arXiv:1304.5411v2 [gr-qc] 10 Jul 2013

f(R, T, R_{μν} T^{μν} ) gravity phenomenology and ΛCDM universe

Sergei D. Odintsov^{(a,b)∗} and Diego Sáez-Gómez^{(c,d)†} aInstituciò Catalana de Recerca i Estudis Avançats (ICREA), Barcelona, Spain bInstitut de Ciències de l’Espai ICE (CSIC-IEEC), Campus UAB Facultat de Ciències, Torre C5-Parell-2a pl, E-08193 Bellaterra (Barcelona) Spain c Astrophysics, Cosmology and Gravity Centre (ACGC) and Department of Mathematics and Applied Mathematics, University of Cape Town, Rondebosch 7701, Cape Town, South Africa d Fisika Teorikoaren eta Zientziaren Historia Saila, Zientzia eta Teknologia Fakultatea, Euskal Herriko Unibertsitatea, 644 Posta Kutxatila, 48080 Bilbao, Spain

We propose general f(R, T, Rμν T^{μν} ) theory as generalization of covariant Hořava-like gravity with dynamical Lorentz symmetry breaking. FRLW cosmological dynamics for several versions of such theory is considered. The reconstruction of the above action is explicitly done, including the numerical reconstruction for the occurrence of LCDM universe. De Sitter universe solutions in the presence of non-constant fluid are also presented. The problem of matter instability in f(R, T, Rμν T^{μν} ) gravity is discussed.

PACS numbers: 98.80.-k, 04.50.Kd, 95.36.+x

I. INTRODUCTION

Recently, much attention has been paid on modified gravities, and specifically on their possible role in the accelerated expansion of the universe, a fact widely accepted by a major part of the scientific community, and strongly supported by the observations. In this sense, the so-called f(R) gravity is the easiest and most popular classical extension of General Relativity (GR) because of its simplicity and absence of ghosts (for a recent review on f(R) gravity, see Ref. [1]). In addition, the reconstruction of f(R) theories that are capable of reproducing the dark energy epoch, and even the inflationary phase, is generally straightforward in comparison with other modifications of gravity (see Refs. [2–4]). f(R) gravity is able of reproducing ΛCDM epoch (see Ref. [3]), or mimicking a cosmological constant at the current era, and even unifying the entire cosmological history [4]. Moreover, some f(R) gravities, so-called viable models, can pass the local gravitational tests and reproduce a realistic cosmological evolution (see Ref. [5]). As well viable f(R) gravity may pass the matter instability [6], a large perturbation that may occur in the study of celestial body solution. Nevertheless, viable f(R) models are known to reproduce a kind of future singularity (see Ref. [7]), a problem that can be circumvented in the scalar-tensor representation of f(R) gravity, [8]. Other modified gravities (like Gauss-Bonnet ones) which are also capable of reproducing the dark energy epoch have been also studied [9].

However, much less attention has been paid to more complex theories, specially to those theories that contain a non-standard coupling of curvature with energy-momentum tensor. Recently, class of modified gravity theories in which the gravitational action contains a general function f(R, T ), where R and T denote the curvature and the trace of the energy-momentum tensor respectively, has been proposed (see Ref. [10]). Cosmological evolution of such theories has been studied, including the reconstruction of cosmological solutions and the presence of future singularities (see Ref. [11]). Nevertheless, such strong coupling of the curvature and the trace T implies the violation of the usual continuity equation, an issue that can be solved by an appropriate function f(R, T ), as shown for the first time in Ref. [12]. Nonetheless, this function gives rise to an evolution of cosmological perturbation for the sub- Hubble modes which deviates significantly from the standard GR results, eventually leading to singularities of matter perturbations (see Ref. [12]) and to the appearance of an extra force in geodesic equation if conservation law is violated.

In the present work, an extension of f(R, T ) gravity is proposed. The action described by a generic function f(R, T, R_{μν} T^{μν} ) is considered, where R is the scalar curvature, T is the trace of the energy-momentum tensor, and R_{μν} is the Ricci tensor. Then, the general FRLW field equations are derived in the presence of R_{μν} T^{μν} coupling terms. Several cosmological solutions are studied, where it is found that generally the matter sector does not behave as in GR, since the divergence of the field equations does not lead to the usual continuity equation. Nevertheless, this

∗ odintsov@ieec.uab.es † diego.saezgomez@uct.ac.za

issue can be solved by assuming a particular f(R, T, R_{μν} T^{μν} ), where due to the extra degree of freedom, the usual cosmological evolution for a perfect fluid can be imposed. In addition, a pure de Sitter solution is discussed, which can be realized even in the presence of a non-constant fluid. The occurrence of ΛCDM universe is also analyzed: the corresponding gravitational action f(R, T, R_{μν} T^{μν} ) is reconstructed, where GR with a cosmological constant is just a particular solution. Finally, the matter instability, a perturbation that may be induced in the interior of celestial body solution, is discussed for such class of models.

Note that physical motivation for the theory under consideration comes from covariant Hořava-like gravity with dynamical breaking of Lorentz invariance. Actually, such power-counting renormalizable covariant gravity [13] represents simplest, power-law version of f(R, T, R_{μν} T^{μν} ) theory. One can expect that such theories may provide deeper connection between modified gravity and Hořava-Lifshitz theory.

