arXiv:1304.4099v3 [hep-th] 23 May 2013

Imperial-TP-AT-2013-03 HU-EP-13/20

Massive S-matrix of AdS_3 × S^3 × T^4 superstring theory with mixed 3-form flux

B. Hoare^{a,1} and A.A. Tseytlin^{b,2}

a Institut für Physik, Humboldt-Universität zu Berlin, Newtonstraße 15, D-12489 Berlin, Germany

b The Blackett Laboratory, Imperial College, London SW7 2AZ, U.K.

Abstract

The type IIB supergravity AdS_3 × S^3 × T^4 background with mixed RR and NSNS 3- form fluxes is a near-horizon limit of a non-threshold bound state of D5-D1 and NS5-NS1 branes. The corresponding superstring world-sheet theory is expected to be integrable, opening the possibility of computing its exact spectrum for any values of the coefficient q of the NSNS flux and the string tension. In arXiv:1303.1447 we have found the treelevel S-matrix for the massive BMN excitations in this theory, which turned out to have a simple dependence on q. Here, by analyzing the constraints of symmetry and integrability, we propose an exact massive-sector dispersion relation and the exact S-matrix for this world-sheet theory. The S-matrix generalizes its recent construction in the q = 0 case in arXiv:1303.5995.

1ben.hoare@physik.hu-berlin.de 2Also at Lebedev Institute, Moscow. tseytlin@imperial.ac.uk

1 Introduction

This paper is a sequel to [1] in which we initiated the study of S-matrix for elementary massive excitations of superstring theory on AdS_3 × S^3 × T^4 with mixed RR + NSNS 3-form flux parametrized by q ∈ (0, 1). This model interpolates between the purely RR flux case (q = 0) described by a supercoset GS superstring and the purely NSNS flux case (q = 1), which can be described by a supersymmetric WZW model. Its classical integrability [2] is expected to extend to the full quantum level and thus, like in the AdS_5 × S^5 case [3], should allow for an exact solution for the string spectrum for any value of the string tension h and the parameter q. This should shed light on the corresponding dual 2-d CFT which is currently not understood beyond its supersymmetry-protected BPS sector.

Here we shall extend the tree-level (h → ∞) S-matrix (section 2) found in [1] from the superstring action to the exact in h result using symmetry algebra considerations [4, 1] and generalizing the pure RR (q = 0) result of [5]. A key idea is that while the superstring symmetry group and the symmetry algebra of the S-matrix do not depend on q, the representation of the latter on particle states does (section 3). This leads to a q-modified exact “magnon” dispersion relation discussed in section 4. This exact dispersion can be found also by discretizing the spatial world-sheet direction in the quadratic part of the light-cone gauge string action with the 1-d lattice step being h^{−1}, i.e. the inverse of string tension.^1

In the q = 0 case [5] the exact S-matrix (written in terms of the Zhukovsky variables x^±) is completely fixed, up to two phases, by its symmetry algebra and satisfies the Yang-Baxter equation without the need to use explicit form of the dispersion relation. To generalize to the q ≠ 0 case we find a new set of Zhukovsky variables x^± (the_± subscripts correspond to positively/negatively charged states) that are consistent with the q-modified dispersion relation and in terms of which the representation parameters and the exact S-matrix take the same form as in the q = 0 case (section 5). The S-matrix satisfies the Yang-Baxter equation and involves four phases that remain to be determined by additional considerations. We discuss a conjecture for the phases in terms of their q = 0 values and discuss explicitly the relation to the AFS phase in the leading semiclassical string theory limit. Section 6 contains a discussion of some open problems.

1As in the q = 0 case, this suggests that the large tension limit corresponds to a continuum world sheet, while the small tension limit should correspond to a discrete “spin chain” theory.

2 S-matrix in the BMN limit

The tree-level S-matrix for the massive BMN modes of the superstring theory on AdS_3 ×S^3 ×T^4 with mixed 3-form flux was found in [1]. The flux is parametrized by 0 ≤ q ≤ 1, with q = 0 (q̂ = 1) corresponding to the pure RR case and q = 1 (q̂ = 0) – to the pure NSNS case, q^2 + q̂^2 = 1 , q̂ = √ 1 − q^2 . (2.1) The second parameter is the string tension h related to the radius of AdS_3 or S^3: h = √ λ 2π = R^2 2πα^′ . (2.2) The quantized coefficient of the WZ term in the action is related to q and h as q √ λ = k , i.e. k = 2π h q . (2.3)

The near-BMN expansion of the AdS_3 × S^3 × T^4 superstring action describes 4 + 4 (bosonic + fermionic) modes with mass q̂ = √ 1 − q^2, and 4 + 4 massless modes. The corresponding S-matrix for the massive modes can be written as the graded tensor product of two copies of an S-matrix describing the scattering of 2 + 2 massive modes. Let us denote the two massive bosons associated to the orthogonal directions of S^3 as the complex scalar y = y_1 + iy_2 and the corresponding scalar for AdS_3 as z = z_1 + iz_2. The four massive fermions will be represented as two complex Grassmann fields ζ and χ. Then we can define the following tensor product states |y⟩ = |ϕ⟩ ⊗ |ϕ⟩ , |z⟩ = |ψ⟩ ⊗ |ψ⟩ , |ζ⟩ = |ϕ⟩ ⊗ |ψ⟩ , |χ⟩ = |ψ⟩ ⊗ |ϕ⟩ , (2.4) where |ϕ⟩ is bosonic and |ψ⟩ is fermionic. The factorization property means that the S-matrix for {y, z, ζ, χ} can be constructed from an S-matrix for {ϕ, ψ}, which takes the following form S |ϕ_±ϕ_±^′⟩ =A_± L_{1±} |ϕ_±ϕ_±^′⟩ , S |ϕ_±ψ_±^′⟩ =A_± L_{3±} |ϕ_±ψ_±^′⟩ + A_± L_{5±} |ψ_±ϕ_±^′⟩ , S |ψ_±ψ_±^′⟩ =A_± Λ_{1±} |ψ_±ψ_±^′⟩ , S |ψ_±ϕ_±^′⟩ =A_± Λ_{3±} |ψ_±ϕ_±^′⟩ + A_± Λ_{5±} |ϕ_±ψ_±^′⟩ , S |ϕ_±ψ_∓^′⟩ =Ā_± L_{6±} |ϕ_±ψ_∓^′⟩ , S |ϕ_±ϕ_∓^′⟩ =Ā_± L_{2±} |ϕ_±ϕ_∓^′⟩ + Ā_± L_{4±} |ψ_±ψ_∓^′⟩ , S |ψ_±ϕ_∓^′⟩ =Ā_± Λ_{6±} |ψ_±ϕ_∓^′⟩ , S |ψ_±ψ_∓^′⟩ =Ā_± Λ_{2±} |ψ_±ψ_∓^′⟩ + Ā_± Λ_{4±} |ϕ_±ϕ_∓^′⟩ , (2.5) where the signs ± represent the charges, i.e. correspond to the fields and their conjugates.^2

2Explicitly, we shall use the following notation: ϕ_+ = ϕ, ϕ_− = ϕ^∗; ψ_+ = ψ, ϕ_− = ψ^∗. In [12, 5] the “+”-sector was referred to as “left” (L) and the “−”-sector as “right” (R). We shall not follow this terminology here as it is somewhat confusing: the LL, LR, etc., notation for S-matrices is usually reserved for the massless scattering case.

The structure of this S-matrix (2.5) is constrained by the requirement of a U(1)^2 symmetry under which {ϕ, ψ} have charges {1, 0} and {0, 1} respectively. The leading-order term in the expansion in the inverse string tension h^{−1} gives the tree-level S-matrix, for which the phases

A_± = 1− i 2h ( a−^1_2 ) (e^′_±p−e_±p^′)+O(h^{−2}) , Ā_± = 1− i 2h ( a−^1_2 ) (e^′_∓p−e_±p^′)+O(h^{−2}) (2.6)

contain the dependence on the gauge parameter a (a =^1_2 corresponds to the uniform light-cone gauge)^3 and the other non-trivial functions of the momenta p, p^′ and energies e_±, e^′_± are given by [1]

L_{1±} = 1 + i 2h l_{1±} + O(h^{−2}) , Λ_{1±} = 1 − i 2h l_{1±} + O(h^{−2}) ,

L_{3±} = 1 + i 2h l_{3±} + O(h^{−2}) , Λ_{3±} = 1 − i 2h l_{3±} + O(h^{−2}) ,

L_{6±} = 1 + i 2h l_{3±} + O(h^{−2}) , Λ_{6±} = 1 − i 2h l_{3±} + O(h^{−2}) ,

L_{2±} = 1 + i 2h l_{2±} + O(h^{−2}) , Λ_{2±} = 1 − i 2h l_{2±} + O(h^{−2}) ,

L_{5±} = − i h l_{5±} + O(h^{−2}) , Λ_{5±} = − i h l_{5±} + O(h^{−2}) , (2.7)

L_{4±} = i h l_{4±} + O(h^{−2}) , Λ_{4±} = i h l_{4±} + O(h^{−2}) ,

where

l_{1±} =

(p + p^′)(e^′_±p + e_±p^′)

2(p − p^′)

, l_{2±} =

(p − p^′)(e^′_∓p + e_±p^′) 2(p + p^′) , l_{3±} = − 1 2 (e^′_±p + e_±p^′) ,

l_{4±} = − pp^′ 2(p + p^′) [√ (e_± + p ± q)(e^′_∓ + p^′ ∓ q) − √ (e_± − p ∓ q)(e^′_∓ − p^′ ± q) ] , l_{5±} = − pp^′ 2(p − p^′) [√ (e_± + p ± q)(e^′_± + p^′ ± q) + √ (e_± − p ∓ q)(e^′_± − p^′ ∓ q) ] , (2.8)

e_± = √ q̂^2 + (p ± q)^2 , e^′_± = √ q̂^2 + (p^′ ± q)^2 . (2.9)

Eq.(2.9) gives the dispersion relation (which is the same for the bosonic and fermionic modes), e^2_± = 1 + p^2 ± 2q p, generalizing the familiar BMN massive relativistic dispersion relation. The energy is minimized when p = ∓q so that q̂ is the mass of the corresponding excitations.

