ are related by the Heisenberg uncertainty relation: ⟨|x|⟩ ∼ 1/⟨|p_x|⟩. Then one has F/⟨|p_x|⟩ = v⟨|p_x|⟩^J which gives M_{eff} ∼ ⟨|p_x|⟩/v_F = (F/v)^{1/(J+1)}/v_F and the generalized acceleration a = F/M_{eff} .

In the special case J = 2 the equation a = F/M_{eff} is applicable also for massive case M ≠ 0. The reason for that is that the trajectory (4) for J = 2

x(t) = vF t^2 + x(0) = F t^2 2m + x(0) , (8)

does not depend on M and thus the generalized acceleration should be the same as for M = 0. The trajectory (8) is similar to the trajectory of a Galilean particle with mass m, and at first glance the properly determined acceleration is the Galilean acceleration a = F/m. However, the considered particles are essentially non-Galilean, since they have positive and negative branches of energy spectrum E = ±v ( p_x^2 + p_y^2 ) , which correspond to the gapless energy spectrum with parabolic touching. That is why instead of Galilean acceleraton a = F/m, the characteristic acceleration is determined by the quantum fluctuation of p_x on the trajectory, as in the case of M = 0, i.e. a = F/M_{eff} ∼ v_F F (1/mF )^{1/3}.

So, in what follows the generalized acceleration in 2+1 anisotropic scaling systems can be defined as

a = v_F F/|p_y| for J ≠ 2 , p_y ≠ 0 , (9) a = v_F F ( v F )_{1/(J+1)} = v_F T_U for J = 2 , or for J > 2 , p_y = 0 . (10)

3. Accelerated observer interacting with quantum fluctuations

In this section we consider the effect of the vacuum fluctuations on the observer accelerated by the constant external force in the 2+1 quantum vacuum with anisotropic scaling. As an example, we shall use the multilayer graphene with rhombohedral (ABC...) stacking [9], in which the topologically protected scaling exponent z coincides with the number of layers, z = J [4, 8].

3.1. Trajectory of the detector, the interaction between the detector and the fermionic excitations, and the click rate In principle, one can use any trajectory of the detector. In this section we shall consider for J ≥ 2 the trajectory given by Eq. (5). For the special case J = 1 we consider different trajectory because Eq. (5) at J = 1 would lead to the singularity.

In this section we assume that the detector interacts with the fermion excitations via the term V_{interaction} ∼ ψ^+O_Aψ (11) with some operators O_A. Different choices of these operators correspond to different practical realizations of Unruh detector. In real graphene various experimental situations may be suggested corresponding to different practical realizations of the Unruh detector. In subsection 3.7 we shall briefly consider one of the realizations, - the Raman scattering from the spot moving along the graphene sheet. In this case rough approximation gives V_{interaction} ∼ ψ^+σ^aσ^bψ (a, b = 1, 2) if the scattered light is not polarized and its direction is orthogonal to the graphene sheet. It is worth mentioning that in this particular situation as well as in the other possible experiments the microscopic description of the Unruh detector is rather complicated. However, the properties of the spectra become independent on the practical realization, and, in particular, on the form of V_{interaction} for the energies much larger than T_U , when the semiclassical approximation works. Therefore, expressions obtained semiclassically in subsection 3.6 are universal. Nevertheless, for the completeness we consider several cases, when the problem can be solved exactly. The considered cases correspond to idealized Unruh detectors corresponding to different trajectories and different interaction terms Eq. (11).

The response function responsible for the transition of the detector to the excited state is (Eq. (3) of [45]):

Ḟ_t(ω) = 2Re ∫_∞ 0 dfe^{−iωf} W (t, t − f) (12) In Eq. (12) we encounter the Wightman function W (t_1, t_2) of two currents ψ^+O_Aψ. However, for t_1 > t_2 it is equal to the T -ordered two-particle Green function. We represent it as

W (t_1, t_2) = ⟨T ψ^+(t_1, x[t_1])O_Aψ(t_1, x[t_1])ψ^+(t_2, x[t_2])O^+_A ψ(t_2, x[t_2])⟩ ∼ Tr O_AG(t_1 − t_2, x[t_1] − x[t_2]) O^+_A G(t_2 − t_1, x[t_2] − x[t_1]), t_1 > t_2 (13)

where G is the single-fermion Green function. It is worth mentioning that the expression for the click rate written in this form resembles the conventional expression for the cross - section of the deep inelastic processes like e^+ +e^− → hadrons. Both quantities are related to the imaginary parts of the corresponding polarization operators. In fact, the derivations of these expressions are similar. In Eq. (13) we should consider carefully the limit t_1 − t_2 → 0 (see discussion at the end of this subsection).

The summation over A is assumed in Eq. (13). Below we concern several particular choices of O_A. In pure relativistic 2 + 1 theory there are the following two natural choices: V_{interaction} ∼ ψ̄ψ = ψ^+σ^3ψ and V_{interaction} ∼ ψ̄σ^μψ = ψ^+σ^3σ^μψ, μ = 1, 2, 3. In non - relativistic models of graphene the natural choices are: V_{interaction} ∼ ψ̄ψ = ψ^+σ^3ψ, V_{interaction} ∼ ψ^+ψ, V_{interaction} ∼ ψ^+σ^aψ, a = 1, 2, and V_{interaction} ∼ ψ^+σ^aσ^bψ, a, b = 1, 2. The latter case corresponds to Raman scattering from the moving spot for the nonpolarized light incoming (and outgoing) within the beam orthogonal to the graphene plane (see subsection 3.7). In the relativistic case in 4D the Unruh detectors interacting with the electron-hole pairs were considered in [47].

The response function is expressed as follows:

Ḟ_0(ω) ∼ Re ∫_∞ 0 dte^{−iωt} Tr O_AG(−t, −x[t])O^+_A G(t, x[t]) (14) We need to substitute into this expression the particular trajectory of the detector and the particular operators O_A corresponding to the interaction of electron - hole pairs with the internal degrees of freedom of the detector. The integral in Eq. (14) may be divergent at t → 0. Let us consider the polarization operator Π(t, x) = iTr O_AG(−t, −x)O^+_A G(t, x) (15) The expression Q(ω, x) = Im ∫_{+∞} 0 dt exp ( −iωt ) Π(t, x) gives the probability that the detector at rest (x = const) absorbs (ω > 0) or emits (ω < 0) the electron - hole pair. Correspondingly, Q(ω, x) should vanish for ω > 0 because there are no free electron - hole pairs in vacuum. We consider the analytical continuation of Π(t, x) to negative values of t, and extend integration to the whole real axis of t. Now we already must remember, that we deal with the Wightman functions. According to the general properties of Wightman functions, Π(−t, x) = −Π^∗(t, x). We close the contour in the lower half of the complex plane. The resulting integral vanishes only if there are no poles within this contour. That is, Π(t, x) is analytical in the lower half of the complex t - plane.