II. f(R, T, Rμν T^{μν} ) GRAVITY

Let us start from the general action for f(R, T, R_{μν} T^{μν} ) gravity, S = 1 2κ^2 ∫ d^4x √ −g f(R, T, R_{μν} T^{μν} ) + ∫ d^4x √ −g L_m = S_G + S_m . (1)

Here, κ^2 is gravitational coupling constant, R is the Ricci scalar and T represents the trace of the energy-momentum tensor, T = T^μ_μ , while L_m is the matter Lagrangian. As usually the energy-momentum tensor is defined as,

T^{μν} = 2 √ −g δS_m δg_{μν} . (2)

Then, by assuming a matter action that only depends on the metric but does not on its first derivatives, the energymomentum tensor yields,

T^{μν} = g^{μν} L_m + 2 δL_m δg_{μν} . (3)

Hence, field equations are obtained by varying the action (1) with respect to the metric g^{μν} , δS = 1 2κ^2 ∫ d^4x [ δ( √ −g)f(R, T, R_{μν} T^{μν} ) + √ −g (f_RδR + f_T δT + f_P δR_{μν} T^{μν} ) ]

+ ∫ d^4xδ (√ −gL_m ) . (4)

Here P = R_{μν} T^{μν} has been defined for convenience and in order to simplify the expressions that are coming below, whereas the subscript means variation with respect to P , R and T . Those terms corresponding to the variations of the metric determinant, the Ricci scalar and the trace of the energy-momentum tensor have been already found in the literature (see Ref. [10]) δ √ −g = − 1 2 √ −g g_{μν} δg^{μν} , (5) f_RδR + f_T δT = [R_{μν} f_R + (g_{μν} □ − ∇_μ∇_ν )f_R + (T_{μν} + Θ_{μν} ) f_T ] δg^{μν} . (6)

where the second term in the rhs of (6) has been integrated by parts, whereas the tensor Θ_{μν} is defined as Θ_{μν} = g^{αβ} δT_{αβ} δg^{μν} = g_{μν} L_m − 2T_{μν} − 2g^{αβ} δ^2L_m δg^{μν} δg^{αβ} . (7)

The terms corresponding to the variation of R_{μν} T^{μν} yield

f_P δ(R_{μν} T^{μν} ) = f_P (δR_{μν} T^{μν} + R_{μν} δT^{μν} ) . (8)

Since the variation of the Ricci tensor is given by

δR_{μν} = ∇_σ δΓ^σ_{μν} − ∇_ν δΓ^σ_{μσ} , (9) where

δΓ^σ_{μν} = 1 2 g^{σλ} (δg_{μλ;ν} + δg_{νλ;μ} − δg_{μν;λ}) . (10) The variation of the first term in (8) with respect to the metric yields f_P T^{μν} δR_{μν} = [ 1 2 ( □f_P T_{μν} + g_{μν} ∇_α∇_β f_P T^{αβ} ) − ∇_α∇_ν f_P T^α_μ ] δg^{μν} , (11) whereas the variation over the second term in (8) is given by, f_P R_{μν} δT^{μν} = f_P [ −G_{μν} L_m − 1 2 RT_{μν} + 2R^α_μ T_{αν} − 2R^{αβ} δ^2L_m δg^{μν} δg^{αβ} ] δg^{μν} (12)

Note that for a regular f(R, T, R_{μν} T^{μν} ) function, in the absence of any kind of matter, the f(R) gravity equations are recovered. The corresponding properties and solutions well studied in the literature on f(R) gravity are also satisfied by f(R, T, R_{μν} T^{μν} ) theories in classical vacuum (for a recent review on f(R) theories, see [1]). Moreover, here we are interesting to study the behavior of this kind of theories for flat FLRW metrics, which are expressed in comoving coordinates by the line element

ds^2 = −dt^2 + a(t)^2 ( dr^2 + r^2dθ^2 + r^2 sin^2 θ dφ^2 ) , (13)

where a(t) is the scale factor. Then, the main issue arises on the content of the Universe through the energy-momentum tensor, and consequently on the matter Lagrangian L_m through the terms R_{μν} T^{μν} and T = T^μ_μ . Since the flat FLRW cosmology (13) is assumed, the content of the universe (pressureless matter, radiation,... ) can be well described by a perfect fluid, whose energy-momentum tensor can be defined in several ways, but which is assumed here to have the form,

T_{μν} = pg_{μν} + (ρ + p)u_μu_ν . (14)

Here ρ and p are the energy and pressure densities respectively, and u^μ is the four-velocity of the fluid, which satisfies u_μu^μ = −1, and is given by u^μ = (1 0 0 0) in comoving coordinates. The definition of the matter Lagrangian for a perfect fluid is not unique, following the definition suggested in Ref. [10], and in order to be consistent with the variation of the energy-momentum-tensor (14) with respect to the metric, L_m = p is assumed, and consequently the second variation of the matter Lagrangian in (7) and (12) becomes null. However, note that other choices of the matter Lagrangian would give rise to the same results. Hence, the tensor Θ_{μν} , defined in (7), yields,

Θ_{μν} = −2T_{μν} + p g_{μν} , (15)

whereas the tensor Ξ_{μν} defined in (12) can be expressed as, Ξ_{μν} = −G_{μν} p − 1 2 RT_{μν} + 2R^α_{(μ}T_{ν)α} , (16)

Hence, the complete set of the field equations is given by, R_{μν} f_R − 1 2 g_{μν} f + (g_{μν} □ − ∇_μ∇_ν ) f_R + (T_{μν} + Θ_{μν} ) f_T

+ 1 2 ( □T_{μν} f_P + g_{μν} ∇_α∇_β T^{αβ}f_P ) − ∇_α∇_{(μ}T^α_{ν)}f_P + Ξ_{μν} f_P = κ^2T_{μν} , (17)

where recall that P = R_{μν} T^{μν} . Then, for a particular equation of state (EoS) p = wρ, the corresponding FLRW equations can be obtained, and its cosmology studied. Nevertheless, note that the usual continuity equation is not satisfied in general, since the divergence of the equation (17) is not null. In the case of f(R, T ) gravity, a particular form of the action that recovers the continuity equation was found in Ref. [12]. Nevertheless, in the case of f(R, T, R_{μν} T^{μν} ) gravity, where terms proportional to R_{μν} T^{μν} appear in the action, an explicit form of the gravitational Lagrangian that satisfies the continuity equation can not be obtained in general, since the equation involves very complex expressions that does not allow to get an explicit form of the action f(R, T, R_{μν} T^{μν} ), as pointed out in Ref. [14]. In addition, note that the presence of different species in the matter Lagrangian may lead to different constraints in the action, for instance the electromagnetic field, where T = 0. Nevertheless, by exploring some particular cosmological solutions, the dynamics of the matter sector may lead to similar behaviors as in GR.

