arXiv:1304.5445v1 [hep-th] 19 Apr 2013

UG-13-17

New Massive Supergravity and Auxiliary Fields

Eric A. Bergshoeff^1 , Marija Kovačević^1 , Lorena Parra^1 , Jan Rosseel^2 , Yihao Yin^1 and Thomas Zojer^1

1 Centre for Theoretical Physics, University of Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands

   email: e.a.bergshoeff@rug.nl, m.kovacevic@rug.nl,
l.parra.rodriguez@rug.nl, y.yin@rug.nl, t.zojer@rug.nl

2 Institute for Theoretical Physics, Vienna University of Technology, Wiedner Hauptstr. 8–10/136, A-1040 Vienna, Austria email: rosseelj@hep.itp.tuwien.ac.at

ABSTRACT

We construct a supersymmetric formulation of linearized New Massive Gravity without introducing higher derivatives. Instead, we introduce supersymmetrically a set of bosonic and fermionic auxiliary fields which, upon elimination by their equations of motion, introduce fourth-order derivative terms for the metric and third-order derivative terms for the gravitino. Our construction requires an off-shell formulation of the three-dimensional supersymmetric massive Fierz–Pauli theory. We discuss the non-linear extension of our results.

Contents

1 Introduction 1

2 Supersymmetric Proca 3 2.1 Kaluza–Klein reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 Truncation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Massless limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 Supersymmetric Fierz–Pauli 9 3.1 Kaluza–Klein reduction and truncation . . . . . . . . . . . . . . . . . . 10 3.2 Massless limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4 Linearized SNMG without Higher Derivatives 17

5 The non-linear case 20

6 Conclusions 24

A Off-shell N = 1 Massless Multiplets 25

B Boosting up the Derivatives in Spin-3/2 FP 27

1 Introduction

New Massive Gravity (NMG) is a higher-derivative extension of three-dimensional (3D) Einstein–Hilbert gravity with a particular set of terms quadratic in the 3D Ricci tensor and Ricci scalar [1]. The interest in the NMG model lies in the fact that, although the theory contains higher derivatives, it nevertheless describes, unitarily, two massive degrees of freedom of helicity +2 and −2. For many purposes, it is convenient to work with a formulation of the model without higher derivatives, see, e.g. [2]. This can be achieved by introducing an auxiliary symmetric tensor that couples to (the Einstein tensor of) the 3D metric tensor and has an explicit mass term [1].

A supersymmetric version of NMG was constructed in [3]. Besides the fourth-order-derivative terms of the metric tensor this model also contains third-order-derivative terms involving the gravitino. The purpose of this work is to construct a reformulation of this supersymmetric NMG model (SNMG) without higher derivatives. This requires that besides an auxiliary symmetric tensor, we introduce further auxiliary fermionic fields that effectively lower the number of derivatives of the gravitino kinetic terms.

At the linearized level the NMG model decomposes into the sum of a massless spin-2 Einstein–Hilbert theory and a massive spin-2 Fierz–Pauli (FP) model [1]. In the supersymmetric case we therefore need a 3D massless and a 3D massive spin-2 supermultiplet. We only consider the case of simple N = 1 supersymmetry. In this paper we will explicitly construct the linearized, massive, off-shell spin-2 supermultiplet, paying particular attention to the auxiliary field structure. We will obtain this massive spin-2 FP multiplet by starting from a 4D (linearized) massless spin-2 supermultiplet, performing a Kaluza–Klein (KK) reduction over a circle and projecting onto the first massive KK sector. The final form of the 3D off-shell massive spin-2 supermultiplet is then obtained after a truncation and gauge-fixing a few Stückelberg symmetries. Along with the construction of the massive, off-shell spin-2 multiplet, we will look in detail at its massless limit. As is well-known, already in the bosonic case, this limit is non-trivial and should be taken with care. Indeed, the massless limit of the massive spin-2 FP theory, coupled to a conserved energy-momentum tensor, does not lead to linearized General Relativity, a result known as the van Dam–Veltman–Zakharov (vDVZ) discontinuity [4, 5]. Starting from the massive FP supermultiplet obtained, we will explicitly illustrate how a supersymmetric version of this vDVZ discontinuity arises (see also [6] for an earlier discussion).

Having constructed the off-shell massive spin-2 supermultiplet, it is rather straightforward to construct a linearized version of SNMG without higher derivatives, by appropriately combining a massless and a massive spin-2 multiplet. This theory contains three vector-spinors, whereas the higher-derivative version contains only one gravitino field. This is due to the fact that the massive multiplet contains two gravitini, unlike the massless multiplet that only contains one. The reason for this is that a massive gravitino describes a single helicity 3/2 state whereas N = 1 SNMG contains two fermionic massive degrees of freedom of helicity +3/2 and −3/2. We will show that two of the vector-spinors are actually auxiliary like the auxiliary symmetric tensor in the bosonic case. In particular, we will explicitly show how, by eliminating the different bosonic and fermionic auxiliary fields, we re-obtain the linearized approximation of the higher-derivative SNMG model given in [3]. At the linearized level, we will distinguish between two types of auxiliary fields: the “trivial” and “non-trivial” ones. The difference between them is that only the elimination of the non-trivial auxiliary fields leads to higher derivatives in the action. The trivial ones are only needed to obtain a supersymmetry algebra that closes off-shell.

The extension to the non-linear case, in the presence of both the trivial and nontrivial auxiliary fields, is not obvious. One way to see this, is by noting that our construction of the massive spin-2 multiplet is based upon a KK truncation which can only be performed consistently at the linearized level. We consider the alternative option that first, at the linearized level, one eliminates only the trivial auxiliary fields of the massive spin-2 supermultiplet but keeps all the other ones. This implies that at the linearized level the supersymmetry algebra closes on-shell but that the action does not contain higher derivatives. We will show that in principle the extension to the nonlinear case in this situation is possible but that the answer is not illuminating. This is in contrast to the higher-derivative formulation of SNMG where the contributions to the bosonic terms of the single auxiliary scalar S of the massless multiplet can be nicely interpreted as a torsion contribution to the spin-connection [3].

This work is organized as follows. In section 2 we show how the 3D supersymmetric Proca theory is obtained from the KK reduction of a 4D massless spin-1 Maxwell multiplet. This serves as an explanatory discussion for section 3, in which we extend this analysis to the spin-2 case and obtain the supersymmetric FP model. The corresponding supersymmetry algebra closes off-shell and contains 3 auxiliary scalars and one auxiliary vector. In section 4 we use these results to construct a linearized version of SNMG without higher derivatives. We explicitly show how, after eliminating all bosonic and fermionic auxiliary fields, the higher derivatives of the metric and gravitino are introduced. In section 5 we discuss our attempts to extend our results to the non-linear case. Our conclusions are presented in section 6. There are two appendices. In appendix A we summarize some properties of the off-shell massless multiplets that occur in this work. In appendix B we show, as a spin-off of the main discussion, how the trick that can be used to boost up the derivatives in the FP model, see e.g. [7], can be extended to the fermionic case to boost up the number of derivatives in a massive gravitino model.

2 Supersymmetric Proca

In this section we show how to obtain the 3D supersymmetric Proca theory from the KK reduction of an off-shell 4D N = 1 supersymmetric Maxwell theory and a subsequent truncation to the first massive KK sector. This is a warming-up exercise for the spin-2 case which will be discussed in the next section.

2.1 Kaluza–Klein reduction

Our starting point is the 4D N = 1 supersymmetric Maxwell multiplet which consists of a vector V̂_{μ̂}, a 4-component Majorana spinor ψ̂ and a real auxiliary scalar F̂ . We indicate fields depending on the 4D coordinates and 4D indices with a hat. We do not indicate spinor indices. The supersymmetry rules, with a constant 4-component Majorana spinor parameter ϵ, and gauge transformation, with local parameter Λ̂, of these fields are given by

δV̂_{μ̂} = −ϵ̄Γ_{μ̂}ψ̂ + ∂_{μ̂}Λ̂ , δψ̂ = 1 8 Γ^{μ̂ν̂}F̂_{μ̂ν̂} ϵ + 1 4 iΓ_5F̂ ϵ ,

δF̂ = iϵ̄Γ_5Γ^{μ̂}∂_{μ̂}ψ̂ ,

(2.1)

where F̂_{μ̂ν̂} = ∂_{μ̂}V̂_{ν̂} − ∂_{ν̂}V̂_{μ̂} .

In the following, we will split the 4D coordinates as x^{μ̂} = (x^μ, x^3), where x^3 denotes the compactified circle coordinate. Since all fields are periodic in x^3, we can write them as a Fourier series. For example: V̂_{μ̂}(x^{μ̂}) = ∑ n V_{μ̂,n}(x^μ)e^{inmx3} , n ∈ Z , (2.2) where m ≠ 0 has mass dimensions and corresponds to the inverse circle radius. The Fourier coefficients V_{μ̂,n}(x^μ) correspond to three-dimensional (un-hatted) fields. We first consider the bosonic fields. The reality condition on the 4D vector and scalar implies that only the 3D (n = 0) zero modes are real. All other modes are complex but only the positive (n ≥ 1) modes are independent, since

V_{μ̂,−n} = V^⋆_{μ̂,n} , F_{−n} = F^⋆_n , n ≠ 0 . (2.3)

In the following we will be mainly interested in the n = 1 modes whose real and imaginary parts we indicate by

V^{(1)}_μ ≡ 1 2 ( V_{μ,1} + V^⋆_{μ,1} ) , V^{(2)}_μ ≡ 1 2i ( V_{μ,1} − V^⋆_{μ,1} ) , ϕ^{(1)} ≡ 1 2 ( V_{3,1} + V^⋆_{3,1} ) , ϕ^{(2)} ≡ 1 2i ( V_{3,1} − V^⋆_{3,1} ) , (2.4)

F^{(1)} ≡ 1 2 ( F_1 + F^⋆_1 ) , F^{(2)} ≡ 1 2i ( F_1 − F^⋆_1 ) . Similarly, the Majorana condition of the 4D spinor ψ̂ implies that the n = 0 mode is Majorana but that the independent positive (n ≥ 1) modes are Dirac. This is equivalent to two (4-component, 3D reducible) Majorana spinors which we indicate by

ψ^{(1)} = 1 2 ( ψ_1 + B^{−1}ψ^⋆_1 ) , ψ^{(2)} = 1 2i ( ψ_1 − B^{−1}ψ^⋆_1 ) . (2.5)

Here B is the 4 × 4 matrix B = iCΓ_0, where C is the 4 × 4 charge conjugation matrix.

