arXiv:1303.5602v2 [gr-qc] 24 Apr 2013

Will there be again a transition from acceleration to deceleration in course of the dark energy evolution of the universe?

Supriya Pan^1 Subenoy Chakraborty^2

Department of Mathematics, Jadavpur University, Kolkata-700 032, India.

Abstract

In this work we consider the evolution of the interactive dark fluids in the background of homogeneous and isotropic FRW model of the universe. The dark fluids consist of a warm dark matter and a dark energy and both are described as perfect fluid with barotropic equation of state. The dark species interact non-gravitationally through an additional term in the energy conservation equations. An autonomous system is formed in the energy density spaces and fixed points are analyzed. A general expression for the deceleration parameter has been obtained and it is possible to have more than one zero of the deceleration parameter. Finally, vanishing of the deceleration parameter has been examined with some examples.

Keywords : Deceleration parameter, Dark matter, Dark energy, Transition .

Pacs no : 98.80.Es, 98.80Cq, 04.20.-q, 04.60.Cf

1 Introduction

Recent observational data coming from Supernove Ia (SNe Ia) [1], large scale structure formation (LSS) [2], cosmic microwave background radiation (CMBR) [3], baryon acoustic oscillation (BAO) [4] and weak lensing [5] put a big question mark to the standard cosmology. As the gravity of both baryonic (ordinary) matter and radiation is attractive in nature, so standard cosmology predicts a deceleration of the universe while observationally the universe is currently going through an accelerated expansion. To overcome this challenging and intriguing problem in cosmology people are trying to modify the standard cosmology in two ways: (I) by incorporating a new form of matter called dark energy (DE) which has marginally dominant negative pressure component that drives the present acceleration of the universe [6]. (II) Secondly, the doubt about the applicibality of the General Relativity to describe the universe as a whole, results alternative theories of gravity. Also alternative theories of gravity are proposed to resolve the puzzles of theoretical and experimental gravity [7]. These include f(R) gravity theory [8], theories with other curvature invariants [9], Coupling the Ricci scalar to a scalar field [10] by introducing a vector field contribution [11], or by gravity theory in higher dimensional space-times [12]. In these theories to produce cosmic acceleration one does not require any exotic matter (i.e, DE) rather it is provided by the extra terms in the usual Friedmann equations on large scales [13]. Due to lack of any definite conclusion, various cosmological models have been proposed to match

1pansupriya051088@gmail.com 2schakraborty@math.jdvu.ac.in with recent observed data. ΛCDM model is the simplest one in this series. Although the model predicts cosmic acceleration as well as a reasonable agreement with observational data, but there are some embarrassing issues related to this model namely cosmological constant problem [14] (the huge discrepency between the observed value of the cosmological constant and the one predicted in quantum field theory), coincidence problem [15] (although generically small, but the cosmological constant happens to be exactly of the value required to become dominant at the present epoch) and recently, it was shown that the ΛCDM model may also suffer the age problem [16]. To overcome these puzzles, it is natural to persue alternative possibilities to explain the mystery of dark energy. In the literature it is assumed that the energy of the vacuum is zero (by some unknown cancellation mechanism) and in its place a dark energy components having dynamically variable equation of state is considered. Over the last decade, various dark energy models have been proposed namely, Quintessence [17], Phantom [18], K-esssence [19], Tachyon [20], Quintom [21], chaplygin gas [22], Holographic DE [23], the new age graphic [24], the Ricci DE [25] and so on. Motivated by the supersymmetric field theories and String/ M theory these DE models are represented by some effective scalar fields.

