arXiv:1304.6417v1 [hep-th] 23 Apr 2013

Finite temperature Casimir effect for charged massless scalars in a magnetic field

Andrea Erdas^∗ and Kevin P. Seltzer Department of Physics, Loyola University Maryland, 4501 North Charles Street, Baltimore, Maryland 21210, USA

The zeta function regularization technique is used to study the finite temperature Casimir effect for a charged and massless scalar field confined between parallel plates and satisfying Dirichlet boundary conditions at the plates. A magnetic field perpendicular to the plates is included. Three equivalent expressions for the zeta function are obtained, which are exact to all orders in the magnetic field strength, temperature and plate distance. These expressions of the zeta function are used to calculate the Helmholtz free energy of the scalar field and the pressure on the plates, in the case of high temperature, small plate distance and strong magnetic field. In all cases, simple analytic expressions are obtained for the free energy and pressure which are accurate and valid for practically all values of temperature, plate distance and magnetic field.

PACS numbers: 03.70.+k, 11.10.Wx, 12.20.Ds

I. INTRODUCTION

The Casimir effect is a quantum phenomenon where an attractive or repulsive force is observed between electrically neutral conducting plates in vacuum, and can be regarded as a quantitative proof of the quantum fluctuations of the electromagnetic field. Casimir first discovered the effect, by calculating the attractive electromagnetic force between two parallel conducting plates [1]. The repulsive Casimir effect was discovered by Boyer some time later, when he showed that if the electromagnetic field is confined inside a perfectly conducting sphere, the wall of the sphere is subject to a repulsive force [2]. The first experimental evidence of the Casimir force was obtained more than fifty years ago by Sparnaay [3] and, since then, many greatly improved experimental observations have been reported. For a comprehensive review of these experiments, see the review article by Bordag et al. [4].

Since Casimir forces have many applications -from nanotubes and nanotechnology [5–8], to branes and compactified extra dimensions [9–28], to string theory [29–32]- a large effort has gone into studying the Casimir effect and its generalization to quantum fields other than the electromagnetic field: fermions [33], bosons and other scalar fields have all been investigated extensively [4].

It is well known that Casimir forces are very sensitive to the boundary conditions of the involved quantum fields on the plates. In the case of scalar fields, the most used boundary conditions are Dirichlet and Neuman, in the case of fermion fields or fields with spin in general [34] bag boundary conditions are used. In this work we will use Dirichlet boundary conditions for a scalar field confined between two parallel plates.

Scalar fields, with or without charge or mass, appear in many different areas of physics: the Higgs field is responsible for spontaneous symmetry breaking in the Standard Model, dilaton fields break the conformal symmetry of the string in superstring theory [35, 36], inflatons are used to solve the problem of a non-vanishing cosmological constant by causing the accelerated expansion of the universe [37–39]. In condensed matter physics, scalar fields are important to describe spontaneous breaking of discrete symmetries: the Ginzburg-Landau scalar field is associated with type II superconductors, scalar fields are used to explain Landau diamagnetism [40, 41], etc.

The Casimir effect for charged scalar fields in a magnetic field has been studied in vacuum [42] and at finite temperature [43] using the Schwinger proper time method to calculate the effective action, but these authors are only able to obtain the free energy as an infinite sum of modified Bessel functions. In this paper we use a different method, the zeta function technique, to study the Casimir effect for massless scalar fields at finite temperature and in the presence of a magnetic field. This method allows us to obtain simple analytic forms for the free energy and Casimir pressure, valid for practically all values of the parameters involved. A similar investigation of the Casimir effect for massive scalar fields at finite temperature and in the presence of a magnetic field will be presented elsewhere.

Since Casimir effect calculations must carefully address the issue of regularizing the vacuum energy, it is best to use the most effective regularization techniques. Many regularization techniques are available nowadays, and two of them have been applied frequently and successfully to the Casimir effect: the cutoff method often used in various piston configurations [44, 45] and the zeta function technique [46–48]. As we stated above, the choice for this paper

∗Electronic address: aerdas@loyola.edu

is the zeta function technique, a powerful regularization technique used also in the computation of effective actions [49, 50]. We apply this regularization to obtain the free energy and Casimir pressure due to a scalar field confined between two parallel plates, at a distance a from each other. We assume Dirichlet boundary conditions on the plates and take our system to be in thermal equilibrium with a heat reservoir at finite temperature T , using the imaginary time formalism of finite temperature field theory, which is suitable for a system in thermal equilibrium. A uniform magnetic field ⃗B is present in the region between the plates and is perpendicular to the plates.

In Section II, we obtain three equivalent expressions of the zeta function for this system, exact to all orders in eB, T and a, where e is the scalar field charge. We also obtain simple analytic expressions for the zeta function in the case of high temperature (T ≫ a^{−1}, √ eB), small plate distance (a^{−1} ≫ T, √ eB), and strong magnetic field ( √ eB ≫ a^{−1}, T ) In Section III, we use the zeta function obtained in the previous section, to calculate the Helmholtz free energy of the scalar field and the pressure on the plates and obtain simple analytic expressions for these quantities in the case of high temperature, small plate distance, and strong magnetic field. A discussion of our results is presented in Section IV.