III. COSMOLOGICAL SOLUTIONS

In this section, some particular cosmological solutions are studied, and the corresponding action is reconstructed. A pressureless fluid, where w_m = 0, is assumed along the section. From one side such choice simplifies the calculations, and from the other side, a presureless fluid represents a suitable description of the baryonic and cold dark matter content of the universe, whereas the dark energy sector is comprised by the modifications of GR. Then, the energymomentum tensor reads T^μ_ν = Diag (−ρ, 0, 0, 0), whereas the trace T and the scalar P give rise to

T = T^μ_μ = −ρ , P = R_{μν} T^{μν} = R_{00}T^{00} = −3ρ(H^2 + Ḣ) . (18)

A. Model f(R, Rμν T^{μν} ) = αR + f(Rμν T^{μν} ) Let us start by considering the action f(R, R_{μν} T^{μν} ) = αR + f(R_{μν} T^{μν} ), where the dependence on the trace T is omitted. By assuming the flat FLRW metric (13), the FLRW equations are

3αH^2 + 1 2 [ f − 3H∂_t(ρf_P ) − 3 ( 3H^2 − Ḣ ) ρf_P ] − κ^2ρ = 0 , −α ( 3H^2 + 2Ḣ ) − 1 2 [ f − ∂_{tt}(ρf_P ) − 4H∂_t(ρf_P ) − ( 3H^2 + Ḣ ) ρf_P ] = 0 . (19)

At this point, a particular cosmological solution, described by a given Hubble parameter H(t) can be considered. The corresponding action f(R_{μν} T^{μν} ) could be reconstructed. In addition, one can note that the usual continuity equation is not longer valid. Hence, the time dependence of the energy-density ρ(t) has to be also obtained from the above equations (19), which implies more complicated treatment for reconstructing the gravitational theory than within the framework of f(R) gravity.

First of all, let us consider cosmological solutions of the type,

a(t) = a_0t^m → H = m t , (20)

that shall be refereed to as power-law behavior. Within GR, this type of solutions accomplishes the scale factor evolution for perfect fluids with a constant EoS, such as dust (m = 2/3) or radiation (m = 1/2) dominated Universe. Then, since the FLRW equations (19) shall be composed by powers of the time variable, a natural consideration would be to assume ρ(t) and f(P (t)) to be powers of the cosmic time as well,

ρ(t) = ρ_0t^σ , f = βP^n = β (R_{μν} T^{μν} )^n = β [−3ρ_0m(m − 1)]^n t^{n(σ−2)} , (21)

Then, the FLRW equations (19) yield 3α m^2 t^2

− κ^2ρ_0t^σ + β [ n^2(σ − 2) + 3n(m + 1) + m − 1 ] [−3m(m − 1)ρ_0]^n 2(m − 1) t^{n(σ−2)} = 0 ,

6α(m − 1)(3m − 2)m^2 6(m − 1)mt^2

+ β [3(m − 1)m + n(2 + m)(1 + 3m)

+n^2(σ − 2)(4m − 3) + n^3(σ − 2)^2 ] /6(m − 1)m × [−3ρ_0m(m − 1)]^n t^{n(σ−2)} = 0 (22)

In general, the matter density does not satisfy the continuity equation, but according to (20) and (21), if σ = −3m the usual evolution for a pressureless fluid is recovered. Let us consider several cases depending on the choice of the coupling constants.

• In the most general case, where all the coupling constants are non-zero, the only possible solution of the equations yields,

σ = −2 , n = 1/2 . (23)

Whereas, {α, β} are expressed in terms of m, α = 9m − 7 6m(3m^2 − 3m + 1) κ^2ρ_0 ,

β = 2(3m − 2)(m − 1) (3m^2 − 3m + 1) √ −3m(m − 1) κ^2 √ ρ_0 . (24)

In order to ensure a real and physical gravitational action, m < 1 according to the expression of β in (24), which allows the radiation or matter dominated evolution of GR-type, but forbids any accelerating solution (m > 1). Moreover, for m = 2/3, the usual continuity equation is recovered, which leads to a dust matter-like dominated evolution. Hence, the above gravitational theory is capable of reproducing the matter dominated epoch with the presence of the extra terms in the action.

• By considering α = 0, the gravitational action turns out to be f = βP^n = β(R_{μν} T^{μν} )^n, and from (22), n = σ σ − 2 . (25)

Then, the equations (22) give rise to a system of two transcendental equations that can be solved numerically, with three variables {m, σ, β} that lead to an infinite number of solutions. By setting σ = −3m in order to satisfy the continuity equation, the number of variables is reduced and the system can be solved numerically.

• Finally, by assuming that the coupling among the gravitational and matter sectors is described solely through R_{μν} T^{μν} , basically by setting κ^2 = 0, the exponent of the action (21) is constrained to, n = − 2 σ − 2 . (26)

Then, as above, the equations (22) become a system of algebraic equations for the constants {m, σ} in terms of {α, β}, which describes a set of infinite solutions, but confirms the suitability of the action with f(P ) = P^n = (R_{μν} T^{μν} )^n for reproducing power-law expansion. As above the number of variables of the equations can be reduced by imposing σ = −3m.

