arXiv:1304.2139v2 [hep-th] 17 Apr 2013

Leading finite-size effects on some three-point correlators in T sT -deformed AdS_5 × S^5

Plamen Bozhilov

Institute for Nuclear Research and Nuclear Energy Bulgarian Academy of Sciences 1784 Sofia, Bulgaria

plbozhilov@gmail.com

Abstract

We compute the leading finite-size effects on the normalized structure constants in semiclassical three-point correlation functions of two finite-size giant magnon string states and three different types of ”light” states - primary scalar operators, dilaton operator with nonzero momentum and singlet scalar operators on higher string levels. This is done for the case of T sT -transformed, or γ-deformed, AdS_5 × S^5 string theory background, dual to N = 1 super Yang-Mills theory in four dimensions, arising as an exactly marginal deformation of N = 4 super Yang-Mills.

1 Introduction

The AdS/CFT duality [1] between string theories on curved space-times with Anti-de Sitter subspaces and conformal field theories in different dimensions has been actively investigated in the last years. A lot of impressive progresses have been made in this field of research based mainly on the integrability structures discovered on both sides of the correspondence (for recent overview on the AdS/CFT duality, see [2]). The most studied example is the correspondence between type IIB string theory on AdS_5 × S^5 target space and the N = 4 super Yang-Mills theory (SYM) in four space-time dimensions. However, many other cases are also of interest, and have been investigated intensively.

Different classical string solutions play important role in checking and understanding the AdS/CFT correspondence [3]. To establish relations with the dual gauge theory, one has to take the semiclassical limit of large conserved charges [4]. A crucial example of such string solution is the so called ”giant magnon”, discovered by Hofman and Maldacena in R_t × S^2 subspace of AdS_5 × S^5 [5]. It gave a strong support for the conjectured all-loop SU(2) spin chain, arising in the dual N = 4 SYM, and made it possible to get a deeper insight in the AdS/CFT duality. Characteristic feature of this solution is that the string energy E and the angular momentum J_1 go to infinity, but the difference E − J_1 remains finite and related to the momentum of the magnon excitations in the dual spin chain in N = 4 SYM. This string configuration have been extended to the case of dyonic giant magnon, being solution for a string moving on R_t × S^3 and having second nonzero angular momentum J_2 [6]. Further extension to R_t × S^5 have been also worked out in [7]. It was also shown there that such type of string solutions can be obtained by reduction of the string dynamics to the Neumann-Rosochatius integrable system, by using a specific ansatz.

An interesting issue to solve is to find the finite-size effect, i.e. J_1 large, but finite, related to the wrapping interactions in the dual field theory [8]. For (dyonic) giant magnons living in AdS_5 × S^5 this was done in [9, 10]. The corresponding string solutions, along with the (leading) finite-size corrections to their dispersion relations have been found.

Here, we are going to consider the leading finite-size effects on some three-point correlation functions in γ-deformed [11] or T sT -transformed [12] AdS_5 × S^5 string theory background. To this end, we will need to use our knowledge about the properties of the finite-size (dyonic) giant magnon solutions on this target space. The corresponding information can be found in [13, 14].

In this paper we will be interested in the case of three-point correlators, when two of the ”heavy” string states are finite-size giant magnons, while the third state is a ”light” one^1. We will consider three different types of ”light” states: primary scalar operators, dilaton operator with nonzero momentum and singlet scalar operators on higher string levels. The finite-size effects on such correlation functions in T sT -transformed AdS_5 × S^5 have been

1The first papers in which three-point correlation functions of two ”heavy” operators and a ”light” operator have been computed are [15, 16].

found in [17, 18]. There, the normalized structure constants in these correlators are given in terms of several parameters and hypergeometric functions of two variables depending on them. On the other hand, it is important to know their dependence on the conserved string charges J_1, J_2 and the worldsheet momentum p, because namely these quantities are related to the corresponding operators in the dual N = 1 SYM, and the momentum of the magnon excitations in the dual spin-chain. That is why, we are going to find this dependence here. Unfortunately, this can not be done exactly for the finite-size case due to the complicated dependence between the above mentioned parameters and J_1, J_2, p. Because of that, we will consider only the leading order finite-size effects on the three-point correlators of this type. Moreover, due to computational complications, we will restrict ourselves to the case of J_2 = 0.

This paper is organized as follows. In Sec. 2, we give a short review of the finite-size (dyonic) giant magnon’s solution on γ-deformed AdS_5 × S^5. Also, we give the corresponding exact semiclassical results for the three-point correlators we are interested in, found in [17, 18]. Sec. 3 is devoted to the computation of the leading order finite-size effects on the three-point correlators given in Sec. 2 in terms of the conserved string angular momentum J_1 and the worldsheet momentum p. In Sec. 4 we conclude with some final remarks.

2 Finite-size giant magnons on T sT -deformed AdS_5 × S^5 and some three-point correlators

2.1 Short review of the giant magnon solutions

Investigations on AdS/CFT duality for the cases with reduced or without supersymmetry is of obvious importance and interest. An example of such correspondence between gauge and string theory models with reduced supersymmetry is provided by an exactly marginal deformation of N = 4 SYM and string theory on a β-deformed AdS_5 × S^5 background suggested by Lunin and Maldacena in [11]. When β ≡ γ is real, the deformed background can be obtained from AdS_5 × S^5 by the so-called TsT transformation on S^5. It includes Tduality on one angle variable, a shift of another isometry variable, then a second T-duality on the first angle [12]. The AdS_5 part of the background is untouched, so the conformal invariance remains.

An essential property of the TsT transformation is that it preserves the classical integrability of string theory on AdS_5 × S^5 [12]. The γ-dependence enters only through the twisted boundary conditions and the level-matching condition. The last one is modified since a closed string in the deformed background corresponds to an open string on AdS_5 × S^5 in general.

The parameter γ̃, which appears in the string action, is related to the deformation parameter γ as γ̃ = 2πT γ = √ λ γ, where T is the string tension and λ is the t’Hooft coupling.