Further, though both the dark components (DE and DM) evolve differently, but cosmic observations predict their energy densities of the same order today. To overcome this Coincidence problem [26], both the dark components are assumed to interact non-gravitationally [27] through an additional term in the conservation equations. Also in the perspective of the present data the DE should be chosen such that there is a smooth transition across the phantom barrier from the above in near past [28]. In the present work, we propose a phenomenological cosmological model where the two dark species interact among themselves. The equation of state parameter for warm dark matter is chosen to be positive but gradually decreases while the DE equation of state parameter is negative throughout the evolution but otherwise unrestricted. The model describes the evolution of the universe from an initial dense radiation era (or a barotropic perfect fluid) when DM dominates over DE. Subsequently, DE takes an upper hand and the universe gradually enters into the accelerating phase. We mainly focus our attention how the evolution of the universe and its cosmic acceleration depend on the evolving equation of state parameters of the two dark specieses. we shall also examine (by examples) whether the accelerated expansion will continue forever or it is possible to have an ever expanding DE-dominated universe which passes through from deceleration to acceleration and vice versa. The paper is organized as follows: Basic equations for the phenomenological model has been presented in section 2. For two specific choices of the interaction term, the energy conservation equations are reduced to an autonomous system and critical points are analyzed in section 3. Section 4 presented a general prescription for the deceleration parameter and in section 5, it has been examined whether more than one transition is possible or not by some examples. Finally, in section 6, there is a brief discussion about the results obtained in this work.

2 Basic equations:

We start with homogeneous and isotropic FRW model of the universe filled with dark fluids- a warm dark matter of energy density ρ_m and a dark energy component described by the dark energy density ρ_d. As we are interested with the late time cosmic evolution so we have neglected other matter components namely radiation, baryons etc. For simplicity, both the dark fluids are assumed to have barotropic equation of state namely,

p_m = ω_mρ_m and p_d = ω_dρ_d (1)

where ω_m (> 0) and ω_d (< 0) are in general chosen as variables. So the Einstein field equations take the form 3(H^2 + κ a^2

) = ρ_m + ρ_d (2) and Ḣ − κ a^2 = − 1 2 [ρ_m(1 + ω_d) + ρ_d(1 + ω_d)] (3)

If we assume that the two dark components interact among themselves, then the continuity equations are of the form ρ̇_m + 3Hρ_m(1 + ω_m) = Q (4) and ρ̇_d + 3Hρ_d(1 + ω_d) = −Q (5)

where Q stands for the interaction between the dark sectors. For the time being we do not use any specific choice for Q, only assume that Q does not change its sign during the cosmic evolution. Now the above continuity equations can be written in the non-interaction form with effective equation of state parameters as ω_{me} = ω_m − Q 3Hρ_m and ω_{de} = ω_d + Q 3Hρ_d (6) As usual, if we assume that the energy is transferred from dark energy (DE) to dark matter (DM), i.e, Q > 0, then we have the following observations:

(a): For cold DM (i.e, ω_m = 0) we have effectively some kind of exotic DM (i.e, -ve equation of state parameter) in the presence of interaction. (b): For warm DM (i.e, ω_m > 0) it is likely to have a possible change of sign of the effective equation of state during cosmic evolution depending on the nature of the interaction and the strength of the coupling constant appeaaring in Q. (c) If the DE is chosen as the cosmological constant (i.e, ω_d = −1) then the effective DE will behave as a quintessence field (i.e, ω_{de} > −1). Also the effective DE fluid may be quintessence era even we choose phantom DE (i.e, ω_d < −1).

We now introduce the dimensionless parameter r =^{ρm}_{ρd} , which is also termed as the coincidence parameter. Using the energy conservation equations (4) and (5), the evolution equation for r with respect to τ = 3lna is given by (after some simplification) dr dτ = r[(ω_d − ω_m) + Q 3H (1 + r)^2 rρ_t ] (7)

where ρ_t = ρ_m + ρ_d, is the total energy density of the dark fluids. Also using the above energy conservation equations the evolution of ρ_t is given by dρ_t dτ = −[1 + rω_m + ω_d 1 + r

]ρ_t (8)

The fixed points of equations (7) and (8) are given by

r_c = −

1 + ω_d 1 + ω_m (9) and ρ_c = − Q 3H ω_m − ω_d (1 + ω_m)(1 + ω_d)

(10)

where in the last equation we have used equation (9) for r_c. It is to be noted that as r_c and ρ_c are positive definite so we must have phantom DE, i.e, ω_d < −1.If ω_m = 0, i.e, for cold DM to have a realistic fixed point (i.e, +ve stationary energy density and coincidence parameter) there must be an exchange of energy from phantom DE to cold DM. The same is true for warm DM also. It is to be noted that the result still remains valid even for −1 < ω_m < 0.

