arXiv:1304.0614v1 [hep-th] 2 Apr 2013

The BPS spectrum of the 4d N = 2 SCFT’s H1, H2, D4, E6, E7, E8

Sergio Cecotti^{1 ∗} and Michele Del Zotto^{1,2 †}

1 Scuola Internazionale Superiore di Studi Avanzati, via Bonomea 265, Trieste, ITALY

2 INFN, Sezione di Trieste, via Valerio 2, Trieste, ITALY

Abstract

Extending results of 1112.3984, we show that all rank 1 N = 2 SCFT’s in the sequence H_1, H_2, D_4 E_6, E_7, E_8 have canonical finite BPS chambers containing precisely 2h(F ) = 12(Δ − 1) hypermultiplets. The BPS spectrum of the canonical BPS chambers saturates the conformal central charge c, and satisfies some intriguing numerology.

March, 2013

∗e-mail: cecotti@sissa.it
†e-mail: eledelz@gmail.com

1 Introduction

Consider the seven rank 1 4d N = 2 SCFT’s which may be engineered in F –theory using the Kodaira singular fibers [1–9]

H_0, H_1, H_2, D_4, E_6, E_7, E_8. (1.1)

H_0 has trivial global symmetry and will be neglected in the following. The other six theories have flavor group F equal, respectively, to

SU(2), SU(3), SO(8), E_6, E_7 and E_8. (1.2)

We note that (1.2) is precisely the list of all simply–laced simple Lie groups F with the property h(F ) = 6 r(F ) + 2 10 − r(F )

, (1.3)

where r(F ) and h(G) are, respectively, the rank and Coxeter number of F . Physically, the relation (1.3) is needed for consistency with the 2d/4d correspondence of [10], and is an example of the restrictions on the flavor group F of a 4d N = 2 SCFT following from that principle.

Neglecting H_0, let us list the numbers 2 h(F ) for the other six models

4, 6, 12, 24, 36, 60. (1.4)

The first four numbers in this list have appeared before in the non–perturbative analysis of the corresponding SCFT’s: it is known [11, 12] that the (mass–deformed) SCFT’s H_1, H_2, D_4 and E_6 have a finite BPS chamber in which the BPS spectrum consists precisely of (respectively) 4, 6, 12 and 24 hypermultiplets. The H_1 SCFT is the D_3(SU(2)) model of [12,13], while the H_2, D_4 and E_6 SCFT’s coincide, respectively, with the models D_2(SU(3)), D_2(SU(4)), and D_2(SO(8)) of those papers; then the above statement is a special instance of the general fact that, for all simply–laced Lie groups G = ADE, the D_2(G) SCFT has a finite chamber with r(G) h(G) hypermultiplets [12], while, for all p ∈ N, the model D_p(SU(2)) has a special BPS chamber with 2(p − 1) hypermultiplets^1.

For the four SCFT’s H_1, H_2, D_4, E_6, the number of hypermultiplets in the above preferred chamber, n_h, may be written in a number of intriguing ways: we list just a few

n_h = 2 h(F ) =

12 r(F ) + 24 10 − r(F )

= 12(Δ − 1) = n_7 Δ, (1.5)

1 Note that H_1 is the Argyres–Douglas (AD) model of type A_3 [14] which has BPS chambers with any number n_h of BPS hypers in the range 3 ≤ n_h ≤ 6; likewise H_2 is the Argyres–Douglas model of type D_4. In both cases it is neither the AD minimal (3 resp. 4 hypers) nor the AD maximal (6 resp. 12 hypers) BPS chamber which is singled out by the property of being c–saturating, but rather their canonical chamber as a D_p(SU(2)) resp. a D_2(G) theory [12] (for D_4 AD these two chambers are equivalent).

SCFT H_1 H_2 D_4 E_6 E_7 E_8 Δ 4/3 3/2 2 3 4 6 n_7 3 4 6 8 9 10 c 1/2 2/3 7/6 13/6 19/6 31/6 a 11/24 7/12 23/24 41/24 59/24 95/24 k_F 8/3 3 4 6 8 12

Table 1: Numerical invariants for the six SCFT’s H_1, H_2, D_4, E_6, E_7 and E_8. The rank of the flavor group, r(F ), is equal to the index in the SCFT symbol.

where Δ is the dimension of the field parametrizing the Coulomb branch of the rank 1 SCFT, and n_7 is the number of parallel 7–branes needed to engineer the SCFT in F –theory [1–9]; see Table 1.

The special finite BPS chambers with n_h = 2 h(F ) hypers have the particular property of saturating the conformal central charge c of the strongly–coupled SCFT. By this we mean that, for these theories, the exact c is equal to the value for n_h free hypermultiplets plus the contribution from the massless photon vector multiplet c = 1 12 n_h + 1 6 , (1.6)

that is, c has the same value as the system of free fields with the same particle content as the BPS spectrum in the special chamber. In fact, the c–saturating property holds in general for the standard BPS chamber of all D_2(G) SCFT’s [12], and also for all D_p(SU(2)). It was conjectured by Xie and Zhao [15] that a finite BPS chamber with this property exists for a large class of N = 2 models (their examples are close relatives of the present ones). At the level of numerology, for the four SCFT’s H_1, H_2, D_4, E_6 we also have a simple relation between the number of hypers in our special chamber, n_h, and the a, k_F conformal central charges: in facts, for all the above SCFT’s the central charge a is given by the photon contribution, 5/24, plus three–halves the contribution of n_h free hypers a = 1 24 3 n_h 2 + 5 24 (1.7)

k_F = n_h + 12 6 . (1.8)

In view of all this impressive numerology involving n_h, it is tempting to conjecture that the last two SCFT’s in the sequence (1.1), E_7 and E_8, also have canonical finite BPS chambers with, respectively, 36 and 60 hypermultiplets. This will extend our observations, eqn.(1.5)–(1.8), to the full SCFT sequence (1.1), suggesting that the numerology encodes deep physical properties of rank 1 SCFTs.

