arXiv:1304.1325v2 [gr-qc] 23 May 2013

Pais-Uhlenbeck Oscillator with a Benign Friction Force

Matej Pavšič Jožef Stefan Institute, Jamova 39, 1000 Ljubljana, Slovenia e-mail: matej.pavsic@ijs.si

Abstract It is shown that the Pais-Uhlenbeck oscillator with damping, considered by Nesterenko, is a special case of a more general oscillator that has not only a first order, but also a third order friction term. If the corresponding damping constants, α and β, are both positive and below certain critical values, then the system is stable. In particular, if α = −β, then we have the unstable Nesterenko’s oscillator.

1 Introduction

Pais-Uhlenbeck (PU) oscillator [1] is a toy model for higher derivative theories. The latter theories are very important for quantum gravity, but, because of the presence of negative energies, they are generally considered as very problematic, if not completely unsuitable for physics. Negative energies arise from the wrong signs of certain terms in the Ostrogradsky Hamiltonian. In a quantized theory, such wrong signs can manifest themselves in the presence of ghost states [2] that break unitarity. With an alternative quantization procedure, based on a different choice of vacuum [3, 4, 5], one has negative energy states, just as in the classical higher derivative theory, and no ghost states.

Several authors have argued that the presence of negative energies in PU oscillator does not lead to inconsistencies [6] (see also Ref. [7]). Those arguments hold for a free oscillator, and are no longer valid if one includes an interaction term that couples positive and negative energy degrees of freedom. The interacting PU oscillator has to be analyzed afresh. In Refs. [8]–[11] it has been found that for small initial velocities and coupling constants there exist islands of stability. Moreover, an example of an unconditionally stable interacting system was found [11]. This system, which is a non linear extension of the PU oscillator, is a close relative of a supersymmetric higher-derivative system [12]. Further, if to the ordinary, linear, PU oscillator we add a self-interaction term that is bounded from below and from above, such as^1_4 sin^4 x, then, as shown in Ref. [13], such a system is stable for any value of initial velocity, and is thus an example of a viable higher derivative theory.

But there remains an important issue that has to be resolved. Every physical system in contact with an environment undergoes dissipative forces. An ordinary oscillator is subjected to a damping force that exponentially diminishes the amplitude of oscillations. For the PU oscillator, this could be different. Indeed, according to Nesterenko [14], the PU oscillator with an external friction force undergoes an exponential instability: the amplitude grows into infinity.

In this paper it will be shown that the friction force, considered by Nesterenko, is a special case of a more general friction force, that in general does not cause the exponential instability. Stability of such a system is also preserved in the presence of an external time dependent force.

2 Pais-Uhlenbeck Oscillator with Damping

Without damping, the Pais-Uhlenbeck oscillator satisfies the following forth order equation of motion: ( d^2 dt^2

+ ω^2 ) ( d^2 dt^2

+ ω^2_1 ) x = 0. (1)

The latter equation can be generalized to include damping terms: ( d^2 dt^2

+ 2β d dt + ω^2 ) ( d^2 dt^2

+ 2α d dt + ω^2_1 ) x = 0. (2)

Explicitly we thus have

x^{(4)} + 2(α + β)

...x

+ (ω^2_1 + ω^2 + 4αβ)ẍ + 2(ω^2_1β + ω^2 α)ẋ + ω^2_1 ω^2x = 0. (3)

If α = −β we obtain the equation

x^{(4)} + (ω^2_1 + ω^2 − 4β^2)ẍ + 2β(ω^2_1 − ω^2 )ẋ + ω^2_1 ω^2 x = 0, (4)

which can be written in the form

x^{(4)} + (Ω^2_1 + Ω^2)ẍ + 2γẋ + Ω^2_1Ω^2 x = 0, (5)

where γ = β(ω^2_1 − ω^2). Here

Ω^2_1 + Ω^2 = ω^2_1 + ω^2 − 4β^2, (6)

Ω^2_1Ω^2 = ω^2_1 ω^2 , (7)

with the solution

Ω^2_{1,2} = 1 2 [ ω^2_1 + ω^2 − 4β^2 ± √ (ω^2_1 + ω^2 − 4β^2)^2 − 4ω^2_1 ω^2 ] . (8)

Eq. (5) is just the equation for the Pais-Uhlenbeck oscillator in the presence of a friction force, considered by Nesterenko [14].