Substituting the harmonic expansion (2.2) of the fields and a similar expansion of the gauge parameter Λ̂ into the transformation rules (2.1), we find the following transformation rules for the first (n = 1) KK modes:

δϕ^{(1)} = −ϵ̄Γ_3ψ^{(1)} − mΛ^{(2)} − mξϕ^{(2)} ,

δϕ^{(2)} = −ϵ̄Γ_3ψ^{(2)} + mΛ^{(1)} + mξϕ^{(1)} ,

δV^{(1)}_μ = −ϵ̄Γ_μψ^{(1)} + ∂_μΛ^{(1)} − mξV^{(2)}_μ ,

δV^{(2)}_μ = −ϵ̄Γ_μψ^{(2)} + ∂_μΛ^{(2)} + mξV^{(1)}_μ ,

δF^{(1)} = iϵ̄Γ_5Γ^μ∂_μψ^{(1)} − imϵ̄Γ_5Γ_3ψ^{(2)} − mξF^{(2)} ,

δF^{(2)} = iϵ̄Γ_5Γ^μ∂_μψ^{(2)} + imϵ̄Γ_5Γ_3ψ^{(1)} + mξF^{(1)} ,

δψ^{(1)} = 1 8 Γ^{μν} F^{(1)}_{μν} ϵ + 1 4 Γ^μΓ_3∂_μϕ^{(1)}ϵ + i 4 Γ_5F^{(1)}ϵ + m 4 Γ^μΓ_3V^{(2)}_μ ϵ − mξψ^{(2)} ,

δψ^{(2)} = 1 8 Γ^{μν} F^{(2)}_{μν} ϵ + 1 4 Γ^μΓ_3∂_μϕ^{(2)}ϵ + i 4 Γ_5F^{(2)}ϵ − m 4 Γ^μΓ_3V^{(1)}_μ ϵ + mξψ^{(1)} ,

(2.6) where we have defined

Λ^{(1)} = 1 2 ( Λ_1 + Λ^⋆_1 ) , Λ^{(2)} = 1 2i ( Λ_1 − Λ^⋆_1 ) . (2.7)

Apart from global supersymmetry transformations with parameter ϵ and gauge transformations with parameters Λ^{(1)}, Λ^{(2)}, the transformations (2.6) also contain a global SO(2) transformation with parameter ξ, that rotates the real and imaginary parts of the 3D fields. This SO(2) transformation corresponds to a central charge transformation and is a remnant of the translation in the compact circle direction.^1

In order to write the 3D 4-component Majorana spinors in terms of two irreducible 2-component Majorana spinors it is convenient to choose the following representation of the Γ-matrices in terms of 2 × 2 block matrices:

Γ_μ = ( γ_μ 0 0 −γ_μ ) , Γ_3 = ( 0 1 1 0 ) , Γ_5 = ( 0 −i i 0 ) . (2.8)

The 3D 2 × 2 matrices γ_μ satisfy the standard relations {γ_μ, γ_ν} = 2η_{μν} and can be chosen explicitly in terms of the Pauli matrices by

γ_μ = (iσ_1, σ_2, σ_3) . (2.9)

In this representation the 4D charge conjugation matrix C is given by C = ( ε 0 0 −ε ) , (2.10)

where ε = ( 0 1 −1 0 ) (2.11)

is the 3D charge conjugation matrix.

Using the above representation the 4-component Majorana spinors decompose into two 3D irreducible Majorana spinors as follows:

ψ^{(1)} = ( χ_1 χ_2 ) , ψ^{(2)} = ( ψ_1 ψ_2 ) , ϵ = ( ϵ_1 ϵ_2 ) . (2.12)

1This is a conventional central charge transformation. Three-dimensional supergravity also allows for non-central charges from extensions by non-central R-symmetry generators [8], recently discussed in [9].

In terms of these 2-component spinors the transformation rules (2.6) read

δϕ^{(1)} = −ϵ̄_1χ_2 + ϵ̄_2χ_1 − mΛ^{(2)} − mξϕ^{(2)} ,

δϕ^{(2)} = −ϵ̄_1ψ_2 + ϵ̄_2ψ_1 + mΛ^{(1)} + mξϕ^{(1)} ,

δV^{(1)}_μ = −ϵ̄_1γ_μχ_1 − ϵ̄_2γ_μχ_2 + ∂_μΛ^{(1)} − mξV^{(2)}_μ ,

δV^{(2)}_μ = −ϵ̄_1γ_μψ_1 − ϵ̄_2γ_μψ_2 + ∂_μΛ^{(2)} + mξV^{(1)}_μ ,

δF^{(1)} = −ϵ̄_1γ^μ∂_μχ_2 + ϵ̄_2γ^μ∂_μχ_1 − m(ϵ̄_1ψ_1 + ϵ̄_2ψ_2) − mξF^{(2)} ,

δF^{(2)} = −ϵ̄_1γ^μ∂_μψ_2 + ϵ̄_2γ^μ∂_μψ_1 + m(ϵ̄_1χ_1 + ϵ̄_2χ_2) + mξF^{(1)} ,

δχ_1 = 1 8 γ^{μν} F^{(1)}_{μν} ϵ_1 + 1 4 ( γ^μ∂_μϕ^{(1)} + F^{(1)} + mγ^μV^{(2)}_μ ) ϵ_2 − mξψ_1 ,

δχ_2 = 1 8 γ^{μν} F^{(1)}_{μν} ϵ_2 − 1 4 ( γ^μ∂_μϕ^{(1)} + F^{(1)} + mγ^μV^{(2)}_μ ) ϵ_1 − mξψ_2 ,

δψ_1 = 1 8 γ^{μν} F^{(2)}_{μν} ϵ_1 + 1 4 ( γ^μ∂_μϕ^{(2)} + F^{(2)} − mγ^μV^{(1)}_μ ) ϵ_2 + mξχ_1 ,

δψ_2 = 1 8 γ^{μν} F^{(2)}_{μν} ϵ_2 − 1 4 ( γ^μ∂_μϕ^{(2)} + F^{(2)} − mγ^μV^{(1)}_μ ) ϵ_1 + mξχ_2 .

(2.13)

If we take m → 0 in the above multiplet we obtain two decoupled multiplets, (ϕ^{(1)}, V^{(1)}μ , F^{(1)}, χ_1, χ_2) and (ϕ^{(2)}, V^{(2)}μ , F^{(2)}, ψ_1, ψ_2). Either one of them constitutes a massless N = 2 vector multiplet. This massless limit has to be distinguished from the massless limits discussed in subsections 2.3 and 3.2, which refer to limits taken after truncating to N = 1 supersymmetry.

2.2 Truncation

In the process of KK reduction, the number of supercharges stays the same. The 3D multiplet (2.13) we found in the previous subsection thus exhibits four supercharges and hence corresponds to an N = 2 multiplet, containing two vectors and a central charge transformation. One can, however, truncate it to an N = 1 multiplet, not subjected to a central charge transformation and containing only one vector. This truncated multiplet will be the starting point to obtain an N = 1 supersymmetric version of the Proca theory. The N = 1 truncation is given by:

ϕ^{(2)} = V^{(1)}_μ = F^{(2)} = χ_2 = ψ_1 = 0 , (2.14)

provided that at the same time we truncate the following symmetries:

ϵ_1 = Λ^{(1)} = ξ = 0 . (2.15)

Substituting this truncation into the transformation rules (2.13), we find the following N = 1 massive vector supermultiplet:^2 δϕ^{(1)} = ϵ̄_2χ_1 − mΛ^{(2)} , δV^{(2)}_μ = −ϵ̄_2γ_μψ_2 + ∂_μΛ^{(2)} , δψ_2 = 1 8 γ^{μν} F^{(2)}_{μν} ϵ_2 ,

δχ_1 = 1 4 ( γ^μ∂_μϕ^{(1)} + F^{(1)} + mγ^μV^{(2)}_μ ) ϵ_2 , δF^{(1)} = ϵ̄_2γ^μ∂_μχ_1 − mϵ̄_2ψ_2 .

(2.16)

Redefining ϵ_2 → ϵ , Λ^{(2)} → Λ and

ϕ^{(1)} → 4ϕ , V^{(2)}_μ → V_μ , F^{(1)} → −F , ψ_2 → ψ , χ_1 → χ and m → 4m , (2.17) we obtain δϕ = 1 4 ϵ̄χ − mΛ , δV_μ = −ϵ̄γ_μψ + ∂_μΛ , δψ = 1 8 γ^{μν} F_{μν} ϵ , δχ = γ^μD_μϕ ϵ − 1 4 F ϵ , δF = −ϵ̄γ^μ∂_μχ + 4mϵ̄ψ ,

(2.18)

where the covariant derivative D_μ is defined as D_μϕ = ∂_μϕ + mV_μ . (2.19) The transformation rules (2.18) leave the following action invariant:

I_1 = ∫ d^3x ( − 1 4 F_{μν} F^{μν} − 1 2 D_μϕ D^μϕ − 2ψ̄ ∂/ ψ − 1 8 χ̄ ∂/ χ + m ψ̄χ + 1 32 F^2 ) . (2.20)

The gauge transformation with parameter Λ is a Stückelberg symmetry, that can be fixed by imposing the gauge condition ϕ = const . (2.21) Taking the resulting compensating gauge transformation Λ = 1 4m ϵ̄χ (2.22)

2Note that the field content given in (2.16) is that of massless N = 2. In the massive case, however, the scalar field ϕ will disappear after gauge-fixing the Stückelberg symmetry.

into account, we obtain the final form of the supersymmetry transformation rules of the N = 1 supersymmetric Proca theory: δV_μ = −ϵ̄γ_μψ + 1 4m ϵ̄∂_μχ , δψ = 1 8 γ^{μν} F_{μν} ϵ , δχ = mγ^μϵV_μ − 1 4 F ϵ , δF = −ϵ̄γ^μ∂_μχ + 4mϵ̄ψ .