3 Fixed points and stability analysis for Holographic dark energy model:

In this section we shall choose DE as the Holographic dark energy (HDE) model with event horizon as IR cut off. If R_E is the radius of the event horizon then from the Holographic principle [29] we have

R_E = c H √ Ω_d

(11)

where the dimensionless parameter ’c’ is determined by observational data [30]. However, in the present work we have taken c to be arbitrary. Also Ω_d =^{ρd}_{3H2} is the usual density parameter for DE. Now using the conservation equation (5) and the Friedman equations (2) and (3) the evolution of the DE can be written as Ω′_d Ω_d

= (1 − Ω_d)[3ω_m + 1 + 2 √ Ω_d c ] − QΩ_d Hρ_d (12)

where ′ stands for differentiation with respect to x = lna.The equation of state parameter for the HDE has the form ω_d = − 1 3 (1 + 2 √ Ω_d c ) − Q 3Hρ_d (13)

Note that ω_d does not depend explicitly on ω_m. Also it should be mentioned that if ω_m = 0 then with proper choice of Q, one gets back to equations (5) and (6) of reference [30] (or equations (23) and (24) of reference [31]) from equations (12) and (13) respectively. We shall analyze the evolution equations for the following two choices of the interaction term :

(a) :Q = 3Hb^2(ρ_m + ρ_d) , (b) :Q = 3λHρ_d (14)

with b^2 and λ as the couplng constants.

Case I: Q = 3Hb^2(ρ_m + ρ_d)

This expression for the interaction term was first introduced to study coupling between a quintessence scalar field and a pressureless cold DM field [27], so that the coincidence problem can be resolved by scaling solution and the universe approaches a stationary stage (i.e, r = constant). Subsequently, this form of interaction was derived in the context of HDE with Hubble scale as the IR cut off [27] and also with event horizon as the IR cut off [31]. Now for this choice of Q and using the equation of state parameter ω_d for HDE from equation (13), the energy conservation equations can be written as

ρ′_m = 3ρ_m[b^2(1 + 1 r ) − (1 + ω_m)] (15) and ρ′_d = −2ρ_d[1 − 1 c √ 1 + r

] (16)

If ω_m is assumed to be constant then equations (15) and (16) form an autonomous system in the (ρ_d, ρ_m) plane. Hence at the fixed points the coincidence parameter has the constant value

r_0 = 1 c^2

− 1 (17) which implies c^2 < 1. Also ω_m corresponding to the fixed points has the value

ω_m = b^2(1 + 1 r_0

) − 1 = b^2 1 − c^2

− 1 (18)

As ω_m > 0, so c^2 is restricted by the relation

1 − b^2 < c^2 < 1 (19)

However, in the plane (ρ_d, ρ_m) the fixed points lie on a straight line with positive slope (^1_{c2} − 1). The phase portrait has been presented in Figure (I). In particular, if the DM is chosen in the form of Dust (i.e, Cold DM), then we have b^2 = 1 − c^2, r_0 =^{b2}_{c2} and hence the coincidence problem will have a solution by proper choice of the coupling parameters.

Figure I: The figure shows the phase portrait around the line of fixed points, where for the solid and dashed curves the initial values of (ρ_m, ρ_d) are (1, 0.1) and (0.8, 0.2) respectively. For both the curves we have taken b = 0.85, ω_m = 0.4 and c = 0.6.

Case II: Q = 3λHρ_d

This choice of interaction term appears to be phenomenological but it is compatible with observations [32] like SnIa, CMB, lagre scale structure, H(z), age constraints and recently in galactic clusters observations. Here λ is a small dimensionless positive parameter and factor ’3’ is chosen for simplicity of calculations.