The general solution of Eq. (2) is x = e^{−αt} ( C_1e^t √_{α2−ω21} + C_2e^{−t} √_{α2−ω21} ) + e^{−βt} ( C_3e^t √_{β2−ω2} + C_4e^{−t} √_{β2−ω2} ) (9) If α^2 < ω^2_1, β^2 < ω^2 , this is oscillatory function, and if α and β are both positive, the amplitude of oscillations exponentially decreases.

In particular, if α = −β, the solution of (2) is x = e^{βt} ( C_1e^t √_{β2−ω21} + C_2e^{−t} √_{β2−ω21} ) + e^{−βt} ( C_3e^t √_{β2−ω2} + C_4e^{−t} √_{β2−ω2} ) (10)

For β^2 < ω^2_1 , ω^2, the x(t) is oscillating function consisting of a part with exponential growth, and a part with exponential damping. Such behavior was found by Nesterenko, using a perturbative solution of Eq. (5). But as we see here, Eq. (5) can be solved exactly through the steps (2)–(8), and by taking α = −β. Since Eq. (5) is equivalent to the system of two oscillators with the damping constants of opposite signs, it describes an unstable system.

In general, for positive α ≠ β, Eq. (3) has stable solutions, provided that |α|, |β| are sufficiently small, so that all terms are oscillating and damped by^{−αt} and e^{−βt}.

3 Presence of an arbitrary external force

To the right hand side of the homogeneous equation (2) we can add an arbitrary time dependent force f(t): ( d^2 dt^2

+ 2β d dt + ω^2 ) ( d^2 dt^2

+ 2α d dt + ω^2_1 ) x = f(t). (11)

In the absence of damping, α = β = 0, the general solution to the latter equation can be expressed as [14] x(t) = x_0(t) + ∫_∞ −∞ G(t − t^′)f(t^′)dt^′. (12)

Here x_0(t) is the general solution of the homogeneous equation (1)

x_0(t) = C_1 cos ω_1t + C_2 sin ω_1t + C_3 cos ω_2t + C_4 sin ω_2t, (13) and G(t) = 1 √ 2π ∫_∞ −∞ e^{iωt}G̃(ω)dω, (14) f(t) = 1 √ 2π ∫_∞ −∞ e^{iωt}f̃(ω)dω, (15) where [14] G̃(ω) = 1 √ 2π(ω^2_1 − ω^2) ( 1 ω^2 − ω^2_1 − 1 ω^2 − ω^2 ) . (16)

By inserting (16) into (14), we obtain for t > 0 G(t) = 1 2(ω^2_1 − ω^2) ( sin ω_2t ω_2 − sin ω_1t

ω_1 ) . (17)

As an example let us first consider the force

f(t) = a cos ω_1t + b cos ω_2t, (18)

to which there corresponds the spectral density f̃(ω) = a √ 2π 2 [δ(ω − ω_1) + δ(ω + ω_1)] + b √ 2π 2 [δ(ω − ω_2) + δ(ω + ω_2)]. (19)

Then Eq. (12) gives

x(t) = x_0(t) − 1 2ω_1ω_2(ω^2_1 − ω^2 )^2 [ (ω^2_1 − ω^2)(aω_2t sin ω_1t − bω_1t sin ω_2t)

+ 2(a − b)ω_1ω_2(cos ω_1t − cos ω_2t) ] (20) The same solution of Eq. (11) can be obtained also by using the Mathematica command DSolve.

The amplitude in Eq. (20) increases linearly with t. This was the case without damping. If we include damping, we find the following general solution of Eq. (11):

x(t) = x_0(t) +

−2βω_1acos ω_1t − a(ω^2_1 − ω^2 )sin ω_1t 2αω_1[4β^2ω^2_1 + (ω^2_1 − ω^2)^2] + −2αω_2bcos ω_2t + b(ω^2_1 − ω^2 )sin ω_2t 2βω_2[4α^2ω^2 + (ω^2_1 − ω^2 )^2] , (21) where x_0(t) is now the general solution of the homogeneous equation (2) (see Eq. (9)). For positive α and β, satisfying α^2 < ω^2_1 , β^2 < ω^2, the function x(t) has the oscillating exponentially decreasing part x_0(t) (Eq. (9), and the oscillating part due to the external force (18). Notice that now, differently than in Eq. (20), the amplitude does not linearly increase with t.