(2.23)

The supersymmetric Proca action is then given by

I_{Proca} = ∫ d^3x ( − 1 4 F_{μν} F^{μν} − 1 2 m^2V_μ V^μ − 2ψ̄ ∂/ ψ − 1 8 χ̄ ∂/ χ + m ψ̄χ + 1 32 F^2 ) . (2.24) This finishes our description of how to obtain the 3D off-shell massive N = 1 vector multiplet from a KK reduction and subsequent truncation onto the first massive KK sector of the 4D off-shell massless N = 1 vector multiplet.

2.3 Massless limit

We end this section with some comments on the massless limit (m → 0). Taking the massless limit in (2.18), we see that the Proca multiplet splits into a massless vector multiplet and a massless scalar multiplet. Note that a massless vector multiplet can be coupled to a current supermultiplet. This is a feature that we would like to incorporate, in view of the upcoming spin-2 discussion. We will do so by coupling the above supersymmetric Proca system to a conjugate multiplet (J_μ, J_ψ, J_χ, J_F ), where J_μ is a vector, J_ψ and J_χ are spinors and J_F is a scalar. Our starting point is then the action I = I_{Proca} + I_{int} , (2.25) where the interaction part I_{int} describes the coupling between the Proca multiplet and the conjugate multiplet:

I_{int} = V^μJ_μ + ψ̄J_ψ + χ̄J_χ + F J_F . (2.26) Requiring that I_{int} is separately invariant under supersymmetry, determines the transformation rules of the conjugate multiplet: δJ_μ = 1 4 ϵ̄ γ_{μν} ∂^νJ_ψ + mϵ̄ γ_μJ_χ , δJ_ψ = −γ^μϵ J_μ − 4mϵ J_F , δJ_χ = 1 4m ϵ ∂^μJ_μ + γ^μϵ ∂_μJ_F , δJ_F = 1 4 ϵ̄J_χ .

(2.27)

Taking the massless limit in the action (2.25) and transformation rules (2.23), (2.27) is non-trivial, due to the factors of 1/m that appear in the transformation rules. In order to be able to take the limit in a well-defined fashion, we will work in the formulation where the Stückelberg symmetry is not yet fixed. Note that this formulation can be easily retrieved from the gauge fixed version, by making the following redefinition in the action (2.24) and transformation rules (2.23):

V_μ = Ṽ_μ + 1 m ∂_μϕ . (2.28)

Applying this redefinition to (2.24) and (2.23) indeed brings one back to the action (2.20) and to the transformation rules (2.18), whose massless limit is well-defined. The massless limit of the interaction part I_{int} (after performing the above substitution) and of the transformation rules (2.27) of the conjugate multiplet, is however not welldefined. In order to remedy this, we will impose the constraint that J_μ corresponds to a conserved current, i.e. that ∂^μJ_μ = 0 . (2.29)

In order to preserve supersymmetry, we will also take J_χ = 0 and J_F = 0.^3 The conjugate multiplet then reduces to a spin-1 current supermultiplet.

The massless limit is now everywhere well-defined. The transformation rules (2.18) reduce to the transformation rules of a massless vector (Ṽ_μ, ψ) and scalar (ϕ, χ, F ) multiplet, see eqs. (A.11) and (A.6), respectively. Performing the above outlined procedure and taking the limit m → 0 leads to the following action I = ∫ d^3x [ ( − 1 4 F̃_{μν} F̃^{μν} − 2ψ̄ ∂/ ψ + Ṽ^μJ_μ + ψ̄J_ψ )

− 1 2 ( ∂_μϕ ∂^μϕ + 1 4 χ̄ ∂/ χ − 1 16 F^2 ) ] , (2.30)

which is the sum of the supersymmetric massless vector and scalar multiplet actions, see eqs. (A.12) and (A.7), respectively. The vector multiplet action is coupled to a spin- 1 current multiplet. Note that there is no coupling left between the current multiplet and the scalar multiplet. This will be different in the spin-2 case, as we will see later.

3 Supersymmetric Fierz–Pauli

In this section we extend the discussion of the previous section to the spin-2 case, skipping some of the details we explained in the spin-1 case. We use the same notation.

3Strictly speaking, preservation of the constraint ∂^μJ_μ = 0 under supersymmetry leads to the constraint /∂J_χ = 0 and preservation of this new constraint leads to the constraint □J_F = 0. We are however interested in the massless limit, in which the conserved currents (J_μ, J_ψ) and the fields (J_χ, J_F ) form two separate multiplets, that couple to a massless vector and scalar multiplet respectively. Since we are mostly interested in the coupling of the supercurrent multiplet (J_μ, J_ψ) to the vector multiplet, we will simply set the fields (J_χ, J_F ) equal to zero.

3.1 Kaluza–Klein reduction and truncation

Our starting point is the off-shell 4D N = 1 massless spin-2 multiplet which consists of a symmetric tensor ĥ_{μ̂ν̂} , a gravitino ψ̂_{μ̂} , an auxiliary vector Â_{μ̂} and two auxiliary scalars M̂ and N̂. This corresponds to the linearized version of the ‘old minimal supergravity’ multiplet. The supersymmetry rules, with constant spinor parameter ϵ, and gauge transformations of these fields, with local vector parameter Λ̂_{μ̂} and local spinor parameter η̂, are given by [10, 11]:

δĥ_{μ̂ν̂} = ϵ̄ Γ_{(μ̂} ψ̂_{ν̂)} + ∂_{(μ̂} Λ̂_{ν̂)} ,

δψ̂_{μ̂} = − 1 4 Γ^{ρ̂λ̂} ∂_{ρ̂}ĥ_{λ̂μ̂}ϵ − 1 12 Γ_{μ̂}(M̂ + i Γ_5N̂) ϵ + 1 4 i Â_{μ̂}Γ_5ϵ − 1 12 i Γ_{μ̂}Γ^{ρ̂}Â_{ρ̂}Γ_5ϵ + ∂_{μ̂}η̂ ,

δM̂ = −ϵ̄ Γ^{ρ̂λ̂} ∂_{ρ̂}ψ̂_{λ̂} , (3.1)

δN̂ = −i ϵ̄ Γ_5 Γ^{ρ̂λ̂} ∂_{ρ̂}ψ̂_{λ̂} ,

δÂ_{μ̂} = 3 2 i ϵ̄ Γ_5 Γ^{ρ̂λ̂}_{μ̂} ∂_{ρ̂} ψ̂_{λ̂} − i ϵ̄ Γ_5 Γ_{μ̂}Γ^{ρ̂λ̂} ∂_{ρ̂}ψ̂_{λ̂} .

Like in the spin-1 case we first perform a harmonic expansion of all fields and local parameters and substitute these into the transformation rules (3.1). Projecting onto the lowest KK massive sector we then obtain all the transformation rules of the real and imaginary parts of the n = 1 modes, like in eq. (2.6) for the spin-1 case. We indicate the real and imaginary parts of the bosonic modes by:

h^{(1)}_{μν} ≡ 1 2 ( h_{μν,1} + h^⋆_{μν,1} ) , h^{(2)}_{μν} ≡ 1 2i ( h_{μν,1} − h^⋆_{μν,1} ) , V^{(1)}_μ ≡ 1 2 ( h_{μ3,1} + h^⋆_{μ3,1} ) , V^{(2)}_μ ≡ 1 2i ( h_{μ3,1} − h^⋆_{μ3,1} ) , ϕ^{(1)} ≡ 1 2 ( h_{33,1} + h^⋆_{33,1} ) , ϕ^{(2)} ≡ 1 2i ( h_{33,1} − h^⋆_{33,1} ) , A^{(1)}_μ ≡ 1 2 ( A_{μ,1} + A^⋆_{μ,1} ) , A^{(2)}_μ ≡ 1 2i ( A_{μ,1} − A^⋆_{μ,1} ) , P^{(1)} ≡ 1 2 ( A_{3,1} + A^⋆_{3,1} ) , P^{(2)} ≡ 1 2i ( A_{3,1} − A^⋆_{3,1} ) , M^{(1)} ≡ 1 2 (M_1 + M^⋆_1 ) , M^{(2)} ≡ 1 2i (M_1 − M^⋆_1 ) ,

N^{(1)} ≡ 1 2 (N_1 + N^⋆_1 ) , N^{(2)} ≡ 1 2i (N_1 − N^⋆_1 ) ,

(3.2)

while the fermionic modes decompose into two Majorana modes:

ψ^{(1)}_μ ≡ 1 2 ( ψ_{μ,1} + B^{−1}ψ^⋆_{μ,1} ) , ψ^{(2)}_μ ≡ 1 2i ( ψ_{μ,1} − B^{−1}ψ^⋆_{μ,1} ) , ψ^{(1)}_3 ≡ 1 2 ( ψ_{3,1} + B^{−1}ψ^⋆_{3,1} ) , ψ^{(2)}_3 ≡ 1 2i ( ψ_{3,1} − B^{−1}ψ^⋆_{3,1} ) . (3.3)

We next use the representation (2.8) of the Γ-matrices and decompose the 4- component spinors into two 2-component spinors as follows:

ψ^{(1)}_μ = ( ψ_{μ1} ψ_{μ2} ) , ψ^{(1)}_3 = ( χ_1 χ_2 ) ,

ψ^{(2)}_μ = ( χ_{μ1} χ_{μ2} ) , ψ^{(2)}_3 = ( ψ_1 ψ_2 ) ,

η^{(1)} = ( η^{(1)}_1 η^{(1)}_2 ) , η^{(2)} = ( η^{(2)}_1 η^{(2)}_2 ) , ϵ = ( ϵ_1 ϵ_2 ) .

(3.4)

Furthermore, we perform the following consistent truncation of the fields^4

ϕ^{(2)} = V^{(1)}_μ = h^{(2)}_{μν} = M^{(2)} = N^{(1)} = P^{(2)} = A^{(1)}_μ = χ_2 = ψ_1 = ψ_{μ1} = χ_{μ2} = 0 (3.5)

and of the parameters

Λ^{(2)}_μ = Λ^{(1)}_3 = ϵ_1 = η^{(1)}_1 = η^{(2)}_2 = ξ = 0 . (3.6)

For simplicity, from now on we drop all numerical upper indices, e.g. ϕ^{(1)} = ϕ, and all numerical lower indices, e.g. ψ_{μ1} = ψ_μ of the remaining non-zero fields (but not of the parameters). We find that the transformation rules of these fields under supersymmetry, with constant 2-component spinor parameter ϵ, and Stückelberg symmetries, with local scalar and vector parameters Λ_3 , Λ_μ , and 2-component spinor parameters η_1 and

4If we take the massless limit before the mentioned truncation we find two copies of a N = 2 massless spin-2 multiplet plus two copies of a N = 2 massless spin-1 multiplet, see also text after (2.13).

