arXiv:1304.3382v1 [hep-th] 11 Apr 2013

Analytical self-dual solutions in a nonstandard Yang-Mills-Higgs scenario

R. Casana^1, M. M. Ferreira Jr.^1, E. da Hora^1 and C. dos Santos^2.

1Departamento de Física, Universidade Federal do Maranhão, 65085-580, São Luís, Maranhão, Brazil. 2Centro de Física e Departamento de Física e Astronomia, Faculdade de Ciências da Universidade do Porto, 4169-007, Porto, Portugal.

We have found analytical self-dual solutions within the generalized Yang-Mills-Higgs model introduced in Ref. [1]. Such solutions are magnetic monopoles satisfying Bogomol’nyi-Prasad- Sommerfield (BPS) equations and usual finite energy boundary conditions. Moreover, the new solutions are classified in two different types according to their capability of recovering (or not) the usual ’t Hooft–Polyakov monopole. Finally, we compare the profiles of the solutions we found with the standard ones, from which we comment about the main features exhibited by the new configurations.

PACS numbers: 11.10.Lm, 11.10.Nx

I. INTRODUCTION

Configurations supporting a nontrivial topology have been intensively studied in connection with many areas of physics [2]. In particular, in the context of High Energy Physics such configurations are described as the static solutions inherent to some classical field models, which are supposed to be endowed with a symmetry breaking potential for the self-interacting scalar-matter sector. Consequently, these topological solutions usually arise as the result of a symmetry breaking or a phase transition.

The most common topological configuration is the kink [3], which stands for the static solution inherent to a (1+1)-dimensional model containing only one self-interacting real Higgs field. Regarding higher dimensional models, other examples of topological structures include the vortex [4] and the magnetic monopole [5]. While the vortices are defined in (1+2)-dimensional gauge models, such as the Maxwell-Higgs theory, the magnetic monopole solutions appear in a (1+3)- dimensional non-Abelian-Higgs gauge scenario. Specifically, the monopoles arise as well-behaved finite energy solutions in a SO(3) Yang-Mills-Higgs model, representing the interaction between a gauge and a real scalar triplets [6]. In a very special situation (i.e., in the absence of the Higgs potential), the monopole solution turns out as a BPS structure [7] supported by a set of first-order differential equations whose analytical solution is the ’t Hooft-Polyakov monopole [5].

During the last years, a new class of topological solutions, called topological k-defects, has been intensively investigated in the context of the field theories presenting modified dynamics (k-field theories). The idea of noncanonical dynamics is inspired in string theories where it arises in a natural way. Such models have been used in several distinct physical scenarios, with interesting results involving studies of the accelerated inflationary phase of the universe [8], strong gravitational waves [9], tachyon matter [10], dark matter [11], and others [12]. In this context, some of us have studied the self-dual frameworks engendered by some k-field theories [13]. Such

BPS k-configurations, in general, have asymptotic behavior (when r → 0 and for r → ∞) similar as their standard counterparts. However, the generalized dynamics can induce variations in the defect amplitude, in the characteristic length, and in the profile shape. Additional investigations regarding the topological k-structures and their main features can also be found in Ref. [14]. Concerning the searching of BPS solitons in new models, one has also considered generalized theories mimicking the usual defect solutions, in the so called twinlike models [15], which provide the very same solutions obtained by the usual model taken as the starting point.

In a recent letter [1], some of us have introduced the self-dual framework inherent to a generalized Yang-Mills- Higgs model whose noncanonical self-dual solutions also constitute magnetic monopoles. At this first moment, our attention was focussed in attaining numerical solutions. Now, one interesting question naturally arises about the existence of generalized Yang-Mills-Higgs models endowed with analytical BPS monopole solutions. The purpose of the present paper is to go further into this issue by introducing some effective non-Abelian gauge models whose self-dual equations can be analytically solved. Such models here considered are divided into two different classes, according to their capability of recovering or not the ’t Hooft-Polyakov monopole solution.