Nevertheless, the reconstruction of the exact expression for the gravitational action is not possible in general, and numerical calculations are required, as shown below. In addition, note that the evolution of the energy-density behaves differently to the one given in GR. This may not be important for the illustration of the reconstruction procedure, as for instance, the solutions considered above, but it may seriously affect the observational constraints when a realistic evolution is studied. In this sense, the FLRW equations (19) are two differential equations for the functions ρ(z) and f(R_{μν} T^{μν} ) = f(z), expressed in terms of the redshift. They do not ensure that the solution for the energy-density behaves in the proper way as observations suggest, namely ρ_m ∝ (1 + z)^3 for dust matter, apart from the trivial solution f(R_{μν} T^{μν} ) = −2Λ that recovers GR with a cosmological constant, and the usual continuity equation is satisfied again. Hence, more general actions should be considered in order to provide a realistic evolution.

B. Model f(R, T, Rμν T^{μν} ) = R + f(Rμν T^{μν} ) + g(T ) By assuming an action described by f(R, T, R_{μν} T^{μν} ) = R + f(R_{μν} T^{μν} ) + g(T ), the FLRW equations are slightly modified in comparison with the above case,

3H^2 + 1 2 [ f + g − 3H∂_t(ρf_P ) − 3 ( 3H^2 − Ḣ ) ρf_P ] − ρ(κ^2 − g_T ) = 0 ,

−3H^2 − 2Ḣ − 1 2 [ f + g − ∂_{tt}(ρf_P ) − 4H∂_t(ρf_P ) − ( 3H^2 + Ḣ ) ρf_P ] = 0 . (27)

Within this section, the above equations are expressed in terms of the redshift 1 + z =^1_{a(t)} , where^d_{dt} = −(1 + z)H^d_{dz} , whereas P = P (z) and T = T (z). In addition, a new variable is defined χ(z) = ρf_P which simplifies the equations (27) by extending the system to a set of three differential equations

3H^2 + 1 2 { f(z) + g(z) − 3 [ 3H^2 + (1 + z)HH^′ ] χ(z) + 3H^2(1 + z)χ^′(z) }

6 − ( κ^2 + g^′(z) ρ^′(z) ) ρ(z) = 0 ,

−3H^2 + (1 + z)HH^′ − 1 2 { f(z) + g(z) − [ 3H^2 − (1 + z)HH^′ ] χ(z)+ [ 3(1 + z)H^2 − (1 + z)^2HH^′ ] χ^′(z) + (1 + z)^2χ^{′′}(z) } = 0 ,

χ(z) − ρ(z)f^′(z) P^′(z)

= 0 . (28)

Hence, the system is composed by three equations with four unknown functions {f(z), g(z), χ(z), ρ(z)}. In comparison with the above section, the presence of an additional function g(T ) introduces a new degree of freedom that allows to impose the usual evolution of the energy-density

ρ = ρ_0a^{−3(1+wm)} = ρ_0(1 + z)^{3(1+wm)} , (29)

Recall that the reconstruction procedure is restricted to pressureless fluids in this section, so (29) reduces to ρ ∝ (1+z)^3 when dust matter w_m = 0 is assumed. Hence, the system of equations (28) is completely solved by the set of functions {f(z), g(z), χ(z)}. In addition, note that the equations (28) can be reduced to a single fourth order equation in f(z) by replacing the second and third equations into the first one, whereas by assuming (29), the expressions (18) yield

T = T^μ_μ = −

3H^2_0 κ^2

Ω^0_m(1 + z)^3 ,

P = R_{μν} T^{μν} = R_{00}T^{00} = −3

3H^2_0 κ^2

Ω^0_m(1 + z)^3(H^2 − (1 + z)HH^′)) . (30)

where Ω^0_m =^{ρ0}_{3κ2 H20} , and the subscript_0 refers to the value at z = z_0. Moreover, in order to keep the correct units in the action, the functions f(P ) and g(T ) can be defined more conveniently as,

f(P ) = H^2_0 F ( P P_0 ) , g(T ) = H^2_0 G ( T T_0 ) , (31)

where

P_0 = −

9H^4_0 Ω^0_m

κ^2

, T_0 = −

3H^2_0 κ^2

Ω^0_m . (32)

As an illustrative examoles, let us consider de Sitter (dS) solutions

H(z) = H_0 . (33)

The system of equations (28) can be easily reduced to a single equation in terms of F (z) that yields,

2(1 + z)^3F^{(4)}(z) + (1 + z)^2F^{(3}(z) − 10(1 + z)F^{′′}(z) + 36F^′(z) − 162Ω_m(1 + z)^2 = 0 , (34)

which is straightforward to solve. The solution is obtained in terms of the redshift,

F (z) = C_1(1 + z)^α + (1 + z)^β {C_2 cos [ω ln(1 + z)] + C_3 sin [ω ln(1 + z)]}

+ C_4 + 3Ω^0_m(1 + z)^3 , (35)

where

α = −1.327 , β = 3.414 , ω = 1.38 , (36) whereas C_i are integration constants. Moreover, for the dS solution (33) and the energy-density (29), the terms P/P_0 = T/T_0 = (1 + z)^3, and the function F (R_{μν} T^{μν} ) yields,

F (P ) = C_1 ( P P_0 )_α + ( P P_0 )_{β/3} { C_2 cos ( ω 3 ln P P_0 ) + C_3 sin ( ω 3 ln P P_0 )}

+ C_4 + 3Ω^0_m P P_0

. (37)

Whereas G(T ) acquires a similar form

G(T ) = C̃_1 ( T T_0 )_{α/3} + ( T T_0 )_{β/3} { C̃_2 cos ( ω 3 ln T T_0 ) + C̃_3 sin ( ω 3 ln T T_0 )}

+ C̃_4 − 3Ω^0_m T T_0

, (38)

where C̃_i are constants that depend on the integration constants C_i and the parameters (36). Then, the complete action can be reconstructed for this illustrative case, where the evolution of the energy -density (29) has been imposed in order to satisfy the usual continuity equation. An interesting remark comes from the fact that in the usual approach to modified gravity, as for instance f(R) gravity, pure dS solution (33) does not admit the presence of a non-constant fluid, since the lhs of the field equations is constant, so the energy-matter sector can not depend on time. Nevertheless, f(R, T, P ) gravity allows dS solutions in the presence of non-constant fluids due to the term P = R_{μν} T^{μν} of the action.