If the singularities appear at t ∈ R, we should go around them from the bottom. This gives the rules of going around poles. These rules are equivalent to the existence of infinitely small imaginary contribution to t. We are to substitute everywhere Π(t − iϵ, x) instead of Π(t, x). Thus we shift in Eq. (14) the integration to t − iϵ: Ḟ_0(ω) ∼ Re ∫_∞ 0 dte^{−iωt} Tr O_AG(−t + iϵ, −x[t])O^+_A G(t − iϵ, x[t]) (16) This is the standard way of the regularization of Wightman functions (see, for example, [22, 24]). We adopt it throughout the text of the present paper when the nonrelativistic results are concerned. However, for the true relativistic case considered in section 3.4 there is a certain complication [45, 46].

3.2. The two point Green function

The two point Green function can be expressed as G(t, x) ∼ ∫ dϵd^2pe^{−iϵt+ipx x}G(ϵ, p) (17) Here G(ϵ, p) is the fermion Green function in momentum space: G(ϵ, p) = i ϵ − H_0[p]

= R[p]^+ i ϵ − v|p|^J σ^3 R[p],

R[p] = 1 √ 2 1 (_{p∗} |p| )_J − (_p |p| )_J 1 , p = p1 + ip2 (18)

In order to go around the poles correctly in the integral over ϵ we consider the Wick rotated Green functions. We introduce the Euclidean time z: t = −iz. Integration over the Euclidean frequency ω (ϵ = −iω) gives for z > 0: ∫_∞ −∞ dω e^{iωz} ω − iv|p|^J σ^3 = 2πi ( e^{−v|p|J z} 0 0 0 ) (19)

One can see, that for z > 0 the Green function describes the propagation of the excitation with positive energy (electron). As a result

G(iz, x) = −πi ∫ d^2p e^{i(p,x)−vz|p|J} 1 (_{p∗} |p| )_J (_p |p| )_J 1 = ( G_{11} G_{12} G_{12} G_{11} )

G_{11}(iz, x) = −2π^2i ∫ pdp J_0(|p|x) exp(−vz|p|^J ) G_{12}(iz, x) = −2π^2i ∫ pdp i^J J_J (|p|x) exp(−vz|p|^J ) (20) At z < 0 we have ∫_∞ −∞ dω e^{iωz} ω − iv|p|^J σ^3 = −2πi ( 0 0 0 e^{−v|p|J |z|} ) (21)

This corresponds to the propagation of the excitation with negative energy (hole). For the elements of the Green function we have at z < 0:

G_{11}(iz, x) = 2π^2i ∫ pdp J_0(|p|x) exp(−v|z||p|^J ) G_{12}(iz, x) = −2π^2i ∫ pdp i^J J_J (|p|x) exp(−v|z||p|^J ) (22) Next, we rotate back the Green function to real time t = iz, and get:

G_{11}(t, x) = −2 sign(t) π^2i ∫ pdp J_0(|p|x) exp(−iv|t||p|^J ) G_{12}(t, x) = −2π^2i ∫ pdp i^J J_J (|p|x) exp(−iv|t||p|^J ) (23) Below we shall describe several particular cases.

3.3. The case J = 1

In this subsection we consider the (emergent) relativistic invariant interaction term corresponding to O_A = σ_3 that gives Ḟ_0(ω) ∼ 2 Re ∫_∞ 0 dte^{−iωt} 1 (v^2t^2 − x^2(t))^2

, (24)

and the case O_A = σ_aσ_b corresponding to Raman scattering. In the latter case

Ḟ_0(ω) ∼ 2 Re ∫_∞ 0 dte^{−iωt} t^2 (v^2t^2 − x^2(t))^3

(25)

Substituting here the trajectory Eq. (5) with x(0) = 0 we get the singularity. Therefore, we consider the motion along the following trajectory, which experiences the thermal-like radiation [49]. This is

x[t] = tu_0th at u_0

(26)

with the limiting velocity which is smaller than the effective speed of light, u_0 < v. The correlation function for the electron - hole pairs has the poles at t = 0 and at t = ± u_0 a [iπ/2 ± (1/2)log v + u_0 v − u_0 ] (27)

(compare this with Eqs. A.2, A.7 in [49].) Therefore, both expressions for the click rate Eq. (24) and Eq. (25) contain Boltzmann exponent. Expressions Eq. (24), (25) are divergent at t → 0. As it was explained at the end of section 3.1, we apply the conventional regularization of the Wightman functions shifting the argument t to t − iϵ with small ϵ (see also [45]). In addition, the real part of 2 ∫_∞ 0 is equal to ∫_∞ −∞. The contour is closed either in the lower half of the complex plane or in the upper half of the complex plane depending on the sign of ω.

For the case of the emission of the electron - hole pair the dominant nonexponential term ∼ ω^3 is given by the pole at t = 0. For the case of the absorbtion of the pair the pole at t = 0 does not enter the expression for the click rate, and the term corresponding to the second pole dominates. The corresponding tunneling exponent is given by Ḟ_0(ω) ∼ exp ( − ω T ) , ω > 0 (28)

with the temperature T =^a_{2πu0} . This is similar to Unruh temperature but with the limiting speed u_0 on the trajectory instead of the effective ”speed of light” v.

3.4. J = 1: true relativistic case

In this subsection we consider the situation that cannot be realized in real graphene. However, it resembles the true relativistic case and, therefore, deserves the consideration. Namely, we suppose, that the internal degrees of freedom of the detector are invariant under the Lorentz symmetry. This occurs in true relativistic 2 + 1 model.

We consider the hyperbolic motion t(s) = v a sh (as/v), x(s) = v^2 a ch (as/v) − v^2 a (29)

with the linear acceleration a. Instead of Eq. (12) we use

Ḟ_t(ω) = 2Re ∫_∞ 0 dS[f]e^{−iωS[f ]} W (t, t − f) (30) where S is the internal time of the detector, and

Ḟ_0(ω) ∼ Re ∫_∞ 0 dS[t]e^{−iωS[t]} Tr G(−t, −x) G(t, x) (31) instead of Eq. (14). We have

Ḟ_0(ω) ∼ Re ∫_∞ 0 dse^{−iωs} 1 (v^2t^2(s) − x^2(s))^2 ∼ ∫_∞ −∞ dse^{−iωs} 1 sh^{4 as}_{2v}

(32)

The regularization described in section 3.1 applied here would lead to the values of Ḟ_t(ω) depending on t. Fortunately, for t = 0 the answer is obtained that coincides with the result obtained in Refs. [45, 23], when the finite small size of the detector is taken into account. We suggest the following resolution of this puzzle. Since the interaction between the detector and the electron - hole pairs in this case is completely Lorentz invariant we should consider the Wightman functions that describe emission/absorbtion in the reference frame moving together with the detector. The arguments of section 3.1 then lead us to the conclusion that the shift is to be applied to variable s (time in the moving reference frame) instead of t. Then the regularized Wightman function W (t[s_1 − iϵ], t[s_2 + iϵ]) coincides with the Wightman function regularized as in Eq. (20) of [45].

