arXiv:1304.5901v1 [hep-th] 22 Apr 2013

Transmission matrices in gl_N & U_q(gl_N ) quantum spin chains

Anastasia Doikou

Department of Engineering Sciences, University of Patras, GR-26500 Patras, Greece

E-mail: adoikou@upatras.gr

Abstract The gl_N and U_q(gl_N ) quantum spin chains in the presence of integrable spin impurities are considered. Within the Bethe ansatz formulation, we derive the associated transmission amplitudes, and the corresponding transmission matrices –representations of the underlying quadratic algebra– that physically describe the interaction between the various particle-like excitations displayed by these models and the spin impurity.

Contents

1 Introduction 1

2 The gl_N quantum spin chain 3 2.1 The transmission matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 The U_q(gl_N ) quantum spin chain 10 3.1 The transmission matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 Discussion 15

A Fourier transforms 16

1 Introduction

There is a considerable amount of work devoted to the problem of integrable defects in both quantum [1]-[11], and classical [12]-[25] theories. Recently, the derivation of transmission amplitudes for the XXX and XXZ spin chains was accomplished via the algebraic Bethe ansatz formulation [26]. This was the first time that a direct computation via the Bethe ansatz equations (BAE) was achieved in the particular framework. In this article, we focus on the gl_N and U_q(gl_N ) quantum spin chains in the presence of a single integrable defect and extract the physical information concerning the related scattering processes, directly from the Bethe ansatz equations.

The algebraic formulation employed here is based on the existence of a defect Lax operator that satisfies the same quadratic quantum algebra as the bulk monodromy matrix. Consider an one dimensional (N + 1)-site theory with a point like defect on the n^{th} site; the modified monodromy matrix of the theory reads then as

T (λ) = R_{0N+1}(λ) R_{0N} (λ) . . . L_{0n}(λ − Θ) . . . R_{01}(λ) , (1.1)

where R corresponds to the “bulk” theory, L corresponds to the defect, and Θ is an arbitrary constant corresponding to the “rapidity” of the defect. The Lax operator satisfy quadratic algebra [27, 28, 29]

R_{12}(λ_1 − λ_2) L_1(λ_1) L_2(λ_2) = L_2(λ_2) L_1(λ_1) R_{12}(λ_1 − λ_2) , (1.2) and the R-matrix is a solution of the Yang-Baxter equation (see e.g. [27, 28, 29] and references therein), R_{12}(λ_1 − λ_2) R_{13}(λ_1) R_{23}(λ_2) = R_{23}(λ_2) R_{13}(λ_2) R_{12}(λ_1 − λ_2). (1.3) The monodromy matrix of the theory T (λ), naturally satisfies (1.2), guaranteeing the integrability of the model. The Hamiltonian of any generic system with a point-like defect H ∝ − (^{N+1}∑ j≠n=1 ˇ̇R_{jj+1}(0) + L̇_{n+1n}(0) L−1_{n+1n}(0) + L_{n+1n}(0) ˇ̇R_{n−1n+1}(0) L−1_{n+1n}(0) ) (1.4)

the “dot” denotes the derivative with respect to the spectral parameter. We focus here on the situation where L(λ) ≡ R(λ), also define Ř = P R, P is the permutation operator. Recall that the R matrix reduces to the permutation operator at λ = 0.

It is necessary for our purposes here to introduce some useful notation. We define the “conjugate” R-matrix via the “crossing” property: R̄_{12}(λ) = V_1 R^t2_{12}(−λ − iN 2 ) V_1 (1.5) also define V = N∑ k=1 e¯_{kk}, gl_N case

V = N∑ k=1 q^{N +12 −k}e¯_{kk}, U_q(gl_N ) case (homogenous gradation) (1.6) where we define the ”conjugate“ index as:

k̄ = N + 1 − k, and (e_{ij})_{kl} = δ_{ik} δ_{jl}. (1.7) As a consequence of the Yang-Baxter equation the R̄-matrix apparently satisfies: R_{12}(λ_1 − λ_2) R̄_{13}(λ_1) R̄_{23}(λ_2) = R̄_{23}(λ_2) R̄_{13}(λ_1) R_{12}(λ_1 − λ_2) (1.8) Moreover, we define the “conjugate” L-matrix as: L̄(λ) = V_1 L^tn_{1n}(−λ − iN 2 ) V_1. (1.9) L̄ also satisfies the fundamental quadratic algebra (1.1). In general, we formally define for any L(λ) = ∑ i,j f_{ij}(λ) e_{ij} ⊗ l_{ij} L^{tn}_{1n}(λ) = ∑ i,j f_{ij} (λ) e_{ij} ⊗ l_{ji} L^{t1}_{1n}(λ) = ∑ i,j f_{ij} (λ) e_{ji} ⊗ l_{ij}. (1.10)

Now that the basic notions have been introduced we are ready to proceed with our main aim, which is the derivation of the transmission matrices via the Bethe ansatz formulation.

2 The gl_N quantum spin chain

The isotropic gl_N quantum spin chain in the presence of a single point-like defect will be first investigated. We introduce the defect L-matrix associated to a generic representation of gl_N , which has the following simple form: L(λ) = λ + iP, and L̄(λ) = λ + iN 2 − iP̄ (2.1)

P, P̄ are N × N matrices expressed as: P = N∑ i,j=1 e_{kl} ⊗ P_{kl}, P_{kl} ∈ gl_N , P̄ =^N ∑ i,j=1 e¯_k¯_l ⊗ P_{lk.} (2.2)

The gl_N elements satisfy the familiar exchange relations [ P_{ij}, P_{kl} ] = δ_{il} P_{kj} − δ_{kj} P_{il}. (2.3) The sl_N algebra is generated by the elements J^{±(k)}, s^{(k)} defined as:

J^{+(k)} = P_{k+1k}, J^{−(k)} = P_{kk+1}, S^{(k)} = P_{kk} − P_{k+1k+1}. (2.4)

The latter generators satisfy: [ J^{+(k)}, J^{−(k)} ] = δ_{kl} s^{(k)}, [ s^{(k)}, J^{±(l)} ] = ±(2δ_{kl} − δ_{kl+1} − δ_{kl−1})J^{±(l)}. (2.5)

A generic finite-irreducible representation of the gl_N algebra is associated to N integers ( α_1, α_2, . . . α_N ) α_1 ≥ α_2 ≥ . . . ≥ α_N . Here we deal with representations that posses highest weight states such that: P_{ij} |ω⟩ = 0 i > j P_{kk} |ω⟩ = a_k |ω⟩. (2.6) For a more detailed description see e.g. [30], and references therein.