In order to present our results, this letter is organized as follows: in the next Section, we briefly review the unusual Yang-Mills-Higgs model studied in Ref. [1], including its self-dual structure, from which one gets the generalized BPS equations to be investigated. In Sec. III, we achieve the main goal of this work by introducing the aforecited non-Abelian models, the corresponding exact self-dual solutions being explicitly presented. Then, we depict the related analytical profiles, from which we verify that the new solutions are well-behaved. Furthermore, we compare these solutions with the usual ’t Hooft- Polyakov analytical ones, commenting on the main features of the nonstandard configurations. Finally, in Section IV, we present our ending comments and perspectives regarding future investigations.

II. THE THEORETICAL MODEL

We begin by reviewing the nonstandard Yang-Mills- Higgs model introduced in Ref. [1], whose dimensionless Lagrangian density is L = − g (ϕ^aϕ^a) 4 F^b_{μν} F^{μν,b} + f (ϕ^aϕ^a) 2 D_μϕ^bD^μϕ^b. (1)

Here, F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + eϵ^{abc}A^b_μA^c_ν is the Yang- Mills field strength tensor, D_μϕ^a = ∂_μϕ^a + eϵ^{abc}A^b_μϕ^c stands for the non-Abelian covariant derivative, and ϵ^{abc} is the antisymmetric Levi-Civita symbol (with ϵ^{123} = 1). Moreover, g (ϕ^aϕ^a) and f (ϕ^aϕ^a) are positive arbitrary functions which change the dynamics of the non-Abelian fields in an exotic way.

In this letter, we focus our attention on the spherically symmetric configurations arising from Lagrangian (1). In this sense, we look for static solutions described by the standard Ansatz

ϕ^a = x^a H (r) r and A^a_0 = 0, (2)

A^a_i = ϵ_{iak}x_k W (r) − 1 er^2 , (3)

where r^2 = x^ax^a. The functions H (r) and W (r) are supposed to behave according the finite energy boundary conditions

H (0) = 0 and W (0) = 1, (4)

H (∞) = ∓1 and W (∞) = 0, (5)

which also guarantee the breaking of the SO(3) symmetry inherent to the Lagrangian (1).

In general, given the arbitrariness of the generalizing functions f (ϕ^aϕ^a) and g (ϕ^aϕ^a), the corresponding Euler-Lagrange equations for H (r) and W (r) can be extremely hard to solve, even in the presence of suitable boundary conditions. Notwithstanding, spite of the complicated scenario, the system also admits finite energy BPS structures, i.e., legitimate field configurations obtained as the solutions of a set of first order differential equations. In this sense, whereas the standard approach [7] states that the BPS equations arise by requiring the minimization of the energy of the overall model, one has to consider the spherically symmetric expression for the energy density inherent to the non-Abelian Lagrangian (1): ε = g e^2r^2 (( dW dr )_2 + ( 1 − W^2

)_2

2r^2 )

+f ( 1 2 ( dH dr )_2 + ( HW r )_2) . (6)

Here, it is worthwhile to point out that, as already verified in Ref. [1], the self-duality of the resulting model only holds when one imposes the following constraint: g = 1 f . (7)

In more details, taking Eq. (7) into account, Eq. (6) can be written in the form ε = f 2 ( dH dr ± 1 − W^2 er^2f )_2 + 1 e^2r^2f ( dW dr ∓ efHW )_2

∓ 1 er^2 d dr ( H ( 1 − W^2 )) . (8)

The minimization procedure then leads to the first-order equations dH dr = ∓ 1 − W^2 er^2f , (9)

dW dr = ±efHW , (10) which are the BPS equations of the model. Therefore, the energy density of the BPS states is ε_{bps} = ∓ 1 er^2 d dr ( H ( 1 − W^2 )) , (11)

while the total energy is reduced to E_{bps} = 4π ∫ r^2ε_{bps}dr = 4π e , (12)

whenever (4) and (5) are satisfied.