Let us now consider the reconstruction of a theory capable of reproducing the Hubble parameter described by the ΛCDM model, but in the absence of a cosmological constant, a possibility already explored in f(R) gravity (see [3]). The following Hubble parameter is considered,

H^2 = κ^2 3 ρ_0a^{−3} + Λ 3 . (39)

Here, ρ_0 is the energy-density at the current time (with a_0 = 1), and Λ is a constant. By expressing (39) in terms of the redshift 1 + z =^1_a , and the cosmological parameters Ω^0_m =^{ρ0}_{3H20 /κ2} and Ω^0_Λ =^Λ_{3H20} , the Hubble parameter (39) is rewritten as

H^2 = H^2_0 Ω^0_m(1 + z)^3 + H^2_0 Ω^0_Λ . (40)

Note that the model considered previously, f(R, P ) = R + f(P ) would give rise to a completely different behavior of the energy-density in comparison with (29), except for the trivial solution f(P ) = −2Λ, where GR is recovered. Nevertheless, by assuming the model f(R, T, P ) = R + f(P ) + g(T ), the evolution of the energy-density (29) can be imposed and the system results in a linear system of differential equations over f and g, as was pointed above. However, note that the system (28) can not be solved exactly in this case (and in general), but numerical calculations are required. By considering the energy-density evolution (29) and the Hubble parameter (40), the functions P (z) and T (z) take the form,

P (z) = R_{μν} T^{μν} (z) =

9H^4_0 Ω^0_m 2κ^2

(Ω^0_m(1 + z) − 2Ω_Λ) , T (z) = −

3H^2_0 κ^2

Ω^0_m(1 + z)^3 , (41)

Then, the system of equations (28) can be solved numerically for the Hubble parameter (40), which leads to a set of functions for F and G, defined in (31). For an illustrative propose, some of the solutions are shown in fig. 1, which illustrates the kind of gravitational action compatible with the ΛCDM evolution (40). As a particular case, by setting all the derivatives of F and G to zero at z = 0, but where F (z = 0) = G(z = 0) = 1, the solution of the equations (28) yields,

f(R, T, R_{μν} T^{μν} ) = R + f(R_{μν} T^{μν} ) + g(T ) = R − 6H_0Ω_ΛH^2_0 = R − 2Λ . (42)

where we have used Ω^0_Λ =^Λ_{3H20} . This is the trivial case that reduces the gravitational action to GR with a cosmological constant. However, there is an infinite number of solutions of the equations (28) which keep the dependence both on P as T .

Using same technique one can reconstruct other types of evolution in the theory under discussion.

(a) (b)

Figure 1: The right panel corresponds to the function F (P/P0), whereas the left panel shows G(T /T0 ), both for the ΛCDM model.

Each curve represents a set of initial conditions of the differential equations (28), which have been set up at z = 0, assuming values less than the unity for the derivatives {F^{(i)}(z), G^{(i)}(z)} in order to be as close as possible to GR.

IV. MATTER INSTABILITY OF CELESTIAL BODY SOLUTIONS

This section is devoted to study of so-called matter instability due to the modifications of the gravitational action. In the presence of gravitational objects, as the Sun or the Earth, tiny modifications of GR may make the system to become unstable in the interior solution, a phenomena called the matter instability (see Ref. [6]). This problem has been already analyzed in f(R) gravity, where it has been that matter instability can be avoided by an appropriate choice of the function that depends on the Ricci scalar (see Ref. [4]). Furthermore, it has been demonstrated that in viable f(R) gravities such instability does not occur as well (for review, see [1]). Nevertheless, the problem becomes much more complicated in the case of f(R, T, R_{μν} T^{μν} ) gravity, since the field equations are very difficult to solve, even in the linear approximation, as shown below.

Let us consider for simplicity f(R, T, R_{μν} T^{μν} ) = f_1(R) + f_2(T ) + f_3(R_{μν} T^{μν} ). For a spherical body solution, the field equations have to be solved both in the exterior as well in the interior of the body. In the exterior, where T = 0, the field equations (17) reduce to the f(R) gravity ones. The curvature R_0 becomes constant and is given by the solution of an algebraic equation, being R_0 = 0 in GR and in some f(R) gravities. Nevertheless, the interior solution may differ substantially from GR, introducing corrections in the curvature that may lead to large instabilities.

For this analysis, the trace equation is considered, which can be easily obtained by multiplying the field equations (17) by the metric g^{μν}

Rf_{1R} − 2f + 3□f_{1R} + (T + Θ)f_{2T} + 1 2 □T f_{3T} + ∇_α∇_β T^{αβ}f_{3P} + Ξf_{3P} = κ^2T , (43)

where P = R_{μν} T^{μν} as defined previously. Then, let us assume that T = T_0 describes correctly the interior of the celestial body, and according to GR the interior curvature gives

R_0 = −κ^2T_0 , (44)

which is basically the trace equation of GR. In f(R) gravity, the issue arises because the extra terms in the action may induce a perturbation on the curvature δR that could grow very fast, giving rise to unstable spherical bodies. However, for some specific f(R) functions, most of them called viable f(R gravities, the problem can be circumvented, [5]. In f(R, T, R_{μν} T^{μν} ) gravity, the problem becomes even worse, since the strong coupling among the curvature and the energy-momentum tensor may prevent T_0 being even a solution of the background equation. Nevertheless, by an appropriate f_2(T ) function, the energy-momentum tensor is able to behave as in GR, similarly as shown in the previous section in the cosmological context, although the possible presence of a large perturbation δR, and additionally δP , or equivalently T_0δR_{μν} , may appear. Let us assume that T = T_0 = −^{R0}_{κ2} is a solution of the background equation (43), and a small perturbation in the curvature is considered