In this case, the energy conservation equations have the explicit form ρ′_m = 3ρ_m[^λ_r − (1 + ω_m)] and ρ′_d = −2ρ_d[1 −^1_c^√_{1+r} ]

As before they form an autonomous system for constant ω_m in the (ρ_d, ρ_m) plane and the fixed points are characterized by

ω_m =^λ_{r0} − 1, r_0 =^1_{c2} − 1 As ω_m ≥ 0, so the parameters are restricted by the relation 1 1+λ^2 ≤ c

2 < 1

where the equality sign holds for cold DM. Similar to the previous case we have a line of fixed points with positive slope^{1−c2}_{c2} in (ρ_d, ρ_m) plane as shown in Figure (II).

‘ Figure II: The figure gives an idea of the phase portrait around the line of critical points where for the solid and dashed curves the initial values of (ρ_m, ρ_d) are (0.8, 0.2) and (1, 0.1) respectively. For both the curves we have taken λ = 0.6, ω_m = 0.5 and c = 0.6.

In the above discussion for both the cases the self-autonomous system can be written as ρ′ = ϕ(ρ) with ρ = (ρ_m, ρ_d). To determine the stability criteria around the fixed points we expand the ρ around ρ_0 (critical point), i.e, ρ = ρ_0 + x, where the perturbation of the variables x satisfies (upto first order) x′ = Mx. The linearized perturbation matrix M characterizes the fixed points and the stability criteria is determined by T rM < 0 and detM > 0. However, in the present problem we have detM = 0 (in both the cases), so the fixed points are degenerate equilibrium points. Further, the eigenvalues of the linearized matrix M are 0 and Tr M, so the fixed points are non-hyperbolic in nature and it is not possible to obtain any conclusive information about the stability from linearization- one needs Normal forms calculations [33] or numerical experimentations.

4 A general prescription for deceleration parameter:

Introducing the density parameters Ω_m =^{ρm}_{3H2} and Ω_d =^{ρd}_{3H2} and the deceleration parameter q = −(1 +^Ḣ_{H2} ), the field equations (2) and (3) can be written as

Ω_m + Ω_d = 1 + Ω_κ (20) and q = 1 2 (1 + Ω_κ) + 3 2 (Ω_dω_d + Ω_mω_m) (21)

with Ω_κ =^{κ/a2}_{H2} .

Now solving for Ω_m and Ω_d we obtain

Ω_m = [2q − (1 + 3ω_d)(1 + Ω_κ)]/3(ω_m − ω_d) (22) and Ω_d = [(1 + ω_m)(1 + Ω_κ) − 2q]/3(ω_m − ω_d) (23)

Hence the positivity of the density parameters restrict the deceleration parameter as

1 + 3ω_d 2 (1 + Ω_κ) ≤ q ≤

1 + 3ω_m 2 (1 + Ω_κ) (24)

which for the ΛCDM model (i.e, ω_m = 0, ω_d = −1, κ = 0 ) simplifies to −1 ≤ q ≤^1_2 and describes the whole evolution from dust era to ΛCDM. On the otherhand, during DE dominance (i.e,^1_2 ≤ Ω_d ≤ 1, 0 < Ω_m ≤^1_2 , with Ω_κ = 0) we have from (21)

1 + 3ω_d 2 ≤ q ≤ 1 2 + 3 4 (ω_m + ω_d) (25)

which on the phantom barrier (i.e, at the extreme DE era) simplifies to −1 ≤ q ≤ −^1_4 . If we consider the system of two dark fluids as a single fluid with energy density ρ_t = ρ_m + ρ_d, then the effective equation of state of the single fluid is

ω_t =

Ω_mω_m + Ω_dω_d 1 + Ω_κ

(26)

which does not depend on the interaction term. Hence the deceleration parameter simplifies to q = 1 2 (1 + 3ω_t)(1 + Ω_κ) (27)

which is the usual definition of the deceleration parameter for a single fluid.