The purpose of the present short note is to prove the above conjecture, by constructing explicitly the canonical chambers with 2 h(F ) hypers. To get the result we use the BPS quivers for the E_7 and E_8 Minahan–Nemeshanski theories identified in [12] together with the mutation algorithm of [11].

The rest of the note is organized as follows. In section 2 we recall the basics of the mutation algorithm. In section 3 we describe the relevant (class of) quivers and apply the mutation method to get the BPS spectra of the six SCFT’s, giving full details for the E_6, E_7 and E_8 theories.

2 Basics of the mutation algorithm

We recall the basics of the mutation algorithm referring the reader to [10, 11, 16, 17] for the details. Suppose we have a 4d N = 2 model which has the BPS quiver property [18] [11,17]. Let Γ be the lattice of its quantized charges (electric, magnetic, and flavor). The susy central charge defines an additive function Z(·): Γ → C , so that a BPS particle of charge v ∈ Γ has central charge Z(v). Fix a half–plane H_θ = {z ∈ C : Im(e^{−iθ}z) > 0} such that no BPS particle has central charge laying on its boundary. We say (conventionally) that the BPS states with central charges in H_θ are particles, while those with central charges in −H_θ are their PCT–conjugate anti–particles. The charges of particles span a strict convex cone Γ_θ ⊂ Γ which, in a model with the BPS property [18], has the form Γ_θ ≃ ⨁_r i=1 Z_{≥0} e^{(θ)}_i , where r is the rank of Γ. The quiver Q_θ of the N = 2 theory is obtained by picking one node per each generator e^{(θ)}_i of the positive cone Γ_θ and connecting nodes e^{(θ)}_i , e^{(θ)}_j with ⟨e^{(θ)}_i , e^{(θ)}_j ⟩_{Dirac} ≡ B^{(θ)}_{ij} oriented arrows, where ⟨·, ·⟩_{Dirac} is the Dirac electro–magnetic pairing of the charges^2. The integral skew–symmetric matrix B^{(θ)}_{ij} is called the exchange matrix of the quiver Q_θ. Q_θ is supplemented with a superpotential W_θ (a sum, with complex coefficients, of cycles on Q_θ) [11].

The BPS particles (as contrasted with antiparticles) correspond to stable representations X of the quiver Q_θ subjected to the relations ∂W_θ = 0. A representation X is stable iff, for all non–zero proper subrepresentation Y , one has arg(e^{−iθ}Z(Y )) < arg(e^{−iθ}Z(X)), where we take arg(e^{−iθ}H_θ) = [0, π]. The charge v ∈ Γ_θ of the BPS particle is given by the dimension vector ∑ i dim X_i e^{(θ)}_i of the corresponding stable representation X.

In particular, the representations S_i with dimension vector equal to a generator e^{(θ)}_i of Γ_θ are simple, and hence automatically stable for all choices of the function Z(·) (consistent with the given positive cone Γ_θ ⊂ Γ). Therefore, r BPS states are determined for free; they are necessarily hypermultiplets, since Q_θ has no loop [11, 19].

The above construction depends on an arbitrary choice, the angle θ. Choosing a different angle θ^′, we get a different convex cone Γ_θ′ with a different set of generators e^{(θ′)}_i . Since the

2 Strictly speaking ⟨e^{(θ)}_i , e^{(θ)}_j ⟩_{Dirac} is only the number of net arrows (i.e. the number of e^{(θ)}_i → e^{(θ)}_j arrows minus the number of the e^{(θ)}_i ← e^{(θ)}_j ones). For generic superpotentials pairs of opposite arrows e^{(θ)}_i ⇆ e^{(θ)}_j get massive and may be integrated out, leaving the 2–acyclic quiver in the text [11].

physics does not depend on the conventional choice of the half plane H_θ, the e^{(θ′)}_i ’s should also be charge vectors of stable BPS hypermultiplets. The idea of the mutation algorithm is to get the full BPS spectrum by collecting all states with charges of the form e^{(θ)}_i ’s for all θ. It is easy to see that this gives the full BPS spectrum provided it consists only of hypermultiplets (i.e. particles of spin ≤ 1/2) and their number n_h is finite.

