arXiv:1304.6191v2 [gr-qc] 29 Apr 2013

Effective F (T ) gravity from the higher-dimensional Kaluza-Klein and Randall-Sundrum theories

Kazuharu Bamba^{1,∗}, Shin’ichi Nojiri^{1,2,†} and Sergei D. Odintsov^{3,4,5,‡} 1Kobayashi-Maskawa Institute for the Origin of Particles and the Universe, Nagoya University, Nagoya 464-8602, Japan 2Department of Physics, Nagoya University, Nagoya 464-8602, Japan 3Instituciò Catalana de Recerca i Estudis Avançats (ICREA), Barcelona, Spain 4Institut de Ciencies de l’Espai (CSIC-IEEC), Campus UAB, Facultat de Ciencies, Torre C5-Par-2a pl, E-08193 Bellaterra (Barcelona), Spain 5TSPU, Tomsk, Russia and ENU, Astana, Kazakhstan

We explore the four-dimensional effective F (T ) gravity with T the torsion scalar in teleparallelism originating from higher-dimensional space-time theories, in particular the Kaluza-Klein (KK) and Randall-Sundrum (RS) theories. First, through the KK dimensional reduction from the five-dimensional space-time, we obtain the four-dimensional effective theory of F (T ) gravity with its coupling to a scalar field. Second, taking the RS type-II model in which there exist the five-dimensional Anti-de Sitter (AdS) space-time with four-dimensional Friedmann-Lemaître- Robertson-Walker (FLRW) brane, we find that there will appear the contribution of F (T ) gravity on the four-dimensional FLRW brane. It is demonstrated that inflation and the dark energy dominated stage can be realized in the KK and RS models, respectively, due to the effect of only the torsion in teleparallelism without that of the curvature.

PACS numbers: 04.50.Kd, 04.50.Cd, 11.25.Mj, 98.80.-k

Introduction— The phenomenon of the accelerated expansion of the universe has been supported by various observations of Supernovae Ia [1], large scale structure [2] including the baryon acoustic oscillations [3], cosmic microwave background radiation [4], and weak lensing [5]. This is one of the most significant problems in modern cosmology. Provided that the universe is homogeneous, there exist two representative ways of accounting for the current cosmic acceleration: The first is to introduce “dark energy”, which has negative pressure, within general relativity (for recent reviews, see, e.g., [6]). The second is to modify the gravitational theory on large scale. As one of the latter approaches, “teleparallelism” [7] has recently been drawn much attention. The formulations are constructed with the Weitzenböck connection, and hence the action is described by the torsion scalar T , whereas in general relativity, the formulations are written with the Levi-Civita connection, and thus the action is represented by the scalar curvature R. It has been illustrated that in F (T ) gravity, inflation in the early universe [8] or the late-time cosmic acceleration [9–11] can be realized. Also, it was verified that a non-minimal gravitational coupling of a scalar field in teleparallelism can explain the current cosmic acceleration [12]. Various theoretical issues of F (T ) gravity have extensively been discussed.

In this Letter, we examine the four-dimensional effective F (T ) gravity taking its origin from higher-

∗E-mail address: bamba@kmi.nagoya-u.ac.jp †E-mail address: nojiri@phys.nagoya-u.ac.jp ‡E-mail address: odintsov@ieec.uab.es

dimensional space-time theories. As the first example, we consider the four-dimensional effective F (T ) gravity from the Kaluza-Klein (KK) theory [13, 14]. By setting up the five-dimensional space-time, via the KK reduction to the four-dimensional space-time, we construct the four-dimensional effective theory, which is an F (T ) gravity model with the non-minimal coupling to a scalar field. Next, as the second example, we investigate the four-dimensional effective F (T ) gravity from the Randall-Sundrum (RS) [15, 16] theory, which originates from a novel KK approach in the brane world description [17]. We take the RS type-II model where there are the five-dimensional Anti-de Sitter (AdS) space-time and the four-dimensional Friedmann- Lemaître-Robertson-Walker (FLRW) brane. In such a configuration, a contribution of F (T ) gravity on the FLRW brane will exist. It is shown that inflation or the dark energy dominated stage can be realized only by the effect of the torsion without that of the curvature. As a result, it can be interpreted that these models may be equivalent to the KK and RS models without gravitational effects of the curvature but just due to those of the torsion in teleparallelism. We use units of k_B = c = ℏ = 1 and denote the gravitational constant 8πG by κ^2 ≡ 8π/M_{Pl}^2 with the Planck mass of M_{Pl} = G^{−1/2} = 1.2 × 10^{19} GeV.