II. ZETA FUNCTION EVALUATION

Using the imaginary time formalism of finite temperature field theory, we write the partition function Z for a bosonic system in thermal equilibrium at finite temperature T Z = N ∫ Periodic Dϕ^⋆ Dϕ exp (∫_β 0 dτ ∫ d^3xL ) , (1)

where L is the Lagrangian density for the bosonic system, N is a constant and ‘periodic’ means that this functional integral is evaluated over field configurations satisfying ϕ(x, y, z, 0) = ϕ(x, y, z, β), (2) where β = 1/T is the periodic length in the Euclidean time axis. In addition to the finite temperature boundary conditions given by (2), we impose Dirichlet boundary conditions for scalar bosons between two square plates. In 3-dimensional space with two large parallel plates perpendicular to the z-axis and located at z = 0 and z = a, the Dirichlet boundary conditions constrain the scalar field to vanish at the plates, ϕ(x, y, 0, τ) = ϕ(x, y, a, τ) = 0. (3) In the slab region there is also a uniform magnetic field pointing in the z direction, ⃗B = (0, 0, B). The scalar field has charge e and thus will interact with the magnetic field.

The scalar field Helmholtz free energy F and partition function Z are related by

F = −β^{−1} log Z. (4)

A straightforward evaluation of the functional integral (1) yields

log Z = − log det (−D_E|F_a) , (5)

where the symbol F_a indicates the set of functions which satisfy boundary conditions (2) and (3), and the operator D_E is defined as:

D_E = ∂^2_τ + ∂^2_z − (⃗p − e ⃗A)^2_⊥, (6)

where ⃗A is the electromagnetic vector potential, the subscript E indicates Euclidean time, and we used the notation ⃗p_⊥ = (p_x, p_y, 0).

The zeta function technique allows us to use the eigenvalues of D_E to evaluate log Z. The Dirichlet boundary conditions (3) are satisfied only if the allowed values for the momentum in the z-direction are

p_z = π a n, (7) where n ∈ {0, 1, 2, 3, ...}, and therefore the eigenvalues of −∂^2_τ − ∂^2_z whose eigenfunctions satisfy (2) and (3) are:

π^2 a^2 n^2 +

4π^2 β^2 m^2, (8) where n ∈ {0, 1, 2, 3, ...} and m ∈ {0, ±1, ±2, ±3, ...}. The spectrum of the operator (⃗p − e ⃗A)^2_⊥ is well known from one-particle quantum mechanics, and its eigenvalues are the Landau levels 2eB ( l + 1 2 ) , (9)

with l ∈ {0, 1, 2, 3, ...}. Using the eigenvalues (8) and (9), we construct the zeta function ζ (s), which is given by

ζ(s) = L^2 ( 1 2 )_∞∑ n=−∞ ∞∑ m=−∞ ( eB 2π )_∞∑ l=0 [ π^2 a^2 n^2 +

4π^2 β^2 m^2 + eB (2l + 1) ]_{−s} , (10)

where L^2 is the area of the plates. Once we put ζ in a suitable closed form, using the zeta function technique we will obtain immediately the partition function

log Z = ζ^′(0), (11)

and then the free energy using (4)

F = −β^{−1}ζ^′(0). (12)

With the help of the following identity z^{−s} = 1 Γ(s) ∫_∞ 0 dt t^{s−1}e^{−zt}, (13) where Γ(s) is the Euler gamma function, we rewrite ζ(s) as ζ(s) = L^2 8πΓ(s) ∫_∞ 0 dt t^{s−2} eBt sinh eBt (_∞ ∑ n=−∞ e^{− π2}a^{2 n2 t} ) (_∞ ∑ m=−∞ e^{− 4π} 2 β2 m^2t ) , (14)

where we also used ∞∑ l=0 e^{−(2l+1)z} = 1 2 sinh z

. (15)

It is not possible to evaluate (14) in closed form for arbitrary values of B, a and β, but it is possible to find simple expressions for ζ(s) when one or some of B, a and T are small or large. From these simple expressions of the zeta function, the free energy will be obtained immediately.

First we evaluate ζ(s) in the high temperature limit. To do so, we apply the Poisson resummation formula [51] to the n-sum in (14) and obtain ζ(s) = a [ ζ_B (s) + ζ_{B,a}(s) + ζ̃_{B,T} (s) + ζ_{B,a,T} (s) ] , (16)

where

ζ_B (s) =

L^2 8π^{3/2}Γ(s) ∫_∞ 0 dt t^{s−5/2} eBt sinh eBt , (17)

ζ̃_{B,T} (s) = L^2 4π^{3/2}Γ(s) ∞∑ m=1 ∫_∞ 0 dt t^{s−5/2} eBt sinh eBt e^{−4π2m2t/β2} , (18)

ζ_{B,a}(s) = L^2 4π^{3/2}Γ(s) ∞∑ n=1 ∫_∞ 0 dt t^{s−5/2} eBt sinh eBt e^{−n2a2 /t}, (19)

ζ_{B,a,T} (s) = L^2 2π^{3/2}Γ(s) ∞∑ n=1 ∞∑ m=1 ∫_∞ 0 dt t^{s−5/2} eBt sinh eBt e^{−(n2a2 /t+4π2m2t/β2)}. (20)