In Ref. (1), for a specific choice of f, the BPS equations (9) and (10) were numerically solved fulfilling the finite energy boundary conditions (4) and (5). The attained profiles describe BPS magnetic monopole solutions with total energy given by Eq. (12) within the nonstandard Yang-Mills-Higgs scenario (1). In the next Section, we will deal with the attainment of analytical solution for such a generalized model.

III. ANALYTICAL SOLUTIONS

In this Section, we accomplish the main goal of this work by introducing some effective models for which the BPS equations (9) and (10) can be solved analytically. providing well-behaved solutions endowed with finite energy. Furthermore, we depict the corresponding profiles choosing e = 1 and considering only the lower signs in Eqs. (5), (9), (10) and (11). We also determine the profiles for the BPS energy density (11) and for r^2ε_{bps} (the integrand of Eq. (12)). Then, by comparing the new solutions and standard (analytical) one, we comment on the main features of the generalized monopoles here presented.

Firstly, it is important to note that the usual Yang- Mills-Higgs scenario is easily recovered by setting f = 1, for which the BPS equations generate the well-known ’t Hooft-Polyakov analytical solution (already written in accordance with our conventions): H_{tHP} (r) = 1 tanh r − 1 r , (13)

W_{tHP} (r) = r sinh r

. (14)

In the sequel, we present the profiles of the new solutions and we make a comparison between them and the ’t Hooft-Polyakov monopole solution, commenting about the main features and differences among them (see Figs. 1, 2, 3 and 4 below). The noncanonical models to be examined in this letter are divided into two different classes. The first class is related to those models recovering the usual ’t Hooft-Polyakov result (given an appropriated limit), while the second one includes the models which do not. All these solutions fulfill the finite energy boundary conditions, as expected.

Here, in order to introduce our results, we first point out that the BPS equations (9) and (10) can be combined into a single equation, i.e., dW dr dH dr = ( W^2 − 1 ) HW r^2

. (15)

which relates the solution for H (r) to that for W (r). In this sense, for a given H (r), Eq. (15) can be integrated to give the corresponding solution for W (r), and viceversa. Here, it is worthwhile to note that such strategy can be used even to describe nonphysical scenarios, i.e., those for which H (r) and/or W (r) dot not behave as (4) and (5).

In this work, as we are interested in the physical solutions only, we adopt the following prescription: firstly, we choose an analytical solution for H (r) satisfying the boundary conditions (4) and (5). Then, we calculate the corresponding solution for W (r) by integrating Eq. (15) explicitly (as the reader can verify, the solutions we have found this way automatically obey (4) and (5)). A posteriori, we use such expressions to attain the one for f (r) via the BPS equations (9) and (10). Moreover, we also depict the corresponding exact profiles for the BPS energy density Eq. (11) and for r^2ε_{bps}. Here, it is important to say that all the solutions we have obtained for f (r) and ε_{bps} are positive, as desired; see Eq. (11). In addition, all the noncanonical scenarios we have discovered exhibit the very same total energy, i.e., E_{bps} = 4π; see Eq. (12).

At the first moment, the question about the generalization of the usual ’t Hooft–Polyakov solutions (13) and (14) arises in a rather natural way. Indeed, we have verified that such generalization is possible, the resulting model belonging to the first class. In this sense, taking

H (r) = 1 tanh r − 1 r , (16)

Eq. (15) can be integrated to attain

W (r) = √ 1 − C_1r √ sinh^2 r − C_1r^2

, (17)

where C_1 stands for a real constant such that C_1 < 1 (note that C_1 = 0 leads us back to the standard theory). In addition, using (16) and (17), eqs. (9) and (10) can be solved for f (r), the result being

f (r) = sinh^2 r sinh^2 r − C_1r^2

. (18)

Here, despite the noncanonical form of (18), the solution for H (r), given in Eq. (16), is the same one of the usual scenario (see Eq. (13)). On the other hand, the solution for W (r) exhibits a generalized structure, which reduces to Eq. (14) when C_1 = 0.