Recall also that the R matrix corresponds to the fundamental representation, that is the associated integers are ( 1, 0, . . . , 0 ) . More precisely, the R-matrix can be written in the familiar form [31] R(λ) = λ + iP, P = N∑ k,l=1 e_{kl} ⊗ e_{lk}, (2.7) P is the permutation operator associated to gl_N . The spectrum and Bethe ansatz equations for this generic situation have been studied for instance in [30], and the derived BAE have then the from:

X^+_k (λ^{(k)} − Θ) = − M_{k−1}∏

j=1 e_{−1}(λ^{(k)} − λ^{(k−1)}_j ) M_k∏

j=1 e_2(λ^{(k)} − λ^{(k)}_j ) M_{k+1}∏

j=1 e_{−1}(λ^{(k)} − λ^{(k+1)}_j ) k ∈ {1, 2, . . . , N − 1} (2.8) here for simplicity we consider λ^{(0)}_j = 0. Also, we define M_0 = N, M_N = 0,

e_n(λ) = λ +^{in}_2 λ −^{in}_2 , β^±_k = α_k ± α_{k+1}.

X^+_k (λ) = e_β−_k (λ + iβ^+_k 2 − ik 2 ) (2.9)

it is clear that: s^{(k)} |ω⟩ = β^−_k |ω⟩. (2.10) It is necessary for the purposes of this investigation to derive the BAE starting from the “conjugate” L-matrix on the defect point (2.1), then the BAE are given as

X^−_k (λ^{(k)} − Θ) = − M_{k−1}∏

j=1 e_{−1}(λ^{(k)} − λ^{(k−1)}_j ) M_k∏

j=1 e_2(λ^{(k)} − λ^{(k)}_j ) M_{k+1}∏

j=1 e_{−1}(λ^{(k)} − λ^{(k+1)}_j ) (2.11)

where we define: X^−_k (λ) = e_β−_{N −k} (λ − iβ^+_{N −k} 2 + i(N − k) 2 ). (2.12)

Note that we have considered the generic case where α_1 > α_2 > . . . > a_N . When α_k = a_{k+1} then the corresponding terms e_β−_k = 1. It will be also instructive to consider the special case of the representation characterized by integers a_1 = α_2 = . . . = α_l = A > a_{l+1} = . . . α_N = B, also consider –this may be achieved using suitable shifts– A+B = l. Then the BAE equations may be rewritten as

e_y(λ^{(k)} − Θ)δ_{kl} + 1 − δ_{kl} = − M_{k−1}∏

j=1 e_{−1}(λ^{(k)} − λ^{(k−1)}_j ) M_k∏

j=1 e_2(λ^{(k)} − λ^{(k)}_j ) M_{k+1}∏

j=1 e_{−1}(λ^{(k)} − λ^{(k+1)}_j ) y = A − B (2.13)

and the BAE associated to the “conjugate” L̄-matrix of the special representation on the defect point (2.1), are given as

e_y(λ^{(k)} − Θ)δ_{kN −l} + 1 − δ_{kN −l} = − M_{k−1}∏

j=1 e_{−1}(λ^{(k)} − λ^{(k−1)}_j ) M_k∏

j=1 e_2(λ^{(k)} − λ^{(k)}_j ) M_{k+1}∏

j=1 e_{−1}(λ^{(k)} − λ^{(k+1)}_j ). (2.14)

Having derived the associated BAE we are now in the position to extract the relevant transmission amplitudes, and the corresponding transmission matrices.

2.1 The transmission matrix

Recall that in the thermodynamic limit, which is of interest here the solutions of the BAE may be cast as strings with a real and an imaginary part. This is the so called string hypothesis [32, 33], which states that the Bethe roots may be expressed as

λ^{(n,j)} = λ_0 + i 2 (n + 1 − 2j). (2.15)

Also, from the asymptotic behavior of the transfer matrix one derives the quantum numbers (see also e.g. [34]):

P_{kk} = α_k + M_{k−1} − M_k (2.16)

The ground state as is well known consists of N −1 “filled Fermi” seas with real solutions, that is 1-string configurations. The corresponding densities may be extracted from the BAE with the standard procedure [32, 33], after taking the logarithm and the derivative and considering the thermodynamic limit. Let us first introduce some notation:

a_n(λ) = i 2π d dλ ln ( e_n(λ) ) , Y^±_k (λ) = i 2π d dλ ln ( X^±_k (λ) ) (2.17) and R̂_{jj′} (ω) = e^{|ω|}2 sinh (_{j<ω} 2 ) sinh ( (N − j_>)^ω_2 ) sinh(^ω_2 ) sinh (_{N ω} 2 ) , â_n(ω) = e^{−n |ω|}2 . (2.18)

see also Appendix A for more details on generic Fourier transforms. The Fourier transform of the ground state densities are given as:

σ̂^{±(k)}_g (ω) = σ̂^{(k)}_0 (ω) + 1 N r̂^{±(k)}_t (ω)

σ̂^{(k)}_0 (ω) = sinh ( (N − k)^ω_2 ) sinh(^{N ω}_2 ) , k ∈ {1, 2, . . . , N − 1}. (2.19) where in the generic case described by (2.8), (2.11) we define:

r̂^{±(k)}_t (ω) = N −1∑

j=1 R̂_{kj} (ω) Ŷ^±_j (ω). (2.20)

It is clear that the “plus” corresponds to (2.8) and the “minus” to (2.11). In the special case described by equations (2.13), (2.14) we define

r̂^{+(k)}_t (ω) = R̂_{kl}(ω) â_y(ω) r̂^{−(k)}_t (ω) = R̂_{kN −l}(ω) â_y(ω). (2.21)

Note that passing to the thermodynamic limit we have exploited the following basic formula 1 N M∑ j=1 f(λ_j) → ∫_∞ −∞ dλ f(λ) σ(λ) − 1 N n∑ j=1 f(λ_j). (2.22)

The last term corresponds to the case where n holes exist; for the ground state apparently n = 0.