From the Kaluza-Klein (KK) theory— In teleparallelism, orthonormal tetrad components e_A(x^μ) with A = 0, 1, 2, 3 are adopted. Here, an index A is for the tangent space at each point x^μ of the manifold. With orthonormal tetrad components, the metric is expressed as g_{μν} = η_{AB} e^A_μ e^B_ν with μ and ν, where μ, ν = 0, 1, 2, 3, coordinate indices on the manifold, and accordingly e^μ_A is equivalent to the tangent vector of the manifold. This is called the vierbein. The relation e^A_μ e^ν_A = δ^ν_μ defines the inverse of the vierbein. The torsion and contorsion tensors are defined as T^ρ_{μν} ≡ Γ^ρ_{νμ} − Γ^ρ_{μν} = e^ρ_A ( ∂_μe^A_ν − ∂_ν e^A_μ ) with Γ^ρ_{νμ} ≡ e^ρ_A∂_μe^A_ν , being the Weitzenböck connection without curvature, and K^{μν}_ρ ≡ − (1/2) ( T^{μν}_ρ − T^{νμ}_ρ − T^{μν}_ρ ) the contortion tensor, respectively. The torsion scalar is constructed as T ≡ S^{μν}_ρ T^ρ_{μν} = (1/4) T^{ρμν} T_{ρμν} + (1/2) T^{ρμν} T_{νμρ} − T^ρ_{ρμ} T^{νμ}_ν , where S^{μν}_ρ ≡ (1/2) ( K^{μν}_ρ + δ^μ_ρ T^{αν}_α − δ^ν_ρ T^{αμ}_α ) is the superpotential. Consequently, the teleparallel Lagrangian density is described by the torsion scalar T , although the Einstein-Hilbert action is represented by the scalar curvature R in general relativity. The modified teleparallel action describing F (T ) gravity [10] with matter is S = ∫ d^4x|e| ( F (T ) 2κ^2

+ L_M ) , (1)

where |e| = det ( e^A_μ ) = √ −g with g the determinant of the metric g_{μν} and L_M is the matter Lagrangian. In what follows, we concentrate on the part of gravitation of the action.

First, we explore the four-dimensional effective F (T ) gravity from the KK theory. We suppose that the procedure of the KK reduction [13, 14] can be applied to the modified teleparallel gravity in the same manner as in general relativity. The action of F (T ) gravity in the five-dimensional space-time is expressed as [18]

(5)S = ∫ d^5x | | |^{(5)}e | | | F (^{(5)}T )

2κ^2_5

, (2) (5)T ≡ 1 4 T^{abc}T_{abc} + 1 2 T^{abc}T_{cba} − T^a_{ab} T^{cb}_c , (3) where^{(5)}e =

√_{(5)} g with^{(5)}g the determinant of the metric^{(5)}g_{μν} in the five-dimensional space-time, κ^2_5 ≡ 8πG_5 =

(_{(5)} M_{Pl} )_{−3} with G_5 the gravitational constant and M^{(5)}_{Pl} the Planck mass in the five-dimensional spacetime. Here, the superscript or subscript of (5) or 5 mean the quantities in the five-dimensional space-time. In addition,^{(5)}T is the torsion scalar in the five-dimensional space-time, where the Latin indices a, b, . . . run over 0, 1, 2, 3, 5 and “5” denotes the component of the fifth coordinate. The form in Eq. (3) is equivalent to that in the four-dimensional space-time shown above [18]. We now consider the following original KK compactification scenario in case of the five-dimensional space-time. One of the dimensions of space is compactified to a small circle and the four-dimensional space-time is extended infinitely. The radius of the fifth dimension is taken to be of order of the Planck length in order for the KK effects not to be seen. Thus, the size of the circle is so small that phenomena in sufficiently low energies cannot be detected [13, 14]. Provided that the metric in the five-dimensional space-time is described as the following diagonal form