η_2, are given by^5

δh_{μν} = ϵ̄γ_{(μ}ψ_{ν)} + ∂_{(μ}Λ_{ν)} , δV_μ = 1 2 ϵ̄γ_μψ − 1 2 ϵ̄χ_μ + 1 2 ∂_μΛ_3 + 1 2 mΛ_μ , δϕ = −ϵ̄ χ − mΛ_3 , δψ_μ = − 1 4 γ^{ρλ}∂_ρh_{λμ}ϵ + 1 12 γ_μMϵ + 1 12 γ_μP ϵ + ∂_μη_2 , δψ = − 1 4 γ^{ρλ}∂_ρV_λϵ − 1 12 Nϵ − 1 12 γ^ρA_ρϵ + mη_2 , δχ_μ = − 1 4 γ^ρ∂_ρV_μϵ + 1 4 mγ^ρh_{ρμ}ϵ − 1 12 γ_μNϵ + 1 4 A_μϵ − 1 12 γ_μγ^ρA_ρϵ + ∂_μη_1 , δχ = − 1 4 γ^ρ∂_ρϕϵ − 1 12 Mϵ + 1 6 P ϵ − 1 4 mγ^ρV_ρϵ − mη_1 , δM = −ϵ̄γ^ρ∂_ρχ + ϵ̄γ^{ρλ}∂_ρψ_λ − mϵ̄γ^ρχ_ρ , δN = −ϵ̄γ^ρ∂_ρψ − ϵ̄γ^{ρλ}∂_ρχ_λ + mϵ̄γ^ρψ_ρ , δP = ϵ̄γ^ρ∂_ρχ + 1 2 ϵ̄γ^{ρλ}∂_ρψ_λ + mϵ̄γ^ρχ_ρ , δA_μ = 3 2 ϵ̄γ_μ^{ρλ}∂_ρχ_λ − ϵ̄γ_μγ^{ρλ}∂_ρχ_λ + 1 2 ϵ̄γ_μ^ρ∂_ρψ − ϵ̄∂_μψ − 1 2 mϵ̄γ_μ^ρψ_ρ + mϵ̄ψ_μ .

(3.7)

The action invariant under the transformations (3.7) is given by

I_m = ∫ d^3x { h^{μν} G^{lin}_{μν} (h) − m^2 ( h^{μν} h_{μν} − h^2 ) +2h^{μν} ∂_μ∂_ν ϕ − 2h∂^α∂_αϕ − F^{μν} F_{μν} + 4mh^{μν} ∂_{(μ}V_{ν)} − 4mh∂^μV_μ −4ψ̄_μγ^{μνρ}∂_ν ψ_ρ − 4χ̄_μγ^{μνρ}∂_ν χ_ρ + 8ψ̄γ^{μν} ∂_μχ_ν + 8ψ̄_μγ^{μν} ∂_ν χ + 8mψ̄_μγ^{μν} χ_ν − 2 3 M^2 − 2 3 N^2 + 2 3 P^2 + 2 3 A_μA^μ } , (3.8)

where h = η^{μν} h_{μν} and G^{lin}_{μν} (h) is the linearized Einstein tensor. We observe that the action is non-diagonal in the bosonic fields (h_{μν} , V_μ , ϕ) and the fermionic fields (ψ_μ , χ) and (χ_μ , ψ).

Finally, we fix all Stückelberg symmetries by imposing the gauge conditions

ϕ = const , V_μ = 0 , ψ = 0 , χ = 0 . (3.9)

5The 4D analogue of this multiplet, in superfield language, can be found in [12].

Taking into account the compensating gauge transformations

Λ_3 = 0 ,

Λ_μ = 1 m ϵ̄χ_μ , η_1 = − 1 12m (M − 2P ) ϵ , η_2 = 1 12m (N + γ^ρA_ρ) ϵ ,

(3.10)

we obtain the final form of the supersymmetry rules of the 3D N = 1 off-shell massive spin-2 multiplet:

δh_{μν} = ϵ̄γ_{(μ}ψ_{ν)} + 1 m ϵ̄∂_{(μ}χ_{ν)} , δψ_μ = − 1 4 γ^{ρλ}∂_ρh_{λμ}ϵ + 1 12 γ_μ(M + P )ϵ + 1 12m ∂_μ(N + γ^ρA_ρ)ϵ , δχ_μ = 1 4 mγ^ρh_{ρμ}ϵ + 1 4 A_μϵ − 1 12 γ_μ(N + γ^ρA_ρ)ϵ − 1 12m ∂_μ(M − 2P )ϵ , δM = ϵ̄γ^{ρλ}∂_ρψ_λ − mϵ̄γ^ρχ_ρ , (3.11) δN = −ϵ̄γ^{ρλ}∂_ρχ_λ + mϵ̄γ^ρψ_ρ , δP = 1 2 ϵ̄γ^{ρλ}∂_ρψ_λ + mϵ̄γ^ρχ_ρ , δA_μ = 3 2 ϵ̄γ_μ^{ρλ}∂_ρχ_λ − ϵ̄γ_μγ^{ρλ}∂_ρχ_λ − 1 2 mϵ̄γ_μ^ρψ_ρ + mϵ̄ψ_μ . These transformation rules leave the following action invariant:

I_{m≠0} = ∫ d^3x { h^{μν} G^{lin}_{μν} (h) − m^2 ( h^{μν} h_{μν} − h^2 )

− 4ψ̄_μγ^{μνρ}∂_ν ψ_ρ − 4χ̄_μγ^{μνρ}∂_ν χ_ρ + 8mψ̄_μγ^{μν} χ_ν − 2 3 M^2 − 2 3 N^2 + 2 3 P^2 + 2 3 A_μA^μ } . (3.12)

The first line is the standard Fierz–Pauli action. The fermionic off-diagonal mass term can easily be diagonalized by going to a basis in terms of the sum and difference of the two vector-spinors.^6

The above action shows that the three scalars M, N, P and the vector A_μ are auxiliary fields which are set to zero by their equations of motion. We thus obtain the

6The +3/2 and −3/2 helicity states are described by the sum and difference of the two vectorspinors. See also appendix B.

on-shell massive spin-2 multiplet with the following supersymmetry transformations:

δh_{μν} = ϵ̄γ_{(μ}ψ_{ν)} + 1 m ϵ̄∂_{(μ}χ_{ν)} , δψ_μ = − 1 4 γ^{ρσ}∂_ρh_{μσ}ϵ , δχ_μ = m 4 γ^ν h_{μν} ϵ . (3.13)

It is instructive to consider the closure of the supersymmetry algebra for the above supersymmetry rules given the fact that, unlike in the massless case, the symmetric tensor h_{μν} does not transform under the gauge transformations δh_{μν} = ∂_μΛ_ν + ∂_ν Λ_μ and the only symmetries left to close the algebra are the global translations. We find that the commutator of two supersymmetries on h_{μν} indeed gives a translation,

[δ_1, δ_2]h_{μν} = ξ^ρ∂_ρh_{μν} , (3.14)

with parameter

ξ^μ = 1 2 ϵ̄_2γ^μϵ_1 . (3.15)

To close the commutator on the two gravitini requires the use of the equations of motion for these fields. From the action (3.12) we obtain the following equations:

γ^{μνρ}∂_ν χ_ρ = mγ^{μν} ψ_ν , (3.16)

and a similar equation for ψ_μ. These equations of motion imply the standard spin-3/2 Fierz–Pauli equations R^{(1)}_μ ≡ ∂/ χ_μ + mψ_μ = 0 ,

∂^μχ_μ = 0 , γ^μχ_μ = 0 ,

(3.17)

and similar equations for ψ_μ. A useful alternative way of writing the equations of motion (3.16) is

R^{(2)}_{μν} ≡ ∂_{[μ}χ_{ν]} + mγ_{[μ}ψ_{ν]} = 0 . (3.18)

Using these two ways of writing the equations of motion as well as the FP conditions that follow from them we find that the commutator on the two gravitini gives the same translations (3.15) up to equations of motion. More specifically, we find the following commutators

[δ_1, δ_2] ψ_μ = ξ^ν∂_ν ψ_μ − 1 4m ξ^α∂_μR^{(1)}_α − 1 8m ξ^αγ_α∂_μ(γ^{ρσ}∂_ρχ_σ) + 1 4m ξ^α∂_μ∂_α(γ^σχ_σ) − 1 8 ξ^αγ_μγ_α(γ^{ρσ}∂_ρψ_σ ) , [δ_1, δ_2] χ_μ = ξ^ν∂_ν χ_μ + 1 2 ξ^νR^{(2)}_{μν} − 1 8 ξ^ργ_ρR^{(1)}_μ − 1 8 ξ^ργ_ρ∂_μ(γ^ν χ_ν ) + m 8 ξ^ργ_ργ_μ(γ^ν ψ_ν ) .

(3.19)

Hence, the algebra closes on-shell.

3.2 Massless limit

Finally, we discuss the massless limit m → 0 of the supersymmetric FP theory. This is particularly interesting in view of the fact that the massless limit of the ordinary spin-2 FP system, coupled to a conserved energy-momentum tensor does not lead to linearized Einstein gravity. Instead, it leads to linearized Einstein gravity plus an extra force, mediated by a scalar that couples to the trace of the energy-momentum tensor with gravitational strength. This phenomenon is known as the van Dam–Veltman–Zakharov discontinuity. In the following, we will pay particular attention to this discontinuity in the supersymmetric case.