It is then straightforward to compute via (2.16), (2.19), (2.21) the “shifted” quantum numbers in the special cases described by the density (2.21) (see also [26] for a similar situation when computing the spin S_z from the ground state):

P_k = α̃_k α̃_k = A + l N − 1, k ≤ l, α̃_k = B + l N k > l β̃^−_k = β^−_k = 0 k ≠ l, β̃^−_l = β^−_l − 1 = y − 1. (2.23)

Similarly, the quantum numbers associated to the defect L̄ (2.1) are given as

P_k = α̃^′_k α̃^′_k = N 2 − α̃_k = N 2 − B − l N k ≤ N − l α̃^′_k = N 2 − α̃_k = N 2 − A − l N + 1, k > N − l β̃^−_k = β^−_k = 0 k ≠ N − l, β̃^−_{N −l} = β^−_{N −l} − 1 = y − 1 (2.24)

Now consider the state with two holes in the first Fermi sea. The hole in the first sea corresponds to an excitation that carries the fundamental representation of gl_N (soliton), note also that the hole in the (N − 1)^{th} sea corresponds to an excitation that carries the anti-fundamental (conjugate) representation. The two-hole configuration in the first Fermi sea enables the computation of the “soliton-soliton” S-matrix as well as the computation of the associated transmission matrix. From the BAE one derives the corresponding density of the state, which reads as

σ^{±(k)}(λ) = σ^{(k)}_0 (λ) + 1 N (^2∑ j=1 r^{(k)}(λ − λ̃^{(1)}_j ) + r^{±(k)}_t (λ − Θ) ) , (2.25)

where we have used (2.22) to pass to the thermodynamic limit. We also derive the Fourier transforms:

r̂^{(k)}(ω) = R̂_{k1}(ω) â_2(ω) − R̂_{k2}(ω) â_1(ω), (2.26)

with σ^{(k)}_0 (λ) being the densities given explicitly in (2.19), and the Fourier transforms of r^{±(k)}_t are defined in (2.20) and (2.21).

We are primarily interested in the densities of the first Fermi sea, which provide the scattering amplitude of the soliton-soliton S-matrix and the associated transmission matrix. Recall also that σ^{(k)}_0 (λ) = ε^{(k)}(λ), and ε^{(k)}(λ) = 1 2π dp^{(k)}(λ) dλ , (2.27)

with ε^{(k)} and p^{(k)} being the energy and the momentum of the hole excitation in the kth sea, respectively. Recall also that σ^{(k)}(λ) = 1 N dh^{(k)}(λ) dλ (2.28)

h^{(k)}(λ) is the so-called counting function and h^{(k)}(λ̃^{(k)}_i ) = J^{(k)}_i , where J^{(k)}_i are integer numbers.

In order to identify the scattering amplitude between two holes as well as the hole-defect transmission amplitude, we compare the expression providing the density of the first Fermi sea (2.25) with the so called quantization condition [32, 35], with respect to the hole with rapidity λ̃_1: ( e^{iNp(1)(λ̃(1)1 )} S(λ̃^{(1)}_1 , λ̃^{(1)}_2 , Θ) − 1 ) |λ̃^{(1)}_1 , λ̃^{(1)}_2 ⟩ = 0 , (2.29)

where S = e^{iΦ}, and p^{(1)}(λ̃^{(1)}_1 ) is the momentum of the respective hole in the first Fermi sea. Comparison of the quantization condition with the state’s density (2.25) would provide the “soliton-soliton” scattering amplitude together with the transmission amplitude, given that the factorization of the scattering is evident (see also [36, 37]). The study of the onehole state would simply provide the transmission amplitude, which physically describes the interaction between the particle-like excitation and the defect, thus factorization of the type: S(λ̃_1, λ̃_2, Θ) = S(λ̃_1, λ̃_2) T (λ̃_1, Θ), in the case of the two-hole state is manifest. Keeping these considerations in mind, the hole-hole amplitude as well as the transmission amplitude for the model with a single defect can be derived then as

S(λ) = exp [ − ∫_∞ −∞ dω ω e^{−iωλ}r̂^{(1)}(ω) ] , T^±(λ) = exp [ − ∫_∞ −∞ dω ω e^{−iωλ}r̂^{±(1)}_t (ω) ] (2.30)

where we have set λ = λ̃^{(1)}_1 − λ̃^{(1)}_2 and λ̂ = λ̃^{(1)}_1 − Θ.

Bearing in mind the useful identity ∫_∞ 0 dω ω e^{−mx} (1 − e^{−βx})(1 − e^{−γx}) 1 − e^{−x} = ln

Γ(m) Γ(m + β + γ) Γ(m + β) Γ(m + γ)

, (2.31)

we may identify the scattering amplitude using (2.30): S(λ) = Γ(^{iλ}_N + 1) Γ(−^{iλ}_N + 1 −^1_N ) Γ(−^{iλ}_N + 1) Γ(^{iλ}_N + 1 −^1_N )

. (2.32)

Suitable string configurations may be employed in order to derive other eigenvalues of the S matrix, but we shall not give the details on this matter here, however the interested reader is referred for instance to [34]. The S-matrix, solution of the Yang-Baxter equation may be cast as S(λ) = S(λ) iλ + 1 ( iλ + P ) (2.33)

recall P is the permutation operator. Notice that the eigenvalue computed from the hole-hole interaction corresponds to the first entry of the matrix above.