Further, using the effective equation of state parameters from equations (6), the continuity equations (4) and (5) can be integrated to give

ρ_m = ρ_0 u^3 α(u) and ρ_d = ρ_0 u^3 β(u) (28) where u is a dimensionless variable defined as [34] u = a a_∗ , (29)

a_∗ = a(t_∗) is the value of the scale factor at the instant t_∗ when energy densities of both the dark components are identical (i.e, ρ_m(t_∗) = ρ_d(t_∗) = ρ_0(say)). Here,

α(u) = exp[−3 ∫ 1 u ω_{me}(x) x dx] and β(u) = exp[−3 ∫ 1 u ω_{de}(x) x dx] (30)

For flat space, the density parameters can be written as

Ω_m = α(u) α(u) + β(u) and Ω_d = β(u) α(u) + β(u) (31)

and the deceleration parameter takes the form q(u) = 1 2 + 3 2 [ α(u)ω_m + β(u)ω_d α(u) + β(u) ] (32)

Now differentiating (32) with respect to u we get (after some simplification) dq du = 3 2 (Ω_m dω_m du + Ω_d dω_d du ) + 9 2u Ω_mΩ_d[−(ω_m − ω_d)^2 + Q 3H ( 1 ρ_d + 1 ρ_m )(ω_m − ω_d)] (33)

As ω_m, the equation of state parameter for DM is always positive and decreases (or remains constant) with the evolution of the universe, so^{dωm}_{du} ≤ 0.On the otherhand, the DE equation of state parameter ω_d is always negative and^{dωd}_{du} can have any value (i.e, +ve or -ve). Thus^{dq}_{du} may change sign more than once during the evolution of the universe and hence it is possible to have more than one real solution of q(u)=0. Therefore, it is possible to have more than one transition from deceleration to acceleration and vice versa in course of the evolution of the universe. However, in absence of interaction (i.e, Q = 0) if^{dωd}_{du} ≤ 0 then q is a strictly decreasing function of u [34] and q(u) = 0 has exactly one real solution. Hence the interaction term has a significant effect in the transition from decelerating phase to accelerating phase or otherwise.

5 Cosmological models: Some examples

For flat model, from the equation (21), q = 0 gives

Ω_mω_m + Ω_dω_d + 1 3 = 0 i.e, ω_T + 1 3 = 0 (34)

Also from the above equation we have

ω_d = −

Ω_mω_m +^1_3 1 − Ω_m

(35)

we shall now consider the following cosmological models and examine whether more than one transition is possible or not.

5.1 Modified chaplygin gas:

The equation of state for modified chaplygin gas (MCG) is given by [35] p = γρ − B ρ^n (36)

where 0 < γ ≤ 1 and B, n > 0. Now, if MCG is considered as the combined DM and DE then the equation of state parameter is given by

ω_T = p ρ = γ − B ρ^{n+1} (37)

so from equation (34) we have ρ^{n+1} = B γ +^1_3

(38)

which has only one feasible solution. Thus, there is only one transition from deceleration to acceleration as predicted by observations in recent past. Further, from the combined energy conservation equation, i.e, from ρ̇ + 3H(p + ρ) = 0, for MCG model, we have on integration

ρ^{n+1} =^1_{γ+1} [C +^B_{aμ} ]

where, μ =3(γ+1)(n+1) and C is the constant of integration. Hence the scale factor at the transition point is given by a = [

B(γ +^1_3 ) B(γ + 1) − C(γ +^1_3 )

]^{1μ} (39)

provided the constant of integration ’C’ is restricted by the relation C <^{B(γ+1)}_{γ+ 13} .

Moreover, if MCG is chosen as the DE component then using the equation (35) we have

ρ^{n+1} = B γ +^{Ωmωm+ 13} 1−Ω_m (40)

Thus in any case we have only one transition from deceleration to acceleration to match with the present observation.

5.2 Holographic DE model:

If the DE is chosen in the form of holographic DE with equation of state parameter as equation (13) then from equation (35) we have 1 3 (1 +^2 √ Ω_d

c ) +^Q_{3Hρd} =^{ωm(1−Ωd)+ 13}_{Ωd} This simplifies to the cubic equation (choosing x = √ Ω_d ) 2 3c x^3 + ( 1 3 + ω_m)x^2 + (b^2 − ω_m − 1 3 ) = 0 (41)

when Q=3b^2H(ρ_m + ρ_d).

while we have the cubic equation 2 3c x^3 + (λ + 1 3 + ω_m)x^2 − (ω_m + 1 3 ) = 0 (42)

when Q = 3λHρ_d.