In order to discuss the massless limit, it turns out to be advantageous to trade the scalar fields M and P for scalars S and F , defined by S = 1 6 ( M + P ) , F = 4 3 ( M − 2P ) . (3.20)

This field redefinition will make the multiplet structure of the resulting massless theory more manifest. In order to discuss the vDVZ discontinuity, we will include a coupling to a conjugate multiplet (T_{μν} , J^ψ_μ , J^χ_μ , T_S, T_N , T_F , T^A_μ ), as we did in the Proca case. Here T_{μν} is a symmetric two-tensor, J^ψ_μ , J^χ_μ are vector-spinors, T^A_μ is a vector and T_F , T_S , T_N are scalars. We will thus start from the action

I = I_{FP} + I_{int} , (3.21)

where I_{FP} is the supersymmetric FP action (3.12) and the interaction part I_{int} is given by I_{int} = h_{μν} T^{μν} + ψ̄_μJ^μ_ψ + χ̄_μJ^μ_χ + S T_S + F T_F + N T_N + A_μ T^μ_A . (3.22)

Requiring that I_{int} is separately invariant under supersymmetry determines the transformation rules of the conjugate multiplet: δT_{μν} = 1 4 ϵ̄ γ_{α(μ}∂^αJ^ψ_{ν)} + m 4 ϵ̄ γ_{(μ}J^χ_{ν)} ,

δJ^ψ_μ = γ^αϵ T_{αμ} + 1 4 γ_{μα}ϵ ∂^αT_S + mγ_μϵ T_N + m 2 γ_{μα}ϵ T^α_A − mϵ T^A_μ , δJ^χ_μ = 1 m ϵ ∂^αT_{μα} − γ_{μα}ϵ ∂^αT_N − 4mγ_μϵ T_F − 3 2 γ_{μαβ}ϵ ∂^αT^β_A + γ_{μα}γ_βϵ ∂^αT^β_A , δT_S = 1 2 ϵ̄ γ^μJ^ψ_μ , δT_N = 1 12m ϵ̄ ∂^μJ^ψ_μ − 1 12 ϵ̄ γ^μJ^χ_μ , δT_F = − 1 16m ϵ̄ ∂^μJ^χ_μ , δT^A_μ = − 1 4 ϵ̄J^χ_μ + 1 12 ϵ̄ γ_μγ^ρJ^χ_ρ − 1 12m ϵ̄ γ_μ∂^ρJ^ψ_ρ .

(3.23)

As in the Proca case, one should go back to a formulation that is still invariant under the Stückelberg symmetries, in order to take the massless limit in a well-defined way. This may be achieved by making the following field redefinitions in the final transformation rules (3.11) and action (3.12) thereby re-introducing the fields (V_μ , ϕ^′ , χ^′ , ψ) that were eliminated by the gauge-fixing conditions (3.9): h_{μν} = h̃_{μν} − 1 m ( ∂_μV_ν + ∂_ν V_μ ) + 1 m^2 ∂_μ∂_ν ϕ^′ , ψ_μ = ψ̃_μ − 1 m ∂_μψ , χ_μ = χ̃_μ + 1 4m ∂_μχ^′ . (3.24)

Applying this field redefinition in (3.11) then leads to transformation rules^7, whose massless limit is well-defined. In order to make the massless limit of the interaction part I_{int} and of the transformation rules (3.23) well-defined, we impose that T_{μν} and J^ψ_μ are conserved

∂^ν T_{μν} = 0 , ∂^μJ^ψ_μ = 0 , (3.25)

and we put J^χ_μ , T_F , T_N and T^A_μ to zero in order to preserve supersymmetry and to obtain an irreducible multiplet in the massless limit. The conjugate multiplet (3.23) then reduces to a spin-2 supercurrent multiplet (T_{μν} , J^ψ_μ , T_S) that contains the energymomentum tensor T_{μν} and supersymmetry current J^ψ_μ .

As in the Proca case, the massless limit is now well-defined. Performing the above outlined steps on the action (3.21) and taking the massless limit leads, however, to an action that is in off-diagonal form. This action can be diagonalized by making the following field redefinitions:

h̃_{μν} = h^′_{μν} + η_{μν} ϕ^′ , ψ̃_μ = ψ^′_μ + 1 4 γ_μχ^′ , S = S^′ − 1 8 F , χ̃_μ = χ^′_μ − γ_μψ . (3.26)

The resulting action is given by I = ∫ d^3x { h^{′μν} G^{lin}_{μν} (h^′) − 4ψ̄^′_μγ^{μνρ}∂_ν ψ^′_ρ − 8S^{′2} + h^′_{μν} T^{μν} + ψ̄^{′μ}J^ψ_μ + S^′T_S − F^{μν} F_{μν} − 2 3 N^2 + 2 3 A^μA_μ − 4χ̄^′_μγ^{μνρ}∂_ν χ^′_ρ − 8ψ̄γ^μ∂_μψ + 2 [ − ∂_μϕ^′∂^μϕ^′ − 1 4 χ̄^′γ^μ∂_μχ^′ + 1 16 F^2 ]

+ ϕ^′η^{μν} T_{μν} − 1 4 χ̄^′ γ^μJ^ψ_μ − 1 8 F T_S } .

(3.27)

This is an action for three massless multiplets : a spin two multiplet (h^′_{μν} , ψ^′_μ, S^′), a mixed gravitino-vector multiplet^8 (V_μ, χ^′_μ, ψ, N, A_μ) and a scalar multiplet (ϕ^′, χ^′, F ).

7These resulting transformation rules are given by the transformation rules (3.7), provided one makes the following substitution: h_{μν} → h̃_{μν} , ψ_μ → ψ̃_μ, χ_μ → χ̃_μ, ϕ → −ϕ^′ and χ → χ^′/4.

8An on-shell version of this multiplet was introduced in [13].

These multiplets and their transformation rules are collected in appendix A.^9 The spin- 2 multiplet couples to the supercurrent multiplet in the usual fashion. Unlike the Proca case however, the supercurrent multiplet does not only couple to the spin-2 multiplet, but there is also a coupling to the scalar multiplet, given in the last line of (3.27). Indeed, defining T_ϕ = η^{μν} T_{μν} , J = − 1 4 γ^μJ^ψ_μ , T_F = − 1 8 T_S , (3.28)

one finds that the fields (T_ϕ, J , T_F ) form a conjugate scalar multiplet with transformation rules δT_ϕ = −ϵ̄ γ^μ∂_μJ , δJ = − 1 4 ϵ T_ϕ + γ^μϵ ∂_μT_F , δT_F = 1 4 ϵ̄J , (3.29)

such that the last line of (3.27) is invariant under supersymmetry.

We have thus obtained a 3D supersymmetric version of the 4D vDVZ discontinuity. The above discussion shows that the massless limit of the supersymmetric FP theory coupled to a supercurrent multiplet, leads to linearized N = 1 supergravity, plus an extra scalar multiplet that couples to a multiplet that includes the trace of the energy-momentum tensor and the gamma-trace of the supercurrent.

4 Linearized SNMG without Higher Derivatives

Using the results of the previous section we will now construct linearized New Massive Supergravity without higher derivatives but with auxiliary fields. Furthermore, we will show how, by eliminating the different “non-trivial” bosonic and fermionic auxiliary fields, one re-obtains the higher-derivative kinetic terms for both the bosonic and fermionic fields. We remind that by a “non-trivial” auxiliary field we mean an auxiliary field whose elimination leads to higher-derivative terms in the action.

Consider first the bosonic case. The linearized version of lower-derivative (“lower”) NMG is described by the following action [1]:

I^{lin}_{NMG}(lower) = ∫ d^3x { − h^{μν} G^{lin}_{μν} (h) + 2q^{μν} G^{lin}_{μν} (h) − m^2(q^{μν} q_{μν} − q^2) } , (4.1)

where h_{μν} and q_{μν} are two symmetric tensors and q = η^{μν} q_{μν} . The above action can be diagonalized by making the redefinitions

h_{μν} = A_{μν} + B_{μν} , q_{μν} = B_{μν} , (4.2)

9The transformation rules of the different multiplets can also be found by starting from the transformation rules of the massive FP multiplet and carefully following all redefinitions as outlined in the main text, provided one performs compensating gauge transformations.

after which we obtain

I^{lin}_{NMG} [A, B] = ∫ d^3x { − A^{μν} G^{lin}_{μν} (A) + B^{μν} G^{lin}_{μν} (B) − m^2 ( B^{μν} B_{μν} − B^2 ) } . (4.3)

Using this diagonal basis it is clear that we can supersymmetrize the action in terms of a massless multiplet (A_{μν} , λ_μ, S) and a massive multiplet (B_{μν} , ψ_μ, χ_μ, M, N, P, A_μ). Transforming this result back in terms of h_{μν} and q_{μν} and making the redefinition

λ_μ = ρ_μ − ψ_μ (4.4)

we find the following linearized lower-derivative supersymmetric NMG action

I^{lin}_{SNMG}(lower) = ∫ d^3x { − h^{μν} G^{lin}_{μν} (h) + 2q^{μν} G^{lin}_{μν} (h) − m^2(q^{μν} q_{μν} − q^2) + 8S^2 − 2 3 M^2 − 2 3 N^2 + 2 3 P^2 + 2 3 A_μA^μ (4.5) + 4ρ̄_μγ^{μνρ}∂_ν ρ_ρ − 8ψ̄_μγ^{μνρ}∂_ν ρ_ρ − 4χ̄_μγ^{μνρ}∂_ν χ_ρ + 8mψ̄_μγ^{μν} χ_ν } . This action is invariant under the following transformation rules δh_{μν} = ϵ̄γ_{(μ}ρ_{ν)} , δρ_μ = − 1 4 γ^{ρσ} ( ∂_ρh_{μσ} ) ϵ + 1 2 Sγ_μϵ + 1 12 γ_μ(M + P )ϵ , (4.6) δS = 1 4 ϵ̄γ^{μν} ρ_{μν} − 1 4 ϵ̄γ^{μν} ψ_{μν} , where ρ_{μν} = 1 2 ( ∂_μρ_ν − ∂_ν ρ_μ ) , ψ_{μν} = 1 2 ( ∂_μψ_ν − ∂_ν ψ_μ ) , (4.7)

plus the transformation rules for the massive multiplet (q_{μν} , ψ_μ , χ_μ , M, N, P, A_μ) which can be found in eq. (3.11), with h_{μν} replaced by q_{μν} . We have deleted 1/m terms in the transformation of h_{μν} and ρ_μ since they take the form of a gauge transformation. Note also that the auxiliary field S transforms to the gamma trace of the equation of motion for ρ_μ.

