arXiv:1304.0889v1 [cond-mat.quant-gas] 3 Apr 2013

Dirac fields in curved spacetime as Fermi-Hubbard model with non unitary tunnelings

Jiří Minář^1 and Benoît Grémaud^{1, 2, 3} 1Centre for Quantum Technologies, National University of Singapore, 3 Science Drive 2, Singapore 117543, Singapore 2Department of Physics, National University of Singapore, 2 Science Drive 3, Singapore 117542, Singapore 3Laboratoire Kastler Brossel, Ecole Normale Supérieure CNRS, UPMC; 4 Place Jussieu, 75005 Paris, France

In this letter we show that a Dirac Hamiltonian in a curved background spacetime can be interpreted, when discretized, as a tight binding Fermi-Hubbard model with non unitary tunnelings. We find the form of the nonunitary tunneling matrices in terms of the metric tensor. In a simple case of a static diagonal metric, the tunnelings become unitary. Alternative interpretation of the Fermi-Hubbard Hamiltonian is that of a Pauli Hamiltonian, i.e. a non relativistic limit of the Dirac Hamiltonian. In this case the tunnelings remain, in general, non unitary even for the static diagonal metric. We discuss a possibility of synthesizing such Hamiltonians by means of laser assisted tunnelings in cold atomic experiments.

PACS numbers: 04.62.+v, 11.15.Ha, 67.85.-d

Recently, much interest was devoted to a study of many body physics of quantum gases [1, 2]. High degree of control of the experimental parameters has allowed for designing specific Hamiltonians [3]. A special category is then a fabrication of synthetic gauge fields [4], where a remarkable experimental progress has been achieved in last couple of years, including the realization of synthetic electric [5] and magnetic [6] fields in the bulk as well as on the lattice [7]. A non abelian synthetic gauge field of the spin orbit Rashba type has been demonstrated in the bulk [8, 9]. In the case of a lattice, which will be of main interest, laser assisted hoppings [10, 11] allow for a simulation of a (non abelian) lattice gauge theory [12] with cold atoms [13]. Different works adressed the question of non abelian background fields with cold atoms. Such situation occurs e.g. in the case of electrons with spin orbit coupling, in both non interacting [14] and interacting [15] cases. In those scenarios, however, the tunnelings of different spin components between two adjacent lattice sites are described by unitary matrices, due to the hermiticity of the gauge field [12, 16]. Moreover, an explicit form of these matrices is determined by the theory one wants to simulate, e.g. the mentioned spin orbit coupling. It is thus an interesting question, what happens, if these tunnelings become non unitary, which can be, in principle, done in the cold atomic experiments using known techniques, as explained below.

Driven by this motivation, let us start with a kinetic fermionic Hamiltonian in d − 1 spatial dimensions of a form H(t) = ∑ x,k,s,s^′ Ψ^†_s(x)T_{s,s}′ (x, x+a_k)Ψ_s′ (x+a_k)+h.c., (1)

where the sum runs over all lattice sites x and directions k = 1..d − 1 and the fermionic operators satisfy the usual anticommutation relations

{Ψ_s(x), Ψ^†_s′ (x^′)} = δ_{s,s}′ δ_{x,x}′ . (2)

Throughout the paper, we denote the spacetime coordinates as x (= (t, x)), while the space coordinates as x. The matrices T (x, x+a_k) represent a parallel transporter of a quantum field ψ between sites x and x + a_k. In the case of lattice gauge theories, the matrix T belongs to a representation of a gauge group, which is typically compact, such as U(n) with n being the number of ”flavor” components of the field ψ. In such case, the matrices T become unitary. The relevant question is thus, what if the T are non unitary? This question has actually been already adressed in the past [17–19] and more recently [20], but such interpretation seems to be problematic and was not actively pursued. Lets return to the Hamiltonian Eq.(1). In what follows, we will be interested in physics of fermions, so that ψ is a spinor. As discussed later, a general matrix T ∈ Gl(n, C ) can be engineered in cold atomic systems (n is the number of spin components). We would like to emphasize, that for such a novel situation, the Hamiltonian Eq.(1) is interesting on its own right. However, it is interesting to look, whether some physical significance can be given to it.