R = R_0 + δR , P = P_0 + δP . (45)

Then, the equation (43) at first linear order yields

3f^{(2)}_1 □δR − 6κ^2f^{(3)}_1 g^{αβ}∇_αT_0∇_β δR + κ^2 [ −T_0f^{(2)}_1 − f^{(1)}_1 κ^2

−3f^{(3)}_1 □T_0 + 3κ^2f^{(4)}_1 ∇_αT_0∇^αT_0 + P_0f^{(1)}_3 ( L_m − 1 2 T_0 )] δR + 1 2 T_0f^{(2)}_3 □δP

+ [ f^{(2)}_3 ( g^{αβ} ∇_αT_0 + 2∇_αT^{αβ}_0 + T^{αβ}_0 ∇_α ) + ( T_0g^{αβ} + 2T^{αβ}_0 ) f^{(3)}_3 ∇_αP_0 ] ∇_β δP

+ [ Ξ_0f^{(2)}_3 + 1 2 □ ( f^{(2)}_3 T_0 ) + ∇_α∇_β ( f^{(2)}_3 T^{αβ}_0 ) + 2f^{(1)}_3 P_0 ] δP =

= −3 ~□f^{(1)}_1 − 1 2 [ ~□ ( T_0f^{(1)}_3 ) + 2 ~∇_α ~∇_β ( T^{αβ}f^{(1)}_3 )] . (46)

Here recall that f_1 = f_1(R) and f_3 = f_3(P ), and the super-indexes denote derivatives with respect to R and P , such as f^{(i)}_1 = d^if_1/dR^i and f^{(i)}_3 = d^if_3/dP^i, whereas the tildes refer to covariant derivatives evaluated in the perturbed metric. Note that by setting f_3 = 0, the equation of the stability for f(R) gravity is recovered Ref. [4]. If the Hilbert-Einstein action is assumed, f_1 = R, the solution of the equation (46) gives δR = 0, where no instabilities are produced, as expected in GR. Nevertheless, the equation (46) is very complicated to be solved, even to get some qualitative information, since it involves not just perturbations of the Ricci scalar δR but also of the Ricci tensor δR_{μν} through δP . Since both the Ricci tensor and the Ricci scalar contain second derivatives of the metric, the equation (46) should be rewritten in terms of the perturbed metric δg_{μν} , which gives rise to a more complicated equation.

Nevertheless, for an illustrative propose, let us consider the model of the previous section, where f_1 = R, and the equation (46) yields 1 2 T_0f^{(2)}_3 □δP + [ f^{(2)}_3 g^{αβ} ∇_αT_0 + ( T_0g^{αβ} + 2T^{αβ}_0 ) f^{(3)}_3 ∇_αP_0 + 2f^{(2)}_3 ∇_αT^{αβ}_0

+f^{(2)}_3 T^{αβ}_0 ∇_α ] ∇_β δP + [ Ξ_0f^{(2)}_3 + 1 2 □ ( f^{(2)}_3 T_0 ) + ∇_α∇_β ( f^{(2)}_3 T^{αβ}_0 ) + 2f^{(1)}_3 P_0 ] δP =

= − 1 2 [ ~□ ( T_0f^{(1)}_3 ) + 2 ~∇_α ~∇_β ( T^{αβ}f^{(1)}_3 )] + [ f^{(1)}_1 − P_0f^{(1)}_3 ( L_m − 1 2 T_0 )] δR . (47) In addition, by considering a constant interior solution T_0 =constant, and consequently P_0 =constant, the equation (47) is simplified, □δP + 2 T^{αβ}_0 T_0

∇_α∇_β δP + 2

Ξ_0f^{(2)}_3 + 2f^{(1)}_3 P_0

T_0f^{(2)}_3 δP =

= 2 T_0f^{(2)}_3 [ f^{(1)}_1 − P_0f^{(1)}_3 ( L_m − 1 2 T_0 )] δR . (48)

A particular solution of (48) is given by δR = δP = 0, where no instability appears. Nevertheless, in general the behavior of the perturbation depends mainly on the term in front of δP in (48), where by imposing positivity on

such term,^{Ξ0f (2)3 +2f (1)3 P0}

T_0 f^{(2)}_3 ≥ 0, the general solution of the equation (48) would approximately give rise to a damped

oscillator, avoiding the appearance of a large instability in the interior of an spherical body. This example gives rise to a very restricted case, but provides a qualitative description on the reconstruction of viable f(R, T, R_{μν} T^{μν} ) gravities.

In addition, note that if δP = T_0δR_{μν} is negligible in comparison with the first order term of the Ricci scalar δR, the dynamics of the perturbations would be ruled by the coefficient of the first term in (46), so that if 3f^{(2)}_1 ≥ 0, the DK instability may be avoided. Consequently, for the most general action f(R, T, R_{μν} T^{μν} ), the DK instability may be avoided if 3f_{RR} − (T^{00} −^1_2 T )f_{P R} ≥ 0, as pointed out in Ref. [14], provided that δP = T_0δR_{μν} does not contribute significantly to the dynamics of the perturbations, a very strong approximation that is not satisfied in general.

Hence, a full analysis of the matter instability will probably reveal that a large instability is also common in this class of theories, which impose strong restrictions on the viability of the theory, but allows to reconstruct realistic f(R, T, R_{μν} T^{μν} ) gravities.

V. CONCLUSIONS

In the present work, new version of modified gravity which includes strong coupling of gravitational and matter fields, R_{μν} T^{μν} has been studied. The physical motivation for such theory comes from the covariant Hořava-like gravity with dynamical breaking of Lorentz invariance [13]. In fact, such a covariant power-counting renormalizable theory [13] represents simplest power-law F (R, T, R_{μν} T^{μν} ) gravity.