More generally, if the spectral density is localized around ω^2_1 and ω^2 according to f̃(ω) = a √ 2π 2 √ c π ( e^{−c(ω−ω1)2} + e^{−c(ω+ω1)2} ) + b √ 2π 2 √ c π ( e^{−c(ω−ω2)2} + e^{−c(ω+ω2)2} ) , (22)

then f(t) = e^{− t24c} (a cos ω_1t + b cos ω_2t), (23) and solutions to Eq. (11) are stable, oscillating functions even in the absence of damping. This can be verified by solving Eq. (11) numerically, using the command NDSolve in Mathematica. Examples of solutions are given in Fig. 1. We see that nothing unphysical happens with the classical displacement x(t). It displays decent oscillatory behavior. Quantum behavior of the propagator has been recently investigated by Ilhan and Kovner [10].

Figure 1: Solution of the undamped Pais-Uhlenbeck oscillator (α = β = 0) in the presence of an external

force with the spectral density localized around ω^2_1 = 1 and ω^2 = 1.5 according to (22) for two different values of the width parameter c. We took the constants a = b = 1, and the initial conditions x(0) = 1, ẋ(0) = 0.2, ẍ(0) = −0.7,

...x (0) = 0.5.

4 Conclusion

We have clarified the important point raised by Nesterenko and found that the Pais- Uhlenbeck oscillator with external friction force is not necessarily unstable. It can be stable, because in general, the Pais-Uhlenbeck oscillator has not only one, but two damping terms: a term with the first and a term with the third derivative of the displacement x(t) with respect to the time t. If the corresponding damping constants, α and β, are both positive and lower than the critical values determined by ω^2_1 , ω^2 , then the system is stable in the sense that it oscillates with exponentially decreasing amplitude. In particular, if α = −β, then the third order term vanishes and we have the oscillator that has only the first derivative damping term, considered by Nesterenko [14]. Such ”damping” term causes the exponential growth of the oscillator’s amplitude. Nesterenko’s conclusion that the theories with higher derivatives suffer exponential instability holds only in the latter particular case. In general, such theories can be stable, because the third order damping term provides the mechanism that prevents the exponential instability.

We have also analysed the Pais-Uhlenbeck oscillator that experiences an arbitrary external force, f(t). For the force whose spectral density is sharply localized around ω^2_1 and ω^2, we have found the exact general solution whose amplitude linearly increases with time if α = β = 0, and decently oscillates if α > 0, β > 0. For a force whose spectral density has Gaussian (and not the physically unrealistic δ-like) distribution around ω^2_1 and ω^2 , we obtain stable, oscillating solutions even in the absence of damping.

Acknowledgment This work has been supported by the Slovenian Research Agency.

References

[1] A. Pais and G.E. Uhlenbeck, Phys. Rev. 79 145 (1950).

[2] S. W. Hawking, T. Hertog and , Phys. Rev. D 65, 103515 (2002) [hep-th/0107088]. [3] Y.S. Kim, M.E. Noz, Phys. Rev. D 8, 3521 (1973); 12 122 (1975);

D. Cangemi, R. Jackiw, B. Zwiebach, Ann. Phys. 245,408 (1996); E. Benedict, R. Jackiw, H.-J. Lee, Phys. Rev. D. 54, 6213 (1996).

[4] M. Pavšič, Phys. Lett. A 254, 119 (1999) [hep-th/9812123]. [5] R. P. Woodard, Lect. Notes Phys. 720, 403 (2007) [astro-ph/0601672]. [6] S. Özönder, ”Viable Higher Derivative Theories”, PhD Thesis, 2007. K. Bolonek, P. Kosiński, Acta Phys. Polon. B 36, 2115 (2005). A. Mostafazadeh, Phys. Lett. A 375, 93 (2010) [arXiv:1008.4678 [hep-th]]. M. C. Nucci and P. G. L. Leach, Phys. Scripta 81, 055003 (2010) [arXiv:0810.5772 [math-ph]].

[7] A. M. Chervyakov and V.V. Nestereno, Phys. Rev. D 48, 5811 (1993). [8] S. M. Carroll and M. Hoffman, Phys. Rev. D 68, 023509 (2003).

[9] A. V. Smilga, Nucl. Phys. B 706, 598 (2005) [hep-th/0407231]; A. V. Smilga, Phys. Lett. B 632, 433 (2006) [hep-th/0503213].

[10] I. B. Ilhan and A. Kovner, arXiv:1301.4879 [hep-th]. [11] A. V. Smilga, SIGMA 5, 017 (2009) [arXiv:0808.0139 [quant-ph]]. [12] D. Robert and A.V. Smilga, J. Math. Phys. 49, 042104 (2008). [13] M. Pavšič, “Stable Interacting Pais-Uhlenbeck Oscillator,” arXiv:1302.5257 [gr-qc]. [14] V. V. Nesterenko, Phys. Rev. D 75, 087703 (2007) [hep-th/0612265].