arXiv:1304.0410v2 [hep-th] 10 Apr 2013

Nonassociativity, Malcev Algebras and String Theory

M. Günaydin^1 Institute for Gravitation and the Cosmos and Physics Department, Penn State University, University Park, PA 16802

D. Minic^2 Department of Physics, Virginia Tech, Blacksburg, VA 24061

Dedicated to Bruno Zumino on the occasion of his 90th birthday

Abstract

Nonassociative structures have appeared in the study of D-branes in curved backgrounds. In recent work, string theory backgrounds involving three-form fluxes, where such structures show up, have been studied in more detail. We point out that under certain assumptions these nonassociative structures coincide with nonassociative Malcev algebras which had appeared in the quantum mechanics of systems with non-vanishing three-cocycles, such as a point particle moving in the field of a magnetic charge. We generalize the corresponding Malcev algebras to include electric as well as magnetic charges. These structures find their classical counterpart in the theory of Poisson- Malcev algebras and their generalizations. We also study their connection to Stueckelberg’s generalized Poisson brackets that do not obey the Jacobi identity and point out that nonassociative string theory with a fundamental length corresponds to a realization of his goal to find a non-linear extension of quantum mechanics with a fundamental length. Similar nonassociative structures are also known to appear in the cubic formulation of closed string field theory in terms of open string fields, leading us to conjecture a natural string-field theoretic generalization of the AdS/CFT-like (holographic) duality.

1e-mail: murat@phys.psu.edu 2e-mail: dminic@vt.edu

1 Introduction

Noncommutative and associative algebraic structures are hallmarks of quantum physics. In the Hilbert space formulation of quantum mechanics the linear operators, such as Hermitian operators corresponding to observables or generators of symmetries do not, in general, commute. Their actions on the states in the Hilbert space are however associative.

In the early period of quantum mechanics Pascual Jordan introduced the Jordan formulation of quantum mechanics with the hope of generalizing the underlying algebraic framework of quantum mechanics [1]. Since the commutator of two Hermitian operators is not Hermitian Jordan suggested working with the symmetric product that preserves Hermiticity. The linear operators acting in a Hilbert space form a commutative but nonassociative Jordan algebra under the symmetric product defined as one half the anti-commutator. Jordan algebras that can be realized as such are called special. Jordan’s hope of finding a large class of Jordan algebras that are not special was dashed when he, von Neumann and Wigner classified all finite dimensional Jordan algebras [1]. They showed that with but one exception all finite dimensional Jordan algebras are special. The only Jordan algebra that has no realization in terms of associative operators acting on a vector space or Hilbert space with the Jordan product being one-half the anti-commutator is the algebra of 3 × 3 Hermitian matrices over the octonions which was called the exceptional Jordan algebra and is denoted as J^O_3 .

It was shown in [2] that one can formulate quantum mechanics over the exceptional Jordan algebra, J^O_3 , satisfying all the axioms of quantum mechanics as formulated by von Neumann. This work answered in affirmative the question posed by von Neumann four decades earlier as to whether there exists a quantum mechanics whose projective geometry is non-Desarguian. The quantum mechanics defined by the exceptional Jordan algebra is referred to as octonionic quantum mechanics and it does not admit a Hilbert space formulation.

In the eighties Zelmanov proved that there do not exist any new nonspecial infinite dimensional Jordan algebras [3]. This rules out the existence of an infinite dimensional quantum mechanics that has no Hilbert space formulation. Hence the octonionic quantum mechanics stands alone as the only quantum mechanics that has no Hilbert space formulation. The fact that its geometry is non-Desarguian implies that it can not be embedded in a higher dimensional projective geometry [4].

The Jordan’s formulation of quantum mechanics in terms of the symmetric Jordan product was generalized to a formulation in terms of quadratic Jordan algebras which extends to the octonionic quantum mechanics as well as to quantum mechanics over finite fields [5].

Remarkably, there exists a unique supergravity theory defined by the exceptional Jordan algebra [6] that is referred as the exceptional supergravity. In five space-time dimensions it describes the coupling of 14 Abelian vector multiplets to N = 2 supergravity and is the largest of four magical Maxwell-Einstein supergravity theories (MESGT). The magical supergravity theories are the only unified 5D MESGTs whose scalar manifolds are symmetric spaces [6]. The exceptional supergravity has the groups of the E-series as its global symmetry group in five, four and three dimensions just like the maximal supergravity. However, the real forms of the noncompact global symmetry groups of the exceptional supergravity with eight supercharges are different from the real forms of the global symmetry groups of maximal supergravity with 32 supercharges in the respective dimensions. Global symmetry groups of the exceptional supergravity in these dimensions are defined by the underlying exceptional Jordan algebra J^O_3 over the real octonions O . On the other hand the global symmetries of the maximal supergravity in the respective dimensions are defined by the split exceptional Jordan algebra J^{OS}_3 over split octonions O_S^3.

Among the issues investigated by the founders of quantum mechanics was the question whether quantum mechanics requires the use of complex number field in its formulation. In a remarkable paper on the question of whether one can formulate quantum theory over the field of real numbers [8] Stueckelberg showed that one can generalize Poisson brackets in classical mechanics such that they no longer satisfy the Jacobi identity while still preserving the Liouville theorem and the fundamental H-theorem of Boltzmann. This result led him to ask the question whether there exists a nonlinear generalization of quantum mechanics that involves a fundamental length, corresponding to his generalized Poisson brackets.

Nambu [9] pointed out that there exists a natural generalization of the canonical Poisson bracket that involves a triple product, which is surprisingly non-trivial to quantize and seems to be relevant for the covariant formulation of M-theory [10]. Nambu’s work was partly inspired by the work of Günaydin and Gürsey on the implications of extending the underlying division algebra

3See the review lectures [7] and the references therein.

of quantum mechanics to octonions and the connection between color degrees of freedom of quarks and octonions [11].^4

It was also argued that nonassociative structures appear naturally in closed string field theory [13, 14, 15]. Other physicists have persisted in being fascinated by the possibility of nonassociative structures (see the monographs [16], [17] for a more complete set of references on the subject).

In spite of all these efforts, it is fair to say that we still do not know what precise role intrinsic nonassociativity will play in a deeper understanding of fundamental physics, in general, and in the foundations of M/superstring theory, in particular. In this note, we point out the relevance of certain specific non-associative structures, such as Malcev algebras, to string theory and to quantum mechanical extensions of Stueckelberg’s generalized Poisson brackets.

It is well known that the constant B-field background in string theory leads to a non-commutative but associative star product [18]. As a consequence, the Seiberg-Witten limit of open string field theory then leads to a noncommutative gauge theory [19, 20, 21, 22].

Following these classic results, it has been pointed out that the presence of a non-zero H = dB background can give rise to nonassociative star-products [23, 24]. More recently conformal field theories involving the three-form backgrounds have been studied in [25]. Thus nonassociative structure seem to find natural appearance in closed string theory after all. This is perhaps not surprising given the pioneering papers [13, 14, 15].

One of the main goals of this paper is to point out that in the case when H is constant, the physical situation is well known from the study of non-vanishing three-cocycles in quantum mechanics [26]. The canonical example is that of a non-relativistic electron moving in the field of a constant magnetic charge distribution [27], which is relevant for closed string theory in the constant H background [25]. As was pointed out in [28] the relevant nonassociative structure in the case of constant magnetic charge is the so called Malcev algebra [29, 30, 31, 32]. Thus the nonassociative algebraic structures which appear in closed string theory in the constant H background [25] are Malcev algebras. However, these structures need to be generalized in consistent string backgrounds with constant H fields, due to the presence of a

4 Note that the role of nonassociativity is not fundamental in the context of the Nambu bracket and that quantization can be carried out with standard Hilbert space methods [12].

non-trivial gravitational background. We also point out that these quantum structures have a natural classical limit, in which they are precisely related to the prescient work of Stueckelberg, reviewed in section 2.