Thus, we assume that the integration contour is shifted to s − iϵ with small ϵ. Then the integral is equal to the sum over poles:

Ḟ_0(ω) ∼ ω^3 ∑ k>0 e^{− ωT}U^k ∼^{ω3}_e ω_{TU −1} , ω > 0 ω^3 ∑ k≥0 e^{− |ω|T}U^k ∼^{ω3} e |ω| TU −1 e^{|ω|T}U , ω < 0 (33)

Here T_U = a/(2πv) is the Unruh temperature. Thus the ratio of the absorption probability to the emission probability is ∼ e^{−ω/TU} .

3.5. The Dirac-Galilean case J = 2, the interaction term corresponds to Raman scattering In this subsection we consider again the interaction term V_{interaction} ∼ ψ^+σ^aσ^bψ that corresponds to Raman scattering. For the parabolic trajectory Eq. (8) the problem can be solved exactly. Here

G_{11}(iz, x) = −sign(z) 2π^2 i 2v|z| e^{− 14v|z| x2} G_{12}(iz, x) = −2π^2 i 2v|z|x^2 (−4v|z| + e^{− 14v|z| x2} x^2 + 4e^{− 14v|z| x2} v|z|) (34) and W (iz) = G_{11}(iz, x)G_{11}(−iz, −x) ∼ π^4 v^2z^2 e^{− 12vz x2} (35)

Next, we substitute z = it, and the trajectory x[t] from Eq. (8) with x[0] = 0: W (t) ∼ − π^4 v^2t^2 e^{i2 vF 2 t3} (36)

The click rate (response function) has the form

Ḟ_0(ω) ∼ − ∫_∞ −∞ dse^{−iωs/T (2)U} 1 s^2 e^{i2 s3} . (37)

Here T^{(2)}_U is the Unruh temperature for vacua with J = 2, it is determined by the generalized acceleration in Eq.(10) and is given by Eq. (7):

T^{(2)}_U = (h̄2F 2 2m )_{1/3} (38)

(in this expression we have restored the Planck constant).

Expression Eq. (37) is linearly divergent at s → 0. The regularization described in section 3.1 effectively results in the shift of the integration contour to s−iϵ with small ϵ. This is equivalent to the following regular expression for the click rate:

Ḟ_0(ω) ∼ π(1 − sign(ω)) |ω| T^{(2)}_U − ∫_∞ −∞ dse^{−iωs/T (2)U} ( 1 s^2 e^{i2 s3} − 1 s^2 ) . (39)

In principle, the integral can be taken and expressed through the generalized hypergeometric functions [53]. However, we do not present here the corresponding lengthy result since the regular expression of Eq. (39) itself can be used effectively for the calculation of the values of the distribution and for the drawing of the plot. This distribution is highly asymmetric. For ω → −∞ it tends to infinity, while for ω → +∞ it tends to zero.

Alternatively, this integral can be taken using the stationary phase approximation. At ω > 0 and ω ≫ T^{(2)}_U there are the stationary points s = ± √_{2ω} 3T^{(2)}_U . The asymptotic expansion at large ω may be

obtained similar to that of the Airy function [48]:

Ḟ_0(ω) ∼

(3T (2)_U 2ω )_{5/4} cos [( 2ω 3T^{(2)}_U )_{3/2}] , ω ≫ T^{(2)}_U , (40)

The derivation of this result admits the following interpretation. If we disregard the pseudospin structure, in the reference frame moving together with the detector the one - particle hamiltonian has the form H = −2vF p_xt̃ + vp^2_x + vp^2_y. It depends on time t̃, and the one - particle problem becomes non - stationary. In the above expressions the motion starts at t̃ = 0 and ends at t̃ = t. The momentum p does not depend on time but it depends on t at the end of the time interval. The ”classical” motion corresponds to the extremum of ∫_t 0 H(t)dt̃ = −vF p_xt^2 + vp^2_xt + vp^2_yt with respect to p_x, p_y, and gives p_{cl,y} = 0, p_{cl,x} =^F_2 t. The corresponding energy as a function of time satisfies ∫_t 0 E(t̃)dt̃ = −^{vF 2}_4 t^3. In semiclassical approximation the wave function of the electrons/holes contains the factor exp(−i ∫_t 0 E(t̃)dt̃) ∼ exp(i^{vF 2}_4 t^3). Because of the interaction with the detector (the interaction potential is given by Eq. (11)) the hole may be transformed to electron at any time. Therefore, the process is allowed, when first, the pair is created, and second, it is annihilated. The amplitude is proportional to exp(−2i ∫_t 0 E(t̃)dt̃) ∼ exp(i^{vF 2}_2 t^3). The amplitude of the process with the two changes of the energy of the detector by ±ω is given by the Fourier transformation A ∼ ∫ dt(...) exp(−iωt − 2i ∫_t 0 E(t̃)dt̃) = ∫ dt(...) exp(−iωt + i vF^2 2 t^3) (41)

By unitarity the total probability that the detector emits/absorbs the pair is proportional to the imaginary part of A.

Signs in Eq. (41) are important. This is also important that positive values of ω correspond to the absorption of the electron - hole pairs. Those signs can be checked as follows. Eq. (41) is similar to the quantum mechanical expression for the amplitude of the excitation of the quantum level with energy 2E by the absorption of the light with frequency −ω > 0. In the simplest case when E is positive and does not depend on time the integral over t gives the delta - function of (ω + 2E). This delta - function may be nonzero for the excitation of the quantum level (ω < 0). It vanishes for the inverse process (ω > 0) because the system is assumed to be in the ground state.