The action (4.5) contains the trivial auxiliary fields (S, M, N, P, A_μ) and the nontrivial auxiliary fields (q_{μν} , ψ_μ , χ_μ). The elimination of the trivial auxiliary fields does not lead to anything new. These fields can simply be set equal to zero and disappear from the action. Instead, as we will show now, the elimination of the non-trivial auxiliary fields leads to higher-derivative terms in the action. To start with, the equation of motion for q_{μν} can be used to solve for q_{μν} as follows: q_{μν} = 1 m^2

G^{lin}_{μν} (h) − 1 2m^2 η_{μν} G^{lin}_{tr} (h) , (4.8) where G^{lin}_{tr} (h) = η^{μν} G^{lin}_{μν} (h). One of the vector-spinors, ψ_μ, occurs as a Lagrange multiplier. Its equation of motion enables one to solve for χ_μ:

χ_μ = − 1 2m γ^{ρσ}γ_μ ρ_{ρσ} . (4.9)

The equation of motion of the other vector-spinor, χ_μ, can be used to solve for ψ_μ in terms of χ_μ:

ψ_μ = − 1 2m γ^{ρσ}γ_μ χ_{ρσ} , (4.10)

and hence, via eq. (4.9), in terms of ρ_μ. One can show that the solution of ψ_μ in terms of (two derivatives of) ρ_μ is such that it solves the constraint

γ^{μν} ψ_{μν} = 0 . (4.11)

We now substitute the solutions (4.8) for q_{μν} and (4.9) for χ_μ back into the action and make use of the identity −4χ̄_μγ^{μνρ}∂_ν χ_ρ = 8 m^2 ρ̄^{μν} ∂/ ρ_{μν} − 2 m^2 ρ̄_{μν} γ^{μν} ∂/ γ^{σρ}ρ_{σρ} , (4.12) where we ignore a total derivative term. One thus obtains the following linearized higher-derivative (“higher”) supersymmetric action of NMG [3]:

I^{lin}_{SNMG}(higher) = ∫ d^3x { − h^{μν} G^{lin}_{μν} (h) + 4ρ̄_μγ^{μνρ}∂_ν ρ_ρ + 8S^2 (4.13) + 4 m^2 ( R^{μν} R_{μν} − 3 8 R^2

)_{lin} + 8 m^2 ρ̄_{ab}∂/ ρ_{ab} − 2 m^2 ρ̄_{ab}γ^{ab}∂/ γ^{cd}ρ_{cd} } . The action (4.13) is invariant under the supersymmetry rules δh_{μν} = ϵ̄γ_{(μ}ρ_{ν)} , δρ_μ = − 1 4 γ^{ρσ}∂_ρh_{μσ} ϵ + 1 2 Sγ_μϵ , (4.14) δS = 1 4 ϵ̄γ^{μν} ρ_{μν} , where we made use of the constraint (4.11) to simplify the transformation rule of S. Under supersymmetry the auxiliary field S transforms to the gamma-trace of the equation of motion for ρ_μ, since the higher-derivative terms in this equation of motion are gamma-traceless and therefore drop out.

Alternatively, the higher-derivative kinetic terms for ρ_μ can be obtained by boosting up the derivatives in the massive spin-3/2 FP equations in the same way as that has been done for the spin-2 FP equations in the construction of New Massive Gravity [1], except for one subtlety, see appendix B.

This finishes our construction of linearized SNMG. In the next section we will discuss to which extent this result can be extended to the non-linear case.

5 The non-linear case

Supersymmetric NMG without “non-trivial” auxiliary fields, i.e. with higher derivatives, has already been constructed some time ago [3]. This action only contains the auxiliary field S of the massless multiplet. A characteristic feature is that there is no kinetic term for S and in the bosonic terms S occurs as a torsion contribution to the spin-connection. However, due to its coupling to the fermions it cannot be eliminated from the action. Thus, in the non-linear case we cannot anymore identify S as a “trivial” auxiliary field.

We recall that, apart from the auxiliary field S, in the linearized analysis of section 3 and 4 we distinguish between the trivial auxiliary fields (M, N, P, A_μ) and the non-trivial ones (q_{μν} , ψ_μ , χ_μ). Only the elimination of the latter ones leads to higher derivatives in the Lagrangian. In the formulation of [3] only the auxiliary field S occurs. One could now search either for a formulation in which all other auxiliary fields occur or for an alternative formulation in which only the non-trivial auxiliary fields (q_{μν} , ψ_μ , χ_μ) are present. In this work we will not consider the inclusion of all auxiliary fields any further. It is not clear to us whether such a formulation exists. This is based on the fact that our construction of the linearized massive multiplet makes use of the existence of a consistent truncation to the first massive KK level. Such a truncation can only be made consistently at the linearized level.

Before discussing the inclusion of the non-trivial auxiliary fields (q_{μν} , ψ_μ , χ_μ) it is instructive to first consider the linearized case and see how, starting from the (linearized) formulation of [3] these three non-trivial auxiliary fields can be included and a formulation with lower derivatives can be obtained. Our starting point is the higher-derivative action (4.13) and corresponding transformation rules (4.14). We first consider the bosonic part of the action (4.13), i.e.

I^{lin}_{bos}(higher) = ∫ d^3x { − h^{μν} G^{lin}_{μν} (h) + 8S^2 + 4 m^2 ( R^{μν} R_{μν} − 3 8 R^2

)_{lin}} . (5.1)

We already know from the construction of the bosonic theory that the derivatives can be lowered by introducing a symmetric auxiliary field q_{μν} and writing the equivalent bosonic action

I^{lin}_{bos}(lower) = ∫ d^3x { − h^{μν} G^{lin}_{μν} (h) + 8S^2 + 2q^{μν} G^{lin}_{μν} (h) − m^2 ( q^{μν} q_{μν} − q^2 ) } . (5.2)

The field equation of q_{μν} is given by eq. (4.8) and substituting this solution back into the lower-derivative bosonic action (5.2) we re-obtain the higher-derivative bosonic action (5.1).

We next consider the fermionic part of the higher-derivative action (4.13), i.e.

I^{lin}_{ferm}(higher) = ∫ d^3x { 4ρ̄_μγ^{μνρ}∂_ν ρ_ρ + 8 m^2 ρ̄_{ab}∂/ ρ_{ab} − 2 m^2 ρ̄_{ab}γ^{ab}∂/ γ^{cd}ρ_{cd} } . (5.3)

To lower the number of derivatives we first replace the terms that are quadratic in ρ_{μν} by the kinetic term of an auxiliary field χ_μ, while adding another term with a Lagrange multiplier ψ_μ to fix the relation between ρ_{μν} and χ_μ:

I^{lin}_{ferm}(lower) = ∫ d^3x { 4ρ̄_μγ^{μνρ}∂_ν ρ_ρ − 4χ̄_μγ^{μνρ}∂_ν χ_ρ − 8ψ̄_μ (γ^{μνρ}ρ_{νρ} − mγ^{μν} χ_ν ) } . (5.4)

The equation of motion for ψ_μ enables us to express χ_μ in terms of ρ_{μν} . The result is given in eq. (4.9). Substituting this solution for χ_μ back into the action, the terms linear in the Lagrange multiplier ψ_μ drop out and we re-obtain the higher-derivative fermionic action given in eq. (5.3).

Adding up the lower-derivative bosonic action (5.2) and the lower-derivative fermionic action (5.4) we obtain the lower-derivative supersymmetric action (4.5), albeit without the bosonic auxiliary fields (M, N, P, A_μ). We only consider a formulation in which these auxiliary fields are absent.

Having introduced the new auxiliary fields (q_{μν} , ψ_μ , χ_μ) we should derive their supersymmetry rules. They can be derived by starting from the solutions (4.8), (4.9) and (4.10) of these auxiliary fields in terms of h_{μν} and ρ_μ and applying the supersymmetry rules of h_{μν} and ρ_μ given in eq. (4.14). This leads to supersymmetry rules that do not contain the auxiliary fields. These can be introduced by adding to the supersymmetry rules a number of (field-dependent) equation of motion symmetries. We thus find the intermediate result: δh_{μν} = ϵ̄γ_{(μ}ρ_{ν)} , δρ_μ = − 1 4 γ^{ρσ}∂_ρh_{μσ} ϵ + 1 2 Sγ_μϵ , δS = 1 4 ϵ̄γ^{μν} ρ_{μν} , δq_{μν} = ϵ̄γ_{(μ}ψ_{ν)} + 1 m ϵ̄∂_{(μ}χ_{ν)} , δψ_μ = − 1 4 γ^{ρσ}∂_ρq_{μσ} ϵ , δχ_μ = m 4 γ^ν q_{μν} ϵ + 1 2m ϵ∂_μS .

(5.5)

These transformation rules are not yet quite the same as the ones given in eq. (4.6). In particular, the transformation rules of S and χ_μ are different. The difference is yet another “on-shell symmetry” of the action eq. (4.5), with spinor parameter η, given by δS = − 1 4 η̄γ^{μν} ψ_{μν} , δχ_μ = − 1 2m η∂_μS . (5.6)

The transformation rules in eqs. (4.6) and (5.5) are therefore equivalent up to an onshell symmetry with parameter η = ϵ:

δ_{susy}(eq. (4.6)) = δ_{susy}(eq. (5.5)) + δ_{on-shell}(η = ϵ) . (5.7)

We now wish to discuss in which sense the previous analysis can be extended to the non-linear case. For simplicity, we take the approximation in which one considers only the terms in the action that are independent of the fermions and the terms that are bilinear in the fermions. Furthermore, we ignore in the supersymmetry variation of the action terms that depend on the auxiliary scalar S. Since terms linear in S only occur in terms bilinear in fermions this effectively implies that we may set S = 0 in the action. In this approximation the higher-derivative action of SNMG is given by [3]

I^{nonlin}

SNMG (higher) = ∫ d^3x e { − 4R (ω̂) + 1 m^2 R^{μνab} (ω̂) R_{μνab} (ω̂) − 1 2m^2

R^2 (ω̂)

+ 4ρ̄_μγ^{μνρ}D_ν (ω̂) ρ_ρ + 8 m^2 ρ̄_{ab} (ω̂) /D (ω̂) ρ^{ab} (ω̂) − 2 m^2 ρ̄_{μν} (ω̂)γ^{μν} /D(ω̂)γ^{ρσ}ρ_{ρσ} (ω̂) − 2 m^2 R_{μνab} (ω̂) ρ̄_ργ^{μν} γ^ρρ^{ab} (ω̂) − 2 m^2

R (ω̂) ρ̄^μγ^ν ρ_{μν} (ω̂) (5.8)

+ higher-order fermions and S-dependent terms } . Note that we have replaced the symmetric tensor h_{μν} by a Dreibein field e_μ^a. Keeping the same approximation discussed above the action (5.8) is invariant under the supersymmetry rules δe_μ^a = 1 2 ϵ̄γ^aρ_μ , δρ_μ = D_μ (ω̂) ϵ .