(5)g_{ab} = ( g_{μν} 0 0 ϕ^2 ) , (4)

with ϕ ≡ φ/φ_∗ a homogeneous scalar field depending only on time, where ϕ is a dimensionless quantity, φ is a homogeneous scalar field having a mass dimension and φ_∗ is a fiducial value of φ. We represent ϕ^2 = R^2θ^2, where R is the radius of the compactified space, and the orthonormal tetrad components in the one-dimensional compactified space is written by the dimensionless coordinates θ such as an angle. We also find

√_{(5)} g = √ −gR √ ĝ. Here, ĝ is the determinant of the metric corresponding to the pure geometrical part represented by θ and relevant to the compactified space volume V_{com} = ∫ ĝdθ [14].

In this case, we take e^A_a = diag(1, 1, 1, 1, ϕ) and the η_{ab} = diag(1, −1, −1, −1, −1). For the action in the five-dimensional space-time in Eq. (2) with Eq. (3), by adopting the above expressions of e^A_a and η_{ab} to analyze (5)S and^{(5)}T , the effective action in the four-dimensional space-time through the KK compactification mechanism explained above can be described as

S^{eff}_{KK} = ∫ d^4x|e| 1 2κ^2 ϕF (T + ϕ^2∂_μϕ∂^μϕ) . (5)

The appearance of ϕ on the right-hand side in Eq. (5) in front of the function F comes from the relation | |(5)e | | = ϕ|e| due to the KK dimensional reduction. Furthermore, the form of^{(5)}T is the same as that of T , and the part of the 0, . . . , 3 of^{(5)}g_{ab} in Eq. (4) is g_{μν} , i.e., the metric in the four-dimensional space-time. Hence, the form of the torsion scalar through the KK dimensional reduction to the four-dimensional space-time, which is the argument of the function F on the right-hand side in Eq. (5), would consist of T and the other part in terms of ϕ, which is related to the size of the compactified space. We note that the form of the function F itself would not be changed by the KK dimensional reduction. Our KK reduced action in Eq. (5) is compatible with the results in Ref. [19]. Also, we mention that the investigations in the case with the non-diagonal form of the metric in the five-dimensional space-time have also been executed in Ref. [20]. Here, as a simplest example, we consider the case of teleparallelism, i.e., F (T ) = T in Eq. (1). The metric of the flat FLRW universe is written as ds^2 = dt^2 − a^2(t) ∑ i=1,2,3 ( dx^i )_2

with a the scale factor and H ≡ ȧ/a the Hubble parameter, where the dot denotes the time derivative of ∂/∂t. For this space-time, we have g_{μν} = diag(1, −a^2, −a^2, −a^2) and e^A_μ = diag(1, a, a, a). These expressions lead to the relation T = −6H^2. In this background, the gravitational field equations read (1/2) ϕ^3ϕ̇^2 − 3H^2ϕ = 0 and (1/2) ϕ^3ϕ̇^2 + Ḣϕ + Hϕ̇ = 0 [12]. Furthermore, the equation of motion of ϕ becomes ϕ^3ϕ̈ + (3/2) ϕ^2ϕ̇^2 + 3Hϕ^3ϕ̇ + 3H^2 = 0. In deriving these equations, we have used the relation T = −6H^2. In the limit t → 0 and H = H_{inf} = constant, which can be regarded as the Hubble parameter at the inflationary stage, for ϕ > 0, we acquire a solution of the gravitational field equations ϕ = (3/2)^{1/4} exp (−3H_{inf} t). If H_{inf} ≪ 1, the equation of motion of ϕ could also be satisfied approximately. It is significant to emphasize that the contribution of the effect of the KK compactification, namely, the role of extra dimensions, is to lead to the scalar field ϕ in the gravitational field equations.