More concretely, we notice that the BPS particle of larger arg(e^{−iθ}Z(v)), has a charge v which is a generator e^{(θ)}_{i1} of Γ_θ (associated to some node i_1 of Q_θ). We may tilt clockwise the boundary line of H_θ just past the point Z(e^{(θ)}_{i1} ), producing a new half–plane H_θ′ . In the new frame the state with charge e^{(θ)}_{i1} is an anti–particle, while its PCT–conjugate of charge −e^{(θ)}_{i1} becomes a particle, and in facts a generator of the new positive cone Γ_θ′ . The generators e^{(θ′)}_i of Γ_θ′ are linear combinations with integral coefficients of the old ones e^{(θ)}_i . The explicit expression of the e^{(θ′)}_i ’s in terms of the e^{(θ)}_i is known as the Seiberg duality in physics [20,21], while in mathematics [22] it is called the basic quiver mutation of Q_θ at the i_1 node, written μ_{i1} ,

e^{(θ′)}_i = μ_{i1} ( e^{(θ)}_i ) = { −e^{(θ)}_{i1} if i = i_1 e^{(θ)}_i + max{B^{(θ)}_{i1 i}, 0} e^{(θ)}_{i1} otherwise.

(2.1)

The mutated quiver Q_θ′ = μ_{i1} (Q_θ) is specified by the exchange matrix B^{(θ′)}_{ij} ≡ ⟨e^{(θ′)}_i , e^{(θ′)}_i ⟩_{Dirac}. Under the quiver mutation μ_{i1} , the superpotential W_θ changes according to the rules of Seiberg duality [20, 21] (which is equivalent to the the DWZ rule [22]).

The new generators e^{(θ′)}_i are also charge vectors of stable hypers. We may reiterate the procedure by mutating Q_θ′ at the node i_2 corresponding to the hypermultiplet with maximal arg(e^{−iθ′} Z(v)). Again we conclude that the BPS spectrum also contains stable hypers with charges e^{(θ′′)}_i . Now suppose that after m mutations we end up with the positive cone Γ_θ(m) ≡ −Γ_θ; we conclude that θ^{(m)} = θ + π and hence, with our sequence of m half–plane tiltings, we have scanned the full complex half–plane H_θ, picking up all the BPS particles, one at each step, according to their (decreasing) phase order in the central charge plane. Thus, whenever this happens, we conclude that we have a BPS chamber in which the BPS spectrum consists of precisely m hypermultiplets.

This happens iff there is a sequence of m basic quiver mutation such that [11] μ_{im} ∘ μ_{im−1} ∘ · · · ∘ μ_{i2} ∘ μ_{i1} ( e^{(θ)}_i ) = −π ( e^{(θ)}_i ) ∀ i, (2.2)

where π is a permutation of the r generators e^{(θ)}_i . If, for the given quiver Q_θ, we are able to find a sequence of quiver mutations satisfying equation (2.2) (for some π ∈ G_r) we may claim to have found a finite BPS chamber consisting of m hypermultiplets only, and list the quantum numbers v_ℓ ∈ Γ of all BPS particles v_ℓ = μ_{iℓ−1} ∘ μ_{iℓ−2} ∘ · · · ∘ μ_{i1} ( e^{(θ)}_{iℓ} ) ℓ = 1, 2, . . . , m. (2.3) In the the rest of the paper we shall work at fixed θ, and write the positive cone generators simply as e_i, omitting the angle.

There are a few strategies to find particular solutions to eqn.(2.2). An elegant one is the complete families of sink/source factorized subquivers of Q_θ introduced in [16] and reviewed in [12]; as explained in these references, this is particular convenient when the factorized subquivers are Dynkin ones endowed with the standard Coxeter sink/source sequences.

For general quivers Q, we may perform a systematic search for solutions on a computer; Keller’s quiver mutation applet [23] is quite helpful for both procedures. In doing this, it is convenient to rephrase eqn.(2.2) in terms of tropical y–seed mutations [24–26]. We recall that the tropical semifield Trop(u_1, u_2, . . . , u_r) is the free multiplicative Abelian group generated by the indeterminates u_i endowed with the operation ⊕ defined by (∏ u^{li}_i ) ⊕ (∏ u^{mi}_i ) = ∏ u^{min(li,mi)} i . (2.4)

To a BPS state of charge ∑ i n_ie_i we associate the tropical y–variable ∏ u^{ni}_i ∈ Trop(u_1, u_2, . . . , u_r).

We start with the initial y–seed in which we assign to the i–th node of Q the variable associated to the generator e_i of the positive cone, namely y_i(0) ≡ u_i, and we perform the sequence of mutations in eqn.(2.2) on the y–seed using the Fomin–Zelevinski rules [24–26]

y_j(s) = y_{i0} (s − 1)^{−1} if j = i_s y_j(s − 1) y_{is} (s − 1)^{[Bis j (s−1)]+} ( 1 ⊕ y_{is} (s − 1) )_{−Bis j} otherwise.

(2.5)

(here s = 1, 2, . . . , m, and [x]_+ = max(x, 0)). Since the tropical variables y_{is}(s−1) correspond to BPS particles with charges in the positive cone Γ_θ, one has 1⊕y_{is} (s−1) ≡ 1, and eqn.(2.5) reduces to the transformation rule (2.1). In terms of tropical y–variables, then eqn.(2.2) becomes y_j(m) = y_{π(j)}(0)^{−1}, (2.6)

supplemented by the condition that the tropical quantities y_{is}(s − 1) are monomials in the u_i’s. This is the equation we actually solve in the next section.