For the case of pure RR flux (q = 0) an all-loop conjecture for the S-matrix for the massive modes was made in [5] using symmetry algebra considerations and integrability constraints.^4

3Here we use the notation a for the gauge parameter instead of a used in [1] and some earlier references. 4The phase factors still remain to be explicitly determined from crossing condition and the requirement of correspondence with string perturbation theory, see a discussion in [5].

The aim of the present work is to extend the tree-level q ≠ 0 result [1] for the S-matrix to all orders in h^{−1}, i.e. to generalize the exact S-matrix proposal of [5] to the presence of a nonvanishing NSNS flux. The starting point will be to understand how the action of the symmetry algebra of the S-matrix is modified for q ≠ 0.

3 The S-matrix symmetry algebra and its representation

The type IIB supergravity background corresponding to the superstring under consideration is the near-horizon limit of the non-threshold BPS bound state of NS5-NS1 and D5-D1 branes (see, e.g., [6] and references there) and can thus be obtained, e.g., by applying S-duality to the NS5-NS1 (q = 1) or D5-D1 (q = 0) solution. This means that the space-time symmetry of this background can not depend on q. Indeed, the non-trivial “massive” AdS_3 × S^3 part of the superstring action can be described by the same supercoset geometry [P SU(1, 1|2) × P SU(1, 1|2)]/[SU(1, 1) × SU(2)] [7] with q appearing only as a parameter in the action [2].

For this reason it is not surprising that the symmetry algebra of the corresponding S-matrix (which should be a subalgebra of the supercoset symmetry preserved by the BMN vacuum) should not depend on q. However, the dependence on q may enter the form of its representation on particle states.

For q = 0 the factorized form of the S-matrix described in section 2 is a consequence of the structure of the symmetry algebra and the integrability. As the theory should be integrable for any q, the exact S-matrix should also factorize. Furthermore, the factor S-matrix should satisfy the Yang-Baxter equation.

The symmetry algebra here is also the same as in the case of the S-matrix of the Pohlmeyerreduced theory corresponding to the AdS_3 × S^3 superstring [4, 8]. Its generators are: (i) two U(1) generators R and L; (ii) four supercharges Q_{±∓} and S_{±∓} (+ and − denote the charges under the U(1) × U(1) bosonic subalgebra); (iii) three central extension generators C, P and K. Defining M = 1 2 (R + L) , B = 1 2 (R − L) , (3.1) the non-vanishing (anti-)commutation relations are given by

[B, Q_{±∓}] = ±iQ_{±∓} , [B, S_{±∓}] = ±iS_{±∓} , {Q_{±∓}, Q_{∓±}} = P , {S_{±∓}, S_{∓±}} = K , {Q_{±∓}, S_{∓±}} = ±i M + C . (3.2)

These are consistent with the following set of reality conditions

B^† = −B , Q^†_{±∓} = S_{∓±} , M^† = −M , P^† = K , C^† = C . (3.3) This superalgebra is a centrally-extended semi-direct sum of u(1) (generated by B) with two copies of the superalgebra psu(1|1), i.e.

[u(1) � psu(1|1)^2] ⋉ u(1) ⋉ R^3 . (3.4) The central extensions are represented by the generators M, C, P and K. As for the other three central extensions, C, P and K, there is therefore only a single copy of the u(1) central extension M when we consider the symmetry of the full S-matrix [u(1) � psu(1|1)^2]^2 ⋉ u(1) ⋉ R^3 . (3.5) The algebra (3.2) is a subalgebra of the familiar psu(2|2) ⋉ R^3 which was a factor symmetry in the corresponding construction of the S-matrix of the AdS_5 × S^5 superstring theory [9, 10]. In that case the automorphism group of the algebra was SL(2, C ); here, however, it is enhanced to GL(2, C ). The additional GL(1, C ) acts as follows:

(B, Q_{±∓}, S_{±∓}, M, C, P, K) → (B, ν Q_{±∓}, ν S_{±∓}, ν^2 M, ν^2 C, ν^2 P, ν^2 K) . (3.6) The presence of this additional automorphism, in principle, allows one to introduce different mass values (as is the case, e.g., for the AdS_3 × S^3 × S^3 × S^1 theory with pure RR flux [11]) through rescaling the eigenvalue of M.

The particular representation of this symmetry algebra which is of interest to us here consists of one complex boson ϕ and one complex fermion ψ. The generators have the following action on the one-particle states (we use the notation ϕ_+ = ϕ, ϕ_− = ϕ^∗; ψ_+ = ψ, ϕ_− = ψ^∗) B |ϕ_±⟩ = ±i |ϕ_±⟩ , B |ψ_±⟩ = ∓i |ψ_±⟩ , Q_{±∓} |ϕ_±⟩ = 0 , Q_{±∓} |ψ_±⟩ = b_± |ϕ_±⟩ , Q_{∓±} |ϕ_±⟩ = a_± |ψ_±⟩ , Q_{∓±} |ψ_±⟩ = 0 , S_{±∓} |ϕ_±⟩ = 0 , S_{±∓} |ψ_±⟩ = d_± |ϕ_±⟩ , S_{∓±} |ϕ_±⟩ = c_± |ψ_±⟩ , S_{∓±} |ψ_±⟩ = 0 , M |ϕ_±⟩ = ±^i_2 M_± |ϕ_±⟩ , M |ψ_±⟩ = ±^i_2 M_± |ψ_±⟩ , C |ϕ_±⟩ = C_± |ϕ_±⟩ , C |ψ_±⟩ = C_± |ψ_±⟩ , P |ϕ_±⟩ = P_± |ϕ_±⟩ , P |ψ_±⟩ = P_± |ψ_±⟩ , K |ϕ_±⟩ = K_± |ϕ_±⟩ , K |ψ_±⟩ = K_± |ψ_±⟩ . (3.7)

Here a_±, b_±, c_±, d_±, C_±, P_± and K_± are the representation parameters that will eventually be functions of the energy and momentum of the state. The fact that this representation is actually reducible ({ϕ_+, ψ_+} and {ϕ_−, ψ_−} are two irreducible representations related by conjugation – called “left” and “right” in a related context [12], cf. footnote 2) allows for the introduction of the subscripts ± on the representation parameters. The parameters with subscript “+” should be related to those with subscript “−” by charge conjugation (see below). The motivation for introducing the subscripts is clear from the tree-level results of [1], summarized above in section 2. For the supersymmetry algebra to close the following conditions should be satisfied

a_±b_± = P_± , c_±d_± = K_± , a_±d_± = C_± + M_± 2 , b_±c_± = C_± − M_± 2 . (3.8)

These can easily be seen to imply that

C^2_± =

M^2_± 4 + P_±K_± , (3.9)

which are just the shortening conditions for the two irreducible atypical representations. Physically, they will be interpreted as dispersion relations, with M_±, C_±, P_± and K_± defined in terms of the energy and momentum. In particular, in the near-BMN limit they should reduce to the expressions (2.9) found at leading order in perturbation theory. The representation parameters are further constrained by the reality conditions (3.3)

a^∗_± = d_± , b^∗_± = c_± , M^∗_± = M_± , C^∗_± = C_± , P^∗_± = K_± . (3.10)

To define the action of this symmetry on the two-particle states we need to introduce the coproduct

Δ(B) = B ⊗ I+ I⊗ B , Δ(M) =M ⊗ I+ I⊗ M , Δ(C) = C ⊗ I+ I⊗ C , Δ(Q) = Q ⊗ I+ U ⊗ Q , Δ(S) = S ⊗ I+ U^{−1} ⊗ S , Δ(P) = P ⊗ I+ U^2 ⊗ P , Δ(K) = K ⊗ I+ U^{−2} ⊗ K , (3.11)

and the opposite coproduct, defined as

Δ^{op}(J) = P(Δ(J)) , (3.12)

where J is an arbitrary generator and P defines the graded permutation of the tensor product.

The coproduct differs from the usual product by the introduction of a new abelian generator U, with Δ(U) = U ⊗ U [13] (see also [4]). This is done according to a Z-grading of the algebra, whereby the charges −2, −1, 1, 2 are associated to the generators K, S, Q, P while the remaining generators are uncharged. The action of U on the single-particle states is given by

U |ϕ_±⟩ = U_± |ϕ_±⟩ , U |ψ_±⟩ = U_± |ψ_±⟩ . (3.13)

This braiding allows for the existence of a non-trivial S-matrix. It should be noted that for the central extensions the coproduct should be equal to its opposite — an issue we will return to in sections 3.1 and 3.2.

The factorized tree-level S-matrix of the theory with mixed 3-form flux (q ≠ 0) given in (2.5)– (2.9) co-commutes (Δ^{op}(J) S = S Δ(J)) with the supersymmetry algebra if the representation parameters in (3.7),(3.13) have the following form at the leading order in the large h (near- BMN) expansion

a_± = e^{− iπ}4 √ 2 √ e_± + 1 ± q p , b_± = − ie^{iπ}4 √ 2 q̂ p √ e_± + 1 ± q p , c_± = ie^{− iπ}4 √ 2 q̂ p √ e_± + 1 ± q p

, d_± = e^{iπ}4 √ 2 √ e_± + 1 ± q p , U_± = 1 + ip 2h , M_± = 1 ± q p , C_± = e_± 2 , P_± = − i 2 q̂ p , K_± = i 2 q̂ p . (3.14)

C_± thus plays the rôle of the energy. In the q → 0 limit P_± and K_± are proportional to the spatial momentum and M_± is the effective mass parameter, while in the q → 1 limit P_± and K_± vanish, while M_± is the spatial momentum shifted by ±1.