The presence of one hole in the (N − 1)^{th} sea enables the computation of the S-matrix associated to the anti-fundamental representation. We avoid the details of this computation here, but the final expression is of the form (see also [34])

S̄(λ) = Γ(−^{iλN} +^{12} ) Γ(^{iλN} +^{12} −^{1N} ) Γ(^{iλ}_N +^1_2 ) Γ(−^{iλ}_N +^1_2 −^1_N )

(2.34)

and the corresponding S-matrix is

S̄(λ) = S̄(λ) iλ +^N_2 ( iλ + N 2 − P̄ ) , P̄_{12} = V_1 P^{t2} V_1. (2.35)

S̄ physically describes the interaction between the fundamental (a soliton, hole in the first sea) and the anti-fundamental representation (conjugate, i.e. a hole in the N − 1 sea). It is clear that the the “conjugate” matrix S̄ may be also obtained via the S matrix (2.33) through the crossing property

S̄_{12}(−λ + iN 2 ) = V_1 S^{t2}_{12}(λ) V_1. (2.36)

The transmission amplitude in the special case (2.21) is identified via (2.30) using (2.31), and has the following explicit form:

T^+(λ) =

Γ(−^{iλ}_N +^{β̃−l}_{2N} +^l_{2N} ) Γ(^{iλ}_N +^{β̃−l}_{2N} +^{N −l}_N +^l_{2N} ) Γ(^{iλ}_N +^{β̃−l}_{2N} +^l_{2N} ) Γ(−^{iλ}_N +^{β̃−l}_{2N} +^{N −l}_N +^l_{2N} )

(2.37)

β̃_l are the shifted quantum numbers corresponding to the defect as derived from the ground state computation. The generic situation can be treated in the same manner, but it is technically more intriguing due to do the various cases arising in the analysis of the Fourier transforms, nevertheless the generalization is quite straightforward (see Appendix for more details on the related Fourier transforms).

Bearing in mind that for purely transmitting defects the following quadratic algebra is satisfied [1] S_{12}(λ_1 − λ_2) T_1 (λ_1) T_2 (λ_2) = T_2(λ_2) T_1 (λ_1) S_{12}(λ_1 − λ_2) , (2.38) where S is given in (2.33), we conclude that the transmission matrix is given as T(λ) = T^+(λ) iλ + Ã ( iλ + P ) , Ã = A + l N − 1 (2.39)

where P = N −1∑

k,l=1 e_{kl} ⊗ P_{kl}, P_{kl} ∈ gl_N (2.40)

now the representation is characterized by the shifted quantum number {α̃_k}^1. As in the sl_2 case studied in [26], the transmission matrix is essentially a “dressed” defect matrix.

It is also useful to derive the T̄ matrix arising from the “crossing property”. This may be achieved by the second set of BAE (2.14), and studying the interaction of a hole in the first sea with the defect. The corresponding transmission amplitude arising from the interaction between the fundamental representation, the hole in the first sea, and the defect is given by:

T^−(λ) = N −1∏

k=1 Γ(−^{iλ}_N +^{N −l}_{2N} +^{β̃−N −l}_{2N} ) Γ(^{iλ}_N +^{N −l}_{2N} +^{β̃−N −l}_{2N} +^l_N ) Γ(^{iλ}_N +^{N −l}_{2N} +^{β̃−N −l}_{2N} ) Γ(−^{iλ}_N +^{N −l}_{2N} +^{β̃−N −l}_{2N} +^l_N )

(2.42)

1Note that a legitimate shift of the generators may occur

P_{kk} → P_{kk} + c (2.41)

c any arbitrary constant, then the algebraic relation remain intact.

and the “conjugate” transmission matrix is then of the form: T̄(λ) = T^−(λ) iλ +^N_2 − B̃ ( iλ + N 2 − P̄ ) , B̃ = B + l N P̄ = ∑ i,j e¯_j¯_i ⊗ P_{ij} (2.43)

The latter matrix also satisfies the quadratic relation (2.38) and is characterized by the shifted quantum numbers {α^′_k}. Moreover it is clear that: T(λ, Ã, B̃, l) = T̄(λ, N 2 − B̃, N 2 , Ã, N − l) (2.44) as expected from the crossing property. Indeed, the crossing property (1.9) effectively leads to a modification of the quantum numbers α_k →^N_2 − α_{N −k+1}.

3 The U_q(gl_N ) quantum spin chain

The second part of the present investigation refers to the anisotropic U_q(gl_N ) quantum spin chain in the presence of a single defect. We introduce the R-matrix associated to the algebra [38] R(λ) = N∑ k=1 a(λ) e_{kk} ⊗ e_{kk} + N∑ k≠j=1 b(λ) e_{kk} ⊗ e_{jj} + c N∑ k≠j=1 e^{−sign(k−j)μλ}e_{kj} ⊗ e_{jk} a(λ) = sinh(μ(λ + i)), b(λ) = sinh(μλ), c = sinh(iμ) (3.1) as well as the defect L-matrix and its conjugate associated to generic representations of U_q(gl_N ), which have the following simple forms: L(λ) = N∑ j=1 e_{jj} ⊗ sinh ( μ(λ + iP_{jj}) ) + c N∑ k≠j=1 e^{−sign(k−j)μλ}e_{kj} ⊗ P_{kj} L̄(λ) = N∑ j=1 e_{jj} ⊗ sinh ( μ(λ + iN 2 − iP¯_j¯_j ) ) − c N∑ k≠j=1 q^{k−j}e^{sign(j−k)μ(λ+ iN2 )}e_{kj} ⊗ P¯_j¯_k(3.2) P_{ij} ∈ U_q(gl_N ). We shall first introduce the U_q(sl_N ) algebra, let a_{ij} = 2δ_{ij} − δ_{ij+1} − δ_{ij−1} (3.3) be the Cartan matrix of the sl_N algebra. Also define (q = e^{iμ}):

[m]_q = q^m − q^{−m} q − q^{−1} , [m]_q! = m∏ k=1 [k]_q, [0]_q! = 1 ( m n ) q = [m]_q [n]_q[m − n]_q . (3.4)