Now, we use our prescription to introduce two examples of effective models belonging to the second class, i.e., standing for new families of analytical monopole solutions. Here, in order to define the first family, we choose the analytical solution for H (r) as

H (r) = r r + 1

, (19)

which indeed obeys the boundary conditions (4) and (5). In the sequel, by solving Eq. (15), one gets that the corresponding nonusual profile for W (r) is

W (r) = 1 √ 1 + C_2r^2e^{2r}

, (20)

which also behaves according (4) and (5), C_2 being a positive real constant. Furthermore, taking (19) and (20) into account, the self-dual equations (9) and (10) give

f (r) =

C_2 (r + 1)^2 e^{2r} 1 + C_2r^2e^{2r}

. (21)

In this case, we note that one has f ≠ 1 for any value of C_2. This explains why the solutions (19) and (20) are always different from the usual ones, (13) and (14), respectively.

The last model to be studied is a little bit more sophisticated than the previous ones. Even in this case, one still gets well-behaved solutions which support the model itself. In this sense, the second family of models, which do not recover the usual ’t Hooft-Polyakov solution, is defined by

H (r) = e^{h(r)}. (22)

Here, h (r) is given by h (r) ≡ e^{−2r} ( r^2 + 4r + 1 ) − 2r − 1 − 2r^2Ei (1, 2r) 2r^2 , (23)

FIG. 1: Solutions to H (r) given by (13) (usual case, solid black line), (19) (dotted red line), and (22) (dashed blue line). Here, (16) mimics the standard result.

with the function Ei (1, r) being the exponential integral

Ei (1, r) ≡ ∞∫ 1 e^{−rx} x dx. (24)

Also in this case, and despite the highly nonlinear structure of H (r), Eq. (15) still can be integrated exactly, the result being a relatively simple analytical expression for W (r), i.e.,

W (r) = √ C_3 + 1 (r + 1) √ C_3 (r + 1)^2 + e^{2r}

, (25)

where C_3 is a real constant such that C_3 > −1. In addition, eqs. (9) and (10) give

f (r) = re^{2r−h(r)} (r + 1) ( C_3 (r + 1)^2 + e^{2r}

). (26)

Moreover, one clearly see that both (22) and (25) behave according (4) and (5), as expected.

Now, once we have introduced the noncanonical solutions for H (r) and W (r), we compare their profiles by plotting them in Figs. 1 and 2. Also, in Figs. 3 and 4, we show the corresponding solutions for ε_{bps} and r^2ε_{bps}, respectively. The standard results are also shown, for comparison. In what follows, we choose C_1 = C_2 = C_3 = 0.5.

In Fig. 1, we depict the analytical solutions for H (r). The solution Eq. (19) is shown as a dotted red line, the dashed blue line standing for solution Eq. (22). The

FIG. 2: Solutions to W (r). Conventions as in FIG. 1. Here, (17) is represented by the dash-dotted green line.

usual profile, that of Eq. (13), is also shown (solid black line). It describes the solution inherent to the choice (18), given by Eq. (16). One also notes how close is the solution (22) to the standard profile. The overall conclusion is that the solutions behave in the same general way: starting from zero at the origin, they monotonically reach the asymptotic condition in the limit r → ∞.

In Fig. 2, we show the solutions for W (r), with Eq. (17) being represented by the dash-dotted green line. Also in this case, the solutions have the same general profile, being lumps centered at the origin, monotonically decreasing, and vanishing in the asymptotic limit. A comparison between the new solutions with the standard one reveals that the first ones present smaller characteristic lengths, the solution coming from the choice (21) being the one with the smallest range.