(5.9)

We first consider the lowering of the number of derivatives in the bosonic part of the action. Since the Ricci tensor now depends on a torsion-full spin connection we need a non-symmetric auxiliary tensor q_{μ,ν} . The action (5.8) can then be converted into the following equivalent action:

I^{nonlin}

SNMG (higher) = ∫ d^3x e { − 4R (ω̂) − m^2 ( q^{μ,ν} q_{μ,ν} − q^2 ) + 2q^{μ,ν} G_{μ,ν} (ω̂) + 4ρ̄_μγ^{μνρ}D_ν (ω̂) ρ_ρ + 8 m^2 ρ̄_{ab} (ω̂) /D (ω̂) ρ^{ab} (ω̂) − 2 m^2 ρ̄_{μν} (ω̂)γ^{μν} /D(ω̂)γ^{ρσ}ρ_{ρσ} (ω̂) − 2 m^2 R_{μνab}(ω̂)ρ̄_ργ^{μν} γ^ρρ^{ab}(ω̂) − 2 m^2

R(ω̂)ρ̄^μγ^ν ρ_{μν} (ω̂) (5.10)

+ higher-order fermions and S-dependent terms } .

The equivalence with the previous action can be seen by solving the equation of motion for q_{μ,ν} : q_{μ,ν} = 1 m^2 G_{μ,ν} (ω̂) − 1 2m^2 g_{μν} G^{tr} (ω̂) (5.11)

and substituting this solution back into the action. Note that the solution for q_{μ,ν} is not super-covariant.

We next consider the lowering of the number of derivatives in the fermionic terms in the action. Following the linearized case we define an auxiliary vector-spinor χ_μ as

χ_μ = − 1 2m γ^{ρσ}γ_μρ_{ρσ} (ω̂) , (5.12)

or equivalently

ρ_{μν} (ω̂) = −mγ_{[μ}χ_{ν]} . (5.13)

The first equation is the non-linear generalization of eq. (4.9). Using this definition one can show the following identity 8 m^2 eρ̄_{ab}(ω̂) /D(ω̂)ρ^{ab}(ω̂) − 2 m^2 eρ̄_{μν} (ω̂)γ^{μν} /D(ω̂) [γ^{ρσ}ρ_{ρσ}(ω̂)] = = −4eχ̄_μγ^{μνρ}D_ν (ω̂)χ_ρ − 1 m eR_{μνab}(ω̂)ρ̄_ργ^{μνρ}γ^{ab}γ^σχ_σ + higher-order fermions and total derivative terms ,

(5.14)

which is the non-linear generalization of the identity (4.12). This identity can be used to replace the higher-derivative kinetic terms of the fermions by lower-derivative ones. At the same time we may use eq. (5.13) to replace ρ_{μν} by χ_μ. This can be done by introducing a Lagrange multiplier ψ_μ whose equation of motion allows us to use eq. (5.12). This leads to the following action:

I^{nonlin}

SNMG (lower) = ∫ d^3x e { − 4R (ω̂) + 2q^{μ,ν} G_{μ,ν} (ω̂) − m^2 ( q^{μ,ν} q_{μ,ν} − q^2 )

+ 4ρ̄_μγ^{μνρ}D_ν (ω̂) ρ_ρ − 4χ̄_μγ^{μνρ}D_ν (ω̂) χ_ρ − 8ψ̄_μγ^{μνρ}ρ_{νρ} (ω̂) + 8mψ̄_μγ^{μν} χ_ν − 1 m R_{μνab} (ω̂) ρ̄_ργ^{μνρ}γ^{ab}γ^σχ_σ + 2 m R_{μνab} (ω̂) ρ̄_ργ^{μν} γ^ργ^aχ^b − 1 m R (ω̂) ρ̄_μγ^{μν} χ_ν − 2 m R (ω̂) ρ̄^μχ_μ + higher-order fermions and S-dependent terms } . (5.15)

Our next task is to derive the supersymmetry rules of the auxiliary fields q_{μ,ν} , ψ_μ and χ_μ. Using the solutions of the auxiliary fields in terms of e_μ^a and ρ_μ we derived these supersymmetry rules. In this way one obtains supersymmetry rules that do not contain any of the auxiliary fields and, consequently, do not reduce to the supersymmetry rules (4.6) upon linearization. To achieve this, we must add to these transformation rules a number of field-dependent equation of motion symmetries, like we did in the linearized case. Since the results we obtained are not illuminating we refrain from giving the explicit expressions here.

A disadvantage of the present approach is that, although in principle possible in the approximation we considered, one cannot maintain the interpretation of S as a torsion contribution to the spin-connection. This makes the result rather cumbersome. It would be interesting to see whether a superspace approach could improve on this. Without further insight the lower-derivative formulation of SNMG, if it exists at all at the full non-linear level, does not take the same elegant form as the higher-derivative formulation presented in [3].

6 Conclusions

In this work we considered the N = 1 supersymmetrization of New Massive Gravity in the presence of auxiliary fields. All auxiliary fields are needed to close the supersymmetry algebra off-shell. At the linearized level, we distinguished between two types of auxiliary fields: the “non-trivial” ones whose elimination leads to higher derivatives in the Lagrangian (these are the fields q_{μν} , ψ_μ and χ_μ) and the “trivial” ones whose elimination (if possible at all at the full non-linear level) does not lead to higher derivatives (these are the fields S, M, N, P and A_μ). We found that at the linearized level all auxiliary fields could be included leading to a linearized SNMG theory without higher derivatives. At the non-linear level we gave a partial answer for the case that only the trivial auxiliary S and the non-trivial auxiliaries q_{μν} , ψ_μ and χ_μ were included. To obtain the full non-linear answer one should perhaps make use of superspace techniques. The answer without the non-trivial auxiliaries and with higher derivatives can be found in [3].

We discussed a 3D supersymmetric analog of the 4D vDVZ discontinuity by taking the massless limit of the supersymmetric FP model coupled to a supercurrent multiplet. We showed that in the massless limit there is a non-trivial coupling of a scalar multiplet (containing the scalar mode ϕ of the metric) to a current multiplet (containing the trace of the energy-momentum tensor). This is the natural supersymmetric extension of what happens in the bosonic case and supports the analysis of [6].

As a by-product we found a way to “boost up” the derivatives in the spin-3/2 FP equation, see appendix B. The trick is based upon the observation that, before boosting up the derivatives like in the construction of the NMG model, one should first combine the equations of motion describing the helicity +3/2 and −3/2 states into a single parity-even equation with one additional derivative.

It is natural to extend the results of this work to the case of extended, i.e. N > 1, supersymmetry, or to ’cosmological’ massive gravity theories. Higher-derivative, linearized versions of NMG with extended supersymmetry, or anti-de Sitter vacua, were given in [14, 15]. Of special interest is the case of maximal supersymmetry since this would correspond to the KK reduction of the N = 8 massless maximal supergravity multiplet which only exists in a formulation without (trivial) auxiliary fields. We expect that having a formulation of this maximal SNMG theory without higher-derivatives will be useful in finding out whether this massive 3D supergravity model has the same miraculous ultraviolet properties as in the 4D massless case.

A Off-shell N = 1 Massless Multiplets

In this appendix we collect the off-shell formulations of the different massless multiplets with N = 1 supersymmetry. The field content of these multiplets can be found in Table 1.

multiplet fields off-shell on-shell

s = 2 h_{μν} , ψ_μ , S 4+4 0+0

s = 1 V_μ , N , A_μ , χ_μ , ψ 6+6 1+1

s = 0 ϕ , χ , F 2+2 1+1

gravitino multiplet χ_μ , A_μ , D 4+4 0+0

vector multiplet V_μ , ψ 2+2 1+1

Table 1: This Table indicates the field content and off-shell/on-shell degrees of freedom of the different massless multiplets. Only the massless multiplets above the double horizontal line occur in the massless limit of the FP model.

s=2 The off-shell version of the 3D massless spin-2 multiplet is well-known. The multiplet is extended with an auxiliary real scalar field S. The off-shell supersymmetry rules are given by δh_{μν} = ϵ̄γ_{(μ}ψ_{ν)} , δψ_μ = − 1 4 γ^{ρσ}∂_ρh_{μσ} ϵ + 1 2 Sγ_μϵ , (A.1) δS = 1 4 ϵ̄γ^{μν} ψ_{μν} , where ψ_{μν} = 1 2 ( ∂_μψ_ν − ∂_ν ψ_μ ) . (A.2)

These transformation rules leave the following action invariant:

I_{s=2} = ∫ d^3x { h^{μν} G^{lin}_{μν} (h) − 4ψ̄_μγ^{μνρ}∂_ν ψ_ρ − 8S^2 } . (A.3)

s=1 The off-shell “mixed gravitino-vector” multiplet consists of a propagating vector V_μ, an auxiliary vector A_μ, an auxiliary scalar N, a vector spinor χ_μ and a spinor ψ. An on-shell version of this multiplet, called “vector-spinor” multiplet, has been considered in [13]. The off-shell supersymmetry rules are given by δV_μ = ϵ̄γ_μψ − 1 2 ϵ̄χ_μ , δψ = − 1 8 γ^{ρλ}F_{ρλ}ϵ − 1 12 Nϵ − 1 12 γ^αA_αϵ , δχ_μ = − 1 4 γ^αF_{αμ}ϵ − 1 8 γ_μγ^{ρλ}F_{ρλ}ϵ − 1 6 γ_μNϵ + 1 4 A_μϵ − 1 6 γ_μγ^αA_αϵ , (A.4) δN = ϵ̄γ^α∂_αψ − ϵ̄γ^{αβ}∂_αχ_β , δA_μ = 3 2 ϵ̄γ^{αβ}_μ ∂_αχ_β − ϵ̄γ_μγ^{αβ} ∂_αχ_β + ϵ̄γ^α_μ ∂_αψ + ϵ̄∂_μψ . Note that this multiplet is irreducible. It cannot be written as the sum of a gravitino and vector multiplet. These multiplets are given below. The supersymmetric action for this multiplet is given by