Such modified gravity contains extra terms that allow to reconstruct viable cosmological evolution. In this sense, several cosmological solutions have been studied, and corresponding gravitational action is reconstructed. Nevertheless, the dynamics of the matter sector, a perfect fluid in the cases studied above, has to be fixed previously in order to guarantee the same evolution as in GR, or in other words to satisfy the continuity equation. Otherwise, a generic f(R, T, R_{μν} T^{μν} ) may give a realistic Hubble parameter H(z), but would give rise an anomalous behavior for baryonic, dark matter, and any other perfect fluid present in the equations, as shown in the first part of section III. In addition, this kind of theories allows to reproduce pure de Sitter universe in the presence of non-constant fluids what is usually a forbidden solution in GR, and f(R) or Gauss-Bonnet gravities.

Moreover, the ΛCDM universe can naturally occur in f(R, T, R_{μν} T^{μν} ) gravity, where the usual evolution for dust matter, ρ ∝ (1 + z)^3, is set. This is shown in the second part of section III for the model described by the Hilbert-Einstein action plus corrections accounted by the functions f(R_{μν} T^{μν} ) and g(T ) has been considered. The complexity of the equations does not allow to get an analytical and exact expression, but using numerical results the behavior of f(R_{μν} T^{μν} ) and g(T ) has been obtained, as shown in Fig. 1.

The last section has been devoted to the study of matter instability within these theories. The equation of the perturbations was obtained. It implies perturbations not just on the Ricci scalar but also on the Ricci tensor. This fact makes complicated to get the analytical results since the equation should be reduced to a fourth order differential equation on the metric tensor by using the definitions of R and R_{μν} . Nevertheless, by imposing some restrictions, qualitative information has been obtained: it was shown that the reconstruction of f_3(R_{μν} T^{μν} ) requires additional constraints in order to avoid matter instability. Moreover, assuming that δP is negligible in comparison with δR, some constraints on the action are also obtained [14]. Then, some viable models, similarly as those in f(R) gravity, capable of reproducing the realistic cosmological evolution could be reconstructed.

On the other hand, note that in general, the theory under consideration may contain ghosts due to higher-derivative terms in the action. However, one can find some version of the theory which are free from ghosts. For instance, the theory with Lagrangian L = F (R) + f_1(T ) or some versions of the theory with Lagrangian (3) (from Ref.[13]) are ghost free.

Finally, It would be interesting to develop further the study of cosmological dynamics of the theory under discussion with attempts to simplify its Lagrangian formulation. This maybe probably achieved via the introduction of Lagrangian multipliers [13] and subsequent mapping of the theory to power-counting renormalizable covariant gravity with dynamical breaking of Lorentz invariance. In its turn this may indicate to nice ultraviolet properties of some f(R, T, R_{μν} T^{μν} ) models and its relation with underlying quantum gravity.

Acknowledgments

The work by SDO is supported in part by MICINN(Spain), project FIS2010-15640, by AGAUR (Generalitat de Catalunya), contract 2009SGR-994 and by project 2.1839.2011 of MES (Russia). DSG acknowledges support from the University of the Basque Country and the research project FIS2010-15640 (Spain), and also acknowledges the URC financial support from the University of Cape Town (South Africa). We are grateful to F. Lobo and T. Harko who expressed similar ideas, (see Ref. [14]), for useful discussions. We also thank A. de la Cruz-Dombriz for useful comments on the paper.

[1] S. Capozziello and M. De Laurentis, Phys. Rept. 509 (2011) 167 [arXiv:1108.6266 [gr-qc]]; S. Nojiri and S. D. Odintsov, eConf C0602061, 06 (2006) [Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007)];[arXiv: hep-th/0601213]; Phys. Rept. 505 (2011) 59 [arXiv:1011.0544 [gr-qc]]; F. S. N. Lobo, arXiv: 0807.1640 [gr-qc]; S. Capozziello and V. Faraoni, “Beyond Einstein gravity: A Survey of gravitational theories for cosmology and astrophysics,” Springer 2011; A. de la Cruz-Dombriz and D. Sáez-Gómez, Entropy 14, 1717 (2012) [arXiv:1207.2663 [gr-qc]]; T. Clifton, P. G. Ferreira, A. Padilla and C. Skordis, Phys. Rept. 513 (2012) 1 [arXiv:1106.2476 [astro-ph.CO]]; R. Myrzakulov, L. Sebastiani and S. Zerbini, arXiv:1302.4646 [gr-qc].

[2] S. Nojiri and S. Odintsov, Gen. Rel. Grav. 36 1765 (2004); Phys. Rev. D 74, 086005 (2006), hep-th/0608008; J. Phys. A 40, 6725 (2007), hep-th/0610164; S. Capozziello, S. Nojiri, S. D. Odintsov and A. Troisi, Phys. Lett. B 639, 135 (2006), astro-ph/0604431; S. Capozziello Int. J. Mod. Phys. D 11, 483 (2002); S. M. Carroll et al, Phys. Rev. D 71 063513 (2005); S. Carloni, P. K. S. Dunsby, S. Capozziello and A. Troisi Class. Quant. Grav. 22 4839 (2005); T. P. Sotiriou and S. Liberati, Annals of Physics 332 (2007); J. A. R. Cembranos, Phys. Rev. D 73 064029 (2006); T. Clifton and J. D. Barrow Phys. Rev. D 72 103005 (2005); S. Capozziello, S. Carloni and A. Troisi, Recent Res. Dev. Astron. Astrophys. 1, 625 (2003) astro-ph/0303041; J. A. R. Cembranos, Phys. Rev. Lett. 102 141301 (2009), arXiv:0809.1653 [hep-ph]; K. Bamba, C. Q. Geng and C. C. Lee, JCAP 1008, 021 (2010), arXiv:1005.4574 [astro-ph.CO]; L. G. Jaime, L. Patino and M. Salgado, arXiv:1206.1642 [gr-qc]; N. Goheer, J. Larena and P. K. S. Dunsby, Phys. Rev. D 80, 061301 (2009), arXiv:0906.3860 [gr-qc]; D. Sáez-Gómez, Gen. Rel. Grav. 41, 1527 (2009) arXiv:0809.1311 [hep-th]; S. Capozziello, S. Nojiri, and S.D. Odintsov, Phys. Lett. B 639 135 (2006) hep-th/0512118; G. Cognola, E. Elizalde, S. D. Odintsov, P. Tretyakov, and S. Zerbini, Phys. Rev. D 79 044001 (2009) arXiv:0810.4989[gr-qc]; E. Elizalde and D. Sáez-Gómez, Phys. Rev. D 80 044030 (2009), arXiv:0903.2732.