For many purposes, it is convenient to rephrase the algorithm in the language of [10]. If the sequence of basic quiver mutations μ_{ia} satisfies eqn.(2.2), the associated composition of basic quantum cluster mutations satisfies

Q_{im} ∘ Q_{im−1} ∘ · · · Q_{i2} ∘ Q_{i1} = I_π K (q) (2.7)

where K (q) is the quantum half–monodromy [10] and I_π is the unitary operator acting on the generators Y_i of the quantum torus algebra of Q_θ as

I_π Y_i I^{−1}_π = Y^{−1}_{π(i)}. (2.8)

The (finite) BPS spectrum may be read directly from the factorization of K (q) in quantum dilogaritms [10], which is explicit in the lhs of eqn.(2.7).

In conclusion: given a solution to eqn.(2.2) we have determined a BPS chamber C_{fin}

(which may be formal in the sense of [18]) containing finitely many hypers, as well as the

quantum numbers v ∈ Γ of all these hypers.

In addition, the algorithm specifies the (cyclic) phase order of the central charges Z(v) of

the BPS states. From this last information we may read the domain D_{fin} ⊂ C^r ≡ (Γ ⊗ C )^∨

of central charges Z(·) ∈ (Γ ⊗ C )^∨ for which C_{fin} is the actual BPS chamber, that is, we

may determine the region in the space of the ‘physical’ parameters of the theory which

corresponds to the finite chamber C_{fin}.

At a generic point in D_{fin} the unbroken flavor symmetry is just U(1)^{rank F} . At particular

points in parameter space the flavor symmetry may have a non–Abelian enhancement. Let

F_{fin} be the flavor symmetry group at a point of maximal enhancement in the domain D_{fin}.

Clearly, the BPS hypers of C_{fin} should form representations of F_{fin}. The fact that they do is

a non–trivial check of the procedure.

3 Computing the BPS spectra

3.1 The quivers Q(r, s)

We begin by fixing uniform and convenient representatives of the quiver mutation–classes

for the six N = 2 models in eqn.(1.1) with F ≠ 1. We define Q(r, s) to be the quiver with

(r + s + 2) nodes

c_1 @ @@ @@ @@ ’’PP PPP PPP PPP PPP P

++WWWWW

WWWWWW

WWWWWW

WWWWWW

WWWWWW WW

a_1

33fffff ffffff ffffff ffffff ffffff

ff a_2

44iiii iiiii iiiii iiiii iiii · · · a_r ¿¿~ ~~ ~~ ~~ ~ b_1

¨¨~~ ~~ ~~ ~~ b_2

wwooo ooo ooo ooo ooo · · · b_s ssgggggg gggggg gggggg gggggg gggggg g

c_2

kkXXXXXX XXXXXX

XXXXXX XXXXXX XXXXXX X jjUUUUU UUUUU UUUUU UUUUU UUU ‘‘@@ @@ @@ @@ (3.1)

Then the (representative) quivers for our six SCFT’s are

SCFT H_1 H_2 D_4 E_6 E_7 E_8

quiver Q(0, 1) Q(1, 1) Q(2, 2) Q(3, 3) Q(3, 4) Q(3, 5)

(3.2)

(cfr. ref. [18] for H_1, H_2 and D_4, ref. [11] for E_6, and ref. [12] for E_7 and E_8).

The simplest way to get the table (3.2) is by implementing the flavor groups F in eqn.(1.2)

directly on the quiver. Indeed, given a Q(r, s) quiver the flavor group F of the corresponding

N = 2 QFT is canonically identified by the property that its Dynkin graph is the star with three branches of lengths^3 [r, s, 2]. Indeed, a simple computation shows that, if a quiver of the form Q(r, s) is consistent with the 2d/4d correspondence [10] — that is, if Q(r, s) is the BPS quiver of a 2d (2,2) theory with ĉ < 2 — then the star graph [r, s, 2] is a Dynkin diagram (while 2d (2,2) models whose BPS quivers has the form Q(r, s), with [r, s, 2] an affine Dynkin graph, necessarily have ĉ = 2).

3.2 The c–saturating chamber for H_1, H_2, D_4 and E_6

The first four quivers in (3.2) may be decomposed into Dynkin subquivers in the sense of [16]

Q(1, 0) = A_2 ∐ A_1, Q(1, 1) = A_2 ∐ A_2, Q(2, 2) = A_3 ∐ A_3, Q(3, 3) = D_4 ∐ D_4.

(3.3)

For a quiver G ∐ G^′ the charge lattice is Γ = Γ_G ⊕ Γ_G′ , where Γ_G is the root lattice of the Lie algebra G. Since the decomposition has the Coxeter property [12, 16], there is a canonical chamber in which the BPS spectrum consists of one hypermultiplet per each of the following charge vectors [16] { α ⊕ 0 ∈ Γ_G ⊕ Γ_G′ , α ∈ Δ^+(G) } ⋃ { 0 ⊕ β ∈ Γ_G ⊕ Γ_G′ , β ∈ Δ^+(G^′) } , (3.4)

where Δ^+(G) is the set of the positive roots of G. Then the number of hypermultiplets in this canonical finite chamber is

n_h = 1 2 ( r(G) h(G) + r(G^′) h(G^′) ) , (3.5)

which for the four cases in eqn.(3.3) gives (respectively)

4, 6, 12, 24, (3.6)

i.e. n_h = 2 h(F ) as expected for a c–saturating chamber.

For sake of comparison with the E_7, E_8 cases in the next subsection, we give more details on the computation of the above spectrum for the E_6 Minahan–Nemeshanski theory [7] using the mutation algorithm. The cases H_1, H_2 and D_4 are similar and simpler.