It should be noted here that both the cubic equations will have exactly one positive root (provided b^2 < ω_m +^1_3 ) irrespective of whether ω_m = 0 or not. So, in this case also we see that only one transition is possible.

5.3 The phenomenological model of the form p = −ρ −^{ABρ2α−1}_{Aρα−1+B} :

This is a phenomenological model in which singularities can appear in the past or in future, depending on the choice of the parameters ’A’ and ’B’. The following table shows the restrictions on the parameters of the model and the physical quantities that diverge, while the other quantities remain finite [36, 37]. Table I

Singularity Divergences of the physical parameters Restrictions on the model parameters Type I a → ∞, ρ → ∞, p → ∞^3_4 < α < 1, ∀ A, B Type II p → ∞ α < 0 or^A_B > 1 Type III ρ → ∞, p → ∞ α > 1 ∀ A, B Type IV p → ∞ 0 < α <^1_2 , ∀ A, B

Note that for α = 1, we have linear equation of state p = ωρ with ω = −1 −^{AB}_{A+B} , which is basically a constant and it is not of much interest. However, if B < 0 then strong energy condition, weak energy condition and null energy condition are satisfied but the dominant energy condition is violated here. Further, if α > 1 then we see that p → −ρ − Aρ^{2α−1} as ρ → 0 and p → −ρ − Bρ^α as ρ → ∞ Thus ω =^p_ρ → −1 − 0(or − 1 + 0) as ρ → 0 and A > 0(or < 0), while ω → +∞(−∞) when ρ → ∞ and B < 0(or > 0).

If the DE component is chosen as the above fluid then the equation of state parameter takes the form ω_d = −1 − ABρ^{2α−2}_d Aρ^{α−1}_d + B (43) and from the equation (35) we have the quadratic equation ABx^2 − Aδx − Bδ = 0 (44)

where x = ρ^{α−1}_d and δ =^{Ωm(1+ωm)− 23}_{1−Ωm} This quadratic equation has two positive real roots provided I. B < 0 II. Ω_m < minimum[^2_{3(1+ωm )} ,^{23 −4 B} 2 A 1+ω_m−^{4B2}_A ] and III.^{4B2}_A < minimum[^2_3 , (1 + ω_m)]

Thus under the above restrictions it is possible to have two transitions for q(u) as shown in Figure (III) Further, as in the present model ω_m ≥ 0, restriction (III) implies B^2 <^A_6 . Moreover, if the DM is chosen in the form of dust, i.e, ω_m = 0 and B^2 is chosen to be A/8, then the restriction (II) becomes Ω_m < minimum[^2_3 ,^1_3 ] =^1_3 , which is well within the observed estimation of DM component.

Figure III: These graphs show the variation of the deceleration parameter (q) with the dark energy density (ρ_d) for the phenomenological model described in 5.3.

6 Discussion and concluding remarks:

The present work is a model of interacting dark matter and dark energy where both the matter components are in the form of perfect fluid having barotropic equation of state. If due to interaction there is a energy flow from DE to DM then the effective equation of state parameters for both the fluids change significantly- DM has a tendency to become exotic while the effective DE may be still in quintessence era even when we have phantom DE. The evolution equations for energy densities of the dark species from a self-autonomous system provided the equation of state parameter for DM is taken as constant. We have a degenerate line of critical points which are non-hyperbolic in nature and hence the stability criteria can not be determined by linearization technique. In the subsequent section we have evaluated a general expression for the decelertion parameter in terms of the density parameters and the equation of state parameters-it does not depend on the interaction term explicitly. However, the evolution of the deceleration parameter depends on the interaction term as well as on the evolution of the state parameters. As from physical consideration, the DM equation of state parameter ω_m should be positive but decreases with the evolution of while DE equation of state parameter ω_d is chosen as negative, so depending on the nature of the interaction term there may be more than one sign change in the expression^{dq}_{du} in course of the evolution of the universe. Thus, it is natural to speculate that the universe will again be in decelerating phase after the present accelerating era. Finally, this speculation has been examined for some well known DE models and it is found that future decelerating era is possible only for the phenomenological model.