The quantum algebra U_q(sl_N ) has the Chevalley-Serre generators e_i, f_i, q^{hi}2 , i ∈ {1, 2, . . . , N } that satisfy the defining relations: [ q^{±hi} , q^{±hj} ] = 0, q^{hi2} e_j = a^{aij2} q^{hi2} e_i, q^{hi2} f_j = a^{− aij2} q^{hi2} f_i [ e_i, f_j ] = δ_{ij} q^{hi} − q^{−hi} q − q^{−1} (3.5)

and the q-deformed Serre relations: 1−a_{ij}∑

n=0 (−1)^n ( 1 − a_{ij} n ) q χ^{1−aij −n} i χ_j χ^n_i = 0, χ_j ∈ {e_j , f_j}. (3.6)

Note that q^{hi} = q^{Pii−Pi+1i+1} , where the elements P_{ii} ∈ U_q(sl_N ). Recall that U_q(gl_N ) is derived by also considering the elements q^{Pii} , so that q^{∑i Pii} belongs to the center of the algebra [38]. Furthermore, there exist the elements P_{ij} ∈ U_q(gl_N ), ≠ j such that:

P_{i+1i} = e_i, P_{ii+1} = f_i P_{ji} = P_{ki} P_{jk} − q^∓P_{jk} P_{ki}, j ≶ k ≶ i, i, j ∈ {1, 2, . . . , N }. (3.7) As in the isotropic case a generic finite-irreducible representation is associated to N integers ( α_1, α_2, . . . , α_N ) α_1 ≥ α_2 ≥ . . . ≥ α_N (see e.g. [39] and references therein). Assume also that we deal with a representation that possess a highest weight state such that: P_{ij} |ω⟩ = 0, i > j P_{kk} |ω⟩ = a_k |ω⟩. (3.8) Apparently, the R-matrix corresponds to the fundamental representation of that is the integers are ( 1, 0, . . . , 0 ) . The spectrum and Bethe ansatz equations for this generic situation has been studied for instance in [39], and the derived BAE have then the standard form (2.8) where we now define:

e_n(λ) = sinh ( μ(λ +^{in}_2 ) ) sinh ( μ(λ −^{in}_2 )

). (3.9)

We shall also need to derive the BAE starting with the “conjugate” L-matrix on the defect point, then the BAE are give as in (2.11). Similarly, the special case where, α_1 = α_2 = . . . = α_l = A > α_{l+1} = . . . = α_N = B, with BAE (2.13), (2.14) is also considered. We may now derive the relevant transmission amplitudes, and the corresponding transmission matrices.

3.1 The transmission matrix

The ground state in the repulsive regime of the U_q(gl_N ) chain as in the isotropic case, consists of N − 1 “filled Fermi” seas with real solutions that is 1-string configurations [40]. The corresponding density may be extracted from BAE following the standard procedure in the thermodynamic limit. The Fourier transform of the ground state densities are given as in (2.19), and we also define R̂_{jj′} (ω) = sinh (_{νω} 2 ) sinh (_{j<ω} 2 ) sinh ( (N − j_>)^ω_2 ) sinh (_{(ν−1)ω} 2 ) sinh(^ω_2 ) sinh (_{N ω} 2 ) , â_n(ω) = sinh ( (ν − n)^ω_2 ) sinh(^{νω}_2 ) , ν = π μ . (3.10) 0 < n < 2ν, (see also Appendix, and [26]). Recall that passing to the thermodynamic limit we have exploited the basic formula (2.22).

It is then straightforward to compute for the special case via (2.16), (2.19), (2.21) the “shifted” quantum numbers, starting with the L-matrix (see also [26]):

P_k = ν ν − 1 α̃_k, α̃_k = A + l N − 1 − C̃ νN , k ≤ l C̃ = lA + (N − l)B ã_k = B + l N − C̃ νN , k > l β̃^−_k = β^−_k = 0 k ≠ l, β̃_l = β_l − 1 = y − 1, (3.11) ν ν−1 is an overall renormalization factor, (see similar discussion in [26]).

Similarly, the quantum numbers in the case the conjugate L̄-matrix is considered, and for the special case (2.21) are given by P_{kk} = ν ν − 1 α̃^′_k α̃^′_k = N 2 − B − l N + C̃ νN , k ≤ N − l α̃^′_k = N 2 − A − l N + 1 + C̃ νN , k > N − l β̃_k = β_k = 0 k ≠ N − l, β̃_{N −l} = β_{N −l} − 1 = y − 1. (3.12)

Now consider the state with two holes in the first Fermi sea. The first hole as already mentioned in the isotropic case corresponds to an excitation that carries the fundamental representation, whereas a hole in the (N − 1)^{th} sea corresponds to an excitation that carries the anti-fundamental (conjugate) representation, as already pointed out earlier in the text. As in the isotropic case the two-hole configuration in the first sea enables the computation of the “soliton-soliton” S-matrix as well as the computation of the associated transmission matrix. From the BAE one derives the corresponding density of the state, given in (2.25), (2.26), (2.20), (2.21). We are naturally interested in the density of the first Fermi sea. Recall also that (2.27), (2.28) are also valid in this case.

In order to identify the scattering amplitude between two holes as well as the hole-defect transmission amplitude, we compare the expression providing the density of the first Fermi sea (2.25) with the quantization condition (2.29), with respect to the hole with rapidity λ̃_1. The factorization of the scattering is evident (see also [37]) as discussed earlier in the text. The hole-hole amplitude as well as the transmission amplitude for the model with a single defect can be derived then as (2.30).