After changing the integration variable from t to tnaβ/2πm in (20), we obtain ζ_{B,a,T} (s) = L^2 2π^{3/2}Γ(s) ∞∑ n=1 ∞∑ m=1 ( naβ 2πm )_{s−1/2} ∫_∞ 0 dt t^{s−5/2} eBt sinh(^{eBtnaβ}_{2πm} ) e^{−2πnma(t+1/t)/β}. (21) When 2aT ≫ 1, only the term with n = m = 1 contributes significantly to the double sum so, using the saddle point method, we evaluate the integral for eB ≪ 4π^2T^2 and obtain ζ_{B,a,T} (s) = L^2eB 2πaΓ(s) ( aβ 2π )_s e^{−4πa/β} sinh(^{eBaβ}_{2π} )

. (22)

Next we evaluate (18) for eB ≪ 4π^2T^2. In this case, we can set eBt sinh eBt ≈ 1 − 1 6 (eBt)^2 (23)

and, after substituting (23) into (18), we integrate to find

ζ̃_{B,T} (s) = L^2 Γ(s) ( β 2π )_{2s} [ 2π^{3/2} β^3

Γ(s −^3_2 )ζ_R(2s − 3) − e^2B^2β 48π^{5/2}

Γ(s +^1_2 )ζ_R(2s + 1) ] , (24)

where ζ_R is the Riemann zeta function of number theory. For calculating the free energy, we only need to know ζ(s) for s → 0. For small s we have

z^{2s}ζ_R(2s − 3)

Γ(s −^3_2 )

Γ(s) = √ π 90 s + O(s^2), (25) and z^{2s}ζ_R(2s + 1)

Γ(s +^1_2 )

Γ(s) = √ π 2 + √ π ( γ_E + ln z 2 ) s + O(s^2), (26)

where γ_E = 0.5772 is the Euler Mascheroni constant. Substituting (25) and (26) into (24), we obtain

ζ̃_{B,T} (s) = L^2 [ π^2 45β^3 − e^2B^2β 48π^2 ( 1 2s + γ_E + ln β 4π ) ] s, (27)

valid for eB ≪ 4π^2T^2 and small s.

In the high temperature limit, both eBa^2 ≪ 1 and eBa^2 ≫ 1 are possible, and therefore we need to evaluate (19) for both scenarios. When eBa^2 ≪ 1 we use (23) into (19), integrate, and find ζ_{B,a}(s) = L^2a^{2s} 4π^{3/2}Γ(s) [ 1 a^3

Γ(^3_2 − s)ζ_R(3 − 2s) − e^2B^2a 6 Γ(−^1_2 − s)ζ_R(−1 − 2s) ] , (28)

which, for small s, becomes ζ_{B,a}(s) = L^2 8π [ ζ_R(3) a^3 − e^2B^2a 18 ] s, (29)

where ζ_R(3) = 1.2021. When eBa^2 ≫ 1 we use 1 sinh eBt ≈ 2e^{−eBt} (30) into (19), change the integration variable from t to^{na√}_{eB} t, and find

ζ_{B,a}(s) = L^2eB 2π^{3/2}Γ(s) ∞∑ n=1 ( na √ eB )_{s−1/2} ∫_∞ 0 dt t^{s−3/2}e^− √ eBna(t+1/t). (31)

Only the term with n = 1 contributes significantly to the sum when eBa^2 ≫ 1 and, using the saddle point method, we evaluate the integral and find ζ_{B,a}(s) = L^2eB 2πaΓ(s) ( a √ eB )_s e^{−2} √ eBa. (32) Finally we calculate ζ_B (s), the only piece of the zeta function that can be evaluated exactly and, after integrating, we find

ζ_B (s) = L^2(eB)^{3/2−s} 4π^{3/2}Γ(s)

(1 − 2^{1/2−s})Γ(s −^1_2 )ζ_R(s −^1_2 ), (33)

which, for small s, becomes

ζ_B (s) =

L^2(eB)^{3/2} 2π ( √ 2 − 1)ζ_R(−^1_2 )s, (34)

where ζ_R(−^1_2 ) = −0.2079.

By adding (22), (27), (29) and (34), we find ζ(s) in the high temperature and very weak field limit, 2T ≫ a^{−1}, 2T ≫ √ eB/π, and eB ≪ a^{−2} ζ(s) = L^2 [ π^2a 45β^3 + (eB)^{3/2}a 2π ( √ 2 − 1)ζ_R(−^1_2 ) + ζ_R(3) 8πa^2 + eB 2π e^{−4πa/β} sinh(^{eBaβ}_{2π} ) − e^2B^2a^2 96π − e^2B^2βa 48π^2 ( 1 2s + γ_E + ln β 4π ) ] s, (35) where we took the small s limit. By adding (22), (27), (32) and (34), we find ζ(s) in the high temperature and very large plate distance limit, 2T ≫ a^{−1}, 2T ≫ √ eB/π, and eB ≫ a^{−2} ζ(s) = L^2 [ π^2a 45β^3 + (eB)^{3/2}a 2π ( √ 2 − 1)ζ_R(−^1_2 ) + eB 2π e^{−4πa/β} sinh(^{eBaβ}_{2π} ) + eB 2π e^{−2} √ eBa − e^2B^2βa 48π^2 ( 1 2s + γ_E + ln β 4π ) ] s, (36)

where we also took the small s limit.