At negative values of ω corresponding to the emission of pairs and at |ω| ≫ T^{(2)}_U the dominant term corresponds to the Loran expansion at s = 0. This gives the power - like behavior: Ḟ_0(ω) ∼ 2π |ω| T^{(2)}_U

, ω < 0. (42)

Equations (37) and (40) are similar to equations which determine thermal effects in systems at quantum criticality, where the thermodynamic and kinetic parameters depend on frequency and temperature through their ratio ω/T . This generalizes the Hawking and Unruh effects to the vacua with anisotropic scaling. This consideration clearly demonstrates an intimate relation between Lorentz invariance of the field theory and Boltzmann distribution in statistical physics. For the theory at J = 1 with emergent Lorentz invariance the trajectory of the detector Eq. (4) being substituted to the expression for the click would give the singularity. Therefore, we considered the alternative trajectory Eq. (26) that leads to the Boltzmann distribution of the pairs absorbed by the detector Eq. (28). The true Lorentz invariant theory leads to the Boltzmann distribution as well. For non-Lorentz invariant theory with J = 2, there is no Boltzmann distribution for absorbed particles. Instead, we have the law of Eq. (40).

3.6. Arbitrary J ≥ 2, the semiclassical consideration

For arbitrary J ≥ 2 we have (in the case of Raman scattering with O_A = σ_aσ_b):

Ḟ_0(ω) ∼ σ̇_0(ω) ∼ ∫ dte^{−iωt}G_{11}(t, x)G_{11}(−t, −x) = 4 π^4 ∫_{∞−i0} 0−i0 dt ∫_∞ 0 pdp ∫_∞ 0 p^′dp^′ J_0(px[t]) J_0(p^′x[t]) exp(−iωt − ivt(p^J + [p^′]^J ),

x[t] = vF^{J−1}t^J (43)

(For the definition of σ(ω) see subsection 3.7.)

Already for J = 3 the elements of the two - point Green function are represented as a rather complicated composition of generalized hypergeometric functions. Therefore, for J ≥ 3 we apply the semiclassical approximation that works at |ω| ≫ T_U . One of the advantages of the semiclassical consideration is that the pseudospin degrees of freedom of the electrons and holes are neglected. Therefore, the practical choice of operators O_A entering the interaction term Eq. (11) does not matter.

Let us consider the trajectory Eq. (5) for J ≥ 2. The dimensionality analysis demonstrates that the general form of the click rate is

Ḟ_0(ω) ∼ ∫_∞ −∞ dse^{−iωs/T (J)U} g_J (s) (44) with some function g_J (t), and T^{(J)}_U given by Eq.(7):

T^{(J)}_U = (F^J v)^{1/(J+1)} = a/v_F . (45)

At ω ≫ T_U (absorption) in semiclassical approximation we have G(t, x[t]) ∼ ∑ N=0,1;K=0..J−2 C_{NK} t^{J−1} exp ( i (J − 1) J^{J/(J−1)} vF^J t^{J+1}e^{iπ 2K+N JJ−1} ) , (46)

where C_{NK} are constants, and Ḟ_0(ω) ∼ Re ∫_∞ 0 dte^{−iωt}G^2(t, x[t]) (47) There are several stationary points in the complex plane. The dominant contribution corresponds to the terms with N = K = 0 in Eq. (46). Stationary phase approximation gives the following asymptotic behavior (the consideration is similar to that of the Airy function [48]):

Ḟ_0(ω) ∼ (T (J)_U ω )^{5(J−1)}_{2J} cos [ β ( ω T^{(J)}_U )_{1+1/J} + const ] , β = J^{J/(J−1)} [2(J^2 − 1)]^{1/J} (J + 1)

(48)

This result corresponds to the absorption of the electron - hole pairs by the detector. Emission of the pairs by the detector corresponds to the power - like behavior that can be extracted from the Loran expansion of the integrand in Eq. (47). Since the integration contour should be shifted to t − i0 we can calculate the residue of the integrand at t = 0. The result gives the power - like dependence on ω:

Ḟ_0(ω) ∼ ( |ω| T^{(J)}_U )_{2J−3} , |ω| >> T^{(J)}_U , ω < 0. (49) Applying the same technique to Eq. (32) we can obtain the dominant power - like term for the emission of the pairs in the relativistic case ∼ |ω|^3 that can also be seen in the exact result Eq. (33). This behavior is in some sense similar to that of considered in [50] and in Sec. 31.4 of [2], where the power-law asymptote for radiation from rotating black hole is obtained by tunneling method.

3.7. Discussion of possible experiments with the accelerated detector of electron - hole pairs Experiments for the case of “accelerating detector” look difficult but not impossible: one should create a laser spot moving along the graphene surface with acceleration and measure the Raman scattering from such a spot. The emission (adsorption) of electron-hole pairs by the moving spot corresponds to Stokes (anti-Stokes) Raman scattering, with the lower (higher) frequency of the scattered light in comparison with the incident one. In order to check the distributions obtained in this section this spot should move along the corresponding trajectories given by Eq. (5). One should expect a huge asymmetry, with the oscillating factor for the dependence on ω for the absorption versus the power-law for the emission. Unruh effect corresponds to the absorption of the electron - hole pairs by the accelerated detector, or, better to say, the Unruh effect probability is the ratio of the absorption probability to the emission probability. In order to model the Unruh detector the absorbtion of the incoming photon and emission of the secondary photons should occur in the small vicinity of the spot and without the essential delay. Otherwise the spot cannot be considered as the point - like detector moving along the given trajectory.

The detailed consideration of this process, and the questions related to the delays and the correlation length of Raman scattering from the spot is out of the scope of the present paper. Nevertheless, in order to understand, what plays the role of the operator O_A of Eq. (11) in this case, let us consider the simplest diagram that describes the Raman scattering. The incoming photon is transformed to the electron - hole pair. Next, the electron and the hole scatter elastically on the atoms of the crystal lattice. During this scattering process the momentum of the incoming photon (minus the momentum of the outgoing photon) is absorbed by the crystal lattice. After that the scattered electron emits the outgoing photon^2. The initial state is vacuum, the final state includes the created electron - hole pair.

For the cross section of the Raman scattering from the moving spot we have σ_T (ω) ∼ ∫_T −∞ dt ∫_T −∞ dt^′e^{−iω(t−t′)} ∑ a,b ⟨0|ψ^+(x[t^′])σ_bσ_aψ(x[t^′])ψ^+(x[t])σ_aσ_bψ(x[t])|0⟩ (50)

Here the sum is over the polarizations a, b = 1, 2 of incoming and outgoing photons. The so - called click rate [45] is given by the derivative of σ with respect to T in the integral over t:

σ̇_0(ω) ∼ 2 Re

∫_0 −∞ dte^{−iωt} ∑ a,b ⟨0|ψ^+(x[t])σ_bσ_aψ(x[t])ψ^+(x[0])σ_aσ_bψ(x[0])|0⟩ (51)

We come to Eq. (12) calculated for the interaction term Eq. (11) with O_A = σ_aσ_b. Eq. (51) was derived for the emission of electron - hole pairs. This corresponds to negative values of ω. For the spot at rest σ̇(ω) vanishes for ω > 0 since there are no free electron - hole pairs in vacuum. However, for the accelerated spot σ̇(ω) already does not vanish for positive ω. This means that the energy of the scattered photon may be larger than the energy of the incoming photon. This can be interpreted as the detection of the electron - hole pairs by the Unruh detector.