Bearing also in mind the useful identity 1 4 ∫_∞ 0 dx x e^{−mx} sinh(x) sinh(βx)

= ln ∞∏ k=0 Γ( m 2 + β 2 + kβ + 1 2 ). (3.13)

we may identify: S(λ) = ∞∏ k=0 Γ(z + N γ + kβ) Γ(z + 1 + kβ) Γ(z + N γ − γ + kβ) Γ(z + γ + kβ + 1) Γ(−z + N γ − γ + kβ) Γ(−z + γ + kβ + 1) Γ(−z + N γ + kβ) Γ(−z + 1 + kβ) (3.14) where we define, γ = 1 ν − 1 , z = iλγ, β = N γ. (3.15) Suitable string configurations may be employed in order to derive other eigenvalues of the S matrix, but we shall not give the details on this matter here, the interested reader is referred for instance in [40]. The S-matrix, solution of the Yang-Baxter equation is then expressed as: S(λ) = S(λ) a(λ) (^N∑ j=1 a(λ) e_{jj} ⊗_{jj} + N∑ k≠j=1 b(λ) e_{kk} ⊗ e_{jj} + c N∑ k≠j=1 e^{sign(k−j)πγλ} e_{kj} ⊗ e_{jk} )

a(λ) = sin ( πγ(iλ + 1) ) , b(λ) = sin(iπγλ), c = sin(πγ) (3.16)

Recall that the presence of one hole in the last sea enables the computation of the S-matrix associated to the conjugate representation. The details of this computation are avoided here, but the final expression is of the form (see also [40])

S̄(λ) = ∞∏ k=0 Γ(z − γ +^{N γ}_2 + kβ) Γ(z + γ +^{N γ}_2 + kβ + 1)

Γ(z +^{N γ}_2 + kβ) Γ(z +^{N γ}_2 + kβ + 1) Γ(−z +^{N γ}_2 + kβ) Γ(−z +^{N γ}_2 + kβ + 1) Γ(−z − γ +^{N γ}_2 + kβ) Γ(−z + γ +^{N γ}_2 + kβ + 1)

(3.17) and the corresponding S-matrix is

S̄(λ) = S̄(λ) b̄(λ) (^N∑ j=1 ā(λ)e¯_j¯_j ⊗ e_{jj} + N∑ k≠j=1 b̄(λ)e_{k̄k̄} ⊗ e_{jj} − c^N ∑ k≠j=1 q̃^{j−k}e^{−sign(k−j)πγ(λ− iN2 )}e¯_k¯_j ⊗ e_{kj} )

ā(λ) = sin ( πγ(iλ + N 2 − 1) ) , b̄(λ) = sin ( (πγ(iλ + N 2 ) ) , q̃ = e^{iπγ} . (3.18)

It is clear that the the “conjugate” matrix S̄ may be also obtained via the S matrix (3.16) through the crossing property.

The transmission amplitude is identified via (2.30) using (3.13), we are interested in the special case (2.21), and has the following explicit form:

T^+(λ) = ∞∏ k=0 Γ(z +^{lγ}_2 −^{β̃−l γ}_2 + kβ + 1) Γ(z +^{N γ}_2 +^{(N −l)γ}_2 +^{β̃−l γ}_2 + kβ) Γ(z +^{lγ}_2 +^{β̃−l γ}_2 + kβ) Γ(z +^{N γ}_2 +^{(N −l)γ}_2 −^{β̃−l γ}_2 + kβ + 1) × Γ(−z +^{lγ}_2 +^{β̃−l γ}_2 + kβ) Γ(−z +^{N γ}_2 +^{(N −l)γ}_2 −^{β̃−l γ}_2 + kβ + 1) Γ(−z +^{lγ}_2 −^{β̃−l γ}_2 + kβ + 1) Γ(−z +^{N γ}_2 +^{(N −l)γ}_2 +^{β̃−l γ}_2 + kβ) (3.19)

β̃_l are the shifted quantum numbers corresponding to the defect as derived from the ground state computation. Bearing in mind that the transmission matrix satisfies the quadratic algebra (2.38), where S is given in (3.16), we conclude that the transmission matrix is given as T(λ) = T^+(λ) sin ( πγ(iλ + Ã) ) (^N∑ j=1 e_{jj} ⊗ sin ( πγ(iλ + P_{jj}) ) + c N∑ k≠j e^{sign(k−j)πγλ}e_{kj} ⊗ P_{kj} )

Ã = A + l N − 1 − C̃ νN (3.20)

now the representation is characterized by the shifted quantum numbers ã_k; all P_{kk} are accordingly shifted.

It is also useful to derive the T̄ matrix arising from the “crossing property”. This may be achieved by the second set of BAE (2.11) and studying the interaction of a hole in the first sea with the defect. The corresponding transmission amplitude arising from the interaction between the fundamental representor, the hole in the first seas and the defect is given by (in the special case (2.21):

T^−(λ) = ∞∏ k=0 Γ(z +^{(N −l)γ}_2 −^{β̃−N −lγ}_2 + kβ + 1) Γ(z +^{N γ}_2 +^{lγ}_2 +^{β̃−N −lγ}_2 + kβ) Γ(z +^{(N −l)γ}_2 +^{β̃−N −lγ}_2 + kβ) Γ(z +^{N γ}_2 +^{lγ}_2 −^{β̃−N −lγ}_2 + kβ + 1)

× Γ(−z +^{(N −l)γ}_2 +^{β̃−N −lγ}_2 + kβ) Γ(−z +^{N γ}_2 +^{lγ}_2 −^{β̃−N −lγ}_2 + kβ + 1) Γ(−z +^{(N −l)γ}_2 −^{β̃−N −lγ}_2 + kβ + 1) Γ(−z +^{N γ}_2 +^{lγ}_2 +^{β̃−N −lγ}_2 + kβ) (3.21)

The latter matrix satisfies the quadratic relation (2.38), and has the following explicit form:

T̄(λ) = T^−(λ) sin ( πγ(iλ +^N_2 − B̃) ) (^N∑ j=1 e_{jj}⊗sin ( πγ(iλ+ N 2 −P¯_j¯_j ) ) −c N∑ k≠j q̃^{(k−j)}e^{sign(k−j)πγ(λ− iN2 )}e_{kj}⊗P¯_j¯_k )

(3.22) where B̃ = B + l N − C̃ νN . (3.23)

Similarly, as in the isotropic case equation (2.44) is valid. Expressions on Fourier transformations that provide that transmission amplitudes associated to the generic situation may be found in the Appendix. With this we conclude our derivation of transmission matrices in the context of gl_N and U_q(gl_N ) quantum spin chains.