The effect of introducing γ on the field theory side of the duality is to modify the super potential as follows W ∝ tr ( e^{iπγ} Φ_1Φ_2Φ_3 − e^{−iπγ} Φ_1Φ_3Φ_2 ) . This leads to reduction of the supersymmetry of the SYM theory from N = 4 to N = 1.

Since we are going to consider three-point correlation functions with two vertices corresponding to giant magnon states, we can restrict ourselves to the subspace R_t × S^3_γ of AdS_5 × S^5_γ background. Then one can show that by using the ansatz t(τ, σ) = κτ, θ(τ, σ) = θ(ξ), ϕ_j(τ, σ) = ω_jτ + f_j (ξ), (2.1) ξ = ασ + βτ, κ, ω_j , α, β = constants, j = 1, 2, the string Lagrangian in conformal gauge, on the γ-deformed three-sphere S^3_γ , can be written as [19] (prime is used for d/dξ)

L_γ = (α^2 − β^2) [ θ^{′2} + G sin^2 θ ( f^′_1 − βω_1 α^2 − β^2

)_2 + G cos^2 θ ( f^′_2 − βω_2 α^2 − β^2

)_2

− α^2 (α^2 − β^2)^2 G ( ω^2_1 sin^2 θ + ω^2 cos^2 θ ) + 2αγ̃G sin^2 θ cos^2 θ ω_2f^′_1 − ω_1f^′_2 α^2 − β^2 ] , (2.2)

where G = 1 1 + γ̃^2 sin^2 θ cos^2 θ .

By using (2.2) and the Virasoro constraints, one can find the following first integrals of the string equations of motion

f^′_1 =

Ω_1 α 1 1 − v^2 [ vW − uK 1 − χ − v(1 − γ̃K) − γ̃uχ ] , f^′_2 =

Ω_1 α 1 1 − v^2 [ K χ − uv(1 − γ̃K) − γ̃v^2W + γ̃(1 − χ) ] , (2.3)

χ^′ = 2 √ 1 − u^2 1 − v^2 √ (χ_p − χ)(χ − χ_m)(χ − χ_n), where χ = cos^2 θ, v = −β/α, u = Ω_2 Ω_1 , W = ( κ Ω_1

)_2 , K = C_2 αΩ_1 , Ω_1 = ω_1 ( 1 + γ̃

C_2 αω_1 ) , Ω_2 = ω_2 ( 1 − γ̃ C_1 αω_2 ) , C_1, C_2 = constants.

Also, the following equalities hold

χ_p + χ_m + χ_n =

2 − (1 + v^2)W − u^2

1 − u^2 , χ_pχ_m + χ_pχ_n + χ_mχ_n =

1 − (1 + v^2)W + (vW − uK)^2 − K^2

1 − u^2

, (2.4)

χ_pχ_mχ_n = −

K^2

1 − u^2 . The case of dyonic finite-size giant magnons corresponds to 0 < u < 1, 0 < v < 1, 0 < W < 1, 0 < χ_m < χ < χ_p < 1, χ_n < 0. The AdS_5 part of the giant magnon solution, in Euclidean Poincare coordinates, can be

written as^2 (t = √ W τ, iτ = τ_e)^3 z = 1 cosh( √ W τ_e) x_{0e} = tanh( √ W τ_e), x_i = 0, i = 1, 2, 3.

Let us also write down the exact expressions for the conserved charges and the angular

differences E ≡ 2πE √ λ = 2 (1 − v^2) √ W √ 1 − u^2

K(1 − ϵ) √ χ_p − χ_n , (2.5)

J_1 ≡ 2πJ_1 √ λ = 2 √ 1 − u^2 [ 1 − χ_n − v (vW − uK) √ χ_p − χ_n K(1 − ϵ) − √ χ_p − χ_nE(1 − ϵ) ] ,(2.6)

J_2 ≡ 2πJ_2 √ λ = 2 √ 1 − u^2 [ uχ_n − vK √ χ_p − χ_n K(1 − ϵ) + u √ χ_p − χ_nE(1 − ϵ) ] , (2.7)

p_1 ≡ Δϕ_1 = ϕ_1(L) − ϕ_1(−L) = 2 √ 1 − u^2

(2.8) × { vW − uK (1 − χ_p) √ χ_p − χ_n Π ( − χ_p − χ_m 1 − χ_p |1 − ϵ ) − [v (1 − γ̃K) + γ̃uχ_n] K(1 − ϵ) √ χ_p − χ_n −γ̃u √ χ_p − χ_nE(1 − ϵ) } , 2Euclidean continuation of the time-like directions to t_e = it, x_{0e} = ix_0, will allow the classical trajectories

to approach the AdS_5 boundary z = 0 when τ_e → ±∞, and to compute the corresponding correlation

functions.

3We set α = Ω_1 = 1 for simplicity.

p_2 ≡ Δϕ_2 = ϕ_2(L) − ϕ_2(−L) = 2 √ 1 − u^2

(2.9) × { K χ_p √ χ_p − χ_n Π ( 1 − χ_m χ_p |1 − ϵ ) − [uv + γ̃v (vW − uK) − γ̃ (1 − χ_n)] K(1 − ϵ) √ χ_p − χ_n −γ̃ √ χ_p − χ_nE(1 − ϵ) } , where the following notation has been introduced ϵ = χ_m − χ_n χ_p − χ_n . (2.10)

Here, E, J_{1,2} are the string energy and angular momenta. K(1 − ϵ), E(1 − ϵ) and Π ( 1 −^{χm}_{χp} |1 − ϵ ) are the complete elliptic integrals of first, second and third kind. The parameter L appeared above is related to the size of the giant magnons. For finite-size giant magnons L is finite, while for infinite-size giant magnons L → ∞.

Let us also point out that for the γ-deformed case even the giant magnon with J_2 = 0 lives on S^3_γ . It happens because that is the smallest consistent reduction due to the twisted boundary conditions [13].