Next we evaluate ζ(s) in the limit of small plate distance and apply the Poisson resummation formula to the m-sum in (14) to obtain ζ(s) = β 2 [ ζ_B (s) + ζ̃_{B,a}(s) + ζ_{B,T} (s) + ζ̃_{B,a,T} (s) ] , (37)

where ζ_B (s) is the same as in (17), and

ζ̃_{B,a}(s) = L^2 4π^{3/2}Γ(s) ∞∑ n=1 ∫_∞ 0 dt t^{s−5/2} eBt sinh eBt e^{−π2n2 t/a2} , (38)

ζ_{B,T} (s) = L^2 4π^{3/2}Γ(s) ∞∑ m=1 ∫_∞ 0 dt t^{s−5/2} eBt sinh eBt e^{−m2β2/4t}, (39)

ζ̃_{B,a,T} (s) = L^2 2π^{3/2}Γ(s) ∞∑ n=1 ∞∑ m=1 ∫_∞ 0 dt t^{s−5/2} eBt sinh eBt e^{−(π2n2t/a2 +m2β2/4t)}. (40) It is evident from (37) - (40) that ζ(s), in the limits 2aT ≪ 1 and eB ≪ π^2a^{−2}, is obtained from (16) - (20) by replacing a with β/2 and β with 2a. For eB (_β 2 )_2

≪ 1 and small s, we find

ζ(s) = L^2 [ π^2β 720a^3 + (eB)^{3/2}β 4π ( √ 2 − 1)ζ_R(−^1_2 ) + ζ_R(3) 2πβ^2 + eB 2π e^{−πβ/a} sinh(^{eBaβ}_{2π} ) − e^2B^2β^2 384π − e^2B^2βa 48π^2 ( 1 2s + γ_E + ln a 2π ) ] s, (41) for eB (_β 2 )_2

≫ 1 and small s we find

ζ(s) = L^2 [ π^2β 720a^3 + (eB)^{3/2}β 4π ( √ 2 − 1)ζ_R(−^1_2 ) + eB 2π e^{−πβ/a} sinh(^{eBaβ}_{2π} ) + eB 2π e^− √ eBβ − e^2B^2βa 48π^2 ( 1 2s + γ_E + ln a 2π ) ] s. (42)

Last, we evaluate ζ(s) in the strong magnetic field limit, eB ≫ (_β 2 )_{−2} and eB ≫ a^{−2}. Under these conditions, after applying the Poisson resummation formula to both the n- and m-sum in (14), we find

ζ(s) = aβ[ζ_W (s) + ζ̃(s)] (43)

where

ζ_W (s) =

L^2 16π^2Γ(s) ∫_∞ 0 dt t^{s−3} eBt sinh eBt , (44)

is the zeta function of the one-loop vacuum effective lagrangian for massless scalar QED first calculated by Weisskopf, and ζ̃(s) = L^2 16π^2Γ(s) ∫_∞ 0 dt t^{s−3} eBt sinh eBt (_∞ ∑ n,m=−∞ e^{−a2n2 /t}e^{−β2m2 /4t} − 1 ) . (45)

The integral in (44) can be evaluated exactly, and we find

ζ_W (s) = L^2(eB)^{2−s} 8π^2Γ(s)

(1 − 2^{1−s})Γ(s − 1)ζ_R(s − 1), (46)

which, for small s, becomes

ζ_W (s) =

L^2e^2B^2 96π^2 ( ln eB − ln 3 − 1 2 − 1 s ) s, (47)

where we used the interesting numerical fact [52]

γ_E + ln π − 6 π^2 ζ^′(2) ≃ ln 6 + 1 2 . (48)

We evaluate ζ̃(s) by using (30), which is valid in the strong magnetic field limit, then change integration variable from t to √_{n2 a2+m2 β2/4} eB t, to find

ζ̃(s) = L^2eB 8π^2Γ(s) ∞∑ n,m=−∞ ( n^2a^2 + m^2β^2/4 eB )^{s−1}_2 ∫_∞ 0 dt t^{s−2}e^{−(t+1/t)√eB} √_{n2 a2+m2β2/4} , (49)

where the term with m = n = 0 is excluded and only terms with n = 0, ±1 and m = 0, ±1 contribute significantly to the double sum. We integrate using the saddle point method and, for small s, obtain

ζ̃(s) = L^2(eB)^{5/4} 2π^{3/2} [ e^{−2a√eB} 2a^{3/2} + √ 2e^{−β√eB} β^{3/2} + e^{−2√eB} √_{a2+β2/4} (a^2 + β^2/4)^{3/4} ] s. (50)

Adding (47) to (50) we find the zeta function in the limit of strong magnetic field, eB ≫ a^{−2} and eB ≫ (_β 2 )_{−2} , and small s ζ(s) = L^2aβ [ e^2B^2 96π^2 ( ln eB − ln 3 − 1 2 − 1 s ) + (eB)^{5/4} 2π^{3/2} ( e^{−2a√eB} 2a^{3/2} + √ 2e^{−β√eB} β^{3/2} + e^{−2√eB} √_{a2+β2/4} (a^2 + β^2/4)^{3/4} )] s. (51)