Motivated by the discussion of strings in non-zero H background presented in section 3, in section 4 we present our main claim regarding the relevance of Malcev algebras in string theory and then in sections 4 and 5 we discuss the general structure of Malcev algebras in this context as well as the relation between nonassociative and associative structures. In particular, we generalize nonassociative Malcev algebras that naturally appear in the quantum mechanics of systems with non-vanishing three-cocycles, such as a point particle moving in the field of a magnetic charge, to include electric as well as magnetic charges. These results find their classical counterpart in the theory of Poisson-Malcev algebras [33], which we identify as the underlying nonassociative structures behind Stueckelberg’s pioneering work on generalized Poisson brackets that do not obey the Jacobi identity. In section 6 we also point our the relation between Malcev algebras and certain special geometries. In the concluding section we stress that nonassociativity arises in the purely cubic form of Witten’s open string field theory [34] as pointed out by Horowitz and Strominger [13, 14, 15], as long as one is not confined to the calculation of S-matrix elements [35, 36, 37]. The nonassociativity found in this context is relevant in understanding the appearance of closed string states [14, 15] in a purely open string field theory. In view of these facts, we close our paper with a brief discussion of the general role of nonassociativity in string theory (see also the discussion in [25]), and in particular, we discuss the role of nonassociativity in closed string field theory [14, 15], which leads us to conjecture a string-field theoretic generalization of the AdS/CFT-like (holographic) duality.

2 Stueckelberg’s Generalization of Poisson brackets and Boltzmann’s H-theorem

In this section we review Stueckelberg’s generalization of Poisson brackets in classical statistical mechanics while preserving Liouville’s theorem and Boltzmann’s H-theorem that follows from it [8]. Let ξ^α denote the coordinates in phase space with α, β, ... = 1, 2, .., 2n. Conservation of energy H = H(ξ(t)) implies that ξ̇^α(t) = ∂_tξ^α(t) = Ω^{βα}(ξ(t)) ∂_βH(ξ(t)) (1) where Ω^{αβ}(ξ) = −Ω^{βα}(ξ) is a symplectic ”metric” in phase space. The scalar density w(ξ, t) of the Gibbs ensemble is positive semi-definite and satisfies the continuity equation ∫ d^{2n}ξ w(ξ, t) = 1 (2) ∂_t w(ξ, t) + ∂_α(ξ̇^αw(ξ, t)) = 0. (3) Under coordinate transformations ξ^α → ξ^{′α} in phase space w transforms as w =⇒ w^′(ξ^′, t) = |Det(∂_αξ^{′β}(ξ))|w(ξ, t). (4) Let dV (ξ) = g(ξ)d^{2n}ξ be the invariant volume element in phase space (with g(ξ) representing the ”density of volume”). Then the invariant ” scalar of the density” ω(ξ, t) is defined as ω(ξ, t) := w g (ξ, t) > 0. (5) Since Ω_{αβ} plays the role of metric in phase space Stueckelberg argues that the unique choice for g is g = |Det(Ω^{αβ} )^{−1/2}| > 0. (6) Then the continuity equation takes the form ∂_t ω + D_α(ξ^αω) = 0 (7) where D_α = ∂_α + ∂_α(log g). Now the Liouville theorem states the ”scalar of density” must remain constant as the system evolves d dt ω(ξ(t), t) := ω̇(ξ, t) = (∂_t ω + ξ̇^α∂_αω)(ξ, t) = 0. (8) This implies

D_αξ̇^α = D_α ( (∂_β H)Ω^{βα} ) = (∂_α∂_β H)Ω^{αβ} + (∂_β H)D_αΩ^{αβ} = 0 (9) which requires that the fundamental tensor Ω^{αβ} satisfy D_αΩ^{αβ} = q^β = 0. (10)

In terms of the density W^{αβ} = g Ω^{αβ} it can be expressed as

∂_αW^{αβ} = q^β = 0 (11)

which has the form of the second set of Maxwell’s equations with vanishing electric charges q^α.

Thus the time evolution of an observable F (ξ) is given by Ḟ (ξ) = ξ̇^α∂_αF (ξ) = ∂_β H Ω^{βα} ∂_αF ≡ {H, F } = −{F, H} (12) where {F, H} defines the generalized Poisson bracket. The Jacobian defined as J(F, G, H) ≡ {F, {G, H}} + {H, {F, G}} + {G, {H, F }} (13) does not vanish in general under the generalized Poisson bracket. A simple calculation yields J(F, G, H) = −3(∂_αF )(∂_β G)(∂_γ H) ( Ω^{ρ[α}∂_ρΩ^{βγ]} ) . (14)

To have the Jacobi identity satisfied we must require

− 3Ω^{ρ[α}∂_ρΩ^{βγ]} ≡ q^{αβγ} = 0 (15)

which can be written in the form of the first set of Maxwell equations with vanishing magnetic charges

∂_{[α}Ω_{βγ]} ≡ q_{αβγ} = 0. (16)

Only when the magnetic charges q_{αβγ} vanish one can choose a polarization and bring the metric Ω^{αβ} to the canonical form locally:

0 −1 0 0 . 1 0 0 0 . 0 0 0 −1 . 0 0 1 0 . . . . . . Note that the above structure discovered by Stueckelberg fits beautifully into the Poisson-Malcev algebra discussed in the mathematics literature [33].

An associative commutative algebra A over a field F is called a Poisson- Malcev algebra if it is endowed with a F -bilinear map called the Poisson- Malcev bracket {, }, which is antisymmetric {f_1, f_2} = −{f_2, f_1} and which satisfies the following conditions:

{f_1f_2, f_3} = f_1{f_2, f_3} + {f_1, f_3}f_2 (17)

i.e. the Leibnitz identity and

J(f_1, f_2, {f_1, f_3}) = {J(f_1, f_2, f_3), f_1} (18)

for all f_1, f_2, f_3 ∈ A where the Jacobian J is defined as usual

J(f_1, f_2, f_3) ≡ {{f_1, f_2}, f_3} + {{f_2, f_3}, f_1} + {{f_3, f_1}, f_2}. (19)

We will see that this is precisely the classical limit of the quantum Malcev algebra to be discussed in section 4!

2.1 Generalized Poisson brackets, minimal length and the stringy uncertainty principle

The above analysis of Stueckelberg shows that Jacobi identity is not necessary to establish the H-theorem. Furthermore Stueckelberg suggests that to the generalized Poisson brackets involving ”magnetic charges” there must correspond a quantum theory in which the observables are no longer linear operators. This observation may have been one of the reasons why Stueckelberg considered the possible extension of quantum mechanics involving nonlinear operators. We should point out that nonassociativity corresponds to a particular kind of nonlinearity^5 and we shall argue that Stueckelberg’s attempts to find a nonlinear extension of quantum mechanics should be replaced by attempts to find a nonassociative extension of quantum mechanics. The minimum length that he introduced for a non-linear extension of quantum mechanics would then be related to nonassociativity.

In particular Stueckelberg considered quantum theories with a ”critical length” λ_0 such that uncertainties in the measurements of coordinates satisfy

(ΔX)^2 ⪖ (λ_0)^2 (20)

5In particular, nonassociativity precludes simple tensoring of free systems and thus the physics of nonassociativity should be intrinsically interactive and therefore nonlinear.

and proposed modifying the minimum uncertainty relation in one dimensional case as follows^6

(ΔX)^2(ΔP )^2 = ℏ^2 4 ( 1 − (λ_0)^2 (ΔX)^2 )_{−1} (21)

which requires the modification of canonical commutation relations as i[P, X] = ℏ ( 1 − (λ_0)^2 (ΔX)^2 )_{−1/2} . (22)

This relation is, at first, a bit different from the canonical form of the string uncertainty principle [38, 39], which usually reads as

ΔXΔP ∼ (1 + α^′ΔP^2)ℏ. (23)

However, if we formally expand the inverse ( 1 −^{(λ0)2}_{(ΔX)2} )_{−1} and use to first order ΔX ∼ ℏ ΔP^{−1} we precisely get the stringy uncertainty relation! (This formal procedure relates λ_0 with the string scale l_s, or equivalently with α^′ ∼ l^2_s .) Both the physical and mathematical underpinnings of the stringy uncertainty relation are still not clear, even though one can attempt an algebraic formulation in terms of generalized X and P commutators (see the review in [39]). However, even at the classical level, at least naively, one is faced with certain interesting issues: for example, one might say that by the Darboux theorem one can always redefine X and P so that the generalized Poisson bracket has the canonical {X, P } = 1 form. However, the Darboux theorem holds if the Jacobi identity is satisfied! Another problem with this reasoning is that X is constrained to be not smaller than λ_0 (i.e. the string length scale l_s). Thus the Poisson bracket between different Xs has to be nontrivial to reflect this fact. (It is interesting that Stueckelberg does not comment about the [X_i, X_j] commutator because he is working in one dimension, which is trivial from the point of view of this commutator. In higher dimensions this commutator has to be non-zero.) Then one has to close the structure and compute [P_i, P_j] by imposing some suitable requirement. Usually one imposes the Jacobi identity (see the review in [39]) associated with the Poisson structure, but given Stueckelberg’s reasoning one should

6In three dimensions he proposes using the minimum uncertainty among all possible directions.

impose the Poisson-Malcev structure and thus relate the magnetic charge to the minimal length. This intuition makes sense in the string case because the H flux which is responsible for nonassociativity is related to the curvature of the metric by the string equations of motion [25]. The connection of non commutativity and nonassociativity and the string uncertainty principle was also investigated in [25].