The dyonic giant magnon dispersion relation, including the leading finite-size correction, can be written as [14]

E − J_1 = √ J^2_2 + 4 sin^2(p/2) − sin^4(p/2) √ J^2_2 + 4 sin^2(p/2) cos(Φ) ϵ, (2.11)

where

ϵ = 16 exp − 2 ( J_1 + √ J^2_2 + 4 sin^2(p/2) ) √ J^2_2 + 4 sin^2(p/2) sin^2(p/2) J^2_2 + 4 sin^4(p/2)

. (2.12)

The second term in (2.11) represents the leading finite-size effect on the energy-charge relation, which disappears for ϵ → 0, or equivalently J_1 → ∞. It is nonzero only when J_1 is finite. The γ-deformation effect is represented by cos(Φ).

In the next section, we will restrict our considerations to the case J_2 = 0. Then (2.11) simplifies to

E − J_1 = 2 sin(p/2) − 1 2 sin^3(p/2) cos(Φ) ϵ, (2.13)

where

ϵ = 16 exp [ − J_1 sin(p/2) − 2 ] , Φ = 2π ( n_2 − γ̃ 2π J_1 ) , n_2 ∈ Z. (2.14)

2.2 Semiclassical three-point correlation functions

It is known that the correlation functions of any conformal field theory can be determined in principle in terms of the basic conformal data {Δ_i, C_{ijk}}, where Δ_i are the conformal dimensions defined by the two-point correlation functions ⟨ O^†_i (x_1)O_j (x_2) ⟩ = C_{12}δ_{ij} |x_1 − x_2|^{2Δi} and C_{ijk} are the structure constants in the operator product expansion

⟨O_i(x_1)O_j (x_2)O_k(x_3)⟩ = C_{ijk} |x_1 − x_2|^{Δ1+Δ2−Δ3} |x_1 − x_3|^{Δ1+Δ3−Δ2} |x_2 − x_3|^{Δ2+Δ3−Δ1} . Therefore, the determination of the initial conformal data for a given conformal field theory is the most important step in the conformal bootstrap approach.

The three-point functions of two ”heavy” operators and a ”light” operator can be approximated by a supergravity vertex operator evaluated at the ”heavy” classical string configuration [20, 21]:

⟨V_H (x_1)V_H (x_2)V_L(x_3)⟩ = V_L(x_3)_{classical}.

For |x_1| = |x_2| = 1, x_3 = 0, the correlation function reduces to

⟨V_H (x_1)V_H (x_2)V_L(0)⟩ =

C_{123} |x_1 − x_2|^{2ΔH} . Then, the normalized structure constants C = C_{123} C_{12} can be found from

C = c_ΔV_L(0)_{classical}, (2.15)

were c_Δ is the normalized constant of the corresponding ”light” vertex operator.

By now, investigations on the finite-size effects in the three-point correlators have been performed in [22, 23, 19, 17, 18, 24]. This was done for the cases when the ”heavy” string states are finite-size giant magnons, with one or two angular momenta^4, and for three different ”light” states:

1. Primary scalar operators: V_L = V^{pr}_j

4See also [25], where the finite-size correction to a three-point correlation function is found, when the ”heavy” state is not giant magnon one.

2. Dilaton operator: V_L = V^d_j

3. Singlet scalar operators on higher string levels: V_L = V^q

According to [20], the corresponding (unintegrated) vertices are given by

V^{pr}_j = (Y_4 + Y_5)^{−Δpr} (X_1 + iX_2)^j (2.16) [ z^{−2} ( ∂x_m ¯∂x^m − ∂z ¯∂z ) − ∂X_k ¯∂X_k ] , where the scaling dimension is Δ_{pr} = j. The corresponding operator in the dual gauge theory is T r (Z^j )^5.

V^d_j = (Y_4 + Y_5)^{−Δd} (X_1 + iX_2)^j (2.17) [ z^{−2} ( ∂x_m ¯∂x^m + ∂z ¯∂z ) + ∂X_k ¯∂X_k ] , where now the scaling dimension Δ_d = 4 + j to the leading order in the large √ λ expansion.

The corresponding operator in the dual gauge theory is proportional to T r ( F^2_{μν} Z^j + . . . ) , or for j = 0, just to the SYM Lagrangian.

V^q = (Y_4 + Y_5)^{−Δq} (∂X_k ¯∂X_k)^q. (2.18)

This operator corresponds to a scalar string state at level n = q − 1, and to the leading order in^{1√}_λ expansion

Δ_q = 2 (√ (q − 1) √ λ + 1 − 1 2 q(q − 1) + 1 ) . (2.19)

The value n = 1(q = 2) corresponds to a massive string state on the first exited level and the corresponding operator in the dual gauge theory is an operator contained within the Konishi multiplet. Higher values of n label higher string levels.

In (2.16), (2.17), (2.18) we denoted with Y , X the coordinates in AdS and sphere parts of the AdS_5 × S^5_γ background.

Y_1 + iY_2 = sinh ρ sin η e^{iφ1} , Y_3 + iY_4 = sinh ρ cos η e^{iφ2} , Y_5 + iY_0 = cosh ρ e^{it}.

The coordinates Y are related to the Poincare coordinates by

Y_m = x_m z , Y_4 = 1 2z ( x^mx_m + z^2 − 1 ) , Y_5 = 1 2z ( x^mx_m + z^2 + 1 ) , 5Z is a complex scalar .

where x^mx_m = −x^2_0 + x_ix_i, with m = 0, 1, 2, 3 and i = 1, 2, 3.