It is worthwhile to note that the moving laser beams were successfully used to study quantum phenomena in ultracold gases [51]. The laser spot moving along the circular trajectory in BEC has been suggested [52] to study the analog of Zel’dovich-Starobinsky effect [50], which is similar to the effects discussed here.

4. The system in the presence of electric field

In the presence of external electric field electron - hole pairs are created due to the Schwinger mechanism. These pairs may be detected in some way by the detector at rest. This situation is somehow similar to that of the accelerated detector considered in the previous section. Namely, free electrons and holes would move with the acceleration (in opposite directions). In some sense we may speak on the “accelerated vacuum” in this situation.

2Actually, the hole may emit the photon, and this may happen before the scattering on the crystal lattice. Also, the photon may first scatter elastically on the lattice, and then be transformed to the electron - hole pair. But the description of the corresponding processes will lead to the same final answer for the operator O_A.

4.1. Distribution of electron-hole pairs as a function of energy

The one-particle Hamiltonian for 2D massive fermions with anisotropic scaling E^2 = v^2(p^2_x + p^2_y)^J in electric field E has the form H = Ex v ( p̂_x − ip̂_y )_J v ( p̂_x + ip̂_y )_J Ex (52)

Here p̂_j = −i∂_j ; we use the units h̄ = e = 1.

Integration over the classically forbidden region gives us the pair production probability (probability of the Schwinger effect) [8]

|η_0|^2 = exp ( −α v E p^{J+1}_y ) , α = 2B (1 2 , J + 2 2 ) (53)

The energy of the electron-hole pair is ω = 2v(p^2_x + p^2_y)^{J/2}. The distribution of the created pairs as a function of energy has the form: f(ω) = ∫ dp_xdp_ye^{−α vE pJ+1y} δ(ω − 2v(p^2_x + p^2_y)^{J/2})

∼ ∫ (_ω 2T )_{1/J} − (_ω 2T )_{1/J} dq exp ( −α ((_ω 2T )_{2/J} − q^2 )_{(J+1)/2})

ω^{1−2/J} ((_ω 2T )_{2/J} − q^2 )_{1/2}

∼ ∫_1 −1 dx exp ( −α (_ω 2T )_{(J+1)/J} ( 1 − x^2

)_{(J+1)/2})

ω^{1−1/J} ( 1 − x^2 )_{1/2}

∼ 1 ω^{1−1/J} ∫_1 0 dz exp ( −α ( ω 2T )_{(J+1)/J} z ) z^{1/(J+1)−1} ( 1 − z^{2/(J+1)} )_{1/2−1} (54)

Let us introduce the Unruh temperature T = T^{(J)}_U in correspondence with Eq. (7):

T^{(J)}_U = (E^J v)^{1/(J+1)} (55)

(we use here E instead of F .)

4.2. Particular cases

For J = 1 we arrive at f(ω) ∼ ∫_1 0 dz exp^{−α} (_ω 2T )_2 z z^{1/2−1} ( 1 − z )_{1/2−1}

= π exp ( − α 2 ( ω 2T )_2) I_0 ( α 2 ( ω 2T )_2) (56)

This distribution was also derived in Ref. [54], where the spontaneous recombination of electrons and holes created due to the Schwinger effect in monolayer graphene was considered.

For J ≥ 2 the function f(ω) is expressed through the generalized hypergeometric functions (for their

definition see [53]). In general case ω^2f(ω) is the analytical function of ζ = α (_ω 2T )_{(J+1)/J} : ω^2f(ω) ∼ ζ ∫_1 0 dz exp ( −ζz ) z^{1/(J+1)−1} ( 1 − z^{2/(J+1)} )_{1/2−1} (57)

This integral is convergent for any values of J. It can be represented as a composition of the generalized hypergeometric functions. For example, for J = 2: ω^2f(ω) ∼ − 2 3 ζ^2_3F_4

[_{23}

, 1,^4_3 ;^{ζ2}_4 5 6 ,^7_6 ,^3_2 ,^3_2 ] + π 2 ζ_2F_3

[_{16} ,^5_6 ;^{ζ2}_4 1 3 ,^2_3 , 1 ] (58)

In this expression the functions_pF_q at small values of the argument are given by [53] pF_q [ a_1, ..., a_p; z b_1, ..., b_q ] = ∞∑ n=0 (a_1)_n...(a_p)_n (b_1)_n...(b_q )_n z^n n! , (a)_n = a(a + 1)...(a + n − 1) (59)

4.3. Asymptotic expansions

The expansion of Eq. (59) works in a vicinity of z = 0 and does not work for z → ∞. In order to evaluate the distributions at ζ → ∞ we use integral representation Eq. (57). We obtain:

f(ω) ∼ ζ^{1−JJ+1} Γ(1/(J + 1)) 1 ζ^{1/(J+1)} ∼ 2T_U ω , ω ≫ T_U (60)

One can see that the dominant term is power - like. Among the other terms there are also the subdominant terms that contain the tunneling exponent e^{−ζ} (this may be obtained as an expansion near z = 1 in the integral of Eq. (57)). It is instructive to compare this with the behavior of the distributions of electron - hole pairs detected/emitted by the moving Unruh detector. Eqs. (57),(60) are to be compared with Eq (48). In both cases there is the dependence on ζ = (_ω 2T^{(J)}_U )_{1/J+1} . This indicates that the two phenomena may indeed be similar, but there is no direct correspondence. In the distribution of the electron - hole pairs created in external Electric field the leading term is power - like. This is somewhat similar to the distribution of pairs absorbed by the accelerated detector Eq. (48). However, the powers are different, and in the latter case the distribution contains also the oscillating factor.

4.4. f(ω) expressed through the Green functions

Expression Eq. (54) can be rewritten as f(ω) = ∫ dτe^{iωτ} ∫ dp_xdp_ye^{−α vE pJ+1y −iτ 2v(p2x+p2y )J/2} ∼ ∫ dτe^{iωτ} W (τ) (61) Recall that the expression Q = −α^v_E p^{J+1}_y has its origin at

Q = 2 Im ∫ Pdx, (62) where P = √( (E − Ex)/v )_{2/J} − p^2_y (63)

is the classical momentum. This, in turn, may be obtained as a semi-classical approximation to the representation

f(ω) = Re ∫ dτe^{iωτ} ⟨ψ̄(0, 0)ψ(0, 0)ψ̄(τ, x)ψ(τ, x)⟩dx ∼ Re ∫ dτe^{iωτ} Tr G_E (τ, x) G_E (−τ, −x)dx (64) Here fermion Green functions in external electric field are present. This expression is to be compared with Eq. (14).