Acknowledgements: Author SC is thankful to the UGC-DRS programme and author SP

is thankful to The Council of Scientific and Industrial Research (CSIR), Govt. of India for Junior Research Fellowship.

References

[1] A.G. Reiss et al. [Supernova Search Team Collaboration], Astron. J. 116 (1998) 1009; S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517 (1999) 565; W. J. Percival et al. [The 2dFGRS Collaboration], M.N.R.A.S. 327 (2001) 1297; P. Astier et al. astro-ph/0510447; A.G. Reiss et al. [Supernove Search Team Collaboration], Astrophys. J. 607 (2004) 665.

[2] W. J. Percival et al. M.N.R.A.S. 327 (2001) 1297; M. Tegmark et al. [SDDS Collaboration], Phys Rev D. 69 (2004) 103501; U. Seljak et al. [SDDS Collaboration], Phys. Rev. D. 71 (2005) 103515.

[3] S.M. Spergel et al. astro-ph/0603449; A. C. S. Readhead et al. Astrophys. J. 609 (2004) 498;

J. H. Goldstein et al. Astrophys. J. 599 (2003) 773; E. Komatsu et al. [WMAP Collaboration], Astrophys.J. Suppl. 189 (2009) 330.

[4] D. J. Eisenstein et al. [SDDS Collaboration], Astrophys. J. 633 (2005) 560574.

[5] B. Jain and A. Taylor, Phys. Rev. Letts. 91 (2003) 141302.

[6] V. Sahni, Class. Quant. Grav. 19 (2002) 3435; T. Padmanavan, Phys. Rept. 380 (2003) 235.

[7] G. Esposito-Farese, Class. Quant. Grav. 25 (2008) 114017.

[8] S. Capozziello and M. Francaviglia, Gen. Relt. Grav. 40 (2007) 357; S. Nojiri and S. D. Odintsov, Phys. Rept. 505 (2011) 59; S. Capozziello and V. Faraoni, Beyond Einstein Gravity, Fundamental Theories of Physics, Vol. 170 (Springer,Dordrecht, 2011); T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82 (2010) 451.

[9] A. DeFelice, D. F. Mota and S. Tsujikawa, Phys. Rev.D. 81 (2010) 023532.

[10] H. Farajollahi, M. Farhoudi and H. Shojaie, Int. J. Theo. Phys. 49 (2010) 2558.

[11] J. Zuntz, T. G. Zlosnik, F. Bourliot, P. G. Ferreira and G. D. Starkman, Phys. Rev. D. 81 (2010) 104015.

[12] M. La Camera, Mod. Phys. Letts. A. 25 (2010) 25.

[13] C. Deffayet, G. R. Dvali and G. Gabadadze, Phys. Rev. D. 65 (2002) 044023; G. Dvali and M. S.

Turner, Dark energy as a modification of the Friedmann equation (2003), arXiv:astro-ph/0301510.

[14] S. Weinberg, Rev. Mod. Phys. 61 (1989) 1; S. M. Carroll, Liv. Rev. Relt. 4 (2001) 1.

[15] E. J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D. 15 (2006) 1753.

[16] R. J. Yang and S. N. Zhang, M. N. R. A. S. 407 (2010) 1835.

[17] R. R. Caldwell, R. Dave and P. J. Steinhardt, Phys. Rev. Letts. 80 (1998) 1582.

[18] R. R. Caldwell, Phys. Letts. B. 545 (2002) 17-22.

[19] C. Armendariz-Picon,V. Mukhanov and P. J. Steinhardt, Phys. Rev. D. 63 (2001) 103510.

[20] T. Padmanabhan, Phys. Rev. D. 66 (2002) 021301; A. Sen, Phys. Scr. T. 117 (2005) 70.

[21] E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D. 70 (2004) 043539; B. Feng, X. L. Wang and X. M. Zhang, Phys. Letts. B. 607 (2005) 35.