3.1 Exact expressions in the q = 0 case

To generalize the above expressions for the representation parameters (3.14) to all orders in h let us first review their algebraic construction for the pure RR case of q = 0 [1, 5]. In this case the parameters with + and − subscripts are equal — there is a formal symmetry under the interchange of the two irreducible atypical representations; therefore, we will drop them for the remainder of this subsection. The set of equations (3.8) can be solved for a, b, c, d in terms of M, C, P and K as a = α e^{− iπ}4 √ 2 √ 2C + M , b = √ 2 α^{−1}e^{iπ4} P √ 2C + M , c = √ 2 α e^{− iπ4} K √ 2C + M , d = α^{−1}e^{iπ}4 √ 2 √ 2C + M . (3.15)

Here α is a phase parametrizing the normalization of the fermionic states with respect to the bosonic states, and can be a function of the central extensions. To match the expressions in

(3.14) corresponding to the tree-level string world-sheet S-matrix [1] summarized in section 2 we should take α = 1 + O(h^{−1}). To facilitate comparison with the literature, for the moment we will leave α unfixed. Furthermore, we can use the GL(1, C ) automorphism (3.6) to fix

M = 1 . (3.16)

As was mentioned above, one important consequence of the non-trivial braiding (3.11) is that for the central extensions the coproduct should be equal to its opposite. This implies

P ∝ (1 − U^2) , K ∝ (1 − U^{−2}) . (3.17)

We fix the normalization of P relative to K by taking both constants of proportionality to be equal to^1_2 h where the reality conditions (3.10) require that h is real (h will later be interpreted as string tension).^5 Acting on the single-particle states gives us the relations^6 P = h 2 (1 − U^2) , K = h 2 (1 − U^{−2}) , (3.18)

where U should satisfy, as a consequence of (3.10), the following reality condition

U^∗ = U^{−1} . (3.19)

Motivated by the well-known construction in the AdS_5 × S^5 case (implying a similar one in the AdS_3 × S^3 × T^4 case with q = 0 [12, 5, 1]) we identify C with (half) the energy and define U in terms of the spatial momentum p as C = e 2 , U = e^{i2 p} . (3.20)

Using (3.18) and (3.20) we can substitute in for C, P and K in terms of the energy and the momentum in the shortening conditions (3.9) to find the following familiar dispersion relation

e^2 = 1 + 4 h^2 sin^2 p 2 . (3.21)

5The reality conditions (3.10) do allow for the introduction of an additional phase into the constants of proportionality, i.e.^1_2 he^{iφ} and^1_2 he^{−iφ}. However, this phase does not appear in the S-matrix and thus we set it equal to one.

6Note that the mapping between the representation parameters here and those used in [5] is as follows: {P, K, a, b, c, d}_{here} = {U^2P, U^{−2}P^∗, Ua, Uc, U^{−1}d, U^{−1}b}_{there} , where we have denoted the eigenvalues of the generators P, P^† in [5] as P, P^∗.

Therefore, h should be taken to be equal to the string tension eq.(2.2). In terms of the energy and the momentum the representation parameters a, b, c and d (3.15) are then given by a = α e^{− iπ}4 √ 2 √ e + 1 , b = α^{−1}e^{iπ}4 √ 2 h(1 − e^{ip}) √ e + 1 , c = α e^{− iπ}4 √ 2 h(1 − e^{−ip}) √ e + 1 , d = α^{−1}e^{iπ}4 √ 2 √ e + 1 . (3.22)

We recall that α is a phase, which may depend on the momentum.

To define the near-BMN expansion we should set

p = h^{−1}p , (3.23)

and expand the representation parameters in powers of h^{−1} keeping p fixed. Then the dispersion relation (3.21) reduces to the BMN one, e^2 = 1 + p^2, and setting α = 1 + O(h^{−1}) we find the agreement with the q → 0 limit of the expressions in (3.14). This means that the factorized treelevel S-matrix of the theory with pure RR flux (q = 0) co-commutes with the above symmetry algebra.

3.2 Exact expressions in the q ≠ 0 case

Let us now generalize the above algebraic construction to q ≠ 0. Starting with the expressions (3.14) found in the limit

h → ∞ , p → 0 , p ≡ h p = fixed , (3.24)

it is natural to conjecture that the exact expressions for U_±, M_±, C_±, P_± and K_± should be

U_± = e^{i2 p} , M_± = 1 ± 2h q sin p 2 , C_± = e_± 2 , P_± = h q̂ 2 (1 − e^{ip}) , K_± = h q̂ 2 (1 − e^{−ip}) . (3.25)

Then the algebraic requirement that the coproduct for P and K should be equal to its opposite is still satisfied.^7 The corresponding expressions for a_±, b_±, c_± and d_± are therefore given by

7It should be noted that eq.(3.25) is not the most general solution of this requirement but is a simple one that seems physically motivated: it matches the “discretization” interpretation of the resulting dispersion relation discussed in section 4, suggestive of an underlying spin chain picture, by analogy with the AdS_5 × S^5 case.

(cf. (3.14))

a_± = α_± e^{− iπ}4 √ 2 √ e_± + 1 ± 2h q sin^p_2 , b_± = α^{−1}_± e^{iπ}4 √ 2 h q̂ (1 − e^{ip}) √ e_± + 1 ± 2h q sin^p_2 , c_± = α_± e^{− iπ}4 √ 2 h q̂ (1 − e^{−ip}) √ e_± + 1 ± 2h q sin^p_2

, d_± = α^{−1}_± e^{iπ}4 √ 2 √ e_± + 1 ± 2h q sin^p_2 , (3.26)

where, as before, α_± are free phases, that are allowed to depend on the momentum. In the BMN limit (3.24), setting α_± = 1 + O(h^{−1}), these expressions reduce to the corresponding ones in (3.14).

Substituting M_±, C_±, P_± and K_± from (3.25) into the shortening conditions (3.9) leads to the following exact dispersion relation [1]

e^2_± = (1 ± 2h q sin p 2 )^2 + 4 h^2 q̂^2 sin^2 p 2 = 1 ± 4h q sin p 2 + 4 h^2 sin^2 p 2 . (3.27)

4 Exact dispersion relation

Let us now discuss some features of the exact dispersion relation (3.27) or, for a positive-energy particle state,

e_± = √ q̂^2 + (2 h sin p 2 ± q)^2 . (4.1)

4.1 General structure and limits

Assuming the relation (2.3) between h and the quantized coefficient k of the bosonic WZ term in the string action (related to the NS5-brane charge), this dispersion relation can be written also as

e_± = √ 1 ± 2k π sin p 2 + 4 h^2 sin^2 p 2 . (4.2)

Eq.(4.1) interpolates between the RR case (q̂ = 1, q = 0) when it becomes the standard magnon dispersion relation and the NSNS case (q̂ = 0, q = 1). In the latter case when the world-sheet theory becomes the superstring generalization of the SU(1, 1) × SU(2) WZW theory with level k, eq.(4.1) reduces to (cf. (2.3))^8

e_± = | 1 ± 2h sin p 2 | , h = k 2π . (4.3)

8A similar “massless” dispersion relation e = 2h | | sin^p_2 | | appeared already in [28] in the limit α → 0 or α → 1 of the AdS_3 ×S^3 ×S^3 ×S^1 theory (with the radii of the two spheres parametrized as R^2_1 = α^{−1}, R^2 = (1−α)^{−1}).

For small p one therefore finds a massless dispersion relation, in agreement with the world-sheet expectations (in the BMN limit (4.4) we get e_± = |p ± 1|). As discussed below, (4.3) can be interpreted as corresponding to a lattice analog of a massless chiral scalar or fermion kinetic operator.

In the BMN limit (3.24) the relation (4.1) reduces to

e_± = √ q̂^2 + (p ± q)^2 + O(h^{−2}) , (4.4)

matching the result (2.9) following directly from the string world-sheet perturbation theory [14, 2, 1]. In the different strong coupling limit – semiclassical or “giant magnon” [15] limit when p stays finite while h → ∞, eq.(4.1) reduces to

e_± = 2h sin p 2 ± q + O(h^{−1}) . (4.5)

This implies that the classical energy (minus the angular momentum) of the corresponding “giant magnon” solution should not dependent on q, i.e. on the value of the NSNS flux. At the same time, there should be a string 1-loop correction proportional to q (indeed, there was no 1-loop correction in the q = 0 case [16, 17]). It would be interesting to confirm the presence of this correction by a string-theory computation of the one-loop correction to the corresponding giant-magnon energy, thus providing a non-trivial check of the exact dispersion relation (4.1).

As there is little solid knowledge about the corresponding dual 2-d CFT (beyond the supersymmetry protected BPS states and moduli space, cf. [18] and references there) it is hard to comment on the possible meaning of (4.1) or (4.2) in the small string tension or weak coupling region h → 0. In general, the identification of the parameter h in (4.1) with the string tension √ λ 2π in (2.2) may be true only in the strong-coupling limit √ λ ≫ 1, i.e. h may be a non-trivial function of λ. This finite renormalization appears to be absent in the pure RR case of q = 0, and it should also be absent in the pure NSNS case of q = 1 when h is directly related to the integer level k (cf. (2.3)). However, it may be present for a generic value of q. Indeed, there is a 1-loop shift in h(λ) in the case of another 1-parameter deformation of the AdS_3 × S^3 × T^4 theory – the AdS_3 × S^3 × S^3 × S^1 theory [19, 20]. It would be important to investigate this by a direct 1-loop superstring computation for q ≠ 0.

Let us note that from the world-sheet sigma model point of view, the scattering of states with non-trivial dispersion relation (3.27) or (4.1) corresponds to the scattering of solitonic “giantmagnons” which may be viewed as elementary massive light-cone gauge quanta (usual BMN “magnons”) “dressed” by quantum corrections to all orders in the h^{−1} expansion. The fact that the exact S-matrix of the elementary excitations with the standard quadratic relativistic dispersion relation (4.4) can be rewritten as an S-matrix for the scattering of such “dressed” states with the dispersion relation (3.27) is, of course, a non-trivial consequence of the integrability of the model. This should apply also to the special q = 1 case when the world-sheet theory is described by the WZW model: here the unfamiliarly looking dispersion relation (4.3) should correspond again to an analog of the “giant magnon” soliton in the classical WZW theory.