3 Nonassociative star products and D-branes in curved backgrounds

In order to introduce the concept of nonassociative star products in string theory we follow the discussion originally presented in [23]. Note that the very important question of the consistent string background was not addressed in [23]. This crucial question was cleared up in the more recent work [25]. The basic set-up is that of open strings propagating in a curved background, following the well-known construction of noncommutative field theories in open string theory [19, 20, 21, 22, 23, 24]. The sigma model action is (2πα^′ = 1) S = 1 2 ∫ g_{ab}(X)dX^a ∧ ∗dX^b + i 2 ∫ B_{ab}(X)dX^a ∧ dX^b (24)

where the integration runs over the string worldsheet. By turning on the U(1) field at the boundary of the worldsheet one also has to include

S_b = ∫ F_{ab}dX^a ∧ dX^b. (25) By going to the Riemann normal coordinates and expanding the metric and the B field around constant backgrounds one gets, to leading order S = 1 2 g_{ab} ∫ dX^a ∧ ∗dX^b + i ∫ ω + i 6 H_{abc} ∫ X^adX^b ∧ dX^c (26)

where the effective symplectic structure [23]

ω_{ab}(x) = B_{ab} + F_{ab}(x) (27)

and where the 3-form field strength is given by H = dB. (28)

To leading order, i.e. in the weakly curved backgrounds, H is constant.

The correlation function of operators inserted at the boundary in the case when H = 0 are given by the well known result < f_1f_2...f_n >= ∫ V (ω)dx(f_1 ∗ f_2 ∗ ... ∗ f_n), (29) where V (ω) is the appropriate volume form [23] and ∗ is the associative Weyl- Moyal-Kontsevitch star product with respect to the symplectic structure ω^{−1} f ∗ g = fg + i 2 ω^{ab}∂_af∂_bg + ... (30) The associativity is equivalent to the fact that ω is closed, dω = 0 [23].

The original claim found in [23] is that if one considers the formal g_{ab} → 0 limit above star product becomes nonassociative (note that the metric part g_{ab} is actually crucial for providing a consistent string background as shown in [25]). Thus formally one gets f • g = fg + i 2 ω̃^{ab}∂_af∂_bg + ... (31) where, for constant H ω̃_{ab}(x) = B_{ab} + 1 3 H_{abc}x^c + F_{ab}. (32) Thus ω̃ is not closed, dω̃ = H, and the • product is not associative (f • g) • h − f • (g • h) = 1 6 ω̃^{ia}ω̃^{jb}ω̃^{kc}H_{abc}∂_if∂_j g∂_kh + ... (33) From the world-volume point of view, this leads to non-commutativity and nonassociativity of coordinates. The commutator [x^i, x^j ]_• ≡ x^i • x^j − x^j • x^i (34) is given by the following expression [x^i, x^j]_• = iω̃^{ij}. (35) Furthermore, the Jacobi identity is violated

[x^i, [x^j , x^k]_•]_• + [x^j , [x^k, x^i]_•]_• + [x^k, [x^i, x^j ]_•]_• = −ω̃^{ia}ω̃^{jb}ω̃^{kc}H_{abc}. (36)

This violation of the Jacobi identity is the starting point for our discussion of the relevant nonassociative structures, Malcev algebras and their generalizations. In the context of closed string theory in the constant H background ω̃_{ij} ∼ H_{ijk}p^k, p being the momentum [25], the resulting non-associative algebra is isomorphic to the Malcev algebra describing the motion of an electron moving in the field of a constant magnetic charge distribution [28]. As pointed out in [25] the consistency of the conformal field theory involving the constant H field crucially relies on the non-trivial gravitational background. Hence we expect the more general ”magnetic” charge distributions to be described by other Malcev algebras and their generalizations. Thus the nonassociative structure associated with the above violation of the Jacobi identity should be understood as a first step in the construction of a more general nonassociative structure which is in some sense ”generally covariantized” in the presence of a non-trivial gravitational background [40].

4 Three-cocycles, nonassociativity and Malcev algebras

In this section we point out that the nonassociative structure encountered in the above violation of the Jacobi identity is well known in the quantum mechanics of three-cocycles and is associated with the mathematical concept of Malcev algebras.

The canonical example is the quantum mechanics of a non-relativistic electron moving in the background of a magnetic charge. As pointed out long time ago by Lipkin, Weisberger and Peshkin [27], the commutators of the velocities of an electron in the field of point-like magnetic monopole do not satisfy the Jacobi identity at the position of the location of the magnetic monopole.

The basic commutation relations read

[q_a, q_b] = 0, [q_a, v_b] = iδ_{ab} (37)

and in particular [v_a, v_b] = iϵ_{abc}B_c (38)

where a, b, c = 1, 2, 3, and ⃗B denotes the magnetic field. The commutators of the velocities yield the following Jacobian-like quantity

[v_1, [v_2, v_3]] + [v_2, [v_3, v_1]] + [v_3, [v_1, v_2]] = −⃗∇ · ⃗B (39) and provide a classic example of a non-vanishing three-cocycle as discussed in [26].

Following Jackiw’s presentation in [26], consider how the wave-function of the charge particle transform under translations, a gauge-invariant action of which is represented by the operator (ℏ = 1) U(⃗a) = exp(i⃗a · ⃗v). (40) The action of the translation group on the wave-function Ψ(⃗q) of the electron is then given by U(⃗a)Ψ(⃗q) = exp(i⃗a · ⃗v) exp(−i⃗a · ⃗p)Ψ(⃗q + ⃗a). (41) Here the momentum ⃗p is ⃗p = ⃗v + ⃗A and ∇ × ⃗A = ⃗B. The three cocycle appears if one considers

[U( ⃗a_1)U( ⃗a_2)]U( ⃗a_3)Ψ(⃗q) = exp(iα_3)U( ⃗a_1)[U( ⃗a_2))U( ⃗a_3)]Ψ(⃗q). (42)

In the case of a magnetic monopole, ∇ · ⃗B = 4πδ(⃗q), the three-cocycle is proportional to the flux out of the tetrahedron formed from the three vectors ⃗a_1, ⃗a_2, ⃗a_2, with one vertex at ⃗q.

Thus the three-cocycle arising in this situation is a signal that the operators representing translations become nonassociative, so that the Jacobi identity fails. (Thus, operators can no longer be linear operators acting in a Hilbert space.)

It was pointed out in [41], in any formulation of the quantum mechanical magnetic monopole problem in which the coordinates and the velocities of the electron are represented by operators acting on a Hilbert space, the Jacobi identity can not be violated, since such operators are always associative. The Jacobi identity can only be violated if the ”representatives” of coordinates and velocities are not operators in a Hilbert space, but belong to an intrinsically nonassociative algebra of observables. The quantum mechanical description of a non-relativistic electron in the field of a magnetic charge distribution in terms of a nonassociative algebra of observables was studied by Günaydin and Zumino [28]. They showed, in particular, that the nonassociative algebraic structure defined by velocities and coordinates of an electron in a constant magnetic charge distribution is that of a Malcev algebra.