The semiclassical results found in [17, 18] for the normalized structure constants (2.15), in the case of finite-size giant magnons on the γ-deformed AdS_5 × S^5_γ and the above three vertices, are given by C^{pr}_{jγ̃} = π^{3/2}c^{pr}_j Γ (_j 2 ) Γ (_{1+j} 2 ) (1 − v^2)χ^{j/2}p √ (1 − u^2) (χ_p − χ_n)

(2.20) {[√ W j − 1 j + 1 + 1 √ W (1 − v^2) ( 2 − (1 + v^2)W − 2γ̃K )]

×F_1 ( 1/2, 1/2, −j/2; 1; 1 − ϵ, 1 − χ_m χ_p )

− 2 √ W (1 − v^2) [1 − γ̃K − u (u − γ̃uK + γ̃vW )] χ_p ×F_1 ( 1/2, 1/2, −1 − j/2; 1; 1 − ϵ, 1 − χ_m χ_p )} ,

C^d_{jγ̃} = 2π^{3/2}c^d_{4+j} Γ (_{4+j} 2 ) Γ (_{5+j} 2 ) χ^{j/2}p √ (1 − u^2)W (χ_p − χ_n)

(2.21) { [1 − γ̃K − u (u + γ̃(vW − uK))] χ_pF_1 ( 1/2, 1/2, −1 − j/2; 1; 1 − ϵ, 1 − χ_m χ_p )

− (1 − W − γ̃K) F_1 ( 1/2, 1/2, −j/2; 1; 1 − ϵ, 1 − χ_m χ_p )} ,

C^q_{γ̃} = c_{Δq} π^{3/2} Γ (_{Δq} 2 ) Γ (_{Δq +1} 2 ) (−2A)^q (1 − v^2)^{q−1} √ (1 − u^2)W (χ_p − χ_n)

(2.22) q∑ k=0 q! k!(q − k)! ( − B A )_k χ^k_p F_1 ( 1 2 , 1 2 , −k; 1; 1 − ϵ, 1 − χ_m χ_p ) , where

A = 1 − 1 2 (1 + v^2)W − γ̃K, B = 1 − γ̃K − u [u − γ̃(Ku − vW )] , (2.23) and F_1(a, b_1, b_2; c; z_1, z_2) is one of the hypergeometric functions of two variables (AppellF_1).

3 Leading order finite-size corrections

From now on, we restrict ourselves to the case J_2 = 0, J_1 large but finite, i.e. J_1 ≫ √ λ. This means that the problem reduces to consider the limit ϵ → 0, since ϵ = 0 corresponds to the infinite-size case, i.e. J_1 = ∞ (see (2.14)). To this end, we introduce the expansions

χ_p = χ_{p0} + (χ_{p1} + χ_{p2} log(ϵ)) ϵ, χ_m = χ_{m0} + (χ_{m1} + χ_{m2} log(ϵ)) ϵ, χ_n = χ_{n0} + (χ_{n1} + χ_{n2} log(ϵ)) ϵ, v = v_0 + (v_1 + v_2 log(ϵ)) ϵ, (3.1) u = u_0 + (u_1 + u_2 log(ϵ)) ϵ, W = W_0 + (W_1 + W_2 log(ϵ)) ϵ, K = K_0 + (K_1 + K_2 log(ϵ)) ϵ.

To be able to reproduce the dispersion relation for the infinite-size giant magnons, we set

χ_{m0} = χ_{n0} = K_0 = 0, W_0 = 1. (3.2)

Also, it can be proved that if we keep the coefficients χ_{m2}, χ_{n2}, W_2 and K_2 nonzero, the known leading correction to the giant magnon energy-charge relation in (2.13) will be modified by a term proportional to J^2_1 . That is why we choose

χ_{m2} = χ_{n2} = W_2 = K_2 = 0. (3.3)

In addition, since we are considering for simplicity giant magnons with one angular momentum (J_2 = 0), we also set

u_0 = 0, (3.4)

because the leading term in the ϵ-expansion of J_2 is proportional to u_0. Thus, (3.1) simplifies to χ_p = χ_{p0} + (χ_{p1} + χ_{p2} log(ϵ)) ϵ, χ_m = χ_{m1}ϵ, χ_n = χ_{n1}ϵ, v = v_0 + (v_1 + v_2 log(ϵ)) ϵ, (3.5) u = (u_1 + u_2 log(ϵ)) ϵ, W = 1 + W_1ϵ, K = K_1ϵ.

By replacing (3.5) in (2.4) and (2.10), one finds

χ_{p0} = 1 − v^2_0 , (3.6)

χ_{p1} = v_0 1 − v^2_0 [ v_0 √ (1 − v^2_0 )^4 − 4K^2_1 (1 − v^2_0 ) − 2(1 − v^2_0 )v_1 ] , χ_{p2} = −2v_0v_2,

χ_{m1} =

(1 − v^2_0 )^2 + √ (1 − v^2_0 )^4 − 4K^2_1 (1 − v^2_0 ) 2(1 − v^2_0 ) , χ_{n1} = −

(1 − v^2_0 )^2 − √ (1 − v^2_0 )^4 − 4K^2_1 (1 − v^2_0 ) 2(1 − v^2_0 ) , W_1 = − √ (1 − v^2_0 )^4 − 4K^2_1 (1 − v^2_0 ) 1 − v^2_0 .

The expressions for the other parameters in (3.5) and (3.6) can be derived in the following way.

First, we impose the conditions J_2 = 0 and p_1 to be independent of ϵ. This leads to four equations with solution

v_1 = v_0 √ (1 − v^2_0 )^4 − 4K^2_1 (1 − v^2_0 ) (1 − log 16) 4(1 − v^2_0 )

, (3.7)

v_2 = v_0 √ (1 − v^2_0 )^4 − 4K^2_1 (1 − v^2_0 )

4(1 − v^2_0 ) , u_1 =

K_1v_0 log 4 1 − v^2_0 , u_2 = −

K_1v_0 2(1 − v^2_0 ) , where

v_0 = cos p_1 2 . (3.8)

Second, expanding J_1 and p_2 = 2πn_2 (n_2 ∈ Z)^6 to the leading order in ϵ, we obtain (compare with (2.14))

ϵ = 16 exp ( − J_1 sin^{p1}_2 − 2 ) , K_1 = 1 2 sin^3 p_1 2 sin Φ, Φ = 2π ( n_2 − γ̃ 2π J_1 ) . (3.9)

Now, we are going to use the above results to find the leading order finite-size effects on the normalized structure constants in terms of J_1 ≡ J , p_1 ≡ p and Φ.