4 Discussion

We have been able to derive the transmission matrices for two classes of integrable spin chains associated to gl_N and U_q(gl_{cN} ) algebras. The formulation was based on the algebraic Bethe ansatz methodology. The findings reported in the present investigation are novel in both cases, although some relevant results are known in the context of affine Toda field theories, but presumably for a different type of defects (see e.g. [16]).

We have focused here on generalizations of the so called B-type defects, which are essentially associated to generic representations of the gl_N and U_q(gl_N ) algebras. A-type defects, associated to generalizations of (q) oscillators may be also considered in this framework. Moreover, we have restricted our investigation to representations that posses highest weight states, thus the familiar algebraic Bethe ansatz variation can be implemented. Infinite dimensional representations or representations that lack highest weight states can be also considered using a generalized Bethe ansatz formalism together with suitable local (Darboux) gauge transformations in the spirit described in [41, 42]. These and related issues will be addressed in separate investigations.

A Fourier transforms

We shall consider in this appendix the Fourier transform of the following functions in the rational case: a(x, y; λ) = i 2π ( 1 λ + ix − 1 λ + iy ) , (A.1)

and in the trigonometric case: a(x, y; λ) = iμ 2π (cosh(μ(λ + ix)) sinh(μ(λ + ix)) − cosh(μ(λ + iy)) sinh(μ(λ + iy)) ) . (A.2)

We distinguish three cases on the values of x, y, and we end up with the following Fourier transforms in the isotropic case: â(x, y; ω) = e^{ωx} ω < 0, â(x, y; ω) = e^{ωy} ω > 0, x > 0, y < 0 â(x, y; ω) = e^{ωy} − e^{ωx} ω > 0, â(x, y; ω) = 0 ω < 0, x, y < 0 â(x, y; ω) = e^{ωx} − e^{ωy} ω < 0, â(x, y; ω) = 0 ω > 0, x, y > 0. (A.3) In the trigonometric case, (we restrict our attention to 0 < |x|, |y| < ν, generalizations can be obtained in a straightforward manner see also [26]): â_t(x, y; ω) = e^{νω}2^{+yω} − e^{− νω}2^{+xω} 2 sinh(^{νω}_2 ) , x > 0, < 0 â(x, y; ω) = e^{νω2} e^{yω} − e^{xω} 2 sinh(^{νω}_2 ) , x, y < 0 â(x, y; ω) = e^{− νω2} e^{xω} − e^{yω} 2 sinh(^{νω}_2 ) , x, y > 0. (A.4) It is clear that in the special case x = −y =^n_2 the expressions above reduce to the familiar Fourier transforms given in (2.18), (3.10). Moreover, in the general case we have:

Y^±_k (λ) = a(α_k − k 2 , α_{k+1} − k 2 ; λ). (A.5)

Having at our disposal the Fourier transforms above we obtain explicit expressions for the densities r^{±(k)} (2.20), and hence the corresponding transmission amplitudes.

References

[1] G. Delfino, G. Mussardo and P. Simonetti, “Statistical models with a line of defect,”, Phys. Lett. B328 (1994) 123, hep-th/9403049;

G. Delfino, G. Mussardo and P. Simonetti, “Scattering theory and correlation functions in statistical models with a line of defect,” Nucl. Phys. B432 (1994) 518, hep-th/9409076.

[2] R. Konik and A. LeClair, “Purely Transmitting Defect Field Theories”, Nucl. Phys B538 (1999) 587; hep-th/9703085.

[3] A. Tsvelik and P.B. Wiegmann, “The Exact Results for Magnetic Alloys,” Adv. Phys.

32, 331 (1983) 17.

[4] N. Andrei and H. Johannesson, “Heisenberg chain with impurities (an integrable model)”, Phys. Lett. A 100 (1984) 108-112.

[5] H. Frahm and A. A. Zvyagin, “The open spin chain with impurity: an exact solution”, J. Phys.: Condens. Matter 9 9939 (1997).

[6] P. Bowcock, E. Corrigan and C. Zambon, “Some aspects of jump-defects in the quantum sine-Gordon model”, JHEP 08 (2005) 023, hep-th/0506169.

[7] E. Corrigan and C. Zambon, “A transmission matrix for a fused pair of integrable defects in the sine-Gordon model”, J. Phys. A43 (2010) 345201, arXiv:1006.0939 [hep-th].

[8] Z. Bajnok, A. George, “From Defects to Boundaries”, Int. J. Mod. Phys. A21 (2006) 1063, hep-th/0404199;

Z. Bajnok, “Equivalences between spin models induced by defects”, J. Stat. Mech. 0606 (2006) P06010, hep-th/0601107;

Z. Bajnok, Zs. Simon, “Solving topological defects via fusion”, Nucl. Phys. B802 (2007) 307, arXiv:0712.4292 [hep-th].

[9] R. Weston, “An Algebraic Setting for Defects in the XXZ and Sine-Gordon Models,”

arXiv:1006.1555 [math-ph].

[10] M. Mintchev, E. Ragoucy and P. Sorba, “Scattering in the Presence of a Reflecting and Transmitting Impurity”, Phys. Lett. B547 (2002) 313, hep-th/0209052; M. Mintchev, E. Ragoucy and P. Sorba, “Reflection-Transmission Algebras”, J. Phys. A36 (2003) 10407, hep-th/0303187.

[11] V. Caudrelier, M. Mintchev and E. Ragoucy, “The quantum non-linear Schrodinger model with point-like defect”, J. Phys. A37 (2004) L367, hep-th/0404144.

[12] E. Corrigan and C. Zambon, “Jump-defects in the nonlinear Schrodinger model and other non-relativistic field theories”, Nonlinearity 19 (2006) 1447, nlin/0512038.

[13] P. Bowcock, E. Corrigan and C. Zambon, “Affine Toda field theories with defects”, JHEP 01 (2004) 056, hep-th/0401020.