I_{s=1} = ∫ d^3x { − F^{μν} F_{μν} − 2 3 N^2 + 2 3 A_μA^μ − 4χ̄_μγ^{μνρ}∂_ν χ_ρ − 8ψ̄γ^μ∂_μψ } , (A.5)

with F_{μν} = ∂_μV_ν − ∂_ν V_μ .

s=0 The off-shell scalar multiplet consists of a scalar ϕ, a spinor χ and an auxiliary scalar F . The off-shell supersymmetry rules are given by δϕ = 1 4 ϵ̄χ , δχ = γ^μϵ (∂_μϕ) − 1 4 F ϵ , (A.6) δF = −ϵ̄γ^μ∂_μχ . The supersymmetric action for a scalar multiplet is given by

I_{s=0} = ∫ d^3x { − ∂^μϕ∂_μϕ − 1 4 χ̄γ^μ∂_μχ + 1 16 F^2 } . (A.7)

Besides the massless multiplets discussed so-far there is a separate gravitino and vector multiplet. The vector multiplet arises in section 2 in the massless limit of the Proca theory. For completeness we give these two multiplets below.

gravitino multiplet The off-shell gravitino multiplet consists of a gravitino χ_μ, an auxiliary vector A_μ and an auxiliary scalar D. The off-shell supersymmetry rules are given by δχ_μ = 1 4 γ^λγ_μϵA_λ + 1 2 γ_μϵD , δA_μ = 1 2 ϵ̄γ^{ρσ}γ_μχ_{ρσ} , (A.8) δD = 1 4 ϵ̄γ^{ρσ}χ_{ρσ} , where χ_{μν} = 1 2 ( ∂_μχ_ν − ∂_μχ_μ ) . (A.9)

These transformation rules leave the following action invariant:

I_{s=3/2} = ∫ d^3x { − 4χ̄_μγ^{μνρ}∂_ν χ_ρ − 1 2 A^μA_μ + 2D^2 } . (A.10)

vector multiplet The off-shell vector multiplet consists of a vector V_μ and a spinor ψ. The off-shell supersymmetry rules are given by δV_μ = −ϵ̄γ_μψ , δψ = 1 8 γ^{μν} ϵ F_{μν} , (A.11)

with F_{μν} = ∂_μV_ν − ∂_ν V_μ . The supersymmetric action for a vector multiplet is given by

I_{s=1} = ∫ d^3x { − 1 4 F^{μν} F_{μν} − 2ψ̄γ^μ∂_μψ } . (A.12)

This finishes our discussion of the massless multiplets in three dimensions.

B Boosting up the Derivatives in Spin-3/2 FP

In this appendix we show how the higher-derivative kinetic terms for the gravitino ρ_μ can be obtained by boosting up the derivatives in the massive spin-3/2 FP equations in the same way as that has been done for the spin-2 FP equations in the construction of New Massive Gravity [1] except for one subtlety.

Our starting point is the following fermionic action with two massive gravitini, ψ_μ and χ_μ, each of which carries only one physical degree of freedom in 3D, I [ψ, χ] = ∫ d^3x { − 4ψ̄_μγ^{μνρ}∂_ν ψ_ρ − 4χ̄_μγ^{μνρ}∂_ν χ_ρ + 8mψ̄_μγ^{μν} χ_ν } . (B.1)

The equations of motion following from this action are given by

γ^{μνρ}∂_ν ψ_ρ − mγ^{μν} χ_ν = 0 , γ^{μνρ}∂_ν χ_ρ − mγ^{μν} ψ_ν = 0 . (B.2)

Note that each one of the equations (B.2) can be used to solve for one gravitino in terms of the other one. However, this solution does not solve the other equation. Therefore, one cannot substitute only one solution back into (B.1) because one would lose information about the differential constraint encoded in the other equation.

After diagonalization

ζ^1_μ = ψ_μ + χ_μ , ζ^2_μ = ψ_μ − χ_μ . (B.3)

we obtain the massive FP equations for a helicity +3/2 and -3/2 state: ( /∂ + m ) ζ^1_μ = 0 , γ^μζ^1_μ = 0 , ∂^μζ^1_μ = 0 , (B.4) ( /∂ − m ) ζ^2_μ = 0 , γ^μζ^2_μ = 0 , ∂^μζ^2_μ = 0 . (B.5)

To boost up the derivatives in these equations we may proceed in two ways. One option is to boost up the derivatives in each equation separately by solving the corresponding differential constraint. In a second step one should then combine the two higher-derivative equations by a single equation in terms of ρ_μ by a so-called “soldering” technique which has also been applied to construct New Massive Gravity out of two different Topologically Massive Gravities [16]. Alternatively, it is more convenient to first combine the two equations into the following equivalent second-order equation which is manifestly parity-invariant: ( □ − m^2 ) ζ_μ = ( /∂ ∓ m ) ( /∂ ± m ) ζ_μ = 0 , γ^μζ_μ = 0 , ∂^μζ_μ = 0 . (B.6)

Note that the action corresponding to these equations of motion cannot be used in a supersymmetric action since the fermionic kinetic term would have the same number of derivatives as the standard bosonic kinetic term describing a spin-2 state.

We are now ready to perform the procedure of “boosting up the derivatives” in the same way as in the bosonic theory where it leads to the higher-derivative NMG theory. To be specific, we solve the divergenceless condition ∂^μζ_μ = 0 in terms of a new vector-spinor ρ_μ as follows:

ζ_μ = R_μ (ρ) ≡ ε_μ^{νρ}∂_ν ρ_ρ . (B.7)

Substituting this solution back into the other two equations in (B.6) leads to the higher-derivative equations ( □ − m^2 ) R_μ (ρ) = 0 , γ^μR_μ (ρ) = 0 . (B.8)

These equations of motion are invariant under the gauge symmetry

δρ_μ = ∂_μη . (B.9)

Furthermore, they can be integrated to the following action:

I [ρ] = ∫ d^3x { ρ̄^μR_μ (ρ) − 1 2m^2 ρ̄^μ /∂ [ /∂R_μ (ρ) + ε_μ^{στ} ∂_σR_τ (ρ) ] } . (B.10)

One can show that the equations of motion following from this action implies the algebraic constraint given in (B.8). The action (B.10) is precisely the fermionic part of the action (4.13) of linearized SNMG.

Acknowledgements

We thank Olaf Hohm and Paul Townsend for comments on the draft. Y.Y. would like to thank Rakibur Rahman for inspiring discussions. Two of us (E.B. and J.R.) would like to thank the Simons Center for Geometry and Physics for its hospitality and generous financial support. They wish to thank the organizers of the Summer Workshop 2012 for providing a stimulating scientific environment in which part of this work was completed. The work of J.R. was supported by the START project Y 435- N16 of the Austrian Science Fund (FWF). The work of M.K. and Y.Y. is supported by the Ubbo Emmius Programme administered by the Graduate School of Science, University of Groningen. T.Z. acknowledges support by a grant of the Dutch Academy of Sciences (KNAW).

References

[1] E. A. Bergshoeff, O. Hohm, and P. K. Townsend, “Massive Gravity in Three Dimensions,” Phys.Rev.Lett. 102 (2009) 201301, arXiv:0901.1766 [hep-th].

[2] O. Hohm and E. Tonni, “A boundary stress tensor for higher-derivative gravity in AdS and Lifshitz backgrounds,” JHEP 1004 (2010) 093,

arXiv:1001.3598 [hep-th].

[3] R. Andringa, E. A. Bergshoeff, M. de Roo, O. Hohm, E. Sezgin, et al., “Massive 3D Supergravity,” Class.Quant.Grav. 27 (2010) 025010,

arXiv:0907.4658 [hep-th].

[4] H. van Dam and M. Veltman, “Massive and massless Yang-Mills and gravitational fields,” Nucl.Phys. B22 (1970) 397–411.

[5] V. Zakharov, “Linearized gravitation theory and the graviton mass,” JETP Lett.

12 (1970) 312.

[6] S. Deser, J. Kay, and K. Stelle, “Hamiltonian Formulation of Supergravity,” Phys.Rev. D16 (1977) 2448.

[7] E. A. Bergshoeff, O. Hohm, and P. K. Townsend, “On Higher Derivatives in 3D Gravity and Higher Spin Gauge Theories,” Annals Phys. 325 (2010) 1118–1134,

arXiv:0911.3061 [hep-th].

[8] W. Nahm, “Supersymmetries and their Representations,”

Nucl.Phys. B135 (1978) 149.

[9] E. A. Bergshoeff and O. Hohm, “A Topologically Massive Gauge Theory with 32 Supercharges,” Phys.Rev. D78 (2008) 125017, arXiv:0810.0377 [hep-th].

[10] K. Stelle and P. C. West, “Minimal Auxiliary Fields for Supergravity,” Phys.Lett. B74 (1978) 330.

[11] S. Ferrara and P. van Nieuwenhuizen, “The Auxiliary Fields of Supergravity,” Phys.Lett. B74 (1978) 333.

[12] I. Buchbinder, J. Gates, S. James, I. Linch, William Divine, and J. Phillips, “New 4-D, N=1 superfield theory: Model of free massive superspin 3/2 multiplet,” Phys.Lett. B535 (2002) 280–288, arXiv:hep-th/0201096 [hep-th].

[13] H. Nishino and S. Rajpoot, “Interacting N=1 vector-spinor multiplet in D-3,” Phys.Rev. D83 (2011) 127701.

[14] E. A. Bergshoeff, O. Hohm, J. Rosseel, E. Sezgin, and P. K. Townsend, “More on Massive 3D Supergravity,” Class.Quant.Grav. 28 (2011) 015002,

arXiv:1005.3952 [hep-th].

[15] E. A. Bergshoeff, O. Hohm, J. Rosseel, and P. K. Townsend, “On Maximal Massive 3D Supergravity,” Class.Quant.Grav. 27 (2010) 235012,

arXiv:1007.4075 [hep-th].

[16] D. Dalmazi and E. L. Mendonca, “Generalized soldering of +-2 helicity states in D=2+1,” Phys.Rev. D80 (2009) 025017, arXiv:0906.4531 [hep-th].