4.5. Discussion of possible experiments with the “accelerated vacuum” of graphene

Relevant energies of electron excitations for this case lie in the infrared, which allows us to suggest for the detection an efficient optical tool, namely, the electron Raman scattering (see, e.g., [57]). One should probe the dependence of the Raman spectra on electric field. This will correspond to our case of “accelerating vacuum”. Another way to probe the distribution of the electron - hole pairs on energy is to consider the spontaneous recombination of electrons and holes forming the electron - hole plasma [54] which may be in principle probed via luminescence.

Of course, estimation of the Unruh temperature is crucially important for the choice of the proper experimental technique. First, notice that graphene is very robust material with respect to electric breakdown; the current densities such as (3 − 4) × 10^4 A/m are reachable (for recent references, see [55, 56]) which corresponds to the electric fields E_c ≈ 10^8 −10^9 V/m. According to Eq. (38), for the case of bilayer graphene it corresponds to Unruh temperature as large as 0.5 eV ≈ 6000 K. So strong electric fields produce a strong heating [56] and this, of course, can be a serious problem but even for the orders of magnitude weaker fields the Unruh temperature can be still quite high (it is about 10 meV for E ≈ 3 × 10^6 V/m). Relevant energies of electron excitations for this case lie in the infrared, which allows us to suggest for the detection an efficient optical tool, namely, the electron Raman scattering (see, e.g., [57]).

One should keep in mind, however, that below the energy of the order of 10 meV the effects of trigonal warping and electron-electron interactions become important [9, 39] with the reconstruction of parabolic touching point to several conical touching points at low energies. This means that for the electric fields E ≈≪ 10^6 V/m) we will probe these conical points rather than the parabolic point, and the Unruh spectra should be similar to those for the single-layer graphene. However, the Fermi velocity for these new conical points is much smaller than in the single-layer graphene (1.4 × 10^5 m/s and 9 × 10^5 m/s, respectively [39]) which will lead to an essential increase of the Unruh temperature (inversely proportional to the Fermi velocity), the effect which looks very interesting by itself.

Alternative types of detection of the created electron-hole pairs and their spectroscopy are emission Mössbauer spectroscopy (one should put on graphene, e.g., radioactive^{57}Co) [58] or electron spin resonance [59] of magnetic adatoms on graphene. In both cases the spectra are modulated by the fluctuating electron density. However, optical methods (Raman spectroscopy) look the most promising and realistic.

5. Massive 1D fermions

In this section we consider the dynamics of the one - dimensional system with the Hamiltonian given by Eq. (1), where p_y is fixed and is equal to M playing the role of effective mass of the fermionic excitations. The multilayer graphene itself (at ABC stacking) can be considered as a collection of such 1D systems corresponding to different values of M. The one - dimensional system considered in this section is naturally realized in graphene nanoribbons that is the thin strip of the multilayer graphene. The values p_y are quantized there [9], and the subsystems with different values of M = p_y can be distinguished from each other (see, e.g., the discussion of conductance quantization in Section 5.5 of the book [9]).

5.1. Müller temperature for 1+1 massive fermions in electric field

In the presence of constant external electric field we deal with the “accelerated vacuum”. We consider the Hamiltonian Eq. (1) in the case when p_y is fixed and equal to M. Then p = p_x + iM, and one-particle Hamiltonian for 1D massive fermions with anisotropic scaling E^2 = v^2(p^2 + M^2)^{J/2} in electric field E has the form H = Ex v ( p̂_x − iM )_J v ( p̂_x + iM )_J Ex (65)

Integration over the classically forbidden region gives us the pair production probability [8]

|η_0|^2 = e^{−2JB}

(_3

2 ,^J_2 ) vM^{J+1} /E , . (66)

With the definition of generalized acceleration a = v_F E/M of Eq.(9) this expression resembles the thermal distribution. Namely, we may represent

|η_0|^2 = exp ( − vM^J T_M ) , T_M = γ^{−1}h̄a/v_F , a = v_F ṗ M = v_F E M , γ = 2J π B (3 2 , J 2 ) . (67)

with the analogue of Müller temperature [20] T_M . (In the last expression we restore Plank constant h̄.) In the relativistic systems (J = 1) the Müller temperature T_M = h̄a/πc is twice the Unruh temperature T_U = h̄a/2πc [17], see e.g. recent paper [21]. The only difference from the relativistic system is that in anisotropic scaling system the pre-factor depends on J.

5.2. Unruh effect at |ω| ≫ T_U

In this subsection we consider the situation, when the detector moves in the given 1D system along the trajectory given by Eq. (4). With p = p_x + iM one has the Green’s function of 1D quasiparticles

G̃(it, 0) = 2πi ∫ dp_x e^{ipx x−v|t||p|J} 1 sign(t) (_{p∗} |p| )_J sign(t) (_p |p| )_J 1 = ( G_{11}(it) G_{12}(it) G_{21}(it) G_{11}(it) )

G_{11}(it) = (2π)i ∫ dp_x exp(ip_xx − v|t|(p^2_x + M^2)^{J/2})

G_{12}(it) = sign(t) (2π)i ∫ dp_x exp(ip_xx − v|t|(p^2_x + M^2)^{J/2}) ( p_x − iM (p^2_x + M^2)^{1/2} )_J

G_{21}(it) = sign(t) (2π)i ∫ dp_x exp(ip_xx − v|t|(p^2_x + M^2)^{J/2}) ( p_x + iM (p^2_x + M^2)^{1/2} )_J (68)

We evaluate the Green function in the semi - classical approximation. Then G(t, x[t]) ∼ ∫ dp_x e^{ipxx−iv|t||p|J} (69) Stationary phase conditions give

x = v|t|Jp_x(p^2_x + M^2)^{J/2−1} (70)

Below we consider the two particular cases (J = 1, 2) of Unruh radiation of massive particles with the energy near to the threshold 2E(p = 0) = 2vM^J .