A starting point of our discussion will be a classical (field not quantized) fermionic field in a curved spacetime, which can be described by a Lagrangian density [21] L(x) = √ g { 1 2 iψ̄(x)γ^μD_μψ(x) + h.c. − mψ̄(x)ψ(x) } . (3) Let us recall [22], that working in a coordinate basis e_μ, in which the spacetime vector x is defined in terms of its components x^μ, x = x^μe_μ, one may construct a local orthonormal basis e_α. The two bases are related through vielbeins e_α = e^μ_αe_μ. The metric tensor g is defined as η_{αβ} = e^μ_αe^ν_βg_{μν} , where η is the Minkowski, i.e. flat metric. Then, the curved spacetime γ matrices are defined as [23] γ^μ = γ^αe^μ_α, where γ^α are the usual (flat spacetime) Dirac matrices, for which {γ^α, γ^β} = η^{αβ} and we adopt the sign convention η = (+, −, −, ...). The covariant derivative acting on the spinor is D_μ = ∂_μ − Γ_μ, where Γ_μ(x) =

1 8 [ γ^α, γ^β ] e^ν_α(x)(∇_μe_{βν} ) and ∇_μe_{βν} = ∂_μe_{βν} − Γ^σ_{μν} e_{βσ} (for a brief overview with essential technical details, see [24]). The canonically conjugate momentum to ψ can be found in a usual way as π(x) = ∂L ∂(∂_0ψ) = √ g 1 2 iψ̄γ^0 (4)

and similarly for π̄ which is conjugate to ψ̄. One then obtains the Hamiltonian density H = π(∂_0ψ) + (∂_0ψ̄)π̄ − L, H(x) = − √ g { 1 2 iψ̄ [ γ^kD_k − γ^0Γ_0 ] ψ + h.c. − mψ̄ψ } . (5) Lets now cosider an isotropic square lattice in coordinate basis with lattice spacing a. We introduce a covariant derivative on the lattice as D_μψ(x) = 1 a [P (x, x + a_μ)ψ(x + a_μ) − ψ(x)] , (6)

where P (x, x + a_k ) is the parallel transporter from x + a_k to x and reads (here μ is fixed)

P (x, x + a_μ) = Pexp [∫_x x+a_μ dx^μΓ_μ(x) ] (7) and P stands for the path ordering. One can then formally discretize the Hamiltonian H(t) = ∫ d^{d−1}xH(x), H(t) = 1 2a ∑ x,k ψ^†(x)M^k P (x, x + a_k)ψ(x + a_k)

ψ^†(x) [ aM^0Γ_0 + 1 2 √ gmγ^0 ] ψ(x) + h.c., (8)

where M^μ(x) ≡ −i √ gγ^0γ^μ. At first sight, the structure of the Hamiltonian Eq.(8) is similar to Eq.(1), but there are two major differences. First, in the former case, the fields are not quantized and second, they are time dependent, so it is not obvious, whether one can obtain the desired anticommutation relation Eq.(2) for the space dependent operators. In order to proceed, we shall rely on the arguments exposed in [25]. We summarize the main steps crucial for our purpose. The classical field ψ(x) is a projection of ket |ψ⟩ to a spatiotemporal basis |x⟩ ψ(x) = ⟨x|ψ⟩ . (9) Similarly, one obtains a different field which is only space dependent on some constant time hypersurface as

Ψ(x) = ⟨x|ψ⟩ . (10)

The relationship between the two fields ψ(x) and Ψ(x) can be found from the equivalence ⟨ϕ|ψ⟩ = (ϕ, ψ), where the scalar product in curved spacetime is defined as [25] (ϕ, ψ) = ∫ d^{d−1}x √ gϕ^†γ^0γ^0ψ. (11)

From the resolution of identity ∫ d^{d−1}x |x⟩ √ gγ^0γ^0 ⟨x| = 1 one obtains the evolution of the ket |x⟩ ∂_0 |x⟩ = − 1 2 |x⟩ (∂_0 √ gγ^0γ^0)( √ gγ^0γ^0)^{−1}, (12)

which can be formally integrated to give |x⟩ = |x, t⟩ = √ 2 |x⟩ ( √ gγ^0γ^0)^{− 12} . (13)

The meaning of the factor √ 2 will become clear momentarily.