6This follows from the periodicity condition on ϕ_2.

3.1 Giant magnons on AdS_5 × S^5_γ and primary scalar operators

As was pointed out in [24], where the undeformed case has been considered, j = 1 and j = 2 are special values. That is why we will find the corresponding normalized structure constants in Appendix A. Here, we will deal with j ≥ 3, when we can use the following representation of F_1(a, b_1, b_2; c; z_1, z_2) [26]:

F_1(a, b_1, b_2; c; z_1, z_2) = ∞∑ k=0 (a)_k(b_2)_k (c)_k^2

F_1 (a + k, b_1; c + k; z_1) z^k_2 k! . (3.10)

For all cases we are going to consider, primary, dilaton and higher string level vertices, only b_2 is different, while the other parameters and arguments of F_1 are the same (see (2.20), (2.21), (2.22)) : a = 1 2 , b_1 = 1 2 , c = 1, z_1 = 1 − ϵ, z_2 = 1 − χ_m χ_p . (3.11)

Then, expending_2F_1

(_1 2 + k,^1_2 ; 1 + k; 1 − ϵ ) (1 − χ_m/χ_p)^k around ϵ = 0, one finds

2F_1 ( 1 2 + k, 1 2 ; 1 + k; 1 − ϵ ) ( 1 − χ_m χ_p )_k ≈ Γ(1 + k) √ π Γ(^1_2 + k) { log(4) − H_{k−} 1_2 − 1 4χ_{p0} [ 2χ_{p0} + (4kχ_{m1} − (1 + 2k)χ_{p0}) ( log(4) − H_{k−} 1_2 )] ϵ − log(ϵ) − χ_{p0} + 2k(χ_{p0} − 2χ_{m1}) 4χ_{p0} ϵ log(ϵ) } , (3.12)

where H_z is defined as [26]

H_z = ψ(z + 1) + γ.

The replacement of (3.12) in (3.10), taking into account (3.11), gives

F_1 ( 1 2 , 1 2 , b_2; 1; 1 − ϵ, 1 − χ_m χ_p ) ≈ C_0 + C_1 ϵ + C_2 ϵ log(ϵ) + C_3 log(ϵ), (3.13) where

C_0 =

Γ(−b_2) √ π Γ (_1 2 − b_2 ) + log(16) π^1

F_0(b_2, 1), (3.14)

C_1 = 1 4π { 1 χ_{p0} [ − √ π Γ(−1 − b_2) Γ (_1 2 − b_2

) (χ_{p0} + 2b_2χ_{m1})

+8 log(2) b_2(χ_{p0} − 2χ_{m1})_1F_0(1 + b_2, 1) ] − 2(1 − log(4))_1F_0(b_2, 1) } , C_2 = − 1 4πχ_{p0} [ χ_{p0 1}F_0(b_2, 1) + 2b_2(χ_{p0} − 2χ_{m1})_1F_0(1 + b_2, 1) ] , C_3 = − 1 π^1

F_0(b_2, 1).

Here,_1F_0(b, z) is one of the hypergeometric functions.

In the normalized structure constants (2.20), there are two hypergeometric functions F_1

(_1

2 ,^1_2 , b_2; 1; 1 − ϵ, 1 −^{χm}_{χp} ) with b_2 = −j/2 and b_2 = −1 − j/2. By using (3.13), (3.14) in (2.20) and expanding it about ϵ = 0, we can write down the following approximate equality for j ≥ 3

C^{pr}_{jγ̃} ≈ A_0 + A_1ϵ + A_2ϵ log(ϵ), (3.15)

where the coefficients are given by

A_0 = c^{pr}_j π

Γ(^j_2 )^2 Γ(^{1+j}_2 )Γ(^{3+j}_2 ) j χ^{12 (j−1)} p0 (1 − v^2_0 − χ_{p0}), (3.16)

A_1 = c^{pr}_j π 4 Γ(^j_2 )Γ(^j_2 − 1) Γ(^{1+j}_2 )Γ(^{3+j}_2 ) χ^{12 (j−3)} p0 { 4(W_1 + χ_{m1})χ_{p0} − 2χ^2_{p0} − [ 2χ_{n1}(1 − v^2_0 − χ_{p0}) + χ_{p0}(1 − v_0(v_0 + 8v_1 + 2v_0W_1) − χ_{p0}(1 − 2W_1)) − 2(1 − v^2_0 + χ_{p0})χ_{p1} ] j + [ χ_{n1} − 4v_0v_1χ_{p0} + χ_{m1}(1 − v^2_0 − χ_{p0}) − v^2_0 (χ_{n1} + W_1χ_{p0} − 3χ_{p1}) − 3χ_{p1} + χ_{p0} (−χ_{n1} + W_1(−1 + χ_{p0}) + χ_{p1})] j^2 +(1 − v^2_0 − χ_{p0})χ_{p1} j^3 +γ̃ [ 4K_1χ_{p0} + (2χ_{p0} (K_1 − 2(K_1 + v_0u_1)χ_{p0})) j + (2χ_{p0} (v_0u_1χ_{p0} − K_1(1 − χ_{p0}))) j^2 ] } , A_2 = −c^{pr}_j π 2 Γ(^j_2 )^2 Γ(^{1+j}_2 )Γ(^{3+j}_2 ) j χ^{12 (j−3)} p0 [ 4v_0v_2χ_{p0} + (1 − v^2_0 + χ_{p0})χ_{p2}

− (1 − v^2_0 − χ_{p0})χ_{p2} j − 2γ̃v_0u_2χ^2_{p0} ] . Now, our goal is to express (3.15) in terms of J , p, and Φ. To this end, we replace (3.6) - (3.9) in (3.16). This leads to the following final result for the normalized structure constants

C^{pr}_{jγ̃} for j ≥ 3 C^{pr}_{jγ̃} ≈ c^{pr}_j π 8 Γ (_j 2 ) Γ (_{1+j} 2 ) Γ (_{3+j} 2 ) sin (p 2 )_{1+j} [ 4(j − 1)Γ ( j 2 − 1 ) cos(Φ) (3.17) − γ̃Γ ( j 2 ) ( 4 sin (p 2 ) − j (1 + cos (p)) J ) sin(Φ) ] ϵ. Let us point out that (3.17) reduces exactly to the result found for the undeformed case in [24], when γ̃ = 0, Φ = 0. Moreover, it generalizes it for any j ≥ 3. The cases j = 1 and j = 2 will be considered separately in Appendix A.