The BPS energy density ε_{bps} of the analytical solutions are plotted in Fig. 3. The profiles related to the choices (18) and (26) behave as the standard one, that is, as a lump centered at r = 0. On the other hand, the solution inherent to (21) reaches its maximum value at some finite distance R from the origin, implying a ringlike energy distribution in the plane. In addition, the solutions vanish asymptotically, since the condition ε_{bps} (r → ∞) → 0 arises in a rather natural way from the boundary conditions (5).

Finally, in Fig. 4 we present the profiles for r^2ε_{bps}. It clearly depicts a compensatory effect related to the profiles already discussed in Ref. [1]: different solutions enclose the same area (equal to the unity, according our conventions). As a consequence, the resulting configurations have the very same total energy, given by E_{bps} = 4π.

FIG. 3: Solutions to ε_{bps}. Conventions as in the previous figures.

FIG. 4: Solutions to r^2ε_{bps}. Conventions as in the previous figures.

IV. ENDING COMMENTS

In this letter, we have extended a previous work [1] by introducing non-Abelian effective models for which the resulting BPS equations can be solved analytically. The starting point of such investigation was the first-order formalism developed within a nonstandard Yang-Mills- Higgs theory [1], whose dynamic is controlled by two positive generalizing functions, g (ϕ^aϕ^a) and f (ϕ^aϕ^a). The non-Abelian fields were supposed to be described by the standard spherically symmetric Ansatz eqs. (2) and (3), where the functions H (r) and W (r) must behave according the finite energy boundary conditions, (4) and (5). Our goal was to introduce effective Yang-Mills- Higgs models whose corresponding BPS equations yield analytical solutions. Here, the nonstandard models were divided into two different classes: the ones which do recover the usual ’t Hooft-Polyakov result (given the appropriate limit), and the ones which do not; the last ones standing for new families of analytical monopole solutions.

The profiles of the new solutions were depicted in Figs. 1, 2, 3 and 4. The overall conclusion is that the effective models provide consistent and well-behaved self-dual solutions which strongly support the models themselves. Moreover, we have identified a particular family of nonstandard models for which the BPS energy density exhibits a different profile (see Fig. 4), with a ringlike energy distribution centered at r ≠ 0. Thus, we have shown that starting from a generalized Yang-Mills-Higgs framework we can attain analytical self-dual solutions for non-Abelian magnetic monopoles.

Regarding future investigations, an interesting issue is the search for an analytical description for the noncharged BPS vortices arising in the generalized Maxwell- Higgs model proposed in Ref. [16]. Moreover, taking as the starting point the solutions we have presented in this work, we intend to generate new self-dual profiles based on an appropriate deformation prescription [17]. These issues are now under consideration, with expected interesting results for a future contribution.

We thank CAPES, CNPq and FAPEMA (Brazilian agencies) for partial financial support.

[1] R. Casana, M. M. Ferreira Jr. and E. da Hora, Phys.

Rev. D 86, 085034 (2012).

[2] N. Manton and P. Sutcliffe, Topological Solitons (Cambridge University Press, Cambridge, England, 2004).

[3] D. Finkelstein, J. Math. Phys. 7, 1218 (1966). [4] H. B. Nielsen and P. Olesen, Nucl. Phys. B 61, 45 (1973). [5] G. ’t Hooft, Nucl. Phys. B 79, 276 (1974). A. M.

Polyakov, JETP Lett. 20, 194 (1974).

[6] Y. M. Shnir, Magnetic Monopoles, Springer-Verlag, 2005. [7] E. Bogomol’nyi, Sov. J. Nucl. Phys. 24, 449 (1976). M.

Prasad and C. Sommerfield, Phys. Rev. Lett. 35, 760 (1975).

[8] C. Armendariz-Picon, T. Damour and V. Mukhanov, Phys. Lett. B 458, 209 (1999).

[9] V. Mukhanov and A. Vikman, J. Cosmol. Astropart.