We now turn our attention to a brief review of the fundamental properties of nonassociative algebras following [42, 43, 28]. The basic concept introduced in the study of nonassociative algebraic structures is that of the associator. Given three elements A, B, C of an algebra A their associator [A, B, C] is defined as [A, B, C] ≡ (AB)C − A(BC). (43) Obviously, the associator vanishes for associative algebras. An alternative algebra is defined as an algebra in which the following identities hold [A, A, B] = 0, [B, A, A] = 0. (44) By replacing A by A + C in these formulae one also gets [A, C, B] + [C, A, B] = 0 [B, A, C] + [B, C, A] = 0. (45) Therefore, in an alternative algebra the associator [A, B, C] is an alternating function of its arguments A, B, C. The following, so-called Moufang identities, can be derived using the basic properties of the associator in an alternative algebra [42, 43, 28] (ABA)C = A(B(AC)), C(ABA) = ((CA)B)A, (AB)(CA) = A(BC)A. (46) Note that (ABA) = (AB)A = A(BA) (47) in alternative algebra.

Now, given an alternative algebra A one can define an algebra A^− with an anti-symmetric product (i.e. commutator). The algebra A^− is not in general a Lie algebra, because the Jacobi identity is not satisfied in A^−. The Jacobian is defined by J(A, B, C) = [A, [B, C]] + [B, [C, A]] + [C, [A, B]] (48) and is proportional to the associator J(A, B, C) = 6[A, B, C] (49) which generally does not vanish. The algebra A^− is a Malcev algebra [29]. It is defined as an algebra with an anti-symmetric product ⋆ A ⋆ B = −B ⋆ A (50) and a fourth order identity, called Malcev identity [29] (A⋆B)⋆(A⋆C) = ((A⋆B)⋆C)⋆A+((B ⋆C)⋆A)⋆A+((C ⋆A)⋆A)⋆B. (51) It can be shown that the Malcev identity is equivalent to J(A, B, A ⋆ C) = J(A, B, C) ⋆ A. (52) The Malcev identity is trivially satisfied in the case of Lie algebras since the Jacobian vanishes identically. Thus one can view Malcev algebras as a generalization of Lie algebras. Malcev algebras arise naturally from alternative algebras under the commutator product. One of the best known examples of an alternative algebra which is not associative is the composition algebra of octonions. The seven imaginary units of the octonions close under commutation and form a Malcev algebra which is the unique finite dimensional simple Malcev algebra, up to isomorphisms, and which is not a Lie algebra.

Returning to the example of a non-relativistic electron moving in the magnetic field it can be now shown that the Malcev identity

J(v_1, v_2, [v_1, v_3]) = [J(v_1, v_2, v_3), v_1] (53)

implies that the divergence of the magnetic field, ∇ · ⃗B, must be q independent. Thus the algebra of velocities of a non-relativistic electron in the constant magnetic field is a non-commutative and nonassociative Malcev algebra. Since we have the usual canonical commutation relations between coordinates q_i and v_j the resulting Malcev algebra is infinite dimensional.

It is easy to see that the non-commutative and nonassociative algebra of coordinates found in closed string theory in the presence of a constant H background [25], as discussed at the end of section 3, is isomorphic to the algebra of velocities of a non-relativistic electron in the field of a constant magnetic charge, and therefore, it is a Malcev algebra^7. However, as pointed out at the end of section 3, in the presence of a non-trivial gravitational background that is needed for the consistent conformal field theory, one needs to generalize the Malcev algebra by an appropriate “general covariantization”.

One natural generalization of the above Malcev algebra can be obtained by putting velocities and coordinates on an equal footing by introducing

7Note that in the context of string theory v’s (velocities) play the role of coordinates and q’s (coordinates) of the corresponding velocities (or momenta)!

”electric” charges that are dual to the already existing “magnetic” charges. The the full ”phase space covariant” algebra with both “electric” and “magnetic charges” take the form: [q_a, q_b] = −iϵ_{abc}E_c, [q_a, v_b] = iδ_{ab} [v_a, v_b] = iϵ_{abc}B_c (54) [v_1, [v_2, v_3]] + [v_2, [v_3, v_1]] + [v_3, [v_1, v_2]] = −⃗∇ · ⃗B (55) [q_1, [q_2, q_3]] + [q_2, [q_3, q_1]] + [q_3, [q_1, q_2]] = ⃗∇ · ⃗E. (56)

The above electric magnetic duality-covariant generalization of the algebra given in [28] does not satisfy the Malcev identity and it represents a natural generalization of the Malcev algebra discussed in [28]. Note that since this generalization requires both coordinates and velocities to be noncommuting we have to assume that both E and B fields must depend on coordinates as well as velocities and that is why the Malcev identity is not satisfied in general.

Finally, we stress that the Malcev algebra structure discussed in this section (following [28]) without the ”electric” sources is precisely the quantum version of the classical Poisson-Malcev structure discussed in section 2 in connection with Stueckelberg’s classic paper [8]. The above generalization of the algebra of [28] which includes both electric and magnetic charges corresponds to a covariant generalization of the Poisson-Malcev structure given in [33]. However our generalization given above requires that the symplectic metric in phase space given in equation (10) must not be covariantly constant. This in turn implies that the classical phase space formulation of Stueckelberg must be further generalized to phase spaces having non-vanishing ”electric” as well as ”magnetic” sources. In this more general case one has to extend the implications of a minimal length to having both a minimal momentum as well as a minimal length.

We should point out that the authors of [25] argued that the relevant structure for the central example discussed in this section of an electron moving in the field of a magnetic charge is the so-called twisted Poisson structure studied in [44]. It would be interesting to understand the connection between twisted Poisson structures and their quantization on one side and the Poisson-Malcev algebras and Malcev algebras on the other side.

In particular, given the relevance of Malcev algebras (and their classical counterparts) in the context of more general string backgrounds, it is natural to expect that Malcev algebras (and their generalizations) find their natural realization in string field theory. We will comment on this issue in the concluding section of this paper.

5 Malcev Algebras, 3-forms and exceptional Lie Algebras

Since the operators acting on the Hilbert space of a quantum mechanical system are associative, any intrinsically nonassociative algebra can not be realized by such operators. This would of course not be true for any quantum mechanical system that has no Hilbert space formulation. As pointed out in the introduction there is a unique quantum mechanical system that has no formulation over an Hilbert space. This is the octonionic quantum mechanics which was shown to satisfy all the axioms of quantum mechanics within the Jordan density matrix formalism of Jordan and which has no Hilbert space realization [2]. Later the Jordan formulation of quantum mechanics was generalized to the quadratic Jordan formulation which extends to the octonionic quantum mechanics as well as allowing one to define quantum mechanics over finite fields [5].

The algebraic structure underlying the octonionic quantum mechanics is the exceptional Jordan algebra J^O_3 defined by 3 × 3 hermitian octonionic matrices. The Jordan algebras are defined by a symmetric product A · B = B · A (57) and the Jordan identity

A · (B · A^2) = (A · B) · A^2. (58)

The algebra J^O_3 is the unique Jordan algebra that has no realization in terms of associative matrices with the Jordan product being one half the anticommutator. Even though the algebra J^O_3 has no realization in terms of associative matrices it still admits an embedding into a Lie algebra that has realization in terms of associative matrices. In fact all Jordan algebras admit such an embedding into a Lie algebra. Conversely one can construct Lie algebras from Jordan algebras through what is known as Tits-Koecher-Kantor (TKK) construction [45].

Consider a 3-graded Lie algebra g:

g = g^{−1} ⊕ g^0 ⊕ g^{+1} (59) where ⊕ denotes vector space direct sum and g^0 is a subalgebra of maximal rank. We have the formal commutation relations of the elements of various grade subspaces [g^m, g^n] ⊆ g^{m+n} ; m, n = −1, 0, 1 (60)

where g^{m+n} = 0 if |m+n| > 1. Every simple Lie algebra with such a 3-graded structure can be constructed in terms of an underlying Jordan triple system (JTS) V via the TKK construction [45]. This construction establishes a oneto-one mapping between the grade +1 subspace of g and the underlying JTS V : U_a ∈ g ⇐⇒ a ∈ V. (61) Every such Lie algebra g admits a conjugation (involutive automorphism) † under which the elements of the grade +1 subspace get mapped into the elements of the grade −1 subspace.