3.2 Giant magnons on AdS_5 × S^5_γ and dilaton operator

Since the hypergeometric functions in (2.21) are the same as in (2.20) (only the coefficients in front of them are different), we can use (3.13), (3.14) for the case under consideration, with b_2 = −j/2 and b_2 = −1 − j/2. Thus, expanding (2.21) to the leading order in ϵ, one finds (j ≥ 1) C^d_{jγ̃} ≈ c^d_{4+j} √ π 2 Γ (_{4+j} 2 ) Γ (_{5+j} 2 )χ^{12 (j−1)} p0 { ϵ [4W_1 + (2 + j)(2χ_{m1} − χ_{p0}) + 4γ̃K_1]

× log 16 ϵ^1

F_0 ( − j 2 , 1 )

+ √ π Γ (_j 2 ) Γ (_{3+j} 2 ) [ 2jχ_{p0} + (2χ_{m1} − χ_{p0} + W_1 (2 + j(2 − χ_{p0})) (3.18)

+ j(χ_{m1} + χ_{n1} + (1 + j)χ_{p1}) + 2γ̃(K_1 + j(K_1 − (K_1 + v_0u_1)χ_{p0}))) ϵ +(j(1 + j)χ_{p2} − 2γ̃jv_0u_2χ_{p0}) ϵ log ϵ ]} . Taking into account (3.6) - (3.9) in (3.18) one finally derives C^d_{jγ̃} ≈ c^d_{4+j} π Γ (_j 2 ) Γ (_{4+j} 2 ) Γ (_{3+j} 2 ) Γ (_{5+j} 2 ) sin^{1+j} (p/2) { j − 1 8 [ (4 − j(1 + 3j)(1 + cos p)

− j(1 + j)(1 + cos p) csc(p/2)) J cos Φ −γ̃ (4 sin(p/2) − j(1 + cos p)J ) sin Φ ] ϵ } .

3.3 Giant magnons on AdS_5 × S^5_γ and singlet scalar operators on higher string levels

For this case, we were not able to obtain a general formula for the leading finite-size corrections to the three-point correlation functions in terms of J , p, and Φ, for any q ≥ 1. That is why, we are going to present here the results for q = 1, ..., 5 (string levels n = 0, 1, 2, 3, 4).

Let us first point out that the hypergeometric functions F_1

(_1 2 ,^1_2 , −k; 1; 1 − ϵ, 1 −^{χm}_{χp} ) entering (2.22) can be expressed in terms of the complete elliptic integrals K(1 − ϵ), E(1 − ϵ) of first and second kind. For example,

F_1 ( 1 2 , 1 2 , 0; 1; 1 − ϵ, 1 − χ_m χ_p ) = 2 π K(1 − ϵ), F_1 ( 1 2 , 1 2 , −1; 1; 1 − ϵ, 1 − χ_m χ_p ) = 2 π (χ_m − ϵχ_p)K(1 − ϵ) − (χ_m − χ_p)E(1 − ϵ) (1 − ϵ)χ_p F_1 ( 1 2 , 1 2 , −2; 1; 1 − ϵ, 1 − χ_m χ_p ) = 1 3π(1 − ϵ)^2χ^2_p [ 2 ( (3 − ϵ)χ^2_m − 4 ϵχ_mχ_p

− (1 − 3 ϵ) ϵχ^2_p ) K(1 − ϵ) − 4(χ_m − χ_p) ((2 − ϵ)χ_m + (1 − 2 ϵ)χ_p) E(1 − ϵ) ] . Then, (2.22) can be written in terms of hypergeometric functions of the type_pF_q with argument 1−ϵ. However, this is just much more complicated representation of the semiclassically exact result.

Here, we are interested in the case of small ϵ (or, equivalently, large J ) limit. So, we will expand everything in ϵ. Since the computations are similar to the previously considered cases, we will write down the final results only. They are given by the following approximate equalities:

C^1_{γ̃} ≈ c_{Δ1} √ π 8 Γ (_{Δ1} 2 ) Γ (_{1+Δ1} 2 ) sin(p/2) { 16 − 8J csc(p/2) + [ 4 − ( 2 ( 1 − cos p + J^2 cot^2(p/2) )

+ J (5 − cos p) csc(p/2)) cos Φ + 8γ̃J sin^2(p/2) sin Φ ] ϵ } ,

C^2_{γ̃} ≈ −c_{Δ2} √ π 24 Γ (_{Δ2} 2 ) Γ (_{1+Δ2} 2 ) { 8(2 sin(p/2) − 3J ) + [ 12 sin(p/2)

+ (2(27 + 5 cos p) sin(p/2) − J (31 + 13 cos p + 3J (1 + cos p) csc(p/2))) cos Φ −8γ̃ sin(p/2)(8 sin(p/2) − J (7 + cos p)) sin Φ ] ϵ } ,

C^3_{γ̃} ≈ c_{Δ3} √ π 120 Γ (_{Δ3} 2 ) Γ (_{1+Δ3} 2 ) { 8(38 sin(p/2) − 15J ) + [ 60 sin(p/2)

+ (18(13 + 19 cos p) sin(p/2) − J (187 + 97 cos p + 15J (1 + cos p) csc(p/2))) cos Φ −12γ̃ sin(p/2)(48 sin(p/2) − J (23 − 7 cos p)) sin Φ ] ϵ } ,