4.2 Lattice origin of the dispersion relation

Let us now show that the exact dispersion relation (4.1) or (4.2) corresponds to a discretization (in the spatial world-sheet direction) of the second-order differential operator appearing in the quadratic part of the q ≠ 0 AdS_3 × S^3 string action expanded near the BMN geodesic (or, equivalently, written in the BMN light-cone gauge). It is thus a natural 1-d lattice (or “spin chain”) analog of the BMN dispersion relation (4.4).

As was discussed in [1], the quadratic term in the bosonic string action expanded near the BMN geodesic has the following form I = 1 2 h ∫ dτdσ ( − ∂^ay_r∂_ay_r − y_ry_r + q ϵ_{rs}y_r∂_1y_s )

= 1 2 h ∫ dτdσ ( ẏ^2_r − y^{′2}_r − y^2_r + 2q y_1y^′_2 ) . (4.6)

Here the q-dependent term originates from the WZ term or the B-field coupling. y_r (r, s = 1, 2) are two real scalars representing the transverse fluctuations in S^3. The same action is found for the two scalars z_r representing the transverse fluctuations in AdS_3. The massive fermionic modes have (after “squaring”) an equivalent kinetic operator, albeit with the mass term ∼ q̂ originating not from the curvature as for the bosons, but rather from the RR flux coupling. The corresponding dispersion relation is then given by the leading term in (4.4).

Let us now assume that the spatial direction σ is compact with length ℓ = 2πJ (we rescale τ and σ by the semiclassical S^3 angular momentum or rotation frequency parameter J ).^9 Furthermore, let us also discretize σ into J points with step ε, ε = ℓ J = 2π J J , y_{r(n)}(τ) = y_r(τ, nε), n = 0, ..., J − 1, y_{r(J)} = y_{r(0)} . (4.7) 9Note that for the decompactified σ case, corresponding to the limit of J → ∞, the q-dependence of the derivative term in (4.6) can be eliminated by a local rotation y_1 + iy_2 = e^{iqσ} v(τ, σ) or, equivalently, by a shift of the continuous momentum p in (4.4). This is no longer possible for finite J , unless qJ is an integer to ensure that v is still periodic in σ.

Assuming that the spatial derivative is defined as y^′_r → ε^{−1}(y_{r(n+1)} − y_{r(n)}), the discrete version of the action (4.6) becomes I = 1 2 hε J∑ n=1 ∫ dτ [ ẏ^2_{r(n)} − ε^{−2}(y_{r(n+1)} − y_{r(n)})^2 − y^2_{r(n)} + 2q y_{1(n)}(y_{2(n+1)} − y_{2(n)}) ] . (4.8)

The corresponding equations of motion for y_{1(n)} and y_{2(n)} are then

ÿ_{1(n)} + y_{1(n)} − ε^{−2}(y_{1(n+1)} − 2y_{1(n)} + y_{1(n−1)}) − 2qε^{−1}(y_{2(n+1)} − y_{2(n)}) = 0 , (4.9) ÿ_{2(n)} + y_{2(n)} − ε^{−2}(y_{2(n+1)} − 2y_{2(n)} + y_{2(n−1)}) + 2qε^{−1}(y_{1(n)} − y_{1(n−1)}) = 0 . (4.10)

As in the standard Klein-Gordon operator case of q = 0 (see, e.g., [21, 22]) these can be solved using the momentum space eigenfunctions, i.e. by replacing y_{r(n)}(τ) → y_re^{−ieτ} e^{−ipn} , p = 2πñ J , ñ = 0, 1, ..., J − 1 . (4.11) This gives

(−e^2 + 1 + 4ε^{−2} sin^2 p 2 )y_1 − 2qε^{−1}(e^{−ip} − 1)y_2 = 0 , (−e^2 + 1 + 4ε^{−2} sin^2 p 2 )y_2 + 2qε^{−1}(1 − e^{ip})y_1 = 0 . (4.12)

The corresponding dispersion relation is (e^2 − 1 − 4ε^{−2} sin^{2 p}_2 )^2 − 16q^2ε^{−2} sin^{2 p}_2 = 0, or

e^2_± = 1 + 4ε^{−2} sin^2 p 2 ± 4qε^{−1} sin p 2 , (4.13)

which is equivalent to the exact dispersion relation in (3.27) upon making the following identification

ε^{−1} = h . (4.14)

Thus the step of the lattice ε has the interpretation of the inverse of string tension. Then using (2.2),(4.7) we conclude that J = √ λJ , which is the familiar relation between the semiclassical J and exact J angular momentum.

In the special case of q = 1 the dispersion relation (4.1) simplifies to (4.3). In this case the RR flux is absent and the string theory is described by supersymmetric generalization of the SU(1, 1) × SU(2) WZW model and should therefore have a massless perturbative spectrum. This is indeed so in the “non-compact” (J → ∞) or small p limit of (4.3) or (4.13). The exact relation (4.3) also has a discrete interpretation — as the dispersion relation for the “left” and “right” massless operators ∂_0 ± ∂_1 on a 1-d spatial lattice. Indeed, the chirality of the WZW equations of motion imply that, to quadratic fluctuation order, they reduce to the equations for the “left” and “right” chiral scalars. Equivalently, one may start with a massless fermionic Lagrangian^{10}

L = ψ^∗(∂_0 ± ∂_1 − i)ψ . (4.15)

Starting with (4.15) and discretizing σ as discussed above, we find the dispersion relation

e_± = | |1 ± 2ε^{−1} sin p 2 | | , (4.16)

which is indeed the same as (4.3) provided we assume (4.14).

We conclude that the NSNS 3-form flux (or q-dependent) term in the generalization (3.27) of the BMN dispersion relation has a natural discrete (1-d lattice) origin. Heuristically, this suggests that for fixed J the world sheet becomes effectively discrete at finite string tension. Note that in the AdS_5 × S^5 context the relation between the spin chain description of the SYM dilatation operator at weak coupling (in the “quadratic” approximation, i.e. ignoring scattering of magnons) and the quadratic BMN term in the string action can be made precise by including all higher-derivative terms in the Landau-Lifshitz-type description of fluctuations near the ferromagnetic vacuum (see [23]).

Let us note that as was recently discussed in [22], the Casimir vacuum energy of a 2-d scalar field of mass 1 on a periodic spatial lattice of J points with step ε = h^{−1} (with the standard dispersion relation given by the q = 0 limit of (4.13)) can be identified with the free energy of a gas of particles on an infinite line with temperature 1/J and the “mirror” energy ẽ [24, 25]

E_{vac}(J, h) = ∫_∞ 0 dp̃ π log [ 1 − e^{−Jẽ(p̃,h)} ] , ẽ = 2 arcsinh √ 1 + p̃^2 2h . (4.17)

Here ẽ, p̃ are related to e, p in the original dispersion relation e^2 = 1 + 4h^2 sin^{2 p}_2 by the double- Wick rotation, e → ip̃, p → iẽ. A similar expression should appear also in the q ≠ 0 case, where eq.(3.27) or (4.13),(4.14) implies that the corresponding mirror dispersion relation is (q̂^2 = 1 − q^2)

ẽ_± = 2 arcsinh √ q̂^2 + p̃^2 ∓ iq 2h . (4.18)

The analog of (4.17) will contain the sum of two log terms corresponding to the two signs in (4.18). As was shown in [22], for large J and large or small h the energy E_{vac} in (4.17) has either e^{−J} (“Luscher”) or h^{2J} (“wrapping”) behaviour. It would be of interested to study how this is modified in the q ≠ 0 case. In particular, the q = 1 case appears to be very special.

10Here i stands for a chemical potential term leading to a gap in the energy to match (4.13).

5 Exact S-matrix

Let us now turn to the question of the exact generalization of the tree-level expression (2.7) for the S-matrix (2.5).

5.1 q = 0 case

Let us start by reviewing the pure RR case discussed in [5] (see also [11, 26, 12] for related earlier work). As was briefly discussed in section 3.1, for q = 0 there is a formal symmetry under the interchange of the two irreducible atypical representations. Therefore, for the remainder of this subsection we may drop the subscripts_± on both the representation parameters and the parametrizing functions of the S-matrix.

For q = 0 the standard relations between the Zhukovsky variables x^± = x^±(p) and the energy and momentum are as in the AdS_5 × S^5 case [9]^{11}

e^{ip} = x^+ x^− , e + 1 = ih(x^− − x^+) , (5.1)

In these variables the dispersion relation (3.21) takes the following familiar form

x^+ + 1 x^+ − x^− − 1 x^− = 2i h , (5.2)

and solving for x^± in terms of e and p we find

x^± = r e^{± ip2} , r = e + 1 2h sin^p_2 = 2h sin^p_2 e − 1 . (5.3)

The representation parameters a, b, c and d in (3.15),(3.22) can then be written as^{12} a = α e^{− iπ4} √_h 2 η , b = α^{−1}e^{− iπ4} √_h 2 η x^− , c = α e^{iπ4} √_h 2 η x^+ , d = α^{−1}e^{iπ4} √_h

2 η , (5.4)

where η ≡ √ i(x^− − x^+) = √ e + 1 h . (5.5)

11Note that the coupling h used here is twice the coupling h used in [5].

12Using the mapping in footnote 6, we see that for exact agreement with [5] we should set α = e^{iπ4} √_{x+} x^− .