U^a = U^†_a ∈ g^{−1}. (62)

One then defines [U_a, U^b] = S^b_a [S^b_a, U_c] = U_{(abc)} (63)

where S^b_a ∈ g^0 and (abc) is a triple product under which the elements of V close. Under conjugation † one finds

(S^b_a)^† = S^a_b [S^b_a, U^c] = −U^{(bac)}. (64)

The Jacobi identities in g are satisfied if and only if the ternary product (abc) satisfies the defining identities of a JTS: (abc) = (cba) (ab(cdx)) − (cd(abx)) − (a(dcb)x) + ((cda)bx) = 0. (65) The generators S^b_a belonging to the grade zero subspace form a subalgebra which is called the structure algebra of V :

[S^b_a, S^d_c ] = S^d_{(abc)} − S^{(bad)}_c = S^{(dcb)}_a − S^b_{(cda)}. (66)

The exceptional Lie algebras G_2, F_4 and E_8 do not admit a TKK type construction. A generalization of the TKK construction to more general triple systems was given by Kantor [46]. All finite dimensional simple Lie algebras admit a construction over these generalized triple systems which we call Kantor triple systems (KTS). Kantor’s construction of Lie algebras was generalized to a unified construction of Lie and Lie superalgebras in [47].

Kantor construction starts from the fact that every simple Lie algebra g admits a 5-grading (Kantor structure) with respect to some subalgebra g^0 of maximal rank [46, 47]:

g = g^{−2} ⊕ g^{−1} ⊕ g^0 ⊕ g^{+1} ⊕ g^{+2}. (67)

One associates with the grade +1 subspace of g a triple system V and labels the elements of g^{+1} subspace with the elements of V [46, 47]:

U_a ∈ g^{+1} ⇐⇒ a ∈ V. (68)

Every simple Lie algebra g admits a conjugation which maps the grade +m subspace into the grade −m subspace. Therefore one can also label the elements of the grade −1 subspace by the elements of V :

U^a ≡ U^†_a ∈ g^{−1} ⇐⇒ U_a ∈ g^{+1}. (69)

One defines the commutators of U_a and U^b as

[U_a, U^b] = S^b_a ∈ g^0 [U_a, U_b] = K_{ab} ∈ g^{+2} [U^a, U^b] = K^{ab} ∈ g^{−2} [S^b_a, U_c] = U_{(abc)} ∈ g^{+1}

(70)

where (abc) is the triple product under which the elements of V close. The remaining non-vanishing commutators of g can all be expressed in terms of the triple product (abc): [S^b_a, U^c] = −U^{(bac)} [K_{ab}, U^c] = U_{(acb)} − U_{(bca)} [K^{ab}, U_c] = −U^{(bca)} + U^{(acb)} [S^b_a, S^d_c ] = S^d_{(abc)} − S^{(bad)}c [S^b_a, K_{cd}] = K_{(abc)d} + K_{c(abd)} [S^b_a, K^{cd}] = −K^{(bac)d} − K^{c(bad)} [K_{ab}, K^{cd}] = S^d_{(acb)} − S^d_{(bca)} − S^c_{(adb)} + S^c_{(bda)}.

(71)

The Jacobi identities of g follow from the following identities [46, 47] (ab(cdx)) − (cd(abx)) − (a(dcb)x) + ((cda)bx) = 0 {(ax(cbd)) − ((cbd)xa) + (ab(cxd)) + (c(bax)d)} − {c ↔ d} = 0 (72) which we take as the defining identities of a KTS. In general a given simple Lie algebra can be constructed in several different ways by the above method corresponding to different choices of the subalgebra g^0 and different ternary algebras.

In many instances ternary algebras can be defined in terms of an underlying ”binary” algebras. For example one can define a triple product over a Jordan algebra that satisfies the two conditions defining a Jordan triple system as follows: (abc) ≡ a ∘ (b ∘ c) + c ∘ (b ∘ a) − (a ∘ c) ∘ b = (cba). (73) In those instances when the ternary algebras are defined by ordinary algebras, one can reverse the process of TKK or Kantor construction to define algebras from Lie algebras.^8 In fact this is how Jordan superalgebras were defined and classified by Kac [48]. Below we give more examples of such embeddings and discuss the case of a simple Malcev algebra of dimension seven defined by imaginary octonions.

The division algebras A = R, C, H and O and their tensor products with each other define KTS’s under the ternary product (abc) = a · (b · c) + c · (b · a) − b · (a · c) (74) where a, b, c are elements of A × A^′ and the bar denotes conjugation in the underlying division algebras. Using the Kantor construction above one obtains the Lie algebras of the famous Magic Square. In Table 1. we list these algebras and the corresponding Lie algebras.

Consider the construction of the exceptional Lie algebra F_4 over the division algebra O of octonions. The triple product in that case is (abc) = a · (b · c) + c · (b · a) − b · (a · c). Let e_0 be the identity element of O and e_A be the seven imaginary units. Consider the elements U_{eA} of the Lie algebra F_4 belonging to grade +1 space labelled by e_A. Then define the product ⋆ between two elements of grade +1 space via the double commutator U_{eA} ⋆ U_{eB} ≡ [[U_{eA} , U_{eB} ], U^{e0} ] = U_{[eA,eB ]}. (75) Then under this product the grade +1 elements U_{eA} of F_4 form a Malcev algebra of dimension seven.

8 Similarly, one can give a vertex operator construction of underlying algebras and triple systems and their affine extensions starting from affine Lie algebras and super-algebras[49].

Table 1:

A × A^′ R C H O R SO(3) SU(3) USp(6) F_4 C SU(3) SU(3)^2 SU(6) E_6 H USp(6) SU(6) SO(12) E_7 O F_4 E_6 E_7 E_8

5.1 Exceptional Lie algebras and anti-symmetric tensors of rank three

Since the three form field strengths play a fundamental role in the results presented in this paper as well as in [25] let us investigate their algebraic properties. Clearly one can not define a binary product over the space of tensors of rank three. However one can define a triple product among them such that they close under it. In fact, exceptional Lie algebras of the E-series can be constructed in a unified manner over triple systems defined by antisymmetric tensors of rank three in various dimensions [46]. Let x_{ijk}, y_{ijk}, z_{ijk}, (i, j, ... = 1, 2, ..., n) be totally antisymmetric tensors of rank three in n dimensions. Define a ternary product among such tensors as (xyz)_{ijk} = y_{imn}x_{pmn}z_{pjk} +y_{pjn}x_{pmn}z_{imk} +y_{pmk}x_{pmn}z_{ijn} − 1 3 y_{mnp}x_{mnp}z_{ijk}. (76) For n = 6, 7 this triple product satisfies the defining conditions of a KTS and lead to the construction of E_6 and E_7, respectively. E_6 = T^−⊕ T_{ijk}⊕ T^i_j ⊕ T^{ijk}⊕ T^+ 78 = ¯1 ¯20 U(6) 20 1

(77) E_7 = T_i⊕ T_{ijk}⊕ T^i_j ⊕ T^{ijk}⊕ T^i 133 = ¯7 ¯35 U(7) 35 7

(78)

For n = 5 and n = 4 the above triple product satisfies the defining identities of a JTS and lead to the construction of E_5 = SO(10) and E_4 = SU(5), respectively. E_5 = T_{ijk}⊕ T^i_j ⊕ T^{ijk} 45 = ¯10 U(5) 10

(79)

E_4 = T_{ijk}⊕ T^i_j ⊕ T^{ijk} 24 = ¯10 U(5) 10

(80)

For n = 8 the generalized Kantor construction leads to the construction of the largest exceptional Lie algebra E_8 with a seven graded structure. E_8 = T_i⊕ T^{ij} T_{ijk}⊕ T^i_j ⊕ T^{ijk}⊕ T_{ij} T^i 248 = ¯8 28 ¯56 U(8) 56 ¯28 8

(81)

In nine dimension the generalized Kantor construction leads to the construction of the affine Lie algebra E_9. It is tantalizing to speculate that a further generalization of the Kantor construction leads to the construction of the hyperbolic Lie algebras E_{10} and E_{11} in terms of antisymmetric tensors in ten and eleven dimensions, respectively.

