arXiv:1304.5797v1 [gr-qc] 21 Apr 2013

A NOTE ON STABILITY AND CAUCHY TIME FUNCTIONS

MIGUEL SÁNCHEZ

Abstract. Since the solution of the so-called folk problems of smoothability, there has been a special interest in the properties of classical time and volume functions of spacetimes, among them the recent references arXiv:1108.5120v3 and arXiv:1301.2909v1 . Here we supply some information that completes the one provided in these two papers and discuss some results. As an illustration, we show that any Cauchy temporal function for a globally hyperbolic spacetime remains Cauchy temporal for close metrics —which, in particular, implies stability for global hyperbolicity.

1. Introduction

At the beginning of relativistic causality theory, the so-called folk problems of smoothability remained as open questions [11], [7], [12, Proposition 6.6.8], [20], [18, p. 1155], [9] and^1 [1, p.65]. In a series of paper [3, 4, 19, 5, 6], Bernal and Sánchez solve most of these and related classical questions by using an original new approach to the problem of smoothability. This approach and the grounds of causality theory were reviewed by Minguzzi and Sánchez [15] and, since then, many papers have obtained further developments. In particular, applications to isometric embeddability in Lorentz-Minkowski were found by Müller and Sánchez [16] by refining these new smoothability techniques, a surprising new approach to time functions was introduced by Fathi and Siconolfi [10], and further properties on causality were obtained by Minguzzi and his coworkers [13, 14, 2, 8] by using a combination of several techniques —previous classical techniques and results on smoothability plus new elements on utilities, developed curiously in Economics rather than in General Relativity.

Unfortunately, references in this last approach such as [2, 8] do not provide a complete information on the results that had been already obtained by using other techniques. So, the purpose of this note is to fill this gap so that the reader have a complete information and can obtain his/her own conclusions.

2. About Benavides and Minguzzi’s reference [2]

There are two different versions of the article [2], one of them posted at arxiv and the other one published in JMP, with a very significant difference.

Both versions are devoted to prove that global hyperbolicity is a stable property in the set of all the Lorentzian metrics on a manifold. In an old paper, Geroch [11] gave an argument which showed such a stability. But this argument contained a non-well justified step, as the Cauchy hypersurfaces that he could use at that period

Date: April 23, 2013.

1Classical O’Neill’s book [17], with its abrupt change from smooth hypersurfaces to topological Cauchy ones in Chapter 14, may be interesting for the reader too. 1

were essentially topological. However, after [3], one knows that such a hypersurface can be taken smooth and spacelike and, after [4], that these two properties can be also retained by all the leaves of a foliation of Cauchy hypersurfaces.

In the arxiv version of [2] (see arXiv: 1108.5120) one can read in the paragraph above its Section 4:

Geroch’s way of replacing the hypersurfaces could be amended by using the smoothability results contained in [the references [3, 4]]. One would have to make this replacement for all the Cauchy hypersurfaces appearing in Geroch’s proof showing that this step does not really affect the argument. Of course the proof would be no more self contained and would lose simplicity. Our proof is instead more topological and does not even use the notion of time function not to mention the topological splitting of globally hyperbolic spacetimes.

Unfortunately, this comment, as well as reference [4], does not appear in the published version of [2] at J. Math. Phys.

As a consequence, there is a significant difference in the viewpoint on the authorship of the stability result in the two versions. Namely, in the arxiv one, it is clear that the main result in [2] was already known by specialists, while the authors were giving only a different (and interesting) proof. In fact, experts could realize at that moment that the following result, stronger than the one obtained in that reference [2, Th. 2.6], holds (by completeness, we give a proof of this result in the Appendix):

Theorem 1. If t is a Cauchy temporal (resp. temporal) function for a globally hyperbolic (resp. stably causal) metric g (whose existence is ensured in [4]), then there exists g^′ with wider timecones, g ≺ g^′, such that t is a Cauchy temporal (resp. temporal) function for g^′ and, then, for any g^{′′} ≺ g^′.