III. FREE ENERGY AND CASIMIR PRESSURE

The derivative of the zeta function is obtained easily by taking advantage of the useful fact that, for a well behaved G(s), the derivative of G(s)/Γ(s) at s = 0 is simply G(0) [53] and therefore, using (12) and (14), we find the free energy F = − L^2 8πβ ∫_∞ 0 dt t^{−2} eBt sinh eBt (_∞ ∑ n=−∞ e^{− π2}a^{2 n2 t} ) (_∞ ∑ m=−∞ e^{− 4π} 2 β2 m^2t ) . (52)

Using our results for the zeta function (16), (37), and (43), we are able to obtain three other expressions of the free energy, all equivalent to (52), F = − L^2a 8π^{3/2}β ∫_∞ 0 dt t^{−5/2} eBt sinh eBt (_∞ ∑ n=−∞ e^{− n2a2t} ) (_∞ ∑ m=−∞ e^{− 4π} 2 β2 m^2 t ) , (53)

best suited for high temperature expansion (2T a ≫ 1 and 2T ≫ √ eB/π), F = − L^2 16π^{3/2} ∫_∞ 0 dt t^{−5/2} eBt sinh eBt (_∞ ∑ n=−∞ e^{− π2}a^{2 n2 t} ) (_∞ ∑ m=−∞ e^{− m2β24t} ) , (54)

best suited for small plate distance expansion (2T a ≪ 1 and a^{−1} ≫ √ eB/π), and F = − L^2a 16π^2 ∫_∞ 0 dt t^{−3} eBt sinh eBt (_∞ ∑ n=−∞ e^{− n2a2t} ) (_∞ ∑ m=−∞ e^{− m2β24t} ) , (55)

best suited for strong magnetic field expansion. The last equation has been obtained by other authors [43], who used (55) to write the free energy as an infinite sum of modified Bessel functions.

It is not possible to evaluate (52) - (55) in closed form for arbitrary values of B, a and β but, using our results from Sec. II, we found simple analytic expressions for the free energy when one or some of those three quantities are small or large. To calculate the free energy in the high temperature limit, 2T ≫ a^{−1} and 2T ≫ √ eB/π, we use (35) and (36) to find F = −L^2 [ π^2a 45β^4 + (eB)^{3/2}a 2πβ ( √ 2 − 1)ζ_R(−^1_2 ) + ζ_R(3) 8πβa^2 + eB 2πβ e^{−4πa/β} sinh(^{eBaβ}_{2π} ) − e^2B^2a^2 96πβ − e^2B^2a 48π^2

(γ_E + ln β 4π ) ] , (56)

valid for eB ≪ a^{−2}, and F = −L^2 [ π^2a 45β^4 + (eB)^{3/2}a 2πβ ( √ 2 − 1)ζ_R(−^1_2 ) + eB 2πβ e^{−4πa/β} sinh(^{eBaβ}_{2π} ) + eB 2πβ e^{−2} √ eBa − e^2B^2a 48π^2

(γ_E + ln β 4π ) ] , (57)

valid for eB ≫ a^{−2}. Notice that in (56) and (57) the dominant term is the Stefan-Boltzmann term −^{π2}_{90} V T^4, where V = L^2a is the volume of the slab. Terms with a linear dependence on the plate distance, such as this one, are proportional to the volume of the slab and represent a uniform energy density. If the same magnetic field is present outside the slab and the medium outside the slab is also at temperature T , such terms do not contribute to the Casimir pressure. If there is vacuum outside the slab, i.e. no magnetic field and zero temperature, uniform energy density terms contribute a constant pressure which is very easily calculated. In this paper we assume that the same magnetic field is present inside and outside the slab, and that the medium outside the slab is at the same temperature as the one inside the slab, so we neglect contributions to the Casimir pressure from uniform energy density terms.

The pressure P on the plates is given by P = − 1 L^2 ∂F ∂a , (58)

and therefore, for 2T ≫ a^{−1} ≫ √ eB/π, we find P = − ζ_R(3) 4πβa^3 − 2eB β^2 e^{−4πa/β} sinh(^{eBaβ}_{2π} ) − e^2B^2e^{−4πa/β} 4π^2 coth(^{eBaβ}_{2π} ) sinh(^{eBaβ}_{2π} ) − e^2B^2a 48πβ , (59) and P = − 2eB β^2 e^{−4πa/β} sinh(^{eBaβ}_{2π} ) − e^2B^2e^{−4πa/β} 4π^2 coth(^{eBaβ}_{2π} ) sinh(^{eBaβ}_{2π} ) − (eB)^{3/2} πβ e^{−2} √ eBa, (60) for 2T ≫ √ eB/π ≫ a^{−1}. Since the third term in (59) is negligible when compared to the other ones in (59) and (60), we write the high temperature Casimir pressure as P = − ζ_R(3) 4πβa^3 − 2eB β^2 e^{−4πa/β} sinh(^{eBaβ}_{2π} ) − e^2B^2a 48πβ , (61)

for 2T ≫ a^{−1} ≫ √ eB/π, and P = − 2eB β^2 e^{−4πa/β} sinh(^{eBaβ}_{2π} ) − (eB)^{3/2} πβ e^{−2} √ eBa, (62) for 2T ≫ √ eB/π ≫ a^{−1}. Next we obtain the free energy in the small plate distance limit, using (41) and (42), to find F = −L^2 [ π^2 720a^3 + (eB)^{3/2} 4π ( √ 2 − 1)ζ_R(−^1_2 ) + ζ_R(3) 2πβ^3 + eB 2πβ e^{−πβ/a} sinh(^{eBaβ}_{2π} ) − e^2B^2β 384π − e^2B^2a 48π^2