The quantization of the space and time dependent field Eq.(9), ψ(x), then proceeds by imposing equal time anticommutation relations for the canonically conjugate operators [23], namely {ψ_s(x), π_s′ (x^′)} = iδ(x − x^′)δ_{s,s}′ , (14) where π(x) is given by Eq.(4). We can use the relations Eq.(9, 10) and Eq.(13) to find the relationship between the two fields ψ(x) and Ψ(x) to be ψ(x) = √ 2 (√ gγ^0γ^0

)_− 1_2

Ψ(x). (15)

Plugging Eq.(4) into Eq.(14) and using Eq.(15) we obtain for the anticommutator of the constant time hypersurface fields

{Ψ_s(x), Ψ^†_s′ (x^′)} = δ(x − x^′)δ_{s,s}′ ,

which is precisely the relation Eq.(2) (the factor √ 2 in Eq.(13) is actually an integration constant determined by the form of the anticommutator Eq.(2) and originates in the hermitian definition of the Lagrangian Eq.(3) containing factors 1/2).

Lets now take the lattice Dirac Hamiltonian Eq.(8) and write it as H(t) = ∑ x,k ψ^†(x)T̃ (x, x+a_k )ψ(x+a_k)+h.c.+ψ^†(x)Ṽ (x)ψ(x), (16) We now use the relation Eq.(15) to substitute for ψ(x) and write the Hamiltonian as H(t) = ∑ x,k Ψ^†(x)T (x, x+a_k)Ψ(x+a_k)+h.c.+Ψ^†(x)V (x)Ψ(x),

(17) where

T (x, x + a_i) = 1 2 (iM^0)^{−1/2}(x)M^iP (x, x + a_i)((iM^0)^†)^{−1/2}(x + a_i)

V (x) = (iM^0)^{−1/2} [ M^0Γ_0 + (M^0Γ_0)^† + √ gmγ^0 ] ((iM^0)^†)^{−1/2},(18)

where we have put the lattice spacing a = 1 for simplicity. Now, the Hamiltonian Eq.(17) has the same structure with the correct anticommutation relations for the operators as Eq.(1) (plus the local term). The price to pay in order to achieve this goal was to absorb the spatiotemporal dependence of the fields ψ(x) to the elements of the Hamiltonian and thus spoiling its covariance.

Next, we discuss a non relativistic limit of the Dirac equation. After all, the kinetic part of the usual Hubbard model for electrons in tight binding approximation (Eq.(1) with T ∝ 1) is obtained from the non relativistic quantum mechanical Hamiltonian H ∝ p^2/(2m). It is thus interesting to see, how similar derivation works for fermions in curved spacetime background. We should use a systematic method, known as Foldy-Wouthouysen transformation [26] (also used in the context of quantum fields in curved spacetimes [27]), which perturbatively decouples the electron and positron modes. One can derive the Dirac equation from Eq.(3)

(iγ^μD_μ − m)ψ(x) = 0, (19)

which can be rewritten as Schrödinger equation

i∂_0ψ(x) = H_Dψ(x), (20)

where

H_D = (γ^0)^{−1}(m − iγ^kD_k) + iΓ_0 (21)

is the Dirac Hamiltonian. The non relativistic limit can be obtained from the Dirac Hamiltonian of the form

H_D = γ^0m + E + O, (22)

where E and O are even and odd operator, defined by the property [ γ^0, E ] = 0 and {γ^0, O} = 0 and γ^0 is in the Dirac representation. The lowest order expression for the nonrelativistic Hamiltonian is