The functions parametrizing the exact S-matrix (2.5) are given by [5]^{13}

L_1 = S_1 , Λ_1 = S_1 √ x^−x^{′+} x^+x^{′−} x^+ − x^{′−} x^− − x^{′+} , L_3 = S_1 √ x^− x^+ x^+ − x^{′+} x^− − x^{′+} , Λ_3 = S_1 √ x^{′+} x^{′−} x^− − x^{′−} x^− − x^{′+} , L_5 = − i α α^′ S_1 √ x^−x^{′+} x^+x^{′−} ηη^′ x^− − x^{′+} , Λ_5 = − i α^′ α S_1 ηη^′ x^− − x^{′+} , L_6 = S_2 , Λ_6 = S_2 √ x^−x^{′−} x^+x^{′+}

1 − x^+x^{′+} 1 − x^−x^{′−} , L_2 = S_2 √ x^− x^+ 1 − x^+x^{′−} 1 − x^−x^{′−} , Λ_2 = S_2 √ x^{′−} x^{′+} 1 − x^−x^{′+} 1 − x^−x^{′−} , L_4 = i αα^′ S_2 √ x^−x^{′−} x^+x^{′+} ηη^′ 1 − x^−x^{′−} , Λ_4 = i 1 αα^′ S_2 ηη^′ 1 − x^−x^{′−} . (5.6)

Here the primed kinematic variables correspond to primed fields in (2.5) and the phases A, Ā (2.6), which contain the dependence on the gauge parameter a, take the usual exact form [10]

A = Ā = exp [ −^i_2 (a −^1_2 )(e^′p − ep^′) ] , (5.7)

which can also be written explicitly in terms of x^± using (5.1).

Crucially, this S-matrix is completely fixed, up to the two phases S_1 and S_2 , just by demanding the invariance under the four supercharges. In particular, one does not need to impose the dispersion relation (5.2). Furthermore, it can be checked that this S-matrix satisfies the Yang-

13Here we have written the parametrizing functions of the S-matrix in the so-called “string frame” (see, e.g., [27]). Therefore, it is this frame that one should use to compare to [5]. The transformation from the “spin-chain frame” to the “string frame” is given explicitly in appendix E of [12]. The mapping between the functions parametrizing the S-matrix used here and those used in [5, 12] is then given by (see also footnote 2)

S_1 A | |_{a=0} = S √ x^+x^{′−} x^−x^{′+} , S_2Ā | |_{a=0} = S̃ √ x^{′−} x^{′+} √ 1 −^1_{x−x′−} 1 −^1_{x+x′+} , L_1 = A^{LL} = A^{RR} , Λ_1 = −F^{LL} = −F^{RR} , L_3 = B^{LL} = B^{RR} , Λ_3 = D^{LL} = D^{RR} ,

L_5 = C^{LL} = C^{RR} , Λ_5 = E^{LL} = E^{RR} , L_6 = C^{LR} = C^{RL} , Λ_6 = D^{LR} = D^{RL} ,

L_2 = A^{LR} = A^{RL} , Λ_2 = −E^{LR} = −E^{RL} , L_4 = −B^{LR} = −B^{RL} , Λ_4 = F^{LR} = F^{RL} .

Furthermore, to establish exact agreement the phase α in (5.4) (which just parametrizes the normalization of the fermionic states with respect to the bosonic ones) should be set to e^{iπ4} √_{x+} x^− , in concord with footnote 12.

Baxter equation, QFT unitarity, and also braiding unitarity so long as the phases satisfy [5] S_1 (x^+, x^−; x^{′+}, x^{′−}) S_1 (x^{′+}, x^{′−}; x^+, x^−) =1 ,

S_2 (x^+, x^−; x^{′+}, x^{′−}) S_2 (x^{′+}, x^{′−}; x^+, x^−) = √ x^+x^{′+} x^−x^{′−} 1 − x^−x^{′−} 1 − x^+x^{′+}

. (5.8)

Again this does not require the use of the dispersion relation.

This suggests that a natural strategy to generalize to the case of q ≠ 0 would be to find a parametrization such that the representation parameters a_±, b_±, c_± and d_± (3.26) take the same form as in the q = 0 case (5.4) when written in terms of the corresponding Zhukovsky variables x^±_± (the subscripts correspond to the positive/negative charged states). While this will modify the dispersion relation (5.2), the S-matrix will remain unchanged up to the introduction of the_± subscripts on x^± and x^{′±}. Due to the block-diagonal nature of the S-matrix (the twoparticle states | + +⟩ always scatter into | + +⟩ states and similarly for | + −⟩, | − +⟩ and | − −⟩) the introduction of the subscripts on the Zhukovsky variables should not affect the satisfaction of the Yang-Baxter equation or braiding unitarity. Furthermore, if the conjugation of the Zhukovsky variables, (x^±)^∗ = x^∓ is simply generalized to (x^±_± )^∗ = x^∓_± , then the QFT unitarity property of the S-matrix should still hold.

Before turning to a detailed discussion of the q ≠ 0 case let us make a brief comment on crossing symmetry. Choosing α to have the form^{14} α = e^{iγ2} (x^+ x^− )_β , (5.9)

where β and γ are arbitrary real numbers, the S-matrix (2.5), (5.6) has a crossing symmetry [5], so long as the two phases in (5.6) are related in the following way:

S^c_1 = S_2 √ x^− x^+ 1 − x^+x^{′−} 1 − x^−x^{′−} , S^c_2 = S_1 √ x^{′+} x^{′−} x^− − x^{′−} x^− − x^{′+} . (5.10)

Here the label^c denotes that the corresponding arguments are taken as (x̄^{′+}, x̄^{′−}; x^+, x^−) instead of original (x^+, x^−; x^{′+}, x^{′−}) where the “crossed” Zhukovsky variables x̄^± are, as usual, given by x̄^± = 1 x^± , (5.11)

14To recall, α is a phase parametrizing the normalization of the fermionic states with respect to the bosonic ones, which can depend on the momentum. There are various conventions used in the literature, which, in general, can be written in the form given in eq.(5.9).

corresponding to ē = −e , p̄ = −p. The crossing symmetry can be seen at the level of the parametrizing functions (5.6) from the following identities

L^c_1 =L_2 , Λ^c_1 =Λ_2 , L^c_3 =Λ_6 , Λ^c_3 =L_6 , L^c_5 = − ie^{iγ} Λ_4 , Λ^c_5 = − ie^{−iγ} L_4 , L^c_2 =L_1 , Λ^c_2 =Λ_1 , Λ^c_6 =L_3 , L^c_6 =Λ_3 , Λ^c_4 =ie^{−iγ} Λ_5 , L^c_4 =ie^{iγ} L_5 . (5.12)

5.2 q ≠ 0 case

To generalize to the q ≠ 0 case let us first modify the relations between the Zhukovsky variables x^± and e, p (5.1) as follows:^{15}

e^{ip} = x^+_± x^−_± , e_± + 1 ± 2 h q sin p 2 = ih q̂ (x^−_± − x^+_± ) . (5.13)

Written in terms of these new variables x^±_± the dispersion relation (3.27) takes the following form^{16} q̂ ( x^+_± + 1 x^+_± − x^−_± − 1 x^−_± ) ± 2q ( √ x^−_± x^+_± − √ x^+_± x^−_± ) = 2i h . (5.14)

Solving for x^±_± in terms of e_± and p for general q we find the following generalization of (5.3)

x^±_± = r_± e^{± ip2} , r_± = e_± + 1 ± 2h q sin^p_2 2h q̂ sin^p_2 = 2h q̂ sin^p_2 e_± − 1 ∓ 2h q sin^p_2

. (5.15)

15To be completely general, one could work in terms of the representation parameters C_±, M_± and U_±, where P_± =^1_2 h̃(1 − U^2_±) and K_± =^1_2 h̃(1 − U^{−2}_± ) (h̃ is some proportionality coefficient, cf.(3.25), that should go like h q̂ for large h) are fixed by requiring that the coproduct should equal its opposite for the central extensions. Defining U^2_± = x^+_± x^−_± , 2C_± + M_± = ih̃ (x^−_± − x^+_± ) ,

the dispersion relation then takes the following form

x^+_± + 1 x^+_± − x^−_± − 1 x^−_± = 2iM_± h̃ .

The rest of this subsection then proceeds almost identically (only the definitions of x^±_± in terms of e_± and p (5.15) and the discussion of the semiclassical limit at the end are modified) so long as the representation parameters have the correct near-BMN expansion (3.14). Furthermore, the discussion in subsection 5.3 also applies assuming that h̃ ∼ q̂ as q → 1.

16A different modification of the dispersion relation for x^± appeared in the AdS_3 × S^3 × S^3 × S^1 case [28]. In that case the modes were split into two halves, one with mass α and the other with mass 1−α. The modification then amounted to effectively rescaling the h^{−1} term in the r.h.s. of the analog of (5.14), or, equivalently, taking M_± = α or M_± = 1 − α in footnote 15. This is in contrast to the situation here, for which the q-dependent modification depends on the momentum and requires M_+ ≠ M_−. Note also that the q → 1 limit of the expression (5.14) should be taken with care as x^±_± ∼ q̂^{−1} or q̂. This is discussed further in section 5.3.