Phys. 02, 004 (2005).

[10] A. Sen, J. High Energy Phys. 07, 065 (2002). [11] C. Armendariz-Picon and E. A. Lim, J. Cosmol. Astropart. Phys. 08, 007 (2005).

[12] J. Garriga and V. Mukhanov, Phys. Lett. B 458, 219 (1999). R. J. Scherrer, Phys. Rev. Lett. 93, 011301 (2004). A. D. Rendall, Classical Quantum Gravity 23, 1557 (2006).

[13] D. Bazeia, E. da Hora, C. dos Santos and R. Menezes, Phys. Rev. D 81, 125014 (2010). D. Bazeia, E. da Hora, R. Menezes, H. P. de Oliveira and C. dos Santos, Phys. Rev. D 81, 125016 (2010). C. dos Santos and E. da Hora, Eur. Phys. J. C 70, 1145 (2010); Eur. Phys. J. C 71, 1519 (2011). C. dos Santos, Phys. Rev. D 82, 125009 (2010). D. Bazeia, E. da Hora and D. Rubiera-Garcia, Phys. Rev. D 84, 125005 (2011). C. dos Santos and D. Rubiera-Garcia, J. Phys. A 44, 425402 (2011). D. Bazeia, R. Casana, E. da Hora and R. Menezes, Phys. Rev. D 85, 125028 (2012).

[14] E. Babichev, Phys. Rev. D 74, 085004 (2006); Phys. Rev.

D 77, 065021 (2008). C. Adam, N. Grandi, J. Sanchez- Guillen and A. Wereszczynski, J. Phys. A 41, 212004 (2008). C. Adam, J. Sanchez-Guillen and A. Wereszczynski, J. Phys. A 40, 13625 (2007); Phys. Rev. D 82, 085015 (2010). C. Adam, N. Grandi, P. Klimas, J. Sanchez- Guillen and A. Wereszczynski, J. Phys. A 41, 375401

(2008). C. Adam, P. Klimas, J. Sanchez-Guillen and A. Wereszczynski, J. Phys. A 42, 135401 (2009). C. Adam, J. M. Queiruga, J. Sanchez-Guillen and A. Wereszczynski, Phys. Rev. D 84, 025008 (2011); Phys. Rev. D 84, 065032 (2011). P. P. Avelino, D. Bazeia and R. Menezes, Eur. Phys. J. C 71, 1683 (2011). C. Adam and J. M. Queiruga, Phys. Rev. D 84, 105028 (2011); Phys. Rev. D 85, 025019 (2012). C. Adam, C. Naya, J. Sanchez- Guillen and A. Wereszczynski, Phys. Rev. D 86, 085001 (2012); Phys. Rev. D 86, 045015 (2012).

[15] M. Andrews, M. Lewandowski, M. Trodden and D. Wesley, Phys. Rev. D 82, 105006 (2010). D. Bazeia, J. D. Dantas, A. R. Gomes, L. Losano and R. Menezes, Phys. Rev. D 84, 045010 (2011). D. Bazeia and R. Menezes, Phys. Rev. D 84, 105018 (2011). D. Bazeia, E. da Hora and R. Menezes, Phys. Rev. D 85, 045005 (2012). D. Bazeia, A.S. Lobão Jr. and R. Menezes, Phys. Rev. D 86, 125021 (2012).

[16] D. Bazeia, E. da Hora, C. dos Santos and R. Menezes, Eur. Phys. J. C 71, 1833 (2011).

[17] D. Bazeia, L. Losano and J. M. C. Malbouisson, Phys.

Rev. D 66, 101701 (2002). C. A. Almeida, D. Bazeia, L. Losano and J. M. C. Malbouisson, Phys. Rev. D 69, 067702 (2004). D. Bazeia, M. A. Gonzalez Leon, L. Losano and J. Mateos Guilarte, Phys. Rev. D 73, 105008 (2006).