In particular, if S is a spacelike Cauchy hypersurface for g then it is also a spacelike Cauchy hypersurface for all such g^{′′}.

The last assertion does not hold if S is only a topological Cauchy hypersurface, which underlies in the difficulty of Geroch’s proof.

Unfortunately, in the JMP version of [2] all this rich information is lost, and the role of the smoothability results [3, 4] is neglected.

3. About Chrusciel, Grant and Minguzzi’s reference [8]

There are at least a pair of issues in Chrusciel et al. [8] that should be taken into account. The first one concerns the question of stability of global hyperbolicity commented in the previous section. Consistently with the JMP version of [2], Chrusciel, Grant and Minguzzi [8] cite only [2] (and [10]) in the paragraph above Theorem 4.8, when stability of global hyperbolicity is asserted, but neither [11] nor [4] are mentioned.

The second one appears when speaking on the equivalence of stable causality with the existence of a time and a temporal function (Theorem 4.9 in [8]). Only the references [13], [14] are cited there, but not the previous references [19] and [4], where this equivalence had already been established. More precisely, in Sánchez’s reference [19], some properties of time volume functions are discussed and, in particular, Theorem 4.9 in Chrusciel et al. [8] is achieved in [19, Th. 4.15] (especially, it is instructive the figure 2 of [19], which shows the exact difficulty in that period). The difference appears in the proof because, as explained in [19], after Hawking’s works such a result can be regarded as a trivial consequence of [4] (in fact, on the applicability of the assertion on temporal functions in Th. 1 above)^2.

The lack of citation of reference [4] in [8] yields also other inconveniences. For example, these authors use a expression such as “smooth time function with timelike gradient” which was abbreviated as “temporal function” in reference [4] —this name was used in posterior references, and I have used it above. To use the short name seems convenient sometimes; notice, for example, that the alternative long expression appears twice in the statement of the Theorem 4.7 in Chrusciel et al. [8]. Nevertheless, in this last theorem smooth seems to mean only C^1 differentiable and not as differentiable as allowed by the C^k (k = 2, . . . , ∞) differentiability of the spacetime. The latter sense becomes essential when any useful orthogonal metric splitting of the spacetime as R×S is going to be proved, and it would be interesting to check in which cases holds. Summing up, the authors of [8] may feel that a name such as temporal is inappropriate or unnecessary and, consequently, do not use it. But, even in this case, a comment pointing out its existence in the literature [4] and a consistent connection with the previous results, might help the readers to obtain their conclusions.

4. Appendix: proof of the theorem in Section 2

For the sake of completeness, we give a detailed proof of Theorem 1, based in the original ideas in [4]. It is worthwhile to emphasize that not only the conclusion of Theorem 1 is more accurate than the one in [2], but also the proof is carried out by using a pair of propositions which may have its own interest —so, the proof may seem longer than necessary. These propositions show the possibility to open slightly the timecones in different kind of regions retaining the character of Cauchy temporal for a prescribed function t. With this aim, the notion of t-perturbation is introduced below. Probably, different arguments developed along the last decade will be applicable, and the reader is invited to extend further the results.

Consider a globally hyperbolic spacetime (M, g). By [4], it can be regarded as a product M = R × S and the metric can be written as g = −βdt^2 + g_t where g_t is a Riemannian metric on each slice S_t = {t} × S, t ∈ R and t is a Cauchy temporal function, i.e., all the slices S_t are (smooth, spacelike) Cauchy hypersurfaces. As we are considering only conformally invariant properties, we can substitute g with the conformal metric g/β and redefine consistently the metrics g_t so that, with no loss of generality, we can start with a globally hyperbolic spacetime type

(M = R × S, g = −dt^2 + g_t)

where t is Cauchy temporal. We will consider also a complete Riemannian metric g^S_R on S and the corresponding Riemannian one g_R = dt^2 + g^S_R on R × S, with associated (complete) distance d_R. For any two non-empty subsets A, B ⊂ M we denote J(A, B) = J^+(A) ∩ J^−(B) and d_R(A, B) the (Hausdorff) d_R-distance between the two sets.