While the dispersion relation (5.14) is a non-trivial modification of the q = 0 relation (5.2), the expressions for the representation parameters a_±, b_±, c_± and d_± (3.26) in terms of x^±_± are found to have the same form as in (5.4), up to a universal rescaling by √ q̂, i.e. a_± = α_± e^{− iπ4} √_{h q̂} 2 η_± , b_± = α^{−1}_± e^{− iπ4}

√_{h q̂} 2 η_± x^−_± , c_± = α_± e^{iπ4}

√_{h q̂} 2 η_± x^+_±

, d_± = α^{−1}_± e^{iπ4}

√_{h q̂} 2 η_± . (5.16)

Here, like in (5.5), η_± ≡ √ i(x^−_± − x^+_± ) = √ e_± + 1 ± 2h q sin^p_2 h q̂ . (5.17)

As this rescaling by q̂ does not affect the action of the supersymmetry algebra, we can immediately write down the functions parametrizing the exact S-matrix (2.5) in the case of q ≠ 0 by generalizing the expressions in (5.6) as follows

L_{1±} = S_{1 ±} , Λ_{1±} = S_{1 ±} √ x^−_± x^{′+}_± x^+_± x^{′−}_± x^+_± − x^{′−}_± x^−_± − x^{′+}_± ,

L_{3±} = S_{1 ±} √ x^−_± x^+_± x^+_± − x^{′+}_± x^−_± − x^{′+}_± , Λ_{3±} = S_{1 ±} √ x^{′+}_± x^{′−}_± x^−_± − x^{′−}_± x^−_± − x^{′+}_± ,

L_{5±} = − i α_± α^′_± S_{1 ±} √ x^−_± x^{′+}_± x^+_± x^{′−}_± η_± η^′_± x^−_± − x^{′+}_± , Λ_{5±} = − i α^′_± α_± S_{1 ±} η_± η^′_± x^−_± − x^{′+}_± ,

L_{6±} = S_{2 ±} , Λ_{6±} = S_{2 ±} √ x^−_± x^{′−}_∓ x^+_± x^{′+}_∓

1 − x^+_± x^{′+}_∓ 1 − x^−_± x^{′−}_∓ ,

L_{2±} = S_{2 ±} √ x^−_± x^+_±

1 − x^+_± x^{′−}_∓ 1 − x^−_± x^{′−}_∓ , Λ_{2±} = S_{2 ±} √ x^{′−}_∓ x^{′+}_∓ 1 − x^−_± x^{′+}_∓ 1 − x^−_± x^{′−}_∓ ,

L_{4±} = i α_±α^′_∓ S_{2 ±} √ x^−_± x^{′−}_∓ x^+_± x^{′+}_∓ η_± η^′_∓ 1 − x^−_± x^{′−}_∓ , Λ_{4±} = i 1 α_±α^′_∓ S_{2 ±} η_± η^′_∓ 1 − x^−_± x^{′−}_∓ . (5.18)

As was already mentioned in section 5.1, since the S-matrix at q = 0 satisfies the Yang-Baxter equation without the need to use the dispersion relation, and since it has a block-diagonal structure, the above generalization of this S-matrix to q ≠ 0 case should still satisfy the YBE. Indeed, we have checked explicitly that this is the case for the S-matrix (2.5) with (5.18).

Let us recall that the tree-level S-matrix’s generalization to non-zero q [1], summarized in section 2, was remarkably simple. In particular, the functions l_{1,2,3} only depend on q through the dispersion relation. This simplicity is apparent in the exact S-matrix when written in terms of the Zhukovsky variables. It is worth noting that if the exact S-matrix is written in terms of the energy and momentum variables this simplicity is no longer manifest due to the non-trivial all-order definition of the Zhukovsky variables (5.15) (in particular, their dependence on q is not only through the dispersion relation). This is hinted at in the tree-level results by the more complicated structure of l_{4,5} compared to l_{1,2,3} (2.8).

The phases A, Ā in (5.7), which contain the dependence on the gauge parameter a, have the following natural generalization to q ≠ 0

A_± = exp [ −^i_2 (a −^1_2 )(e^′_±p − e_±p^′) ] , Ā_± = exp [ −^i_2 (a −^1_2 )(e^′_∓p − e_±p^′) ] . (5.19)

They can be written explicitly in terms of x^±_± using (5.13).

As for the four phases S_{1 ±} , S_{2 ±} , like their q = 0 limits [5] in (5.6), they are not fixed by the symmetry or the Yang-Baxter equation. Observing that (x^±_± )^∗ = x^∓_± , it can be seen that the S-matrix in the q ≠ 0 case is QFT unitary, while for braiding unitarity the phases should satisfy additional constraints, analogous to (5.8) in the q = 0 case,

S_{1 ±} (x^+_± , x^−_± ; x^{′+}_± , x^{′−}_± ) S_{1 ±} (x^{′+}_± , x^{′−}_± ; x^+_± , x^−_± ) = 1 ,

S_{2 ±} (x^+_± , x^−_± ; x^{′+}_∓ , x^{′−}_∓ ) S_{2 ∓} (x^{′+}_∓ , x^{′−}_∓ ; x^+_± , x^−_± ) = √ x^+_± x^{′+}_∓ x^−_± x^{′−}_∓ 1 − x^−_± x^{′−}_∓ 1 − x^+_± x^{′+}_∓

. (5.20)

Furthermore, setting, as in eq.(5.9),

α_± = e^{iγ2} (x^+_± x^−_± )_β , (5.21)

the crossing symmetry of the q = 0 case, (5.10),(5.12), also generalizes to q ≠ 0 in a natural way with the “crossed” Zhukovsky variables (5.11) given by

x̄^±_± = 1 x^±_∓ . (5.22)

Indeed, in view of (5.15) the relations (5.22) are equivalent to the expected relations for the “crossed” energy and momentum:

ē_± = −e_∓ , p̄ = −p . (5.23)

Explicitly, so long as the four phases are related in the following way (analogous to (5.10))

S^c_{1 ±} = S_{2 ±} √ x^−_± x^+_±

1 − x^+_± x^{′−}_∓ 1 − x^−_± x^{′−}_∓ , S^c_{2 ±} = S_{1 ∓} √ x^{′+}_∓ x^{′−}_∓ x^−_∓ − x^{′−}_∓ x^−_∓ − x^{′+}_∓ , (5.24) then

L^c_{1±} =L_{2±} , Λ^c_{1±} =Λ_{2±} , L^c_{3±} =Λ_{6±} , Λ^c_{3±} =L_{6±} , L^c_{5±} = − ie^{iγ} Λ_{4±} , Λ^c_{5±} = − ie^{−iγ} L_{4±} , L^c_{2±} =L_{1∓} , Λ^c_{2±} =Λ_{1∓} , Λ^c_{6±} =L_{3∓} , L^c_{6±} =Λ_{3∓} , Λ^c_{4±} =ie^{−iγ} Λ_{5∓} , L^c_{4±} =ie^{iγ} L_{5∓} , (5.25)

where S^c_{1 ±} = S_{1 ±} (x̄^{′+}_± , x̄^{′−}_± ; x^+_± , x^−_± ) (likewise for L_{1,3,5±} , Λ_{1,3,5±} ) while S^c_{2 ±} = S_{2 ±} (x̄^{′+}_± , x̄^{′−}_± ; x^+_∓ , x^−_∓ ) (likewise for L_{2,4,6±} , Λ_{2,4,6±} ).

It is then natural to conjecture that the pattern of the generalization to the q ≠ 0 case described above may also apply to the phases, i.e. to find their expressions in terms of the new Zhukovsky variables we just need to replace x^± → x^±_± and x^{′±} → x^{′±}_± in the q = 0 phases as

S_{1 ±}^?= S_1 (x^+_± , x^−_± ; x^{′+}_± , x^{′−}_± ) , S_{2 ±}^?= S_2 (x^+_± , x^−_± ; x^{′+}_∓ , x^{′−}_∓ ) . (5.26)

However, this prescription is ambiguous: since the dispersion relation is modified for q ≠ 0 (cf. (5.2) and (5.14)), starting with two expressions equal at q = 0, using in one of them the q = 0 dispersion relation and then generalizing to q ≠ 0 as in (5.26) we would find different results. This suggests that the expressions for the four undetermined phases should be given by some modification of (5.26) that resolves this ambiguity.

In this paper we will present such modification only for the strong coupling limit of the phases. In the q = 0 case, at the leading order in h → ∞ limit the two phases S_1 , S_2 were proposed [5] to be equal to the AFS [29] phase (up to factors). Explicitly, for S_1 one has

S_1 A | |_{a=0} = √ x^+x^{′−} x^−x^{′+} x^− − x^{′+} x^+ − x^{′−} 1 −^1_{x−x′+} 1 −^1_{x+x′−} σ^{−1}_{AFS} , (5.27)

σ_{AFS} (x^+, x^−; x^{′+}, x^{′−}) = B e^{ih ϑ0} , B = 1 −^1_{x−x′+} 1 −^1_{x+x′−} , (5.28)

ϑ_0 = 1 4 ( x^+ + 1 x^+

+ x^− + 1 x^− − x^{′+} − 1 x^{′+} − x^{′−} − 1 x^{′−} ) log [1 − 1_{x+x′−} 1 −^1_{x+x′+} 1 −^1_{x−x′+} 1 −^1_{x−x′−} ] . (5.29)

Our proposal for S_{1 ±} for generic q at strong coupling is then given by the rule in eq.(5.26) applied to (5.27) written in the form (5.28),(5.29), along with an additional simple modification – the introduction of a factor of q̂ in front of ϑ_0:

σ_{AFS} → σ_{AFSq} = B e^{ih q̂ ϑ0} . (5.30)

Equivalently, one is to start from (5.27) with σ_{AFS} given by (5.30) and then apply the replacement in (5.26). Note that the introduction of the extra factor q̂ = √ 1 − q^2 in the exponent

(which may be motivated^{17} by the presence of q̂ in (5.14)), is still consistent with the QFT unitarity and braiding unitarity (5.20) of the resulting S-matrix.

Finding S_{1 ±} according to this prescription and using the crossing relations (5.24) to obtain the expressions for S_{2 ±}^{18} we have checked explicitly that in the BMN limit (3.24), setting α_± = 1 + O(h^{−1}), we then recover the tree-level string-theory S-matrix for the elementary massive excitations (summarized in section 2) as found in [1] .

To compare to semiclassical string theory one is to consider another strong-coupling limit – the “giant magnon” limit:

h → ∞ , p = fixed , q = fixed . (5.31)

While the leading term (4.5) in the energy (4.1) does not depend on q in this limit, the Zhukovsky variables do. Expanding (5.15) we find

x^±_± = r_± e^{± ip2} , r_± = 1 q̂ [ 1 ± q + h^{−1} 2 sin^p_2

+ O(h^{−2}) ] = 1 √ 1 ∓ q + O(h^{−1}) . (5.32)

Taking this limit in the phase factors S_{1 ±} , S_{2 ±} computed at h → ∞ as explained below (5.30), we find the following leading behaviour

S_{1 ±} ∼ S_{2 ±} ∼ e^{−ih q̂ ϑ0} , ϑ_0 = 1 q̂ (cos p 2 − cos p^′ 2 ) log

1 − q̂^2 cos^{2 p−p′}_4 1 − q̂^2 cos^{2 p+p′}_4

+ O(h^{−1}) , (5.33)

where as always q̂^2 = 1 − q^2. This expression is invariant under the crossing transformation p → −p^′, p^′ → p as expected.