1. J = 1.

In this case we have G(t, x[t]) ∼ e^{iπ/4} v|t|^{1/2} exp ( −ivM √ 1 − ( x vt )_2 |t| ) (71)

As a result

Ḟ_0(ω) ∼ Re ∫_∞ 0 dt i vt exp ( −iωt − 2ivM √ 1 − ( x vt )_2 t ) ∼ ∫_∞ −∞ dt i vt exp ( −iωt − 2ivM √ 1 − ( x vt )_2 t ) (72) Here the trajectory of the detector x(t) is given by Eq. (4): x(t) = v ( t^2 + v^2 a^2 )_{1/2} − v v a (73)

We also use the following parametrization of this trajectory: t(s) = v a sh (as/v), x(s) = v^2 a ch (as/v) − v^2 a (74)

We come to Ḟ_0(ω) ∼ i ∫_∞ −∞ ds 1 th (as/v) exp ( − iv a [ ω sh (as/v) + 4vM sh as 2v ]) (75)

At ω ∼ 2vM ≫ T_U =^{a2}_{v3 M} we can apply the stationary phase approximation. For 0 < ω < 2vM and |ω−2vM| 2vM << 1 there are no stationary points at real s but there is the stationary point at imaginary values of s in the lower half of the complex plane. Therefore, the absorbtion of the electron - hole pairs is described by the tunneling exponent. One can define the effective chemical potential μ_{ef f} = 2vM and the effective Unruh temperature T_U =^{a2}_{v3 M} =^{F 2}_{vM 3} . Then

Ḟ_0(ω) ∼ e^{−4} √ 6 (_{|ω−μef f |} TU )_{1/2} , |ω − 2vM| ≪ 2vM, ω ≫ a/v, ω < 2vM (76) It is worth mentioning that in this case the Unruh temperature is not given by Eq. (7). Instead we have the relation that involves both mass parameter M and the acceleration a. For ω > 2vM there is the stationary point for the real value of s that results in the appearance of the oscillating factor in Ḟ_0(ω):

Ḟ_0(ω) ∼ sin ( 4 √ 6 (|ω − μ_{ef f} | T_U )_{1/2}) , |ω − 2vM| ≪ 2vM, ω ≫ a/v, ω > 2vM (77) 2. J = 2.

In this case G(t, x[t]) ∼ e^{iπ/4} |t|^{1/2} exp ( i 4 v|t|(F t − M)(F t + M) ) (78)

As a result Ḟ_0(ω) ∼ ∫_∞ −∞ dt i vt exp ( −iωt + i 2 vt(F t − M)(F t + M) ) (79)

Next, we use the stationary phase approximation. It is valid at |ω| ≫ T_U = (vF^2)^{1/3}. Positive values of ω correspond to the absorbtion of the electron - hole pairs. The Unruh temperature for this case T_U ∼ (vF^2)^{1/3} is equal to that of defined by Eq. (7) with the generalized acceleration of Eq.(10) as expected for the J = 2 case, when the generalized acceleration does not depend on M. We denote μ_{ef f} = 2vM^2, and get similar to the case of the Airy function [48]:

Ḟ_0(ω) ∼ sin (2√6 9 ( ω + μ_{ef f} T_U )_{3/2}) , ω ≫ T_U , |ω − 2vM^2| 2vM^2

≪ 1 (80)

5.3. Suggested experiments

To probe the distributions obtained in this section we suggest the same methods as suggested in Sections III and IV but for the graphene nanoribbons. Namely, Raman scattering and spontaneous recombination can be used to probe the spectrum of electrons and holes created during the Schwinger process. The Raman scattering from the moving spot can be used to probe the Unruh effect itself.

6. Conclusions

Vacua with anisotropic scaling, such as r → br , t → b^zt, represent new topological classes of quantum vacua, where the scale parameter z is determined by the topological charge of the quantum vacuum. The relativistic invariance emerges only in one of the the universality classes of vacua, where topology supports the isotropic scaling z = 1. Anisotropic scaling naturally emerges in many condensed matter systems, including multilayer graphene. That is why it is instructive to consider general properties of such quantum vacua. Here we discussed the quantum effects, such as Unruh radiation and Schwinger pair production, in vacua which belong to universality classes with topologically protected anisotropic scaling. Though these effects do not possess thermal properties relevant for the relativistic class of quantum vacua with z = 1, some features are proved to be universal. Both effects, Unruh radiation and Schwinger pair production, are characterized by the modification of correspondingly Unruh and Müller temperatures. This characteristic temperature is proportional to the acceleration properly generalized to systems with the anisotropic scaling in Eqs. (9) and (10). As a rule such temperature does not describe any thermal distribution of radiated excitations. Instead it acts as the temperature, which enters the thermodynamic and kinetic parameters of the many-body system in the vicinity of the quantum phase transition, where the vacuum experiences the properties of quantum criticality.

Acknowledgements

M.A.Z. kindly acknowledges useful discussions with M.Lewkowicz, B.Rosenstein, and E.Akhmedov. This work was partly supported by RFBR grant 11-02-01227, by Grant for Leading Scientific Schools 6260.2010.2, by the Federal Special-Purpose Programme ’Cadres’ of the Russian Ministry of Science and Education. MIK acknowledges a financial support by FOM (the Netherlands). GEV acknowledges financial support by the EU 7th Framework Programme (FP7/2007-2013, grant #228464 Microkelvin) and by the Academy of Finland through its LTQ CoE grant (project #250280).

References

[1] P. Hořava, Phys. Rev. Lett. 95 (2005), 016405.

[2] G.E. Volovik, ”The Universe in a Helium Droplet”, Clarendon Press, Oxford (2003).

[3] G.E. Volovik, ”Quantum phase transitions from topology in momentum space”, in: ”Quantum Analogues: From Phase Transitions to Black Holes and Cosmology”, eds. W.G. Unruh and R. Schützhold, Springer Lecture Notes in Physics 718 (2007), pp. 31–73; cond-mat/0601372.

[4] J.L. Manes, F. Guinea and M.A.H. Vozmediano, Phys. Rev. B 75 (2007), 155424.

[5] P. Dietl, F. Piechon and G. Montambaux, Phys. Rev. Lett. 100, 236405 (2008); G. Montambaux, F.

Piechon, J.-N. Fuchs, and M.O. Goerbig, Eur. Phys. J. B 72 (2009), 509–520; arXiv:0907.0500.

[6] S. Banerjee, R. R. Singh, V. Pardo and W. E. Pickett, Phys. Rev. Lett. 103 (2009), 016402.

[7] T.T. Heikkilä and G.E. Volovik, Pis’ma ZhETF 92 (2010), 751–756; JETP Lett. 92 (2010), 681–686;

arXiv:1010.0393.

[8] M.I. Katsnelson, G.E. Volovik and M.A. Zubkov, Ann. Phys. 331 (2013), 160; arXiv:1206.3973.

[9] M.I. Katsnelson, ” Graphene: Carbon in Two Dimensions” (Cambridge Univ. Press, Cambridge, 2012).