2It is worth pointing out that all the previous references on this topic cited properly [4] for

such a result. For example, Sánchez [19] (and then Minguzzi and Sánchez [15]), explained that the remaining question after Hawking’s work, was a consequence of [4]. Also, Minguzzi, in the Introduction of [14], comments that Hawking contributions plus [4] yield such a result.

For any function α ≥ 0 on M, consider the metric:

g_α = −(1 + α)dt^2 + g_t. (1)

Whenever α > 0, g_α has its timelike cones wider than the causal cones of g (g ≺ g_α) and t remains as a temporal function for g_α, as its level sets S_t are spacelike hypersurfaces (this underlies in the proof that the existence of a temporal function implies stable causality). So, our final aim is just to prove that some α > 0 can be chosen small enough so that the slices S_t remain Cauchy.

We will add the subscript α to denote elements computed with g_α (for example, J^+_α (p) is the g_α-causal future of p).

Definition 2. Consider a globally hyperbolic spacetime with a prescribed Cauchy temporal function t. Fix an open neighborhood U_0 ⊂ M bounded by two t-levels, i.e. U_0 ⊂ J(S_{t−} , S_{t+} ), for some t_−, t_+ chosen in an optimal way (no t^′_− ≥ t_− nor t^′_+ ≤ t_+ satisfies U_0 ⊂ J(S_t′_− , S_t′_+ ) if one of the inequalities is strict). Let C_0 ⊂ M be a closed subset included in U_0, and choose ϵ_0 > 0.

A t-perturbation of g with wider cones on C_0, support in U_0 and d_R-distance smaller than ϵ_0 is any smooth function α ≥ 0 satisfying:

(i) α > 0 on C_0 (g ≺ g_α on C_0), (ii) α ≡ 0 outside U_0 (g ≡ g_α on M\U_0), (iii) Both, d_R(J(p, S_t′_+ ), J_α(p, S_t′_+ )) < ϵ_0 and d_R(J(S_t′_− , p), J_α(S_t′_− , p)) < ϵ_0, for all p ∈ J(S_{t−} , S_{t+} ), t^′_+ ≤ t_+, t^′_− ≥ t_−, and

(iv) t is Cauchy temporal for g_α.

Notice that if α is such a perturbation then so is α/N for any N > 1.

Proposition 3. (Existence of a t perturbation for a compact set). For any compact K_0 ⊂ M, any neighborhood U_0 of K_0 bounded by two t-levels and any ϵ_0 > 0, there exists a t-perturbation of g as in Defn. 2 with C_0 = K_0.

Proof. With no loss of generality, we can assume that the closure U_0 is compact. Any α ≥ 0 with support in U_0 and α(K_0) > 0 preserves the Cauchy temporal character of t. In fact, we know that t is temporal for g_α and, so, no inextensible causal curve γ can remain partially future or past imprisoned in U_0. Therefore, γ will cross all the slices S_t. To check that Property (iii) can be achieved by α_m := α/m, m ∈ N for some large m, notice that K := J_α(U_0, S_{t+} ) ∪ J_α(S_{t−} , U_0) is compact. Assuming with no loss of generality that, say, there exist q_m (necessarily in K) r_m ∈ J(q_m, S_{t+} ), r^′_m ∈ J_{αm} (q_m, S_{t+} ) such that d_R(r_m, r^′_m) = d_R(J(q_m, S_{t+} ), J_{αm} (q_m, S_{t+} )) > ϵ_0 for all m then (up to subsequences) {q_m} converges to some q ∈ K. Choosing q_0 ∈ J^−(q), as J_α(q_0, S_{t+} )(⊃ J_α(q_m, S_{t+} ) ⊃ J_{αm} (q_m, S_{t+} ) ⊃ J(q_m, S_{t+} )), then {r_m}, {r^′_m} also converge to some r, r^′ with^3 d_R(r, r^′) ≥ ϵ_0 and r^′ ∉ J(q, S_{t+} ). Now, the g_{αm} -causal curves γ_m from q_m to r^′_m will have a limit curve γ that connects q and r^′ (notice that all γ_m are α-causal). But, clearly, γ cannot leave J^+(q) at, say, some first point γ(s_0), as the causality in a normal g-neighborhood of γ(s_0) is determined by its lightlike geodesics, and these vary continuously with the metric. □