[22] A. Kamenshchik, U. Moschella and V. Pasquier, Phys. Letts. B. 511 (2001) 265; M. C. Bento, O. Bertolami and A. A. Sen, Phys. Rev. D. 66 (2002) 043507.

[23] A. G. Cohen, D. B. Kaplan and A. E. Nelson, Phys. Rev. Letts. 82 (1999) 4971; M. Li, Phys.

Lett. B. 603 (2004) 1.

[24] H. Wei and R. G. Cai, Phys. Letts. B. 663 (2008) 1; H. Wei and R. G. Cai, Phys. Letts. B. 660 (2008) 113.

[25] C. Gao, F. Wu, X. Chen and Y. G. Shen, Phys. Rev. D. 79 (2009) 043511.

[26] P. J. Steinhardt, In Critical Problems in Physics, edited by V.L. Fitch and D.R. Marlow (Princeton University, Princeton, NJ, 1997); I. Zlatev, L.-M. Wang and P. J. Steinhardt, Phys. Rev. Letts. 82 (1999) 896.

[27] L. Amendola, Phys. Rev. D. 62 (2000) 043511; W. Zimdahl, D. Pavon and L.P. Chimento Phys.

Lett. B 521 (2001) 133; Gen. Relt. Grav. 35 (2003) 413; M. Gasperini, F. Piazza and G. Veneziano, Phys. Rev. D. 65 (2001) 023508; W. Zimdahl, Int. J. Mod. Phys. D. 14 (2005) 2319; D. Pavon and W.Zimdahl,Phys. Lett. B. 628 (2005)206; G. Farrar and P.J.E. Peebles, Astrophys. J. 604 (2004) 1; S. del Campo, R. Herrera and D. Pavon, Phys. Rev. D. 70 (2004) 043540; Micheal S. Berger and H. Shojaei, Phys. Rev. D. 73 (2006) 083528; Bo Hu and Y. Ling, Phys. Rev. D. 73 (2006) 123510; Hui Li, Z. Guo and Y. Zhang, Int. J. Mod. Phys. D. 15 (2006) 869; A. P. Billyard and A. A. Coley, Phys. Rev. D. 61 (2000) 083503; M. Szydlowski, Phys. Letts. B. 632 (2006) 1; M. Szydlowski, T. Stachowiak and R. Wojtak, Phys. Rev. D. 73 (2006) 063516; L. P. Chimento, A. S. Jakubi, D. Pavon and W. Zimdahl, Phys. Rev. D. 67 (2003) 083513; gr-qc/0505020; L. P. Chimento and D. Pavon, Phys. Rev.D. 73 (2006) 063511;

[28] F.Arevalo, A. P. Ramos Bacalhau, W. Zimdahl, Cosmological dynamics with non-linear interactions, [astro-ph.COS/1112.5095].

[29] M. Li, Phys. Letts. B. 603 (2004) 1; Q. G. Huang and M. Li, JCAP 0408 (2004) 013; B. Wang, E. Abdalla and T. Osada, Phys. Rev. Letts. 85 (2000) 5507.

[30] B. Wang, Y. Gong and E. Abdalla, Phys. Letts. B. 624 (2005) 141.

[31] B. Wang, Y. Gong and E. Abdalla, Phys. Rev. D. 74 (2006) 083520.

[32] J. H. He and B. Wang, JCAP 06 (2008) 010; A. A. Sen and D. Pavon, Phys. Letts. B. 664 (2008) 7.

[33] D. K. Arrowsmith and C. M. Place, An introduction to Dynamical System, Cambridge University Press (1990); S. wiggins, ”Introduction to Applier Nonlinear Dynamical Systems and Chaos”, 2nd edition, Springer.

[34] J. Ponce de Leon, Class. Quant. Grav. 29 (2012) 135009.

[35] U. Debnath, A. Banerjee and S. Chakraborty, Class. Quant. Grav. 21 (2004) 5609. [36] P. Singh and F. Vidotto, Phys. Rev. D. 83 (2011) 064027. [37] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D. 71 (2005) 063004.