One can reverse the above construction of exceptional Lie algebras and define the triple systems of antisymmetric tensors of rank three in dimensions d < 9 corresponding to a subspace of E_d involving double commutators as was done for the simple Malcev algebra of dimension seven.

6 Simple Malcev algebra O^− and related geometric structures

In this section we point out that the nonassociative algebraic structures discussed above appear naturally in the context of certain special geometries. The relation between between the 6-manifolds with the G_2 invariant almost complex structures and the simple Malcev algebra O^− was investigated in the mathematics literature long time ago [50, 51, 52, 53, 54]. These geometries can be naturally associated with new backgrounds of string theory in which a non-constant H field is turned on.

In particular, as discussed in detail in [55], the almost complex structure and the associated torsion tensor on S^6 are intimately related to octonions. Here we review the basic facts about it closely following [55]. An almost complex structure of an even dimensional manifold M is a mixed tensor F^i_k which satisfies F^i_kF^k_j = −δ^i_j (82)

The torsion of an almost complex structure is defined as [51] τ^i_{jk} ≡ 1 2 (A^i_{mj} F^m_k − A^i_{mk}F^m_j ) (83) where A^i_{jk} is given by the following expression A^i_{jk} ≡ 1 2 (∇_jF^i_k − ∇_kF^i_j ) (84)

where ∇_i is a covariant derivative on M with respect to some symmetric affine connection. The symmetry of the affine connection implies that A^i_{jk} ≡ 1 2 (∂_j F^i_k − ∂_kF^i_j ) (85)

Note that the almost complex structure F^j_i is integrable to a complex structure provided the torsion tensor τ^k_{ij} is vanishes [51, 50].

As emphasized in [55] an almost complex structure of S^6 can be defined using the imaginary Cayley numbers [51, 50, 52], by thinking of S^6 as a hypersurface in the space of imaginary octonions, also known as Cayley space I^7 [53]. A vector X in I^7 can be represented as (A = 1, .., 7)

X = X^Ae_A (86)

where e_A are the imaginary units of octonions [11]. The natural scalar product of two vectors X and Y in I^7 reads as follows (X, Y ) ≡ 1 2 (X̄Y + XȲ ) = X^AY_A (87)

where bar denotes octonion conjugation e_A → −e_A. The natural cross product of two vectors is given by the commutator X ∧ Y ≡ 1 2 [XY − XY ] = −Y ∧ X. (88) Under this product the space I^7 becomes the unique simple finite dimensional Malcev algebra defined by the imaginary octonions.

Let us, following [55], denote the unit normal to S^6 as n̂ and choose a set of basis vectors ê_i in the tanget space so that the metric g_{ij} on S^6 is

g_{ij} = (ê_i, ê_j ). (89)

Then the almost complex structure on S^6 can be defined via

ê_i ∧ n̂ = F^j_i ê_j. (90)

From the properties of the cross product one can verify that indeed F^i_kF^k_j = −δ^i_j [55]. Using the cross product one can also define a mixed tensor T^k_{ij}

ê_i ∧ ê_j = −F_{ij}n̂ + T^k_{ij}ê_k. (91)

Note that T_{ijk} = T^m_{ij} g_{mk} is completely antisymmetric in its indices

T_{ijk} = (ê_i ∧ ê_j, ê_k) = −T_{jik} = T_{kij} (92)

and that T_{ijk}T^{ljk} = 4δ^l_i. By utilizing the equations of Gauss and Weingarten for the covariant derivatives ∇_i

∇_iê_j = H_{ij}n̂, ∇_in̂ = −H^j_i ê_j , (93)

where H_{ij} is the second fundamental tensor, and the Gauss-Codazzi equations for the curvature R_{ijkl} = H_{il}H_{jk} − H_{jl}H_{ik} and ∇_kH_{ji} = ∇_j H_{ki}, one can show that for S^6 [55] H_{ij} = λg_{ij} . (94)

By covariant differentiation of ê_i ∧ n̂ = F^j_i ê_j one finds

∇_jF^k_i = H^m_j T^k_{mi}. (95)

Furthermore by covariantly differentiating ê_i ∧ê_j = −F_{ij}n̂+T^k_{ij}ê_k one obtains on S^6 ∇_kT^k_{ij} = −4λF_{ij} (96)

as well as ∇_kF_{ij} = T_{ijk}. (97) The almost complex structure F_{ij} is covariant under the automorphism group G_2 of octonions and the relevant nonassociative algebraic structure is the Malcev algebra O^− defined by the seven imaginary units of octonions.

In the context of our note, the almost complex structure F_{ij} can obviously play the role of the B field and the torsion T_{ijk} of the associated non-vanishing H field. As such they correspond to a background with non-constant H and B fields defined by an underlying Malcev algebra^9.

9 The coset space G_2/SU(3) is one of the spaces considered in [56] on compactifications of superstrings on six dimensional Ricci flat coset spaces and, more recently, in the work of [57] on backgrounds that lead to four dimensional anti-de Sitter space times.

7 Discussion: A generalized AdS/CFT-like duality

In this paper we first reviewed the work of Stuckelberg on the generalization of Poisson brackets in classical mechanics while preserving Boltzmann’s Htheorem that , in general, violate the Jacobi identity. We proposed that the nonlinear extension of the corresponding quantum mechanics envisaged by Stueckelberg, which involves the fundamental length, should be formulated as a nonassociative extension of quantum mechanics. We found that the relevant classical structure is the Poisson-Malcev algebra and its generalizations.

In the context of string theory the nonassociative algebraic structures appear in the description of closed strings in curved backgrounds [25]. We pointed out that under certain assumptions these nonassociative structures coincide with nonassociative Malcev algebras which naturally appear in the quantum mechanics of systems with non-vanishing three-cocycles, such as an electic point particle moving in the field of a magnetic charge. We also generalized the Malcev algebra of a point particle moving in the field of a magnetic charge to include both electric and magnetic charges.

In recent work [25] the role of nonassociativity was explored in closed string theory involving non-trivial gravitational backgrounds. One of the hallmarks of quantum gravity is holography. Given the holographic formulation of string theory in asymptotically AdS backgrounds, it is natural to ask whether a generalized AdS/CFT-like dictionary [58] can be formulated involving nonassociative structures in closed string theory, by relating them to noncommutative yet associative structures in open string theory. (As pointed out in section 4, the nonassociative structures can in general be embedded into Lie algebras. The question is whether this purely algebraic relation between nonassociative and associative algebraic structures can be extended to include dynamics.)

To address this possibility, we first note that the failure of the Jacobi identity of the form discussed in this paper is also known to occur in purely cubic open string field theory [13]. This associativity anomaly can be demonstrated by an oscillator calculation in purely cubic string theory. The technical reason for the appearance of this associativity anomaly can be understood as follows: one can think of operators appearing in open string field theory in terms of infinite dimensional matrices. For a class of infinite dimensional matrices single sums appearing in the usual product of two matrices are absolutely convergent, yet double sums, appearing in the product of three matrices are not absolutely convergent, leading to associativity anomalies.

It is claimed in the literature that this nonassociativity in purely cubic open string field theory is responsible for the appearance of closed string states [13]. In particular, Strominger [14, 15], has proposed a gauge invariant cubic action describing bosonic closed string field theory, in which the basic dynamical objects are open strings. The action is given by the associator for the string field product, which due to the associativity anomaly is nonvanishing.