The two D_4 subquivers of Q(3, 3) are the full subquivers over the nodes {a_1, a_2, a_3, c_1} and, respectively, {b_1, b_2, b_3, c_1}. The quiver Q(3, 3) has an automorphism group Z_2 ⋉ (G_3 × G_3), where the two G_3 are the triality groups of the D_4 subgraphs, while Z_2 interchanges the two D_4 subquivers (and hence the two G_3’s). The quiver embedding D_4 ⊕ D_4 → Q(3, 3) induces

3 As always, in the length of each branch we count the node at the origin of the star; in particular, a branch of length one is no branch at all, while a branch of length zero means that we delete the origin of the star itself. Note that, for all s, the quiver Q(2, s) is mutation equivalent to the quiver of SU(2) SQCD with N_f = s + 2 fundamental flavors which has flavor symmetry group SO(2s + 4), whose Dynkin graphs is the star with three branches of lengths [2, s, 2].

an embedding of flavor groups

SU(3) × SU(3) → F ≡ E_6, (3.7)

where SU(3) is the flavor group of the Argyres–Douglas theory of type D_4 characterized by the fact that Weyl(SU(3)) ≡ G_3 ≡ the triality group of D_4.

The two D_4 subquiver have the ‘subspace’ orientation; in both bi–partite quivers Q(3, 3) and D_4 we call even the nodes a_i and b_i and odd the c_i ones. Then, by standard properties of the Weyl group, the quiver mutation ‘first all even then all odd’

μ_{c2} μ_{c1} 3∏ i=1 μ_{bi} 3∏ i=1 μ_{ai} (3.8)

transforms the quiver Q(3, 3) into itself while acting on Γ_{D4} ⊕ Γ_{D4} as Cox ⊕ Cox, where Cox ∈ Weyl(D_4) is the Coxeter element of D_4. Since (Cox)^3 = −1, the quiver mutation ( μ_{c2} μ_{c1} 3∏ i=1 μ_{bi} 3∏ i=1 μ_{ai} )_3 (3.9)

is a solution to eqn.(2.2) with π = Id. Since there are 24 μ’s in eqn.(3.9), we have found a finite BPS chamber with 24 hypers. Eqn.(3.9) is invariant under the automorphism group Z_2 ⋉ ( Weyl(SU(3)) × Weyl(SU(3)) ) so that there are points in the parameter domain D_{fin} corresponding to the above chamber which preserve a flavor group

F_{fin} ⊇ Z_2 ⋉ ( SU(3) × SU(3) × U(1)^2 ) , (3.10)

where Z_2 acts by interchanging the two SU(3)’s and inverting the sign of the first U(1) charge. The 24 BPS states may be classified in a collection of irrepresentations of the group in the large parenthesis of eqn.(3.10) which form Z_2 orbits. From eqn.(3.9) we read the phase ordering of the particles in the 24 BPS hypers (in addition we have, of course, the PCT conjugate anti–particles). Ordered in decreasing phase order, we have

(3, 1)_{1,0}, (1, 3)_{−1,0},

(1, 1)_{3,1}, (1, 1)_{−3,1},

(3, 1)_{2,1}, (1, 3)_{−2,1},

(1, 1)_{3,2}, (1, 1)_{−3,2},

(3, 1)_{1,1}, (1, 3)_{−1,1},

(1, 1)_{0,1}, (1, 1)_{0,1},

(3.11)

where overbraces collect representations forming a Z_2–orbit. In terms of dimension vectors of the corresponding quiver representations, the quantum numbers of the 24 BPS particles

(in decreasing phase order) is

a_1, a_2, a_3; b_1, b_2, b_3; a_1 + a_2 + a_3 + c_1; b_1 + b_2 + b_3 + c_2; a_2 + a_3 + c_1, a_1 + a_3 + c_1, a_1 + a_2 + c_1; b_2 + b_3 + c_2, b_1 + b_3 + c_2, b_1 + b_2 + c_2; a_1 + a_2 + a_3 + 2 c_1; b_1 + b_2 + b_3 + 2 c_2;

a_1 + c_1, a_2 + c_1, a_3 + c_1; b_1 + c_2, b_2 + c_2, b_3 + c_2; c_1; c_2,

(3.12)

where, for notational convenience, the positive cone generators e_{ai} , e_{bj} , e_{ck} are written simply as a_i, b_j , c_k, respectively.

3.3 The 36–hyper BPS chamber of E_7 MN

The quiver Q(3, 4) has no obvious useful decomposition into Dynkin subquivers. However, with the help of Keller’s quiver mutation applet it is easy to check that the composition of the 36 basic quiver mutations at the sequence of nodes

a_1 a_2 a_3 b_1 b_2 b_3 c_1 c_2 a_1 a_2 b_4 b_1 b_2 b_3 c_1 c_2 a_1 a_2 a_3 b_2 c_1 c_2 b_4 b_1 b_2 b_3 c_1 c_2 a_1 a_2 a_3 b_1 b_2 b_3 c_1 c_2

(3.13)

is a solution to eqn.(2.2) for Q(3, 4) with^4

π = (a_1 a_2)(a_3 b_1 b_4)(b_2 b_3)(c_1 c_2). (3.14)

Moreover no proper subsequence of mutations is a solution to eqn.(2.2). Note the similarity with the sequence for E_6 which is a three fold repetition of the first line of (3.13) (the Coxeter sequence of D_4 ∐ D_4). Passing from E_6 to E_7 we simply replace the second repetition of the Coxeter sequence for D_4 ∐ D_4 with the second line of (3.13) which may also be interpreted as a chain of Coxeter sequences (see remark after eqn.(3.17)).