(γ_E + ln a 2π ) ] (63)

for a^{−1} ≫ 2T ≫ √ eB/π, and F = −L^2 [ π^2 720a^3 + (eB)^{3/2} 4π ( √ 2 − 1)ζ_R(−^1_2 ) + eB 2πβ e^{−πβ/a} sinh(^{eBaβ}_{2π} ) + eB 2πβ e^− √ eBβ − e^2B^2a 48π^2

(γ_E + ln a 2π ) ] (64)

for a^{−1} ≫ √ eB/π ≫ 2T . The dominant term here is −^{π2}_{720}^{L2}_{a3} , which is the familiar vacuum Casimir energy for a complex scalar field, and for the photon field [1]. The Casimir pressure for small plate distance is P = − π^2 240a^4 + eB 2a^2 e^{−πβ/a} sinh(^{eBaβ}_{2π} ) − e^2B^2e^{−πβ/a} 4π^2 coth(^{eBaβ}_{2π} ) sinh(^{eBaβ}_{2π} ) − e^2B^2 48π^2 (ln a 2π + 1) (65)

in the case of very weak magnetic field (a^{−1} ≫ 2T ≫ √ eB/π), and it is identical in the case of very low temperature (a^{−1} ≫ √ eB/π ≫ 2T ). Since the third term in (65) is much smaller than the other ones, we can neglect it and write the pressure in the small plate distance limit as P = − π^2 240a^4 + eB 2a^2 e^{−πβ/a} sinh(^{eBaβ}_{2π} ) − e^2B^2 48π^2 (ln a 2π + 1). (66)

Finally, for strong magnetic field the free energy is found using (51) F = −L^2a [ e^2B^2 96π^2 ( ln eB − ln 3 − 1 2 ) + (eB)^{5/4} 2π^{3/2} ( e^{−2a√eB} 2a^{3/2} + √ 2e^{−β√eB} β^{3/2} + e^{−2√eB} √_{a2+β2/4} (a^2 + β^2/4)^{3/4} )] , (67)

where the dominant term is the one-loop vacuum effective potential for massless scalar QED [52], and is proportional to the volume of the slab, as expected. The effective potential is a uniform energy density term and therefore, under our assumptions, does not contribute to the Casimir pressure. The pressure, for eB ≫ (_β 2 )_{−2} and eB ≫ a^{−2}, is given by P = − (eB)^{5/4} 2π^{3/2} √ a e^{−2a} √ eB (√ eB + 1 4a ) + (eB)^{5/4} 2π^{3/2} e^{−2√eB} √_{a2+β2/4} (a^2 + β^2/4)^{3/4} ( 1 − 2a^2 √ eB √ a^2 + β^2/4 − 3 2 a^2 a^2 + β^2/4 ) , (68)

and, neglecting the smaller terms, we obtain P = − (eB)^{7/4} π^{3/2} ( e^{−2a√eB} 2 √ a + a^2e^{−2√eB} √_{a2+β2/4} (a^2 + β^2/4)^{5/4} ) . (69)

IV. DISCUSSION AND CONCLUSIONS

In this paper we used the zeta function regularization technique to study the finite temperature Casimir effect of a massless charged scalar field confined between parallel plates and in the presence of a magnetic field perpendicular to the plates. We have obtained three expressions for the zeta function (16), (37), and (43), which are exact to all orders in the magnetic field strength B, plate distance a and inverse temperature β, and used them to derive expressions for the Helmholtz free energy and for the Casimir pressure on the plates in the case of high temperature (4T^2 ≫ a^{−2}, eB/π^2), small plate distance (a^{−2} ≫ 4T^2, eB/π^2) and strong magnetic field (eB ≫ a^{−2}, 4T^2).

We have been able to numerically evaluate the free energy with very high precision, using the three exact expressions (53), (54), and (55), and we compared the values of the free energy obtained from our simple analytic expressions to the exact numerical values. In the high temperature case we found that, for 2aT = 4, Eq. (56) is within 0.7 percent of the exact value of the free energy in the range 0 ≤ eBa^2 ≤ 1, while Eq. (57) is within 0.7 percent of the exact value of the free energy in the range 1 ≤ eBa^2 ≤ ∞. For 2aT = 10, Eq. (56) is within 0.05 percent of the exact value of the free energy in the range 0 ≤ eBa^2 ≤ 1, while Eq. (57) is within 0.05 percent of the exact value of the free energy in the range 1 ≤ eBa^2 ≤ ∞, showing a very rapid decrease of the small discrepancy between Eqs. (56), (57) and the exact values of the free energy. We summarize this finding by writing the free energy per unit area in the high temperature limit as F L^2 = −^{π2 a}_{45β4} −^( √ 2−1)ζ_R(−^1_2 )(eB)^{3/2}a 2πβ −^{eB}_{2πβ}^{e−4πa/β} sinh(^{eBaβ}_{2π} ) − ζ_R (3) 8πβa^2 + e^2 B^2 a^2 96πβ + e^2B^2 a 48π^2 (γE + ln β 4π ) for 0 ≤ eBa^2 ≤ 1 ;