From the Randall-Sundrum (RS) theory— Next, we explore the four-dimensional effective F (T ) gravity from the RS theory with the procedure in Ref. [14]. In the RS type-I model [15], there are a positive tension brane at y = 0 and a negative one at y = s, where y is the fifth direction. Suppose that the metric describing the five-dimensional space-time is given by ds^2 = e^{−2|y|/l}g_{μν} (x)dx^μdx^ν + dy^2 with l = √ −6/Λ_5, where e^{−2|y|/l} is the warp factor and Λ_5(< 0) is the negative cosmological constant in the bulk. It is known that for the RS type-I model, the effective gravity theory in fourdimensions is the Brans-Dicke (BD) theory with the BD parameter ω_{BD} = (3/2) ( e^{±s/l} − 1 ) , where the sign (±) corresponds to that of the brane tension [21].

On the other hand, in the RS type-II model [16], there is only one brane with the positive tension floating in the AdS bulk space and hence the negative-tension brane does not exist. This configuration can be realized by the RS type-I model [15] with two branes in the limit s → ∞. We start with the equation in the fivedimensional space-time with the brane whose tension is a positive constant. We consider that the vacuum solution in the five-dimensional space-time is AdS one, and that the brane configuration is consistent with the equation in the five-dimensional space-time. This implies that the brane configuration with a positive constant tension connecting two vacuum solutions in the five-dimensional space-time, namely, the condition of the configuration is nothing but the equation for the brane. In Ref. [22], using the analysis in Ref. [23], the RS type-II model in teleparallelism has been considered. The procedure is as follows. (i) The corresponding Gauss-Codazzi equations in teleparallelism, namely, the induced equations on the brane, is examined by using the projection vierbein of the five-dimensional space-time quantities into the fourdimensional space-time brane. (ii) The Israel’s junction conditions to connect the left-side and right-side bulk spaces sandwiching the brane are investigated. The first junction condition is that the vierbeins induced on the brane from the left-side and right-side of the brane should be the same with each other. Moreover, the second junction condition is that the difference of the superpotential between the left-side and right-side of the brane comes from the energy-momentum tensor of matter, which is confined in the brane. (iii) Provided that there exists Z_2 symmetry, i.e., y ↔ −y, in the five-dimensional spacetime, the quantities on the left and right sides of the brane are explored. The difference between the scalar curvature and the torsion scalar is a total derivative of the torsion tensor [18, 24]. This may affect the boundary. It has been shown that in comparison with the gravitational field equations in general relativity [23, 25], the induced gravitational field equations on the brane have new terms, which comes from the additional degrees of freedom in teleparallelism. These extra terms correspond to the projection on the brane of the vector portion of the torsion tensor in the bulk.

Through the procedure explained above, we find that for F (T ) gravity, in the flat FLRW background the Friedmann equation on the brane is given by

H^2 dF (T ) dT = − 1 12 [ F (T ) − 4Λ − 2κ^2ρ_M − ( κ^2_5 2 )_2 Qρ^2_M ] , (6)

with Q ≡ ( 11 − 60w_M + 93w^2_M ) /4. We note that Q includes the contributions from teleparallelism, which do not exist in general relativity [22]. Here, w_M ≡ P_M/ρ_M with the energy density ρ_M and pressure P_M of matter, assumed to be a perfect fluid, is the equation of state parameter for matter confined to the brane, the effective cosmological constant in the brane is Λ ≡ Λ_5 + ( κ^2_5/2