H_P = γ^0m + E + 1 2m γ^0O^2, (23)

where the subscript P stands for the Pauli Hamiltonian. One can identify γ^0, E and O by comparing Eq.(22) with Eq.(21). In the most general case it yields rather lengthy expressions. In order to proceed with the calculation, we will thus consider a simple, yet non-trivial scenario with a static diagonal metric of the form g = ( 1 0 0 h ) , (24)

and h = diag(h_{ii}(x^k)), where i = 1..d−1 and the diagonal terms depend only on spatial coordinates x^k. First thing we note, is that in this case, the vielbein fields are also diagonal, e^μ_α = 0 for μ ≠ α. In particular e^0 = 1 implying (γ^0)^{−1} = γ^0 = γ^0. Also, Γ_0 = 0. We then obtain for the Dirac Hamiltonian

H_D = γ^0m − iγ^0γ^kD_k = γ^0m + O, (25) since the term γ^0γ^kD_k is odd for the metric considered. We then obtain for the Pauli Hamiltonian density

H_P = γ^0m − 1 2m γ^0(γ^0γ^kD_k)(γ^0γ^j D_j ). (26)

The total Hamiltonian, expressed in terms of field variables, then reads

H_P = 1 2 [(ψ, H_P ψ) + (H_P ψ, ψ)] . (27)

The scalar product can be evaluated by integrating per parts in curved spacetime. The reason why one wants to do that is to obtain terms of type (Dψ^†)(Dψ) rather than ψ^†D^2ψ, since the former can be mapped to a Hubbard model with only nearest neighbor hopping. Evaluating Eq.(27), we get

H_P = 1 2 1 2m ∫ d^{d−1}x √ gψ̄γ^kγ^j D_kD_j ψ+h.c.+ ∫ d^{d−1}x √ gmψ̄ψ (28) At this point ψ is still 2^{[d/2]} component spinor, where [n] is the integer part of n. By construction, the Hamiltonian H_P contains only even operators and we can thus split the spinor into two parts, say ψ = (χ, φ). Each of the spinors χ, φ has 2^{[d/2]−1} components, which will have independent dynamics. In case of the diagonal static metric and d = 4, we find

γ^kγ^j D_kD_j = − ( e^ke^j σ^k σ^j ∇_k∇_j 0

0 e^ke^j σ^k σ^j ∇_k∇_j ) , (29) where ∇_k = ∂_k − Γ̃_k, Γ̃_k = −1/4σ^jσ^le^ν_j (x)(∇_k e_{lν} (x)) | |_{j<l}. Lets write the Pauli Hamiltonian for one of the spinor components, say χ, which we write as ∫ d^3x √ gχ^†σ^kσ^j ∇_k∇_j χ = ∫ d^3χ^†f_{ii}∇_i∇_iχ + ∫ d^{d−1} χ^†f_{kj} σ^k σ^j [∇_k, ∇_j ] | |_{k<j} χ,(30)

where f_{kj} = √ ge^ke^j . The commutator in the second term is familiar from non-abelian gauge theories and we have [∇_k, ∇_j ] = ∂_{[j} Γ̃_{k]} − [ Γ̃_k, Γ̃_j ] , which acts locally on the spinor χ. The first term can be integrated per parts to yield (using Γ̃^†_i = −Γ̃_i) ∫ d^3xχ^†f_{ii}∇_i∇_iχ = − ∫ d^3x { f_{ii}(∇_iχ)^†(∇_iχ) − (∂_if_{ii})χ^†(∇_iχ) } . (31)

We thus write the Pauli Hamiltonian as

4 H_P = ∫ d^3x 1 2 1 2m [ f_{ii}(∇_iχ)^†(∇_iχ) − (∂_if_{ii})χ^†(∇_iχ) − χ^†f_{kj} σ^kσ^j [∇_k , ∇_j ] | |_{k<j} χ, ] + h.c. + √ gmχ^†χ. (32)

We are now in the position to discretize the Pauli Hamiltonian, which is to follow exactly the same steps as in the case of Dirac Hamiltonian. Using again the prescription Eq.(15), which now takes a simple form χ(x) = √ 2 √ g^{− 12} X(x), we arrive at a Hamiltonian, which can be formally written as Eq.(17), where we have to replace Ψ → X and the matrices T, V now depends only on spatial coordinates x and read