−^{π2 a}_{45β4} −^( √ 2−1)ζ_R(−^1_2 )(eB)^{3/2}a 2πβ −^{eB}_{2πβ}^{e−4πa/β} sinh(^{eBaβ}_{2π} ) − eB 2πβ e^{−2√eBa} +^{e2 B2a}_{48π2} (γ_E + ln^β_{4π} ) for 1 ≤ eBa^2 < ∞.

(70) Equation (70) is a simple analytic expression of F in the high temperature limit, valid for all values of the magnetic field B and the plate distance a, and with a discrepancy of no more than 0.7 percent from the exact value of F for 2aT ≥ 4. A similarly accurate expression of the Casimir pressure P , valid for 2aT ≥ 4 and all values of a and B, is obtained immediately from (70), since P = −^1_{L2}^{∂F}_{∂a} .

In the small plate distance case we found that, for 2aT =^1_4 , Eq. (63) is within 0.7 percent of the exact value of the

free energy in the range 0 ≤ eB (_β 2 )_2

≤ 1, while Eq. (64) is within 0.7 percent of the exact value of the free energy

in the range 1 ≤ eB (_β 2 )_2 ≤ ∞. For 2aT =^1_{10} , Eq. (63) is within 0.05 percent of the exact value of the free energy

in the range 0 ≤ eB (_β 2 )_2 ≤ 1, while Eq. (64) is within 0.05 percent of the exact value of the free energy in the range 1 ≤ eB (_β 2 )_2 ≤ ∞, showing again a very rapid decrease of the small discrepancy between our analytical expressions and the exact values of the free energy. We summarize the small plate distance limit by writing the free energy per unit area as F L^2 = −^{π2}_{720a3} −^( √ 2−1)ζ_R(−^1_2 )(eB)^{3/2}

4π −^{eB}_{2πβ}^{e−πβ/a}_{sinh( eBaβ2π )} −^{ζR(3)}_{2πβ3} +^{e2 B2 β}_{384π} +^{e2B2 a}_{48π2} (γ_E + ln^a_{2π} ) for 0 ≤ eB (_β 2 )_2 ≤ 1 ;

−^{π2}_{720a3} −^( √ 2−1)ζ_R(−^1_2 )(eB)^{3/2}

4π −^{eB}_{2πβ}^{e−πβ/a}_{sinh( eBaβ2π )} −^{eB}_{2πβ} e^{−√eBβ} +^{e2 B2a}_{48π2} (γ_E + ln^a_{2π} ) for 1 ≤ eB (_β 2 )_2 < ∞, (71) a simple analytic expression of F , valid for all values of B and T , and with a discrepancy of no more than 0.7 percent from the exact value of F for 2aT ≤^1_4 . The pressure in the case of small plate distance is obtained immediately from (71) for 2aT ≤^1_4 and all values of B and T . Notice that, if we set T = 0 in (71), we obtain the Casimir energy E_C for a massless and charged scalar field in a magnetic field, E_C L^2 = − π^2 720a^3 − ( √ 2 − 1)ζ_R(−^1_2 )(eB)^{3/2} 4π + e^2B^2a 48π^2

(γ_E + ln a 2π ), (72)

where we see that the magnetic field, as it grows, inhibits the Casimir energy of the scalar field [42]. Our result, a simple analytic expression for E_C , is more explicit than that of [42] where the magnetic field correction to the Casimir energy is presented as an infinite sum of integrals.

In the case of strong magnetic field, the free energy shown in Eq. (67) is valid for all values of a and T , and so is the pressure shown in Eq. (69). If we set T = 0 in (67), we can neglect the effective potential which is a uniform energy density term, and obtain E_C in the strong magnetic field case E_C L^2 = − 3 4π^{3/2} (eB)^{5/4}e^{−2a√eB} √ a (73) which agrees with [42] on the dependence of E_C from a and B, but is in disagreement for the overall sign, since we obtain a negative value for E_C , not a positive one. We also obtain the numerical constant present in E_C , while the authors of Ref. [42] did not.

[1] H. B. G. Casimir, Indag. Math. 10, 261 (1948) [Kon. Ned. Akad. Wetensch. Proc. 51, 793 (1948)] [Front. Phys. 65, 342 (1987)] [Kon. Ned. Akad. Wetensch. Proc. 100N3-4, 61 (1997)].

[2] T. H. Boyer, Phys. Rev. 174, 1764 (1968). [3] M. J. Sparnaay, Physica 24, 751 (1958).

[4] M. Bordag, U. Mohideen and V. M. Mostepanenko, Phys. Rept. 353, 1 (2001). [5] S. Bellucci and A. A. Saharian, Phys. Rev. D 79, 085019 (2009). [6] S. Bellucci and A. A. Saharian, Phys. Rev. D 80, 105003 (2009).