[14] E. Corrigan and C. Zambon, “Comments on defects in the a_r Toda field theories”, J.

Phys. A 42 (2009) 304008, arXiv:0902.1307 [hep-th].

[15] E. Corrigan and C. Zambon, “On purely transmitting defects in affine Toda field theory”, JHEP 07 (2007) 001, arXiv:0705.1066 [hep-th];

E. Corrigan and C. Zambon, “A new class of integrable defects”, J. Phys. A 42 (2009) 475203;arXiv:0908.3126 [hep-th].

[16] E. Corrigan and C. Zambon, “Integrable defects in affine Toda field theory and infinite dimensional representations of quantum groups,” Nuc. PhyS. B848 (2011) 545,

arXiv:1012.4186 [hep-th].

[17] V. Caudrelier, “On a systematic approach to defects in classical integrable field theories”, IJGMMP 5 No. 7 (2008) 1085, arXiv:0704.2326 [math-ph].

[18] I. Habibullin and A. Kundu, “Quantum and classical integrable sine-Gordon model with defect”, Nucl. Phys. B795 (2008) 549, arXiv:0709.4611 [hep-th].

[19] F. Nemes, “Semiclassical analysis of defect sine-Gordon theory”, Int. J. Mod. Phys. A 25 (2010) 4493; arXiv:0909.3268 [hep-th].

[20] A. Doikou, “Defects in the discrete non-linear Schrodinger model”, Nucl. Phys. B854 (2012) 153, arXiv:1106.1602, [hep-th].

[21] J. Avan and A. Doikou, “Liouville integrable defects: the non-linear Schrodinger paradigm,”, JHEP 01 (2012) 040, arXiv:1110.4728 [hep-th].

[22] J. Avan and A. Doikou, “The sine-Gordon model with integrable defects revisited”,

arXiv:1205.1661 [hep-th].

[23] A.R. Aguirre, T.R. Araujo, J.F. Gomes and A.H. Zimerman, “Type-II Bäcklund Transformations via Gauge Transformations,” JHEP 12 (2011) 056, arXiv:1110.1589

[hep-th].

[24] A.R. Aguirre, “Inverse scattering approach for massive Thirring models with integrable type-II defects,” J. Phys. A: Math. Theor. 45 (2012) 205205, arXiv:1111.5249

[math-ph].

[25] A. Doikou and N. Karaiskos, “Sigma models in the presence of dynamical point-like defects,” Nucl. Phys. B867 [FS] (2013) 872, arXiv:1207.5503 [hep-th].

[26] A. Doikou and N. Karaiskos, “Transmission amplitudes for Bethe ansatz equations,” JHEP 02 (2013) 142, arXiv:1212.0195 [math-ph].

[27] P.P. Kulish and E.K. Sklyanin, Lecture Notes in Physics, Vol. 151, (Springer, 1982),pp. 61. [28] L.A. Takhtajan, Quamtum Groups, Introduction to Quantum Groups and Intergable Massive models of Quantum Field Theory, eds, M.-L. Ge and B.-H. Zhao, Nankai Lectures on Mathematical Physics, World Scientific, 1990, p.p. 69.

[29] V.E. Korepin, N.M. Bogoliubov, and A.G. Izergin, Quantum Inverse Scattering Method, Correlation Functions and Algebraic Bethe Ansatz (Cambridge University Press, 1993).

[30] D. Arnaudon, N. Crampe, A. Doikou, L. Frappat, E. Ragoucy, “Analytical Bethe Ansatz for closed and open gl(n)- spin chains in any representation,” J. Stat. Mech.0502:P02007 (2005), math-ph/0411021.

[31] C.N. Yang, “Some Exact Results for the Many-Body Problem in. One Dimension with Repulsive Delta-Function Interaction,” Phys. Rev. Lett. 19 (1967) 1312.

[32] L.D. Faddeev and L.A. Takhtajan, “Spectrum and scattering of excitations in the onedimensional isotropic Heisenberg model,” J. Sov. Math. 24 (1984) 241 [Zap. Nauchn. Semin. 109 (1981) 134].

[33] L.D. Faddeev, Int. J. Mod. Phys. A10 (1995) 1845, hep-th/9404013.

[34] A. Doikou and R.I. Nepomechie, “Bulk and boundary S matrices for the SU(N) chain”, Nucl. Phys. B521 (1998) 547, hep-th/9803118.

[35] N. Andrei and C. Destri, “Dynamical Symmetry Breaking And Fractionization In A New Integrable Model,” Nucl. Phys. B231 (1984) 445.

[36] A. Doikou, L. Mezincescu and R. Nepomechie, “Simplified calculation of boundary S matrices,” J. Phys. A30 (1997) L507, hep-th/9705187.

[37] A. Doikou, L. Mezincescu and R. Nepomechie, “Factorization of multiparticle scattering in the Heisenberg spin chain,” Mod. Phys. Lett. A12 (1997) 2591, hep-th/9707155.

[38] M. Jimbo, “A q-difference analogue of U(g) and the Yang-Baxter equation,” Lett. Math.

Phys. 10 (1985) 63;

M. Jimbo, “A q-analogue of U(g[(N+1)), Hecke algebra, and the Yang-Baxter equation,” Lett. Math. Phys. 11 (1986) 247

[39] D. Arnaudon, N. Crampe, A. Doikou, L. Frappat and E. Ragoucy, “Spectrum and Bethe ansatz equations for the U_q(gl(N)) closed and open spin chains in any representation,” Ann. H. Poincare vol. 7 (2006) 1217, math-ph/0512037.

[40] A. Doikou and R. Nepomenchie, “Soliton S matrices for the critical A^{(1)}_{N−1} chain,” Phys.

Lett. B462 (1999) 121, hep-th/9906069.

[41] L.A. Takhtajan and L.D. Faddeev, “The quantum inverse problem method and the XYZ Heisenberg model,”Russian Math. Surveys 34:5, 13 (1979).

[42] L.A. Takhtajan, “The quantum inverse problem method and the XYZ Heisenberg model,” Physica D3 (1981) 231.