T (x, x + a_i) = − √ g^{−1} m (f_{ii} + 1 2 ∂_if_{ii})P (x, x + a_i) (33)

V (x) = 2m + √ g^{−1} m [ f_{ii} + f^−_{ii} − (∂_if_{ii}) + ( 1 2 √ g σ^kσ^j [∇_k, ∇_j ] | |_{k<j} + h.c. )] , (34)

where f^−_{ii} = f_{ii}(x − a_i) and we have to replace Γ → Γ̃ in the definition of the parallel propagator Eq.(7).

Physical interpretation; we just provided two possible interpretations of the kinetic Hamiltonian of the form Eq.(17), driven by a possible interpretation of non unitary T . However, it is interesting to notice, that for the static diagonal metric Eq.(24), γ are unitary, Γ_k are antihermitian, Γ^†_k = −Γ_k and the parallel propagators Eq.(7) become unitary. We thus have T which is also unitary, contrary to the Pauli Hamiltonian case. Another question is what field theory we are actually simulating. Lets take an example of simulation, where the Hamiltonian Eq.(1) describes a motion in a (two dimensional) plane for a two component field ψ_s, s = 1, 2. If we want to interpret it as a Dirac Hamiltonian, our simulator would correspond to a Dirac Hamiltonian in 2+1 dimensions. If we are to interpret it, however, as a Pauli Hamiltonian, the simulator corresponds to a spin half fermion living in 3+1 dimensions, but whose motion is confined to a plane.

Implementation with cold atoms; in the experiments with cold atoms, the internal degrees of freedom are usually played by the hyperfine states of the atoms. These allow for a laser assisted tunnelings between adjacent sites, say i, i^′ of the optical lattice. Lets denote the internal degrees of freedom s. In order to engineer an arbitrary T (x) ∈ Gl(2, C ), it is necessary to control each of the tunneling rates (i, s) ↔ (i^′, s^′) independently in all spatial directions and moreover, the rates in general vary in spacetime. Different techniques and their combination can be used in order to achieve this goal. For example, bichromatic lattices can be combined with an independent Raman laser for each transition s ↔ s^′ [28]. The spatial dependence is then given by a transverse profile of each Raman laser. It can be given e.g. by a (typically) gaussian laser profile which varies slowly on the lattice spacing or it can be designed using e.g. a specific phase masks [29] or array of microlenses [30], which allow for the modulation on the scale of lattice spacing and were already used in the cold atomic experiments. Another comment is, that the potential V (x) in Eq.(17) is non diagonal and might be difficult to engineer. The way around is that since V is hermitian, it can be diagonalized by unitary transformation. It amounts to redefine the tunneling matrix T (analogous to a local gauge transformation in the case of gauge fields) and the spinors Ψ. Since the transformation is unitary, the anticommutation relations Eq.(2) are preserved.

Interactions; so far, we were talking about non interacting case. Although non abelian lattice gauge theories are non trivial already at this level, the most interesting physics can be obtained in the presence of interactions. A natural interaction term for spin half fermions in optical lattice is H_{int} ∝ U ∑ s≠s^′ nsns^′ , where ns = ψ † s ψ_s is the density operator. Once again, one entirely legitimate approach is to consider a Hamiltonian H = H_{kin} + H_{int}, with H_{kin} Eq.(1) and T ∈ Gl(2, C ) as such and study its properties (H could also describe interacting bosons instead of fermions). The other approach is to design it in a way, that it simulates a given field theory. For example, a proposal of simulation of a Thirring model (i.e. 1+1 dimensional field theory) with cold atoms was made recently [31], where the interaction term reads J^μJ_μ with J^μ = ψ̄γ^μψ. In curved spacetime, the replacement γ^μ → γ^μ makes the interaction term spacetime dependent. One can thus try to modify the proposal [31] in a way that creates the correct interaction term, which might be an interesting test bed situation, since as one dimensional theory, the massless Thirring model is soluble also in curved spacetime [32].