[7] V. A. Golyk, M. Kruger, M. T. H. Reid and M. Kardar, Phys. Rev. D 85, 065011 (2012). [8] F. Intravaia, P. S. Davids, R. S. Decca, V. A. Aksyuk, D. Lopez and D. A. R. Dalvit, Phys. Rev. A 86, 042101 (2012). [9] K. Poppenhaeger, S. Hossenfelder, S. Hofmann and M. Bleicher, Phys. Lett. B 582, 1 (2004). [10] H. Cheng, Phys. Lett. B 643, 311 (2006). [11] H. b. Cheng, Phys. Lett. B 668, 72 (2008).

[12] M. P. Hertzberg, R. L. Jaffe, M. Kardar and A. Scardicchio, Phys. Rev. Lett. 95, 250402 (2005). [13] M. P. Hertzberg, R. L. Jaffe, M. Kardar and A. Scardicchio, Phys. Rev. D 76, 045016 (2007). [14] V. N. Marachevsky, Phys. Rev. D 75, 085019 (2007). [15] A. Edery, Phys. Rev. D 75, 105012 (2007).

[16] A. Edery, N. Graham and I. MacDonald, Phys. Rev. D 79, 125018 (2009). [17] K. Kirsten and S. A. Fulling, Phys. Rev. D 79, 065019 (2009). [18] K. A. Milton, J. Wagner and K. Kirsten, Phys. Rev. D 80, 125028 (2009). [19] E. Elizalde, S. D. Odintsov and A. A. Saharian, Phys. Rev. D 79, 065023 (2009). [20] E. Elizalde, S. Nojiri, S. D. Odintsov and S. Ogushi, Phys. Rev. D 67, 063515 (2003). [21] A. Flachi and D. J. Toms, Nucl. Phys. B 610, 144 (2001). [22] A. Flachi and T. Tanaka, Phys. Rev. D 80, 124022 (2009). [23] J. Garriga and A. Pomarol, Phys. Lett. B 560, 91 (2003). [24] M. Frank, I. Turan and L. Ziegler, Phys. Rev. D 76, 015008 (2007). [25] R. Linares, H. A. Morales-Tecotl and O. Pedraza, Phys. Rev. D 77, 066012 (2008). [26] A. Salvio, arXiv:1210.5852 [hep-th].

[27] A. Dupays, B. Lamine and A. Blanchard, arXiv:1301.1763 [astro-ph.CO]. [28] D. M. Jacobs, G. D. Starkman and A. J. Tolley, Phys. Rev. D 87, 046007 (2013). [29] E. R. Bezerra de Mello and A. A. Saharian, Class. Quant. Grav. 29, 035006 (2012). [30] A. A. Saharian and M. R. Setare, Phys. Lett. B 552, 119 (2003). [31] L. Hadasz, G. Lambiase and V. V. Nesterenko, Phys. Rev. D 62, 025011 (2000). [32] I. Brevik, J. Phys. A 45, 374003 (2012). [33] A. Erdas, Phys. Rev. D 83, 025005 (2011). [34] J. Ambjorn and S. Wolfram, Annals Phys. 147, 1 (1983). [35] A. Zanzi, arXiv:1210.4615 [hep-th].

[36] M. Kirchbach, A. Pallares-Rivera, C. Compean and A. Raya, J. Phys. Conf. Ser. 378, 012036 (2012). [37] G. Chakravarty, S. Mohanty and N. K. Singh, arXiv:1303.3870 [astro-ph.CO]. [38] M. Hindmarsh and D. R. T. Jones, JCAP 1303, 021 (2013).

[39] D. Boyanovsky, H. J. de Vega and N. G. Sanchez, Nucl. Phys. Proc. Suppl. 148, 96 (2005). [40] S. Biswas, S. Sen and D. Jana, arXiv:1301.3025 [cond-mat.stat-mech]. [41] F. A. Brito and A. A. Marinho, Physica A 390, 2497 (2011). [42] M. V. Cougo-Pinto, C. Farina and M. R. Negrao, J. Phys. A 32, 4457 (1999). [43] M. V. Cougo-Pinto, C. Farina, M. R. Negrao and A. Tort, hep-th/9810033. [44] V. K. Oikonomou and N. D. Tracas, Int. J. Mod. Phys. A 25, 5935 (2010). [45] R. M. Cavalcanti, Phys. Rev. D 69, 065015 (2004). [46] E. Elizalde, J. Phys. A 41, 304040 (2008). [47] E. Elizalde, J. Phys. A 39, 6299 (2006).

[48] E. Elizalde and A. Romeo, J. Math. Phys. 30, 1133 (1989) [Erratum-ibid. 31, 771 (1990)]. [49] W. Dittrich and M. Reuter, Lect. Notes Phys. 220, 1 (1985). [50] A. Erdas and G. Feldman, Nucl. Phys. B 343, 597 (1990). [51] W. Dittrich, Phys. Rev. D 19, 2385 (1979). [52] A. Erdas, Central Eur. J. Phys. 9, 1022 (2011).

[53] F. C. Santos, A. Tenorio and A. C. Tort, Phys. Rev. D 60, 105022 (1999).