Very roughly, Strominger’s closed string field theory action looks like its open string field theory counterpart, i.e. it is cubic

S_c(Ψ) = ∫ Ψ × (Ψ × Ψ) (98)

except for the nonassociative nature of the × product. The Ψ field is also of the “open string” type. The open string field theory of Witten [35, 36] can be also written in a purely cubic form (see [34, 37])

S_o(Φ) = ∫ Φ ∗ Φ ∗ Φ (99)

where ∗ is a non-commutative but associative product and where Φ is an open-string field. Given the fact that the Laplace transform of an exponential of a cubic (i.e. the Airy function) in the WKB limit becomes an exponent of a square root of a cubic, ∫ dx exp (tx − x^3) ∼ exp (−t^{3/2}), (where t obviously scales as x^2) one is tempted to conjecture the following AdS/CFT-like “holographic” dictionary between the generating functional of the cubic open string field theory at large coupling and its cubic closed string field theory counterpart ⟨exp ( ∫ JΦ)⟩_o ≡ Z[J] → exp [−S_c(Ψ)]. (100)

Here Ψ → J in the region of the closed string Hilbert space on which the 3- cocycle anomaly vanishes. (Note that Ψ ∼ J scales as Φ^2). Thus the on-shell action for Strominger’s nonassociative cubic closed string field theory would compute the generating functional for Witten’s noncommutative cubic open string field theory at large coupling. In this sense this would be a natural non-geometric generalization of the AdS/CFT-like dictionary^{10}.

10This conjecture is , in some sense, made more plausible by the existence of the Legendre

Given the robust nature of Malcev algebras (and their generalizations), as discussed in sections 4 and 5 of this paper, and given the fact that associative anomalies do appear in the context of string field theory, it is natural to conjecture that the relevant algebraic structure represented by the non-associative × product in Strominger’s cubic formulation of closed string theory is of a Malcev algebra type^{11}. Its explicit realization is an open and fascinating fundamental question. Nevertheless, we hope that the discussion presented in this article makes a compelling case for the fundamental role of nonassociativity in string theory.

Acknowledgements: This paper had a 12 year long gestation. We benefited from discussions with R. Gopakumar, A. Strominger and B. Pioline during the initial period. More recently we benefited from discussions with L. Freidel, R.G. Leigh, M. Krusczenski and Sung-Sik Lee and especially, D. Lüst. We also wish to acknowledge the kind hospitality of Harvard University, Caltech, USC, the Institute for Advanced Study at Princeton and the Miami Winter conference where parts of this work were initiated and developed. The work of M. G. was supported in part by the National Science Foundation under Grant Number PHY-1213183 and PHY-0855356. The work of D. M. was supported in part by the US Department of Energy under grant number DE-FG03-84ER40168.

References

[1] P. Jordan, Nach. Ges. Wiss. Göttingen, 569-575 (1932); 209-214 (1933);

Z. Physik 80 (1933) 285; P. Jordan, J. von Neumann and E. Wigner, Ann. Math. 36 (1934) 29.

[2] M. Günaydin, C. Piron, and H. Ruegg, Comm. Math. Phys. 61 (1978), 69. [3] E. Zelmanov, Algebra and Logic 18 (1979) 103; 175; 190. E. Zelmanov, Siberian Math. J. 24 (1983) 73.

invariant cubic forms [6, 59, 60, 61]. Remarkably, the C-tensors of maximal supergravity as well as the exceptional supergravity define cubic forms that are Legendre invariant [60].

11The closed string fields might be realized in the context of the quadratic Jordan formulation.

[4] M. Günaydin, Moufang Plane And Octonionic Quantum Mechanics, published in Proceedings of the workshop Current Problems In High Energy Theory, eds. G. Domokos, S. Kovesi-Domokos, John Hopkins University Publication, Maryland (1978), pp 56-85, and Bonn Univ. Preprint - BONN-HE-78-9 (78,REC.MAY), 29p.

[5] M. Günaydin, Quadratic Jordan Formulation Of Quantum Mechanics And Construction Of Lie (Super)Algebras From Jordan (Super)Algebras, in Proceedings of the 8th Int. Colloq. on Group Theoretical Methods in Physics, Kiriat Anavim, Israel, Mar 25-29, 1979, Annals of the Israel Physical Society, Volume 3, p. 279-298 (1980); M. Günaydin, J. Math. Phys. 31, 1776 (1990); M. Günaydin, Exceptional Superspace and the Quadratic Jordan Formulation of Quantum Mechanics, in Elementary Particles and the Universe: in Honor of Murray Gell-Mann, ed. by J. H. Schwarz, Cambridge, 1991, pp 99-119.

[6] M. Günaydin, G. Sierra and P. K. Townsend, Nucl. Phys. B 242 (1984) 244; M. Günaydin, G. Sierra and P. K. Townsend, Nucl. Phys. B 253 (1985) 573; M. Günaydin, G. Sierra and P. K. Townsend, Class. Quant. Grav. 3 (1986) 763.

[7] M. Günaydin, Lectures on Spectrum Generating Symmetries and Uduality in Supergravity, Extremal Black Holes, Quantum Attractors and Harmonic Superspace, in the Proceedings of the School on Attractor Mechanism 2007, Springer Proceedings in Physics, Vol. 134, pp 31-84, Springer-Verlag (2010 ); arXiv:0908.0374 [hep-th].

[8] E.C.G. Stueckelberg, Helv. Phys. Acta, 33 (1960) 727, Annex 1.

[9] Y. Nambu, Phys. Rev. D7 (1973) 2405.

[10] For example, the triple Nambu bracket [9] (see also, L. Takthtajan, Comm. Math. Phys. 160 (1994) 295) has been argued to be relevant in M-theory: H. Awata, M. Li, D. Minic and T. Yoneya, JHEP 0102 (2001) 013, arXiv:hep-th/9906248; D. Minic, arXiv:hep-th/9909022; D. Minic and C. Tze, Phys.Lett. B 536 (2002) 305. Other triple structures appear in the theory of membranes, J. Bagger and N. Lambert, Phys. Rev. D 75 (2007) 045020 [hep-th/0611108]; J. Bagger and N. Lambert, Phys. Rev. D 77 (2008) 065008 [arXiv:0711.0955 [hep-th]]; J. Bagger and N. Lambert, JHEP 0802 (2008) 105 [arXiv:0712.3738 [hep-th]];

A. Gustavsson, Nucl. Phys. B 811 (2009) 66 [arXiv:0709.1260 [hepth]]. See also D. Mylonas, P. Schupp and R. J. Szabo, JHEP 1209, 012 (2012) [arXiv:1207.0926 [hep-th]].

[11] M. Günaydin and F. Gürsey, J. Math. Phys. 14 (1973) 1651; M. Gunaydin and F. Gursey , Phys. Rev. D 9, 3387 (1974); M. Gunaydin, J. Math. Phys. 17, 1875 (1976).

[12] T. Curtright and C. Zachos, Phys.Rev. D68 (2003) 085001.

[13] G. T. Horowitz and A. Strominger, Phys. Lett. B185 (1987) 45; see also M. Rakowski and G. Thomson, Phys. Lett. B 197 (1987) 339.

[14] A. Strominger, Nucl. Phys. B 294 (1987) 93; Phys. Lett. B 187 (1987) 295; Phys. Rev. Lett. 58 (1987) 629; Z. Qui and A. Strominger, Phys. Rev. D 36 (1987) 1794.

[15] A. Strominger, “Lectures on Closed String Theory”, Proceedings of the Trieste Spring School on Superstings, Trieste, Italy, April 1-11, 1987, eds. L. Alvarez-Gaume, M.B. Green, M. Grisaru, R. Jengo, E. Sezgin; World Scientific, 1987.

[16] S. Okubo, Introduction to octonion and other nonassociative algebras in physics, Cambridge University Press, 1995.

[17] F. Gürsey and C-H Tze, On the Role of Division, Jordan, and Related Algebras in Particle Physics, World Scientific, 1996.

[18] M. Kontsevich, Lett.Math.Phys. 66 (2003) 157, q-alg/9709040.

[19] A. Connes, M. R. Douglas, and A. Schwarz, JHEP 9802 (1998) 003.

For a review see, Douglas and Nekrasov, Rev.Mod.Phys.73 (2001) 977, arXiv:hep-th/0106048.

[20] N. Seiberg and E. Witten, JHEP 9909 (1999) 032.

[21] V. Schomerus, JHEP 9906 (1999) 030.

[22] C.Chu and P.Ho Nucl. Phys. B 550 (1999) 151; Nucl. Phys. B 568 (2000) 447.