We would like to mention, that a simulation of a Dirac field in curved spacetime with cold atoms was already adressed [33], but the discretization was carried out in the limit of small lattice spacing, such that the approximation P ≈ 1 + aΓ is valid. For stationary metrics, considered in [33], it results in unitary tunnelings.

We would like to thank J. Baez, T. Brauner, A. Kempf, T. Lappi and M.C. Tan for useful discussions. J.M. acknowledges the support by the National Research Foundation and the Ministry of Education, Singapore. B.G. acknowledges support from the LIA FSQL. The Centre for Quantum Technologies is a Research Centre of Excellence funded by the Ministry of Education and the National Research Foundation of Singapore.

[1] W. Ketterle and M. W. Zwierlein, Proceedings of the International School of Physics ”Enrico Fermi”,Course

CLXIV, Varenna, 20 - 30 June 2006 (2006).

[2] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys.

80, 885 (2008).

[3] M. Lewenstein et al., Advances in Physics 56, 243 (2007). [4] J. Dalibard, F. Gerbier, G. Juzeliūnas, and P. Öhberg, Rev. Mod. Phys. 83, 1523 (2011).

[5] Y.-J. Lin et al., Nat. Phys. 7, 531 (2011). [6] Y.-J. Lin et al., Nature 462, 628 (2009).

[7] M. Aidelsburger et al., Phys. Rev. Lett. 107, 255301 (2011).

[8] Y.-J. Lin, K. Jiménez-García, and I. B. Spielman, Nature 471, 83 (2011).

[9] J.-Y. Zhang et al., Phys. Rev. Lett. 109, 115301 (2012). [10] D. Jaksch and P. Zoller, New J. Phys. 5, 56.1 (2003). [11] F. Gerbier and J. Dalibard, New J. Phys. 12, 033007 (2010).

[12] J. B. Kogut, Rev. Mod. Phys. 51, 659 (1979). [13] K. Osterloh et al., Phys. Rev. Lett. 95, 010403 (2005). [14] N. Goldman et al., Phys. Rev. Lett. 103, 035301 (2009). [15] W. S. Cole, S. Zhang, A. Paramekanti, and N. Trivedi, Phys. Rev. Lett. 109, 085302 (2012).

[16] Methods of Contemporary Gauge Theory, edited by Y. Makeenko (Cambridge University Press, New York, 2002).

[17] K. Cahill, Phys. Rev. D 20, 2636 (1979).

[18] K. Cahill and S. m. c. Özenli, Phys. Rev. D 27, 1396

(1983).

[19] T. T. Wu and C. N. Yang, Phys. Rev. D 12, 3845 (1975). [20] C. Lehmann and G. Mack, Eur. Phys. J. C 39, 483 (2005).

[21] Quantum Fields in Curved space, edited by N. D. Birell and P. C. W. Davies (Cambridge University Press, Cambridge, 1982).

[22] Gravitation and Cosmology, edited by S. Weinberg (Wiley, New York, 1972).

[23] Quantum Field Theory in Curved Spacetime, edited by L. Parker and D. J. Toms (Cambridge University Press, New York, 2009).

[24] J. Yepez, arXiv:1106.2037 .

[25] X. Huang and L. Parker, Phys. Rev. D 79, 024020 (2009). [26] Relativistic Quantum Mechanics (McGraw-Hill, Inc., New York, 1964).

[27] K. Bakke, J. R. Nascimento, and C. Furtado, Phys. Rev.

D 78, 064012 (2008).

[28] L. Mazza et al., New J. Phys. 14, 015007 (2012). [29] W. S. Bakr et al., Nature 462, 74 (2009). [30] A. Itah et al., Phys. Rev. Lett. 104, 113001 (2010). [31] J. I. Cirac, P. Maraner, and J. K. Pachos, Phys. Rev.

Lett. 105, 190403 (2010).

[32] N. D. Birell and P. C. W. Davies, .

[33] O. Boada, A. Celi, J. I. Latorre, and M. Lewenstein, New J. Phys. 13, 035002 (2011).