C^4_{γ̃} ≈ −c_{Δ4} √ π 840 Γ (_{Δ4} 2 ) Γ (_{1+Δ4} 2 ) { 1264 sin(p/2) − 840J + [ sin(p/2) (420 + ( 4730 + 2054 cos p − J (1837 + 1207 cos p) csc(p/2) − 210J^2 cot^2(p/2) ) cos Φ

−16 γ̃ (424 sin(p/2) − 3J (79 + 9 cos p)) sin Φ) ] ϵ } ,

C^5_{γ̃} ≈ c_{Δ5} √ π 2520 Γ (_{Δ5} 2 ) Γ (_{1+Δ5} 2 ) { 8(902 sin(p/2) − 315J ) + [ 1260 sin(p/2)

+ (2(6093 + 7667 cos p) sin(p/2) − J (6343 + 4453 cos p + 315J (1 + cos p) csc(p/2))) cos Φ

−20γ̃ sin(p/2)(1376 sin(p/2) − J (523 − 107 cos p)) sin Φ ] ϵ } . 4 Concluding Remarks

In this article, we have derived the leading finite-size effects on the normalized structure constants in some semiclassical three-point correlation functions in AdS_5 ×S^5_γ , dual to N = 1 SYM theory in four dimensions, arising as an exactly marginal deformation of N = 4 SYM, expressed in terms of the conserved string angular momentum J , and the worldsheet momentum p, identified with the momentum p of the magnon excitations in the dual spinchain. More precisely, we found the leading finite-size effects on the structure constants in three-point correlators of two ”heavy” giant magnon’s string states and the following three ”light” states:

1. Primary scalar operators;

2. Dilaton operator with nonzero-momentum (j ≥ 1);

3. Singlet scalar operators on higher string levels.

It would be interesting to investigate other cases for which the finite-size corrections to the giant magnon’s dispersion relations are known, like AdS_4 × CP^3, AdS_4 × CP^3_γ , AdS_5 × T^{1,1}, or AdS_5 × T^{1,1}_γ .

A Giant magnons on AdS_5 × S^5_γ and primary scalar operators with j = 1 and j = 2

Let us start with the case j = 1. Expanding the coefficients in C^{pr}_{1γ̃} according to (3.5), one can rewrite it in the following form C^{pr}_{1γ̃} ≈ c^{pr}_1 π^2 2 { 1 χ_{p0} F_1 ( 1/2, 1/2, −1/2; 1; 1 − ϵ, 1 − χ_{m1} χ_{p0} ϵ ) [ ( 1 − v^2_0 ) χ_{n1} ϵ + ( 2 − (4v_0v_1 + 3W_1 + 4γ̃K_1) ϵ − v^2_0 (2 + W_1 ϵ) ) χ_{p0} − 4v_0v_2χ_{p0} ϵ log(ϵ) ]

−F_1 ( 1/2, 1/2, −3/2; 1; 1 − ϵ, 1 − χ_{m1} χ_{p0} ϵ ) (A.1) × [ 4χ_{p0} + 2 (χ_{n1} − (W_1 + 2γ̃(K_1 + v_0u_1))χ_{p0} + 2χ_{p1}) ϵ

+4(χ_{p2} − γ̃v_0u_2χ_{p0}) ϵ log(ϵ) ] } . In order to represent C^{pr}_{1γ̃} as a function of J , p and Φ, one have to use (3.6) - (3.9) in (A.1). This leads to C^{pr}_{1γ̃} ≈ −c^{pr}_1 π^2 4 sin^2(p/2) { 8F_1 ( 1/2, 1/2, −3/2; 1; 1 − ϵ, 1 − 1 2 (1 + cos Φ) ϵ )

−4F_1 ( 1/2, 1/2, −1/2; 1; 1 − ϵ, 1 − 1 2 (1 + cos Φ) ϵ )

+ [ F_1 ( 1/2, 1/2, −1/2; 1; 1 − ϵ, 1 − 1 2 (1 + cos Φ) ϵ ) (A.2)

× (1 − cos Φ (9 + 2 cos p + J (1 + cos p) csc(p/2)) + 4γ̃ sin(p/2) sin Φ) −F_1 ( 1/2, 1/2, −3/2; 1; 1 − ϵ, 1 − 1 2 (1 + cos Φ) ϵ )

× (2 − 2 cos Φ (5 + 2 cos p + J (1 + cos p) csc(p/2))

+ γ̃ (J (1 + cos p) + 4 sin(p/2)) sin Φ) ] ϵ } .

For the undeformed case, when γ̃ = 0, Φ = 0, (A.2) simplifies to C^{pr}_1 ≈ −c^{pr}_1 π^2 4 sin(p/2) [3 sin(p/2) + sin(3p/2) + J (1 + cos p)] ϵ^2. (A.3)

This is in accordance with the result C^{pr}_1 ≈ 0 found in [24], where only the leading order in ϵ was taken into account.

Now, let us consider the case j = 2, when (2.20) reduces to

C^{pr}_{2γ̃} = − 8 3 c^{pr}_2 1 (1 − ϵ)^2 √ (1 − u^2)W (χ_p − χ_n) {[ 3 − (1 + 2v^2)W − 3γ̃K ] (1 − ϵ) (A.4) × [ (χ_m − χ_p) E(1 − ϵ) − (χ_m − χ_p ϵ)K(1 − ϵ) + (1 − u(u − γ̃(Ku − vW )) − γ̃K)

×(2(χ_p − χ_m)((2 − ϵ)χ_m + (1 − 2ϵ)χ_p)E(1 − ϵ) + ((3 − ϵ)χ^2_m − 4χ_mχ_p ϵ

−χ^2_p(1 − 3ϵ) ϵ)K(1 − ϵ) ]} . Expanding (A.4) in ϵ, and taking into account (3.6) - (3.9), one finds C^{pr}_{2γ̃} ≈ 2 3 c^{pr}_2 sin^2(p/2) [2J cos Φ − γ̃ (2 sin(p/2) − J (1 + cos p)) sin(p/2) sin Φ] ϵ.(A.5)