[10] S.K. Blau, M. Visser and A. Wipf, Int. J. Mod. Phys. A 6 (1991), 5409–5433.

[11] M.I. Katsnelson and G.E. Volovik, JETP Lett. 95 (2012), 411–415; arXiv:1203.1578.

[12] M.A. Zubkov, Pis’ma ZhETF 95 (2012), 540–543; arXiv:1204.0138.

[13] P. Hořava, Phys. Rev. Lett. 102 (2009), 161301.

[14] P. Hořava, Phys. Rev. D 79 (2009), 084008.

[15] P. Hořava, JHEP 0903 (2009), 020

[16] S.W. Hawking, Nature 248 (1974), 30–31 [17] W.G. Unruh, Phys. Rev. D 14 (1976), 870 [18] J.D. Bekenstein, Phys. Rev. D 7 (1973), 2333 [19] G.W. Gibbons and S.W. Hawking, Phys. Rev. D 15 (1977), 2738 [20] B. Müller, W. Greiner and J. Rafelski, Phys. Lett. A 63 (1977), 181–183 [21] Lance Labun, Johann Rafelski, Phys. Rev. D 86 (2012) 041701 arXiv:1203.6148; arXiv:1204.4665. [22] N. D. Birrell, P. C. W. Davies, ”Quantum fields in curved space”, Cambridge University Press (1982). [23] S. Takagi, Prog. Theor. Phys. Supplement 88 (1986), 1–142 [24] Emil T. Akhmedov, Douglas Singleton, Pisma Zh.Eksp.Teor.Fiz. 86 (2007) 702-706 arXiv:0705.2525;

Int.J.Mod.Phys. A22 (2007) 4797-4823, hep-ph/0610391 [25] W-Y. Pauchy Hwang, Sang Pyo Kim, Phys. Rev. B 80 (2009), 065004 [26] D. Krotov and A.M. Polyakov, Nucl. Phys. B 849 (2011), 410–432; arXiv:1012.2107 [27] A.A. Starobinsky and J. Yokoyama, Phys. Rev. D 50 (1994), 6357 [28] A.M. Polyakov, Nucl. Phys. B 797 (2008), 199; arXiv:0709.2899. [29] A.M. Polyakov, Nucl. Phys. B 834 (2010), 316, arXiv:0912.5503. [30] E.T. Akhmedov, JHEP 1201 (2012), 066; arXiv:1110.2257. [31] F.R. Klinkhamer, Mod. Phys. Lett. A 27 (2012), 1250150; arXiv:1205.7072. [32] Yongqing Huang, Anzhong Wang and Qiang Wu, Mod. Phys. Lett. A 25 (2010), 2267 [33] William Witczak-Krempa, Pouyan Ghaemi, T. Senthil, and Yong Baek Kim, Phys. Rev. B 86 (2012), 245102 [34] William Witczak-Krempa, Subir Sachdev, Phys. Rev. B 86 (2012), 235115 [35] Thomas Faulkner, Nabil Iqbal, Hong Liu, John McGreevy, David Vegh arXiv:1003.1728 [36] P. Limelette,V. Ta Phuoc, F. Gervais, and R. Fresard, Phys. Rev. B 87 (2013), 035102 [37] Subir Sachdev and Bernhard Keimer, Phys. Today 64 (2011), 29 [38] B. Gouteraux, E. Kiritsis, JHEP 1112 (2011), 036; arXiv:1107.2116.

[39] A.S. Mayorov, D.C. Elias, M. Mucha-Kruczynski, R.V. Gorbachev, T. Tudorovskiy, A. Zhukov, S.V.

Morozov, M.I. Katsnelson, V.I. Fal’ko, A.K. Geim, K.S. Novoselov, Science 333 (2011), 860. [40] Jaume Garriga, Sugumi Kanno, Misao Sasaki, Jiro Soda, Alexander Vilenkin, JCAP 1212 (2012) 006, arXiv:1208.1335.

[41] M. I. Krivoruchenko, Phys. Rev. D 86 (2012), 027704. [42] M. I. Krivoruchenko, Phys.Rev.D86 (2012), 027704, arXiv:1206.3836. [43] C. Xu and P. Hořava, Phys. Rev. D 81 (2010), 104033. [44] J. Schwinger, Phys. Rev. 82 (1951) 664.

372.

[45] S.Schlicht, Class. Quant. Grav 21 (2004), 4647

[46] Luis C. Barbado, Matt Visser, Physical Review D 86 (2012) 084011 [47] C. H. G. Bessa, J. G. Duenas, N. F. Svaiter, Class. Quantum Grav. 29 (2012) 215011, arXiv:1204.0022 V. Shevchenko, Nuclear Physics B 870 (2013), 115, arXiv:1208.0777 [48] L.D.Landau, E.M.Lifshitz, ”Quantum Mechanics” (Volume 3 of A Course of Theoretical Physics) Pergamon Press 1965 [49] G.E.Volovik, Int. J. Mod. Phys. D 18 (2009), 1227–1241, arXiv:0803.3367. [50] Ya. B. Zel’dovich, JETP Lett. 14 (1971), 180–181.

Ya. B. Zel’dovich, JETP 35 (1971), 1085–1087. A.A. Starobinskii, JETP 37 (1973), 28–32.

[51] D. E. Miller, J. K. Chin, C. A. Stan, Y. Liu, W. Setiawan, C. Sanner, and W. Ketterle, Phys. Rev.

Lett. 99 (2007), 070402.

[52] H. Takeuchi, M. Tsubota and G.E. Volovik, J. Low Temp. Phys. 150 (2008), 624—629; arXiv:0710.2178. [53] H. Bateman, A. Erdelyi, ”Higher Transcendental Functions”, McGraw-Hill, New York, 1953. [54] H.C.Kao, M.Lewkowicz, B.Rosenstein, Phys. Rev. B 84 (2011), 035414.

[55] A. Barreiro, F. Börrnert, M. H. Rümmeli, B. Büchner, and L. M. K. Vandersypen, Nano Lett. 12 (2012) 18731878 [56] F. Börrnert, A. Barreiro, D. Wolf, M. I. Katsnelson, B. Büchner, L. M. K. Vandersypen, and M. H.

Rümmeli, Nano Lett. 12 (2012), 44554459 [57] H. Farhat, S. Berciaud, M. Kalbac, R. Saito, T. F. Heinz, M. S. Dresselhaus, and J. Kong, Phys. Rev.

Lett. 107 (2011), 157401.

[58] G. K. Wertheim, ” Mössbauer effect: Principles and Applications” (Acad. Press, New York, 1964). [59] C. P. Slichter, ”Principles of Magnetic Resonance” (Springer, Heidelberg, 1996).