The solution (3.13) corresponds to the finite BPS chamber for the E_7 Minahan Nemeshanski theory [8] with 36 hypermultiplets we were looking for. The (manifest) automorphism of this finite chamber is given by the centralizer of π in the Q(3, 4) automorphism group S_3×S_4, which is the subgroup G_2 × G_2 generated by the involutions (a_1 a_2) and (b_2 b_3). Then the BPS hypers in this finite chamber form representations of F_{fin} = SU(2) × SU(2) × U(1)^5. From the list of charge vectors of the 36 hypers in Table 2 we see that this is indeed true.

We stress that the 36–hyper chamber above is far from being unique; a part for the other m = 36 solutions to eqn.(2.2) obtained from (3.13) by applying an automorphism of the

4 The fact that π is not an involution implies that this mutation cannot arise from Coxeter–factorized subquivers as in the previous examples.

a_1, a_2, a_3, b_1, b_2, b_3, a_1 + a_2 + a_3 + c_1, b_1 + b_2 + b_3 + c_2, a_2 + a_3 + c_1, a_1 + a_3 + c_1, a_1 + a_2 + a_3 + b_4 + c_1, b_2 + b_3 + c_2, b_1 + b_3 + c_2, b_1 + b_2 + c_2, a_1 + a_2 + 2 a_3 + b_4 + 2 c_1, b_1 + b_2 + b_3 + 2 c_2, a_1 + a_3 + b_4 + c_1, a_2 + a_3 + b_4 + c_1, a_1 + a_2 + b_1 + b_2 + b_3 + c_1 + 2 c_2, b_2 + c_2, b_4, a_1 + a_2 + b_2 + c_1 + c_2, a_1 + a_2 + a_3 + b_2 + 2 c_1 + c_2, b_1 + b_4 + c_2, a_1 + a_2 + c_1, b_3 + b_4 + c_2, b_1 + b_3 + b_4 + 2 c_2 , a_1 + a_2 + a_3 + 2 c_1 , a_2 + c_1 , a_1 + c_1, b_4 + c_2, b_3 + c_2, a_3 + c_1, b_1 + c_2, c_2, c_1

Table 2: The charge vectors of the 36 BPS particles in the chamber C_{fin} of the E_7 MN theory. To simplify the notation, the positive cone generators e_{ai} , e_{bj} , e_{ck} are written simply as a_i, b_j , c_k, respectively. The particles are listed in decreasing BPS phase order. To get the full BPS spectrum, add the PCT conjugate anti–particles.

quiver Q(3, 4), there are other ones; for instance, the sequence of 36 mutations at the nodes

c_1 c_2 a_1 a_2 b_1 b_2 c_2 c_1 a_3 b_3 b_4 b_1 c_2 c_1 b_4 b_3 a_1 a_2 b_1 b_2 c_2 c_1 a_2 a_1 b_3 b_4 a_3 b_1 c_2 c_1 a_3 b_4 b_2 a_1 a_2 b_3.

(3.15)

is a solution to (2.2) with π = (a_1 a_2)(a_3 b_1 b_2)(b_3 b_4)(c_1 c_2). The properties of all these chambers look very similar, in particular they are expected to have isomorphic F_{fin}.

3.4 The 60–hyper BPS chamber of E_8 MN

For the quiver Q(3, 5) one checks that the composition of the 60 basic quiver mutations at the sequence of nodes

a_1 a_2 a_3 b_1 b_2 b_3 c_1 c_2 ‖ a_1 a_2 b_4 b_1 b_2 b_3 c_1 c_2 ‖ a_1 a_2 a_3 b_5 b_1 b_4 c_1 c_2 ‖ b_1 b_2 b_3 a_3 c_1 c_2 ‖ a_1 a_2 b_2 b_3 b_4 b_5 c_1 c_2 ‖ a_1 a_2 a_3 b_2 b_3 b_4 c_1 c_2 ‖ a_3 b_1 b_2 b_3 b_4 b_5 c_1 c_2 ‖ a_1 a_2 b_4 b_5 c_1 c_2

(3.16)

is a solution to eqn.(2.2) with

π = (a_1 a_2)(a_3 b_1)(b_2 b_3)(b_4 b_5)(c_1)(c_2), (3.17)

while no proper subsequence solves it. In eqn.(3.16) the sequence of mutation is divided into pieces by the dividing symbol ‖; again each piece may be seen as a Coxeter sequence for a suitable G ∐ G (sub)quiver with G either A_3 or D_4.

Thus we have constructed a 60–hyper c–saturating chamber for the E_8 MN theory [8]. The manifest unbroken flavor symmetry in this finite chamber is SU(2)×SU(2)×U(1)^6 whose Weyl group is realized as permutations of the charge vector sets {e_{a1} , e_{a2} } and {e_{b2} , e_{b3} }.