[3] A. de la Cruz-Dombriz and A. Dobado, Phys. Rev. D 74, 087501 (2006), gr-qc/0607118; S. ’i. Nojiri and S. D. Odintsov, J. Phys. Conf. Ser. 66 (2007) 012005 [hep-th/0611071]. S. Nojiri, S. D. Odintsov and D. Sáez-Gómez, Phys. Lett. B 681, 74 (2009), arXiv:0908.1269 [hep-th]; P. K. S. Dunsby, E. Elizalde, R. Goswami, S. Odintsov and D. Sáez-Gómez, Phys. Rev. D 82, 023519 (2010), arXiv:1005.2205 [gr-qc].

[4] S. Nojiri and S. D. Odintsov, Phys. Rev. D 68, 123512 (2003) [hep-th/0307288].

[5] W. Hu and I. Sawicki, Phys. Rev. D 76 064004 (2007), arXiv:0705.1158[astro-ph]; S. Nojiri and S.D. Odintsov, Phys.

Rev. D 77 026007 (2008), arXiv:0710.1738[hep-th]. S.A. Appleby and R.A. Battye, arXiv:0705.3199[astro-ph]; L. Pogosian and A. Silvestri, Phys. Rev. D 77 023503 (2008), arXiv:0709.0296[astro-ph]; A. Starobinsky, JETP Lett. 86 157 (2007), arXiv:0706.2041 [astro-ph]; S. Capozziello and S. Tsujikawa, Phys. Rev. D 77 107501 (2008) arXiv:0712.2268[gr-qc]; G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov, L. Sebastiani and S. Zerbini, Phys. Rev. D 77 (2008) 046009 [arXiv:0712.4017 [hep-th]]; K. Bamba, C. -Q. Geng and C. -C. Lee, JCAP 1011 (2010) 001 [arXiv:1007.0482 [astro-ph.CO]].

[6] A. D. Dolgov and M. Kawasaki, Phys. Lett. B 573, 1 (2003) [astro-ph/0307285]; V. Faraoni, Phys. Rev. D 74 (2006) 104017 [astro-ph/0610734].

[7] K. Bamba, S. ’i. Nojiri and S. D. Odintsov, JCAP 0810 (2008) 045 [arXiv:0807.2575 [hep-th]]; S. A. Appleby, R. A. Battye and A. A. Starobinsky, JCAP 1006, 005 (2010) [arXiv:0909.1737 [astro-ph.CO]].

[8] D. Sáez-Gómez, Class. Quantum Grav. 30 095008 (2013) [arXiv:1207.5472 [gr-qc]].

[9] G. Cognola, E. Elizade, S. Nojiri, S. D. Odintsov and S. Zerbini, Phys. Rev. D 73 084007 (2006) [arxiv:hep-th/0601008];

E. Elizalde, R. Myrzakulov, V. V. Obukhov and D. Sáez-Gómez, Class. Quant. Grav. 27 (2010) 095007 [arXiv:1001.3636 [gr-qc]]; A. de la Cruz-Dombriz and D. Sáez-Gómez, Class. Quant. Grav. 29, 245014 (2012), arXiv:1112.4481 [gr-qc].

[10] T. Harko, F. S. N. Lobo, S. Nojiri and S. D. Odintsov, Phys. Rev. D 84, 024020 (2011) [arXiv:1104.2669 [gr-qc]]. [11] M. J. S. Houndjo, Int. J. Mod. Phys. D. 21, 1250003 (2012). arXiv: 1107.3887 [astro-ph.CO]; M. J. S. Houndjo and O. F.

Piattella, Int. J. Mod. Phys. D. 21, 1250024 (2012). arXiv: 1111.4275 [gr.qc]; D. Momeni, M. Jamil and R. Myrzakulov, Euro. Phys. J. C 72, arXiv: 1107.5807[physics.gen-ph];M. Sharif and M. Zubair, JCAP 1203 (2012) 028 [arXiv:1204.0848 [gr-qc]]; F. G. Alvarenga, M. J. S. Houndjo, A. V. Monwanou and J. B. C. Orou, Journal of Modern Physics 4 (2013) 130-139 [arXiv:1205.4678 [gr-qc]]; M. R. Setare and M. J. S. Houndjo, Can. J. Phys. 91, 260 (2013) [arXiv:1203.1315 [gr-qc]]; M. Sharif and M. Zubair, J. Phys. Soc. Jap. 81, 114005 (2012) [arXiv:1301.2251 [gr-qc]]; J. Phys. Soc. Jap. 82, 014002 (2013) [arXiv:1210.3878 [gr-qc]]; H. Shabani and M. Farhoudi, arXiv:1306.3164 [gr-qc].

[12] F. G. Alvarenga, A. de la Cruz-Dombriz, M. J. S. Houndjo, M. E. Rodrigues and D. Sáez-Gómez, arXiv:1302.1866 [gr-qc]. [13] S. Nojiri and S. D. Odintsov, Phys. Rev. D 81 (2010) 043001 [arXiv:0905.4213 [hep-th]];Phys. Rev. D 83 (2011) 023001 [arXiv:1007.4856 [hep-th]].

[14] Z. Haghani, T. Harko, F. S. N. Lobo, H. R. Sepangi and S. Shahidi,, arXiv:1304.5957 [gr-qc].