3Alternatively, notice that, given a compact set (namely, Jα(q0, St_+ )), the set of all its non-

empty compact subsets, becomes a compact metric space with the Hausdorff distance.

Proposition 4. (Existence of a t perturbation for a strip). For any strip J(S_{t1} , S_{t2} ), t_1 < t_2, any neighborhood U_0 of the strip bounded by two t-levels and any ϵ_0 > 0, there exists a t-perturbation of g as in Defn. 2 with C_0 = J(S_{t1} , S_{t2} ).

Proof. We can assume that U_0 = (t_−, t_+) × S (otherwise, replace the obtained α by a smaller one with equal value on the strip and support contained in U_0; this can be done by means of a partition of the unity) and S is not compact (as, otherwise, the result would follow directly from Prop. 3). Choose a point x_0 ∈ S and consider the closed g^S_R-balls B_m ⊂ S of center x_0 and radius m ∈ N and the open ones B̊_m. Put K_m = [t_1, t_2] × B_m, U_m = (t_−, t_+) × B̊_{m+1}. Consider the function α_1 obtained by applying Prop. 3 to the compact set K_2, its neighborhood U_2 and ϵ_0/2. Assuming inductively that α_m has been defined, put σ(1) = 2 and let σ(m + 1) be the first integer greater than σ(m) such that J_{αm} (U_{σ(m)}, S_{t+} ) ∪ J_{αm} (S_{t−} , U_{σ(m)}) is included in U_{σ(m+1)−1}. Now, obtain α_{m+1} by applying Prop. 3 to the metric g_{αm} , the compact set K_{σ(m+1)} \ K̊_{σ(m)}, its neighborhood U_{σ(m+1)} \ U_{σ(m−2)} and ϵ_0/2^m. The sequence {α_m} converges uniformly on compact subsets (in fact, on any compact subset, all its elements are equal for large m) and, so, it converges to a function α. The metric g_α satisfies all the required properties by construction —namely, when an inextensible t-parameterized future-directed g_α-causal curve γ comes into the strip at γ(t_1), then all J_{αm} (γ(t_1), S_{t+} ) remains in a compact subset at a d_Rdistance smaller than ϵ_0 from J(γ(t_1), S_{t+} ) and, thus, J_{αm} (γ(t_1), S_{t+} ) agrees with J_α(γ(t_1), S_{t+} ) for large m so that all S_t are crossed by γ. □ Proof of Theorem 1. The assertions in parentheses on temporal functions follow directly from the discussion below (1). For the Cauchy temporal case, simply, apply Prop. 4 (with U_0 = (t_−, t_+) × S as above) in an inductive way. Namely, obtain some α_0 for^4 t_± = ±1, t_1 = −1/2, t_2 = 1/2. In order to define α_{m+1}, apply Prop. 4 first to g_{αm} with t_± = m ± 1, t_1 = m − 1/2, t_2 = m + 1/2 and then to the so-obtained metric and t_± = −m ± 1, t_1 = −m − 1/2, t_2 = −m + 1/2. The limit α (where {α_m} → α uniformly on compact subsets and on strips) is clearly well defined and satisfies the required properties —say, if an inextensible future-directed causal curve starting at some (t_0, x_0) ∈ M failed to cross some S_t, with t_0 < t, then for large m the metrics g_{αm} would not admit t as a Cauchy temporal function, a contradiction. The last assertion of Th. 1 can be obtained directly from the previous ones because, according to [5], S can be always regarded as a level of a Cauchy temporal function. □

References

[1] Beem, J.K., Ehrlich, P.E., Easley, K.L.: Global Lorentzian geometry. Monographs Textbooks Pure Appl. Math. 202, NewYork: Dekker Inc., 1996.