Again the 60–hyper chamber is not unique; for instance, another 60–mutation solution a_1, a_2, a_3, b_1, b_2, b_3, a_1 + a_2 + a_3 + c_1, b_1 + b_2 + b_3 + c_2, a_2 + a_3 + c_1, a_1 + a_3 + c_1, a_1 + a_2 + a_3 + b_4 + c_1, b_2 + b_3 + c_2, b_1 + b_3 + c_2, b_1 + b_2 + c_2, a_1 + a_2 + 2 a_3 + b_4 + 2 c_1, b_1 + b_2 + b_3 + 2 c_2, a_1 + a_3 + b_4 + c_1, a_2 + a_3 + b_4 + c_1, a_1 + a_2 + b_1 + b_2 + b_3 + c_1 + 2 c_2, a_1 + a_2 + a_3 + b_1 + b_2 + b_3 + b_5 + c_1 + 2 c_2, b_1 + c_2 , a_3 + c_1, a_3 + b_4 + c_1, 2 a_1 + 2 a_2 + a_3 + 2 b_1 + b_2 + b_3 + b_5 + 2 c_1 + 3 c_2, 2 a_1 + 2 a_2 + a_3 + b_1 + b_2 + b_3 + b_5 + 2 c_1 + 2 c_2, a_3 + b_2 + b_4 + c_1 + c_2, a_3 + b_3 + b_4 + c_1 + c_2, a_1 + a_2 + a_3 + b_1 + b_5 + c_1 + c_2, a_3 + b_2 + b_3 + b_4 + c_1 + 2 c_2, a_1 + a_2 + a_3 + b_5 + c_1, a_2 + a_3 + b_5 + c_1, a_1 + a_3 + b_5 + c_1, b_3 + c_2, b_2 + c_2, a_1 + a_2 + a_3 + b_4 + b_5 + c_1, a_1 + a_2 + a_3 + b_1 + b_2 + b_3 + b_4 + 2 c_1 + 3 c_2, a_1 + a_2 + b_1 + b_2 + b_3 + c_1 + 3 c_2, a_1 + a_2 + 2 a_3 + b_4 + 2 b_5 + 2 c_1, a_1 + a_3 + b_4 + b_5 + c_1, a_2 + a_3 + b_4 + b_5 + c_1, a_1 + a_2 + b_2 + b_3 + c_1 + 2 c_2, a_1 + a_2 + b_1 + b_2 + c_1 + 2 c_2, a_1 + a_2 + b_1 + b_3 + c_1 + 2 c_2, a_3 + b_5 + c_1, 2 a_1 + 2 a_2 + b_1 + b_2 + b_3 + 2 c_1 + 3 c_2, a_3 + b_4 + b_5 + c_1, a_1 + a_2 + b_1 + c_1 + c_2, a_3 + b_4 + b_5 + c_1 + c_2, a_1 + a_2 + b_3 + c_1 + c_2, a_1 + a_2 + b_2 + c_1 + c_2, b_4, b_5, a_1 + a_2 + c_1, b_4 + b_5 + c_2, a_2 + c_1, a_1 + c_1, b_5 + c_2, b_4 + c_2

Table 3: Charge vectors of the 60 BPS particles in the chamber C_{fin} of the E_8 MN theory (in decreasing phase order). One has to add the PCT conjugate anti–particles.

is given by the node sequence

c_2 c_1 b_1 b_4 b_2 a_1 a_3 a_2 c_1 c_2 b_5 b_3 b_2 b_4 c_2 c_1 a_1 a_3 a_2 b_1 b_5 b_3 c_1 c_2 a_1 a_3 a_2 b_2 b_5 b_3 c_2 c_1 b_2 b_5 b_3 b_4 b_1 a_1 c_1 c_2 a_3 a_2 a_1 b_1 c_2 c_1 a_3 a_2 b_2 b_5 b_4 b_3 c_1 c_2 a_3 a_2 b_1 b_2 b_5 b_3.

(3.18)

3.5 Decoupling and other finite chambers

Sending the mass parameter dual to a charge e_{bj} to infinity, |Z(e_{bj} )| → +∞, all BPS states with non–zero e_{bj} –charge get infinitely massive and decouple. The surviving states correspond to representations X of the Q(r, s) quiver with dim X_{bj} = 0, which are stable representations of the quiver Q(r, s − 1).

Assuming the decoupling limit may be taken while remaining in the domain D_{fin}, consistency requires that if we delete from the list of states in Table 3 all those which contain the given b_j (j = 1, 2, . . . , 5) with non–zero coefficient, what remains should be the BPS spectrum of the E_7 Minahan–Nemeshanski model in some (not necessarily canonical) finite chamber. In the same vein, a similar truncation of the list in Table 2 should produce a finite BPS spectrum of E_6 MN. The fact the all the BPS spectra so obtained are related by the Wall Crossing Formula [27–31] to the canonical chamber determined above is a highly non–trivial check on the procedure.

This decoupling procedure applied to E_7 produces BPS chambers with 27 hypermultiplets, which are easily shown to be equivalent to the canonical 24–hypers one. In the E_8 case we get a chamber of E_7 with either 42 or 43 hypers, depending of which e_{bj} charge we make infinitely heavy.

References

[1] C. Vafa, “Evidence for F –theory,” Nucl. Phys. B 469, 403 (1996)

arXiv:hep-th/9602022.