Obviously, the result for the undeformed case [24] is properly reproduced by the above formula.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity”, Adv. Theor. Math. Phys. 2, 231 (1998) [arXiv:hep-th/9711200];

S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from noncritical string theory”, Phys. Lett. B428, 105 (1998) [arXiv:hep-th/9802109]; E. Witten, “Anti-de Sitter space and holography”, Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[2] Niklas Beisert, Changrim Ahn, Luis F. Alday, Zoltan Bajnok, James M. Drummond, Lisa Freyhult, Nikolay Gromov, Romuald A. Janik, Vladimir Kazakov, Thomas Klose, Gregory P. Korchemsky, Charlotte Kristjansen, Marc Magro, Tristan McLoughlin, Joseph A. Minahan, Rafael I. Nepomechie, Adam Rej, Radu Roiban, Sakura Schafer- Nameki, Christoph Sieg, Matthias Staudacher, Alessandro Torrielli, Arkady A. Tseytlin, Pedro Vieira, Dmytro Volin, Konstantinos Zoubos, “Review of AdS/CFT Integrability: An Overview”, Lett. Math. Phys. 99 3 (2012) [arXiv:hep-th/1012.3982].

[3] A.A. Tseytlin, “Review of AdS/CFT Integrability, Chapter II.1: Classical AdS_5 × S^5 string solutions”, Lett. Math. Phys. 99 103-125 (2012) [arXiv:hep-th/1012.3986]

[4] S. S. Gubser, I. R. Klebanov, A. M. Polyakov, “A semi-classical limit of the gauge/string correspondence”, Nucl. Phys. B636 99-114 (2002) [arXiv:hep-th/0204051].

[5] D.M. Hofman and J. Maldacena, “Giant magnons”, J. Phys. A 39 13095-13118 (2006), [arXiv:hep-th/0604135]

[6] H.-Y. Chen, N. Dorey and K. Okamura, “Dyonic giant magnons,” JHEP 0609 024 (2006), [arXiv:hep-th/0605155].

[7] M. Kruczenski, J. Russo, A.A. Tseytlin, “Spiky strings and giant magnons on S_5”, JHEP 0610 002 (2006), [arXiv:hep-th/0607044].

[8] J. Ambjorn, R.A. Janik, and C. Kristjansen, “Wrapping interactions and a new source of corrections to the spin-chain / string duality”, Nucl. Phys. B736, 288 (2006) [arXiv:hep-th/0510171]; R.A. Janik and T. Lukowski, “Wrapping interactions at strong coupling - the giant magnon”, Phys. Rev. D76, 126008 (2007) [arXiv:hep-th/0708.2208].

[9] G. Arutyunov, S. Frolov, M. Zamaklar, “Finite-size Effects from Giant Magnons”, Nucl.

Phys. B 778 1 (2007) [arXiv:hep-th/0606126v2]

[10] Y. Hatsuda, R. Suzuki,“Finite-Size Effects for Dyonic Giant Magnons”, Nucl. Phys.

B800 349-383 (2008), [arXiv:hep-th/0801.0747v5 ]

[11] O. Lunin and J. Maldacena, “Deforming field theories with U(1)×U(1) global symmetry and their gravity duals”, JHEP 0505 033 (2005), [arXiv:hep-th/0502086].

[12] S. Frolov, “Lax pair for strings in Lunin-Maldacena background”, JHEP 0505 069 (2005), [arXiv:hep-th/0503201].

[13] D. Bykov and S. Frolov, “Giant magnons in TsT-transformed AdS_5 × S^5”, JHEP 0807 071 (2008) [arXiv:hep-th/0805.1070v2].

[14] Changrim Ahn and P. Bozhilov, “Finite-Size Dyonic Giant Magnons in TsT-transformed AdS_5 × S^5”, JHEP 1007 048 (2010), [arXiv:hep-th/1005.2508]

[15] K. Zarembo, “Holographic three-point functions of semiclassical states”, JHEP 1009 030 (2010) [arXiv:hep-th/1008.1059].

[16] M. S. Costa, R. Monteiro, J. E. Santos and D. Zoakos, “On three-point correlation functions in the gauge/gravity duality”, JHEP 1011 141 (2010) [arXiv:hep-th/1008.1070].

[17] P. Bozhilov, “More three-point correlators of giant magnons with finite size”, JHEP 1108 121 (2011) [arXiv:hep-th/1107.2645].

[18] P. Bozhilov, “Three-point correlators: Finite-size giant magnons and singlet scalar operators on higher string levels”, Nucl. Phys. B855 268-279 (2012) [arXiv:hepth/1108.3812].

[19] C. Ahn and P. Bozhilov, “Three-point Correlation function of Giant Magnons in the Lunin-Maldacena background”, Phys. Rev. D84 126011 (2011) [arXiv:hepth/1106.5656v1].

[20] R. Roiban and A. A. Tseytlin, “On semiclassical computation of 3-point functions of closed string vertex operators in AdS_5 × S^5” Phys. Rev. D82 106011 (2010) [arXiv:hepth/1008.4921].

[21] R. Hernández, “Three-point correlators for giant magnons”, JHEP 1105 123 (2011) [arXiv:hep-th/1104.1160].

[22] C. Ahn and P. Bozhilov, “Three-point Correlation functions of Giant magnons with finite size”, Phys. Lett. B 702, 286 (2011) [arXiv:hep-th/1105.3084v1].

[23] B-H. Lee and C. Park, “Finite size effect on the magnon’s correlation functions”, Phys.

Rev. D84 086005 (2011) [arXiv:1105.3279 [hep-th]].

[24] P. Bozhilov, “Leading finite-size effects on some three-point correlators in AdS_5 × S^5”, Phys. Rev. D87 066003 (2013) [arXiv:1212.3485 [hep-th]] [25] B-H. Lee, B. Gwak, C. Park, “Correlation functions of the ABJM model”, [arXiv:1211.5838 [hep-th]] [26] http://functions.wolfram.com