For q = 0 eq.(5.33) reduces to the familiar semiclassical “giant-magnon” limit [15] of the AFS phase. For q = 1 eq.(5.33) implies that the leading term in the phase is trivial. It would be interesting to confirm this directly by considering “giant magnon” scattering in the WZW model.

17Starting with the dispersion relation (5.14) we may formally introduce new variables y^± (we suppress the ± subscripts, choosing, e.g., sign + in (5.14))

y^+ +^1_{y+} = q̂(x^+ +^1_{x+} )−q(U −U^{−1}) = u+ih^{−1}, y^− +^1_{y−} = q̂(x^− +^1_{x−} )−q(U^{−1} −U) = u−ih^{−1}, U = √_{x+} x^− , such that y^± = x^± when q = 0. Then the combination that should appear in front of log in ϑ_0 in (5.29) is y^+ +^1_{y+} + y^− +^1_{y−} = q̂(x^+ +^1_{x+} + x^− +^1_{x−} ).

18Note that because of the ambiguity discussed beneath eq.(5.26), to find S_{2 ±} we cannot use the same procedure as used for S_{1 ±} starting with the q = 0 expression given in [5].

5.3 q = 1 case

Let us now discuss explicitly the q → 1 limit of the proposed exact S-matrix. We first consider this limit in the dispersion relation (3.27). Doing so we see that there are two different kinematic regions in (4.3):

(i) 1 ± 2h sin p 2 > 0 ⇒ e_± = 1 ± 2h sin p 2 , (ii) 1 ± 2h sin p 2 < 0 ⇒ e_± = −1 ∓ 2h sin p 2 . (5.34)

These two regions are a “discrete” generalization of the left- and right-moving dispersion relations in a massless 2-d relativistic theory. From (5.15) we see that in the q → 1 limit the behaviour of x^±_± is different in the two cases (5.34):

(i) x^±_± ∼ q̂^{−1} , (ii) x^±_± ∼ q̂ . (5.35)

Defining the following rescaled variables

(i) x^±_± = q̂ x^±_± , (ii) x^±_± = q̂^{−1} x^±_± , (5.36)

which are finite in the q → 1 limit, and using them in the dispersion relation (5.14) written in terms of the Zhukovsky variables, we find the following q → 1 limits of (5.14)

(i) (x^+_± − x^−_± ) ( 1 ∓ 2 √ x^+_± x^−_± ) = 2i h , (ii) ( 1 x^+_± − 1 x^−_± ) (1 ± 2 √ x^+_± x^−_± ) = 2i h . (5.37)

The q → 1 limit of (5.15) is then

x^±_± = r_± e^{± ip2} , (i) r_± =

1 ± 2h sin^p_2 h sin^p_2

, (ii) r_± = − h sin^p_2 1 ± 2h sin^p_2

, (5.38)

where we have used the expressions for the energy in terms of momentum given in eq.(5.34). Substituting (5.38) into (5.37) we recover the q → 1 limit of the dispersion relation (5.34) in the two regions as expected.

Taking the q → 1 limit in the S-matrix, using the rescaled variables (5.36), there are four possibilities corresponding to the unprimed and primed momenta either being in the region (i) or (ii). Here we give two examples of the limit: the first is when both excitations have momentum in region (i) and the second is when the unprimed excitation has momentum in region (i) and the primed excitation has momentum in region (ii). Assuming that α has the form given in eq.(5.21), in the first case the q → 1 limit of the parametrizing functions

L_{1,3,5±} , Λ_{1,3,5±} take the same form as in (5.18), just with x^±_± → x^±_± , while for the remaining functions we find

L_{6±} = S_{2 ±} , L_{2±} = S_{2 ±}

√_{x+} ± x^−_± , L4^± = 0 ,

Λ_{6±} = S_{2 ±}

√_{x+± x′+} ∓ x^−_± x^{′−}_∓ , Λ2^± = S^{2 ±}

√_{x′+} ∓ x^{′−}_∓ , Λ4^± = 0 . (5.39)

In the second case the parametrizing functions L_{2,3,4±} , Λ_{2,3,4±} take the same form as in (5.18), again with x^±_± → x^±_± , while the remaining functions are

L_{1±} = S_{1 ±} , L_{3±} = S_{1 ±}

√_{x+} ± x^−_± , L5^± = 0 ,

Λ_{1±} = S_{1 ±}

√_{x+± x′+} ± x^−_± x^{′−}_± , Λ3^± = S^{1 ±}

√_{x′+} ± x^{′−}_± , Λ5^± = 0 . (5.40)

The corresponding Bethe ansatz for the spectrum should then have a substantial simplification in this limit. In particular, taking the observation below eq.(5.33) as a hint, one may expect that the exact phases should trivialize in the q = 1 limit. This would be in line with the expected simplification of the spectrum in the case of the AdS_3 × S^3 string theory with NSNS flux which is described by the WZW theory (here in a light-cone type gauge).^{19}

6 Concluding remarks

The exact dispersion relation and the S-matrix presented above is a starting point for the construction of the corresponding Bethe ansatz for the string spectrum in the general q ≠ 0 case. The full S-matrix is a product [1, 5] of two copies of the “elementary” S-matrices (2.5) with the coefficient functions given in (5.18). Remarkably, these are exactly the same as in the q = 0 case (5.6) [5], just with_± subscripts added. The details are then encoded in the generalization of the dispersion relation to the q ≠ 0 case according to (3.27),(5.14).

This suggests that the corresponding Bethe ansatz that corresponds to this scattering matrix should have essentially the same structure as found in the q = 0 case in [5]. Once again, this is largely due to the symmetry algebra being the same for any value of q.^{20} The same should apply to the construction of the corresponding Y-system and TBA equations.

19There is an interesting open question about the possible relation between this exact S-matrix appearing in the q → 1 limit for scattering of “solitonic” states with the dispersion relation (4.3) and the massless S-matrices for scattering of elementary excitations in the k = 1 [30] and k > 1 [31] SU(2) WZW model.

20In this sense, the case of AdS_3 × S^3 × S^3 × S^1 theory appears to be a more complicated 1-parameter generalization as there the symmetry algebra depends on the deformation parameter α [11, 12].

One outstanding open problem (already for q = 0) is to find the exact expressions for the four dynamical phases S_{1 ±} , S_{2 ±} in the S-matrix (5.18). As discussed in section 5.2 below eq.(5.26), their generalization from q = 0 to q ≠ 0 may not be as straightforward as for the S-matrix coefficients in (5.6),(5.18).

There are a number of additional investigations that are required to check the formal construction of this paper against perturbative string theory. First, one should match the semiclassical strong-coupling limit of the BA equations corresponding to the S-matrix with the phases given by (5.30) with the finite-gap equations for the corresponding classical string sigma model, generalizing the discussion in the q = 0 case in [5]. It would be interesting also to derive the semiclassical phase (5.33) from “giant magnon” scattering considerations as in [15].

It is also important to find the string one-loop (and possibly two-loop) corrections to the treelevel BMN S-matrix to determine the corresponding subleading terms in the four phases. Such computations appear to be feasible using unitarity techniques recently described in [32, 33]. One simplifying option is to consider the analog of the near-flat limit as was done in the q = 0 case in [34]. It should be possible also to find the one-loop corrections to phases by studying the leading quantum corrections near semiclassical solutions like the “giant magnon” and spinning string, generalizing the corresponding investigations [17, 20] in the q = 0 case.

It would be interesting also to construct an exact 3-parameter (h, q, k) S-matrix that interpolates (as in the AdS_5 × S^5 case [35]) between the exact superstring S-matrix parametrized by (h, q) and the exact relativistic S-matrix of the corresponding Pohlmeyer-reduced theory [1, 4, 36] parametrized by (q, k).^{21} As was shown in [1], the Pohlmeyer-reduced theory in the q ≠ 0 case depends on q only through the mass scale μ̄ = q̂μ, i.e. its relativistic S-matrix is actually independent of q. The interpolating S-matrix should have a non-trivial dependence on q to recover the superstring S-matrix in the appropriate limit.

Finally, let us mention that it would be interesting to generalize the construction of this paper to the case of superstring theory on AdS_3 × S^3 × S^3 × S^1 supported by a mixture of RR and NSNS flux parametrized by the two parameters α and q. The AdS_3 × S^3 × S^3 × S^1 supported just by RR flux (q = 0) depends on α ∈ (0, 1) [11, 28, 12]^{22} so one may compare this one-parameter generalization of AdS_3 × S^3 × T^4 with the one (with NSNS flux parameter q) we discussed in this paper. One obvious difference is that the two theories have different

21Here k stands for the coefficient in front of the action of the Pohlmeyer-reduced theory. 22The radii of the two spheres are given by R^2_1 = α^{−1}, R^2 = (1 − α)^{−1}.

symmetry algebras: d(2, 1; α)^2 and psu(1, 1|2)^2. In both cases the dispersion relation is modified according to the construction in footnote 15. However, in contrast to the AdS_3 × S^3 × S^3 × S^1 case for which M_+ and M_− remain equal, the introduction of q lifts the “degeneracy” between the representation parameters with + and − subscripts, i.e. M_+ ≠ M_−.^{23} Furthermore, in the AdS_3 × S^3 × S^3 × S^1 case M = M_± takes the constant value α or 1 − α, while here (see (3.14)) it has a dependence on the momentum and thus may have a non-trivial effect on the analytic structure. By combining the features of the two (q = 0 and α = 0) constructions, it should be relatively simple to suggest a proposal for the exact massive S-matrix for the superstring theory on AdS_3 × S^3 × S^3 × S^1 supported by a mixture of RR and NSNS flux.