[2] D.R. Morrison and C. Vafa,“Compactifications of F –theory on Calabi–Yau threefolds — I” Nucl. Phys. B 473, 74 (1996) arXiv:hep-th/9602114.

[3] D.R. Morrison and C. Vafa,“Compactifications of F –theory on Calabi–Yau threefolds — II” Nucl. Phys. B 476, 437 (1996) arXiv:hep-th/9603161.

[4] A. Sen, “F –theory and orientifolds,” Nucl. Phys. B 475, 562 (1996)

arXiv:hep-th/9605150.

[5] T. Banks, M.R. Douglas and N. Seiberg, “Probing F –theory with branes,” Phys. Lett.

B 387, 278 (1996) arXiv:hep-th/9605199.

[6] K. Dasgupta and S. Mukhi, “F –theory at constant coupling,” Phys. Lett. B 385, 125 (1996) arXiv:hep-th/9606044.

[7] J. Minahan and D. Nemeschansky, “An N=2 Superconformal Fixed Point with E_6 Global Symmetry,” Nucl. Phys. B 482 (1996) 142–152 [hep-th/9608047].

[8] J. Minahan and D. Nemeschansky, “Superconformal Fixed Points with E_n Global Symmetry Nucl. Phys. B 489 (1997) 24–46 [hep-th/96010076].

[9] O. Aharony and Y. Tachikawa, “A holographic computation of the central charges of d=4 N=2 SCFTs,” JHEP 0801:037 (2008) arXiv:0711.4532.

[10] S. Cecotti, A. Neitzke, and C. Vafa, “R-Twisting and 4d/2d Correspondences,”

arXiv:1006.3435 [hep-th].

[11] M. Alim, S. Cecotti, C. Cordova, S. Espahbodi, A. Rastogi, and C. Vafa, “N = 2 Quantum Field Theories and their BPS Quivers,” arXiv:1112.3984 [hep-th].

[12] S. Cecotti, M. Del Zotto and S. Giacomelli, “More on the N=2 superconformal systems of type D_p(G),” arXiv:1303.3149.

[13] S. Cecotti and M. Del Zotto, “Infinitely many N = 2 SCFT with ADE flavor symmetry,” JHEP 01 (2013) 191, arXiv:1210.2886 [hep-th].

[14] P. C. Argyres and M. R. Douglas, “New phenomena in SU(3) supersymmetric gauge theory,” Nucl.Phys. B448 (1995) 93–126, arXiv:hep-th/9505062 [hep-th].

[15] D. Xie and P. Zhao, “Central charges and RG flow of strongly-coupled N = 2 theory,” arXiv:1301.0210 [hep-th].

[16] S. Cecotti and M. Del Zotto, “On Arnold’s 14 ‘exceptional’ N = 2 superconformal gauge theories,” JHEP 1110 (2011) 099, arXiv:1107.5747 [hep-th].

[17] S. Cecotti, “The quiver approach to the BPS spectrum of a 4d N=2 gauge theory,” to appear in the Proceedings of String Math 2012, Bonn, arXiv:1212.3431.

[18] S. Cecotti and C. Vafa, “Classification of complete N = 2 supersymmetric theories in 4 dimensions,” to appear in Surverys in Differential Geometry, arXiv:1103.5832

[hep-th].

[19] S. Cecotti, “Categorical tinkertoys for N = 2 gauge theories,” Int. J. Mod. Phys. A 28 (2013) 1330006, arXiv:1203.6743 [hep-th].

[20] N. Seiberg, “Electric - magnetic duality in supersymmetric nonAbelian gauge theories,” Nucl. Phys. B435 (1995) 129–146, arXiv:hep-th/9411149 [hep-th].

[21] D. Berenstein and M.R. Douglas, “Seiberg duality for quiver gauge theories,”

arXiv:hep-th/0207027.

[22] H. Derksen, J. Wyman, and A. Zelevinsky, “Quivers with potentials and their representations I: Mutations,” Selecta Mathematica 14 (2008) 59–119.

[23] B. Keller, “Quiver mutation in Java”, available from the author’s homepage,

http://www.institut.math.jussieu.fr/~ keller/quivermutation

[24] S. Fomin and A. Zelevinsky. “Cluster algebras IV: Coefficients,” Comp. Math 143 (2007) 112.

[25] T. Nakanishi and A. Zelevinsky, “On tropical dualities in cluster algebras,”

arXIv:1101.3736 [math.RA].

[26] B. Keller, “Cluster algebras and derived categories,” arXiv:1202.4161.

[27] M. Kontsevich and Y. Soibelman, “Stability structures, motivic Donaldson-Thomas invariants and cluster transformations,” arXiv:0811.2435 [math.AG].

[28] D. Gaiotto, G.W. Moore, and A. Neitzke, “Four–dimensional wall–crossing via three– dimensional field theory,” arXiv:0807.4723.

[29] T. Dimofte and S. Gukov, “Refined, Motivic, and Quantum,” Lett. Math. Phys. 91 (2010) 1, arXiv:0904.1420 [hep-th].

[30] S. Cecotti and C. Vafa, “BPS Wall Crossing and Topological Strings,”

arXiv:0910.2615 [hep-th].

[31] T. Dimofte, S. Gukov, and Y. Soibelman, “Quantum Wall Crossing in N=2 Gauge Theories,” Lett. Math. Phys. 95 (2011) 1–25, arXiv:0912.1346 [hep-th].