[2] Benavides Navarro J.J., Minguzzi E.: Global hyperbolicity is stable in the interval topology, J. Math. Phys. 52 (2011), 112504 (arXiv:1108.5120v3).

[3] Bernal A. N., Sánchez, M.: On smooth Cauchy hypersurfaces and Geroch’s splitting theorem.

Commun. Math. Phys. 243, 461-470 (2003).

[4] Bernal A. N., Sánchez, M.: Smoothness of time functions and the metric splitting of globally hyperbolic spacetimes. Commun. Math. Phys. 257, 43-50. (2005).

[5] Bernal A. N., Sánchez M.: Further results on the smoothability of Cauchy hypersurfaces and Cauchy time functions. Lett. Math. Phys. 77, 183-197 (2006).

4Recall that no restriction on ϵ 0 is necessary for the proof of Th. 1 (say, one can choose always ϵ_0 = 1), but one may impose some additional condition on this parameter for other purposes.

[6] Bernal A.N., Sánchez M.: Globally hyperbolic spacetimes can be defined as “causal” instead of “strongly causal”, Class. Quant. Grav. 24 (2007) 745-750.

[7] Budic, R., Sachs, R.K.: Scalar time functions: Differentiability. In: Differential geometry and relativity, Math. Phys. Appl. Math., Vol. 3, Dordrecht: Reidel, 1976, pp. 215-224.

[8] Chruściel P.T., Grant J.D.E., Minguzzi E.: On differentiability of volume time functions, arXiv:1301.2909v1 .

[9] Dieckmann, J.: Volume functions in general relativity. Gen. Relativity Gravitation 20(9), 859-867 (1988).

[10] Fathi A., Siconolfi A.: On smooth time functions, Math. Proc. Camb. Phil. Soc. 152 (2012), no. 2, 303-339.

[11] Geroch, R.: Domain of dependence. J. Math. Phys. 11, 437-449 (1970). [12] Hawking, S.W., Ellis, G.F.R.: The large scale structure of space-time. Cambridge Monographs on Mathematical Physics, No. 1., London-NewYork: Cambridge University Press, 1973.

[13] Minguzzi E.: K-causality coincides with stable causality, Commun. Math. Phys. 290 (2009), 239-248.

[14] Minguzzi E.: Time functions as utilities, Commun. Math. Phys. 298 (2010), 855-868. [15] Minguzzi E., Sánchez M.: The causal hierarchy of spacetimes, Recent developments in pseudo- Riemannian geometry, ESI Lect. Math. Phys., Eur. Math. Soc., Zürich, 2008, pp. 299-358.

[16] Müller O., Sánchez, M.: Lorentzian manifolds isometrically embeddable in L^N . Trans. Amer.

Math. Soc. 363 (2011), no. 10, 5367-5379.

[17] O’Neill, B.: Semi-Riemannian Geometry. San Diego: Academic Press (1983). [18] Sachs, R.K., Wu, H.: General relativity and cosmology. Bull. Am. Math. Soc. 83(6), 1101- 1164 (1977).

[19] Sánchez M.: Causal hierarchy of spacetimes, temporal functions and smoothness of Geroch’s splitting. A revision. Contemporanea Matematica 28, 127-155 (2005).

[20] Seifert, H.-J.: Smoothing and extending cosmic time functions. Gen. Relativity Gravitation 8(10), 815-831 (1977).

Departamento de Geometría y Topología, Facultad de Ciencias, Universidad de Granada, Campus Fuentenueva s/n, 18071 Granada, Spain E-mail address: sanchezm@ugr.es