Acknowledgments

We would like to thank A. Babichenko, M. Pawellek, R. Roiban and L. Wulff for related discussions. We also thank A. Babichenko, R. Roiban and B. Stefanski for useful comments on the draft. BH is supported by the Emmy Noether Programme “Gauge fields from Strings” funded by the German Research Foundation (DFG). The work of AAT is supported by the ERC Advanced grant No.290456 and also by the STFC grant ST/J000353/1.

References

[1] B. Hoare and A. A. Tseytlin, “On string theory on AdS_3 × S^3 × T^4 with mixed 3-form flux: tree-level S-matrix,” [arXiv:1303.1037].

[2] A. Cagnazzo and K. Zarembo, “B-field in AdS_3/CFT_2 Correspondence and Integrability,” JHEP 1211, 133 (2012) [arXiv:1209.4049].

[3] N. Beisert, C. Ahn, L. F. Alday, Z. Bajnok, J. M. Drummond, L. Freyhult, N. Gromov and R. A. Janik et al., “Review of AdS/CFT Integrability: An Overview,” Lett. Math. Phys. 99, 3 (2012) [arXiv:1012.3982].

[4] B. Hoare and A. A. Tseytlin, “Towards the quantum S-matrix of the Pohlmeyer reduced version of AdS_5 ×S^5 superstring theory,” Nucl. Phys. B 851, 161 (2011) [arXiv:1104.2423].

23This is a consequence of the fact that parity symmetry is broken with the introduction of the NSNS flux. However, charge conjugation composed with parity is still a symmetry.

[5] R. Borsato, O. O. Sax, A. Sfondrini, B. Stefanski, jr. and A. Torrielli, “The all-loop integrable spin-chain for strings on AdS_3 ×S^3 ×T^4: the massive sector,” [arXiv:1303.5995].

[6] J. G. Russo and A. A. Tseytlin, “Waves, boosted branes and BPS states in M-theory,” Nucl. Phys. B 490, 121 (1997) [arXiv:hep-th/9611047]. E. Witten, “Bound states of strings and p-branes,” Nucl. Phys. B 460, 335 (1996) [arXiv:hep-th/9510135]. J. H. Schwarz, “An SL(2, Z) multiplet of type IIB superstrings,” Phys. Lett. B 360, 13 (1995) [Erratum-ibid. B 364, 252 (1995)] [arXiv:hep-th/9508143].

[7] I. Pesando, “The GS type IIB superstring action on AdS_3 × S^3 × T^4,” JHEP 9902, 007 (1999) [arXiv:hep-th/9809145].

[8] M. Grigoriev and A. A. Tseytlin, “On reduced models for superstrings on AdS_n × S^n,” Int. J. Mod. Phys. A 23 (2008) 2107 [arXiv:0806.2623].

[9] N. Beisert, “The SU(2|2) dynamic S-matrix,” Adv. Theor. Math. Phys. 12 (2008) 945 [arXiv:hep-th/0511082]. “An SU(1|1)-invariant S-matrix with dynamic representations,” Bulg. J. Phys. 33S1, 371 (2006) [arXiv:hep-th/0511013]. “The Analytic Bethe Ansatz for a Chain with Centrally Extended su(2|2) Symmetry,” J. Stat. Mech. 0701 (2007) P01017 [arXiv:nlin/0610017].

[10] G. Arutyunov and S. Frolov, “Foundations of the AdS_5 × S^5 Superstring. Part I,” J. Phys.

A 42, 254003 (2009) [arXiv:0901.4937].

[11] A. Babichenko, B. Stefanski, jr. and K. Zarembo, “Integrability and the AdS_3/CFT_2 correspondence,” JHEP 1003, 058 (2010) [arXiv:0912.1723].

[12] R. Borsato, O. O. Sax and A. Sfondrini, “A dynamic su(1|1)^2 S-matrix for AdS_3/CFT_2,” [arXiv:1211.5119].

[13] C. Gomez and R. Hernandez, “The Magnon kinematics of the AdS/CFT correspondence,” JHEP 0611 (2006) 021 [arXiv:hep-th/0608029]. J. Plefka, F. Spill and A. Torrielli, “On the Hopf algebra structure of the AdS/CFT S-matrix,” Phys. Rev. D 74 (2006) 066008 [arXiv:hep-th/0608038].

[14] D. E. Berenstein, J. M. Maldacena and H. S. Nastase, “Strings in flat space and pp waves from N = 4 Super Yang-Mills,” JHEP 0204, 013 (2002) [arXiv:hep-th/0202021].

[15] D. M. Hofman and J. M. Maldacena, “Giant Magnons,” J. Phys. A 39, 13095 (2006) [arXiv:hep-th/0604135].

[16] G. Papathanasiou and M. Spradlin, “Semiclassical quantization of the giant magnon,” JHEP 0706 (2007) 032 [arXiv:0704.2389].

[17] J. R. David and B. Sahoo, “S-matrix for magnons in the D1-D5 system,” JHEP 1010, 112 (2010) [arXiv:1005.0501]. “Giant magnons in the D1-D5 system,” JHEP 0807, 033 (2008) [arXiv:0804.3267].

[18] A. Pakman, L. Rastelli and S. S. Razamat, “A Spin Chain for the Symmetric Product CFT_2,” JHEP 1005, 099 (2010) [arXiv:0912.0959].

[19] M. C. Abbott, “Comment on Strings in AdS_3 × S^3 × S^3 × S^1 at One Loop,” JHEP 1302, 102 (2013) [arXiv:1211.5587].

[20] M. Beccaria, F. Levkovich-Maslyuk, G. Macorini and A. A. Tseytlin, “Quantum corrections to spinning superstrings in AdS_3 × S^3 × M^4: determining the dressing phase,” [arXiv:1211.6090].

[21] M. Stone, “The physics of quantum fields,” New York, USA: Springer (2000) 270 p [22] M. Pawellek, “Finite-sites corrections to the Casimir energy on a periodic lattice,” [arXiv:1303.4708].

[23] M. Kruczenski, A. V. Ryzhov and A. A. Tseytlin, “Large spin limit of AdS_5 × S^5 string theory and low-energy expansion of ferromagnetic spin chains,” Nucl. Phys. B 692, 3 (2004) [arXiv:hep-th/0403120]. A. V. Ryzhov and A. A. Tseytlin, “Towards the exact dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 698, 132 (2004) [arXiv:hep-th/0404215]. J. A. Minahan, A. Tirziu and A. A. Tseytlin, “1/J^2 corrections to BMN energies from the quantum long range Landau-Lifshitz model,” JHEP 0511, 031 (2005) [arXiv:hep-th/0510080]. R. Roiban, A. Tirziu and A. A. Tseytlin, “Asymptotic Bethe ansatz S-matrix and Landau-Lifshitz type effective 2-d actions,” J. Phys. A 39, 13129 (2006) [arXiv:hep-th/0604199]. B. Stefanski, Jr. and A. A. Tseytlin, “Large spin limits of AdS/CFT and generalized Landau-Lifshitz equations,” JHEP 0405, 042 (2004) [arXiv:hep-th/0404133].

[24] J. Ambjorn, R. A. Janik and C. Kristjansen, “Wrapping interactions and a new source of corrections to the spin-chain/string duality,” Nucl. Phys. B 736, 288 (2006) [arXiv:hepth/0510171].

[25] G. Arutyunov and S. Frolov, “On String S-matrix, Bound States and TBA,” JHEP 0712, 024 (2007) [arXiv:0710.1568].

[26] C. Ahn and D. Bombardelli, “Exact S-matrices for AdS_3/CFT_2,” [arXiv:1211.4512]. [27] C. Ahn and R. I. Nepomechie, “Review of AdS/CFT Integrability, Chapter III.2: Exact World-Sheet S-Matrix,” Lett. Math. Phys. 99, 209 (2012) [arXiv:1012.3991].

[28] O. Ohlsson Sax and B. Stefanski, Jr., “Integrability, spin-chains and the AdS_3/CFT_2 correspondence,” JHEP 1108, 029 (2011) [arXiv:1106.2558]. O. Ohlsson Sax, B. Stefanski, jr. and A. Torrielli, “On the massless modes of the AdS_3/CFT_2 integrable systems,” JHEP 1303, 109 (2013) [arXiv:1211.1952].

[29] G. Arutyunov, S. Frolov and M. Staudacher, “Bethe ansatz for quantum strings,” JHEP 0410, 016 (2004) [arXiv:hep-th/0406256]. G. Arutyunov and S. Frolov, “On AdS_5 × S^5 String S-matrix,” Phys. Lett. B 639, 378 (2006) [arXiv:hep-th/0604043].

[30] A. B. Zamolodchikov and A. B. Zamolodchikov, “Massless factorized scattering and sigma models with topological terms,” Nucl. Phys. B 379, 602 (1992).

[31] D. Bernard, “On symmetries of some massless 2D field theories,” Phys. Lett. B 279, 78 (1992) [arXiv:hep-th/9201006].

[32] L. Bianchi, V. Forini and B. Hoare, “Two-dimensional S-matrices from unitarity cuts,” [arXiv:1304.1798].

[33] O. T. Engelund, R. W. McKeown and R. Roiban, “Generalized unitarity and the worldsheet S matrix in AdS_n × S^n × M^{10−2n},” [arXiv:1304.4281].

[34] P. Sundin and L. Wulff, “Worldsheet scattering in AdS_3/CFT_2,” [arXiv:1302.5349]. [35] B. Hoare, T. J. Hollowood and J. L. Miramontes, “q-Deformation of the AdS_5 × S^5 Superstring S-matrix and its Relativistic Limit,” JHEP 1203, 015 (2012) [arXiv:1112.4485]. “Bound States of the q-Deformed AdS_5 × S^5 Superstring S-matrix,” JHEP 1210, 076 (2012) [arXiv:1206.0010]. “Restoring Unitarity in the q-Deformed World-Sheet S-Matrix,” [arXiv:1303.1447].

[36] B. Hoare, T. J. Hollowood and J. L. Miramontes, “A Relativistic Relative of the Magnon S-Matrix,” JHEP 1111, 048 (2011) [arXiv:1107.0628].