[23] L. Cornalba and R. Schiappa, Commun.Math.Phys. 225 (2002) 33, hep-th/0101219.

[24] P.-M. Ho, JHEP 0111 (2001) 026, hep-th/0103024; P. Ho and Y. Yeh, Phys. Rev. Lett. 85 (2000) 5523.

[25] D. Lust, JHEP 1012, 084 (2010) [arXiv:1010.1361 [hep-th]] ; R.

Blumenhagen, A. Deser, D. Lust, E. Plauschinn, F. Rennecke, J. Phys. A 44 (2011) 385401, arXiv:1106.0316; R. Blumenhagen, E. Plauschinn, J.Phys.A44 (2011) 015401, arXiv:1010.1263; for reviews consult, D. Lust, PoS CORFU 2011 (2011) 086 [arXiv:1205.0100 [hepth]] and R. Blumenhagen, arXiv:1112.4611 and references therein. See also F. Hassler and D. Lust, arXiv:1303.1413 [hep-th]; D. Andriot, M. Larfors, D. Lust and P. Patalong, arXiv:1211.6437 [hep-th].

[26] B. Grossman, Phys. Lett. B 152 (1985) 93; R. Jackiw, Phys. Rev. Lett.

54 (1985) 159; Phys. Lett. 154 (1985) 303; Y.S.Wu and A. Zee, Phys. Lett. 154 (1985) 98; B. -Y. Hou and B. -Y. Hou, Chin. Phys. Lett. 2 (1985) 49; for a review consult, R. Jackiw, “Topological investiations of quantized gauge theories”, in Current Algebra and Anomalies, S. Trieman, R. Jackiw, B. Zumino and E. Witten, eds, Princeton 1985.

[27] H. J. Lipkin, W. I. Weisberger and M. Peshkin, Ann. Phys. 53 (1969) 203; see also, A. Niemi, and G. Semenoff, Phys. Rev. Lett. 55 (1985) 927 and references therein.

[28] M. Günaydin and B. Zumino, “Magnetic Charge And Nonassociative Algebras,” Proceedings of the conference ”Old and New Problems in Fundamental Physics: Symposium in honor of G. C. Wick” , Lawrence Berkeley Lab. report - LBL - 19200 (1985), Scuola Normale Superiore Publication (Quaderni), Pisa 1986, pp. 43-54.

[29] A. Malcev, Math. Sb. 78 (1955) 569.

[30] A.A. Sagle, Trans. Amer. Math. Soc. 101 (1961) 426.

[31] O. Loos, Pac. Jour. Math. 18 (1966) 553.

[32] B. N. Allison, Math. Ann. 237 (1978) 133.

[33] I. P. Shestakov, in Nonassociative Algebra and its Applications. Sao Paulo, 1998, Lecture Notes in Pure Appl. Math. 211, Dekker, New York 2000, pp 365-371. See also, V. V. Vershinin, Acta Applicandae Mathematicae, 75 (2003) 281.

[34] G. Horowitz, J. Lykken, R. Rohm and A. Strominger, Phys. Rev. Lett.

57 (1986) 283; H. Hata, K. Itoh, T. Kugo and K. Ogawa, Phys. Lett. B 175 (1986) 138.

[35] E. Witten, Nucl. Phys. B 268 (1986) 253.

[36] E. Witten, Nucl. Phys. B 276 (1986) 291; S. Giddings, E. Martinec and E. Witten, Phys. Lett. B 176 (1986) 362.

[37] D. Gross and A. Jevicki, Nucl. Phys. B 283 (1987) 1.

[38] D. Amati, M. Ciafaloni and G. Veneziano, Phys. Lett. B 197 (1987) 81; D. Amati, M. Ciafaloni and G. Veneziano, Int. J. Mod. Phys. A 3(1988) 1615; D. Amati, M. Ciafaloni and G. Veneziano, Phys. Lett. B 216 (1989) 41; D. J. Gross and P. F. Mende, Phys. Lett. B 197 (1987) 129; D. J. Gross and P. F. Mende, Nucl. Phys. B 303 (1988) 407; E. Witten, Phys. Today 49 N4 (1996) 24.

[39] For a review consult, L. N. Chang, Z. Lewis, D. Minic and T. Takeuchi, Adv. High Energy Phys. 2011 (2011) 493514, [arXiv:1106.0068 [hepth]]; L. N. Chang, D. Minic, T. Takeuchi, Mod. Phys. Lett. A 25 (2010) 2947, [arXiv:1004.4220 [hep-th]], and L. Freidel, R. G. Leigh and D. Minic, in preparation.

[40] That such “covariantization” is natural in quantum gravity has been discussed in D. Minic and H. C. Tze, Phys. Rev. D 68 (2003) 061501 [hep-th/0305193]; D. Minic and H. C. Tze, Phys. Lett. B 581 (2004) 111 [hep-th/0309239]; D. Minic and H. C. Tze, hep-th/0401028.

[41] D. G. Boulware, S. Deser and B. Zumino, Phys.Lett. B153 (1985) 307.

[42] R.D. Schafer, An introduction to nonassociative algebras , Pure and Applied Mathematics, Vol. 22 Academic Press, New York-London 1966.

[43] N. Jacobson, Structure and representations of Jordan algebras, American Mathematical Society Colloquium Publications, Vol. XXXIX American Mathematical Society, Providence, R.I. 1968.

[44] P. Ševera, A. Weinstein, Progr. Theoret. Phys. Suppl., 144 (2001) 145, arXiv:math/0107133; C. Klimcik and T. Strobl, J. Geom. Phys. 43 (2002) 341 [math/0104189 [math-sg]] ; A. Alekseev and T. Strobl, JHEP 0503 (2005) 035 [hep-th/0410183]; A. Kotov, P. Schaller and T. Strobl, Commun. Math. Phys. 260 (2005) 455 [hep-th/0411112].

[45] J. Tits, Nederl. Akad. Wetensch, Proc. Ser. A 65 (1962) 530; M. Koechner, Am. J. Math. 89 (1967) 89.

[46] I. L. Kantor, Sov. Math. Dokl 14 (1973) 254; Trudy Sem. Vektor. Anal.

16 (1972) 407 (in Russian).

[47] I. Bars and M. Günaydin, J. Math. Phys. 20 (1979) 1977. [48] V. G. Kac, Adv. Math. 26 (1977) 8.

[49] M. Gunaydin and S. J. Hyun, Phys. Lett. B 209, 498 (1988); M. Gunaydin, J. Math. Phys. 30, 937 (1989).

[50] E. Calabi, Trans. Amer. Math. Soc 87 (1958) 407. [51] A. Frölicher, Math. Ann. 129 (1955) 50.

[52] T. Fukami and S. Ishihara, Tokhoku Math. J. 7 (1955) 151. [53] K. Yano and T. Sumitomo, Proc. Roy. Soc. Edinburgh, 66A (1963) 216. [54] R. L. Bryant, Remarks on the geometry of almost complex 6-manifolds, August 23, 2005; F. Reidegeld, arxiv 1010.1695 [math-DG], and references therein.

[55] M. Günaydin and N. P. Warner, Nucl. Phys. B 248 (1984) 685. [56] D. Lust, Nucl. Phys. B 276, 220 (1986).

[57] P. Koerber, D. Lust, D. Tsimpis and , JHEP 0807, 017 (2008), [arXiv:0804.0614 [hep-th]]; C. Caviezel, P. Koerber, S. Kors, D. Lust, D. Tsimpis, M. Zagermann, Class. Quant. Grav. 26, 025014 (2009),[arXiv:0806.3458 [hep-th]].

[58] J. Maldacena, Adv.Theor.Math.Phys. 2 (1998) 231, arXiv:hep-th/9711200; S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Phys.Lett. B428 (1998) 105, arXiv:hep-th/9802109; E. Witten, Adv.Theor.Math.Phys.2 (1998) 253, arXiv:hep-th/9802150.

[59] B. Pioline, “Cubic free field theory”, hep-th/0302043.

[60] For a review and further references on the subject see reference [7].

[61] For a mathematical review see, D. Kazhdan and A. Polishchuk, in Algebraic groups and arithmetic, pp. 127-198, Tata Institute, Mumbai, 2004.