)_2 λ^2 with λ(> 0) the tension of the brane and G = [1/ (3π)] ( κ^2_5/2

)_2

λ. Clearly, the significant contributions from the fifth dimension to the Friedmann equation on the brane are the second term and the fourth term proportional to ρ^2_M on the right-hand side in Eq. (6). Furthermore, the function of F (T ) induced on the brane would be considered to be the same as that in the fivedimensional space-time. In the dark energy dominated stage, the energy density of non-relativistic matters with w_M = 0, i.e., cold dark matter and baryon, is so much smaller than that of the cosmological constant that the second and third terms on the right-hand side can be neglected. For teleparallelism with the cosmological constant in the five-dimensional space-time, F (T ) = T −2Λ_5 in Eq. (6), we obtain an approximate de Sitter solution on the brane H = H_{DE} = √ Λ_5 + κ^4_5λ^2/6 = constant and a(t) = a_{DE} exp [H_{DE}t] with a_{DE}(> 0) a constant, where we have used T = −6H^2. Therefore, for the late time cosmic acceleration can be realized. We mention that for F (T ) = T , Λ = 0 and Q = 8/3 realizing if w_M = −5.5 × 10^{−3}, we find H^2 = ( κ^2/3 ) ρ_M [1 + ρ_M/ (2λ)], which is equivalent to the Friedmann equation in the brane world scenario [26]. Moreover, for a power-law model such as F (T ) = T^2/M̄^2 +αΛ_5 in Eq. (6), where M̄ is a mass scale and α is a constant, we find a similar approximate de Sitter solution H = H_{DE} = [(¯ M^2/108 ) J ]_{1/4} = constant with J ≡ (α − 4) Λ_5 − 4 ( κ^2_5/2

)_2

λ^2. It should be cautioned that the condition on F (T ) gravity for the AdS configuration in the bulk to be realized has to be shown in future work. In addition, four-dimensional bouncing F (T ) cosmologies [27] unifying inflation with the latetime cosmic acceleration due to dark energy have been discussed. Such cosmologies may be reconstructed also in F (T ) gravity from the RS brane world scenario.

Summary— We have studied the four-dimensional effective F (T ) gravity coming from the higher-dimensional KK and RS space-time theories. With the KK reduction from the five-dimensional space-time to the four dimensions, we have built the four-dimensional effective theory of F (T ) gravity coupling to a scalar field. Moreover, for the RS type-II model consisting of the five-dimensional AdS space-time and the four-dimensional FLRW brane, we have also shown that the contribution of F (T ) gravity appears on the four-dimensional FLRW brane. Furthermore, it has been verified that inflation or the late time cosmic accelerated expansion can occur only through the effect of the torsion without that of the curvature. Thus, these models can be regarded as the KK and RS models constructed by not the curvature effect but only the torsion one in teleparallelism.

Acknowledgments– We sincerely thank Professor Chao- Qiang Geng for very kind hospitality in Taiwan (K.B. and S.N.). We also appreciate important comments of Professor Jaume de Haro very much. The work is supported in part by Global COE Program of Nagoya University (G07) provided by the Ministry of Education, Culture, Sports, Science & Technology and by the JSPS Grant-in-Aid for Scientific Research (S) # 22224003 and (C) # 23540296 (S.N.); and MINECO (Spain), FIS2010- 15640 and AGAUR (Generalitat de Catalunya), contract 2009SGR-345 (S.D.O.).

[1] S. Perlmutter et al. [SNCP Collaboration], Astrophys. J.

517, 565 (1999); A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116, 1009 (1998).

[2] M. Tegmark et al. [SDSS Collaboration], Phys. Rev. D 69, 103501 (2004); U. Seljak et al. [SDSS Collaboration], ibid. 71, 103515 (2005).

[3] D. J. Eisenstein et al. [SDSS Collaboration], Astrophys.

J. 633, 560 (2005).

[4] D. N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 148, 175 (2003); ibid. 170, 377 (2007); E. Komatsu et al. [WMAP Collaboration], ibid. 180, 330 (2009); ibid. 192, 18 (2011); G. Hinshaw et al., arXiv:1212.5226 [astro-ph.CO]; P. A. R. Ade et al. [Planck Collaboration], arXiv:1303.5076 [astro-ph.CO].

[5] B. Jain and A. Taylor, Phys. Rev. Lett. 91, 141302 (2003).

[6] R. R. Caldwell and M. Kamionkowski, Ann. Rev. Nucl.

Part. Sci. 59, 397 (2009); K. Bamba, S. Capozziello, S. Nojiri and S. D. Odintsov, Astrophys. Space Sci. 342, 155 (2012).

[7] F. W. Hehl, P. Von Der Heyde, G. D. Kerlick and J. M. Nester, Rev. Mod. Phys. 48, 393 (1976); K. Hayashi and T. Shirafuji, Phys. Rev. D 19, 3524 (1979) [Addendum-ibid. D 24, 3312 (1982)]; F. Wilczek, Phys. Rev. Lett. 80, 4851 (1998); R. Aldrovandi and J. G. Pereira, Teleparallel Gravity: An Introduction (Springer, Dordrecht, 2012).

[8] R. Ferraro and F. Fiorini, Phys. Rev. D 75, 084031 (2007); ibid. 78, 124019 (2008).

[9] G. R. Bengochea and R. Ferraro, Phys. Rev. D 79, 124019 (2009).

[10] E. V. Linder, Phys. Rev. D 81, 127301 (2010) [Erratumibid. D 82, 109902 (2010)].

[11] P. Wu and H. W. Yu, Eur. Phys. J. C 71, 1552 (2011);

J. B. Dent, S. Dutta and E. N. Saridakis, JCAP 1101, 009 (2011); K. Bamba, C. -Q. Geng, C. -C. Lee and L. -W. Luo, JCAP 1101, 021 (2011); K. Bamba, C. - Q. Geng and C. -C. Lee, arXiv:1008.4036 [astro-ph.CO]; K. Bamba, R. Myrzakulov, S. Nojiri and S. D. Odintsov, Phys. Rev. D 85, 104036 (2012).

[12] C. -Q. Geng, C. -C. Lee, E. N. Saridakis and Y. -P. Wu, Phys. Lett. B 704, 384 (2011).

[13] T. Appelquist, A. Chodos and P. G. O. Freund, Modern Kaluza-Klein Theories (Addison-Wesley, Reading, 1987); J. M. Overduin and P. S. Wesson, Phys. Rept. 283, 303 (1997).

[14] Y. Fujii and K. Maeda, The Scalar-Tensor Theory of Gravitation (Cambridge University Press, Cambridge, United Kingdom, 2003).

[15] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999).

[16] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999).

[17] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys.

Lett. B 429, 263 (1998); I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, ibid. 436, 257 (1998).

[18] S. Capozziello, P. A. Gonzalez, E. N. Saridakis and Y. Vasquez, JHEP 1302, 039 (2013).

[19] F. Fiorini, P. A. Gonzalez and Y. Vasquez, arXiv:1304.1912 [gr-qc].

[20] V. C. de Andrade, L. C. T. Guillen and J. G. Pereira, Phys. Rev. D 61, 084031 (2000); A. L. Barbosa, L. C. T. Guillen and J. G. Pereira, ibid. 66, 064028 (2002).

[21] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778 (2000).

[22] K. Nozari, A. Behboodi and S. Akhshabi, arXiv:1212.5772 [gr-qc].

[23] T. Shiromizu, K. -i. Maeda and M. Sasaki, Phys. Rev. D 62, 024012 (2000).

[24] S. Weinberg, Cosmology (Oxford University Press, Oxford, UK, 2008).

[25] P. Binetruy, C. Deffayet and D. Langlois, Nucl. Phys. B 565, 269 (2000); J. M. Cline, C. Grojean and G. Servant, Phys. Rev. Lett. 83, 4245 (1999); A. Kehagias and E. Kiritsis, JHEP 9911, 022 (1999); P. Binetruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477, 285 (2000); E. E. Flanagan, S. H. H. Tye and I. Wasserman, Phys. Rev. D 62, 044039 (2000).

[26] A. V. Astashenok, E. Elizalde, J. de Haro, S. D. Odintsov and A. V. Yurov, arXiv:1301.6344 [gr-qc].

[27] J. de Haro and J. Amoros, Phys. Rev. Lett. 110, 071104 (2013).