arXiv:1304.6492v1 [gr-qc] 24 Apr 2013

Kinematic quantum states for the Teleparallel Equivalent of General Relativity

Andrzej Okołów

April 24, 2013

Institute of Theoretical Physics, Warsaw University ul. Hoża 69, 00-681 Warsaw, Poland oko@fuw.edu.pl

Abstract

A space of kinematic quantum states for the Teleparallel Equivalent of General Relativity is constructed by means of projective techniques. The states are kinematic in this sense that their construction bases merely on the structure of the phase space of the theory and does not take into account constraints on it. The space of quantum states is meant to serve as an element of a canonical quantization of the theory.

1 Introduction

Nowadays there are many approaches [1, 2] to quantum gravity but so far no one is fully successful. Therefore it is still worth to take a risk to develop a new approach. It seems that the Teleparallel Equivalent of General Relativity (TEGR) was never used as a departure point for a construction of a model of quantum gravity and therefore we would like to check whether it is possible to quantize gravity in this formulation (for the latest review of TEGR see [3]). More precisely, we would like to check whether it is possible to quantize TEGR using the method of canonical quantization or, if it is needed, a modification of the method.

TEGR in its canonical formulation is a constrained system (see e.g. [4, 5, 6, 7]). Therefore it is quite natural to attempt to apply the Dirac strategy of canonical quantization of such systems which requires two steps to be carried out: (i) first one neglects constraints and constructs a space of kinematic quantum states, that is, quantum states corresponding to all classical states constituting the whole phase space (ii) then among the kinematic quantum states one distinguishes physical quantum states as those corresponding to classical states satisfying all the constraints. The space of kinematic quantum states is usually a Hilbert space and to carry out the second step one tries to find operators on the Hilbert space corresponding to the constraints and singles out physical quantum states as those annihilated by the operators (this procedure is valid if all the constraints are of the first class).

In this paper we construct a space of kinematic quantum states for TEGR treated as a theory of cotetrad fields on a four-dimensional manifold. More precisely, the construction is valid for any theory of cotetrad fields the phase space of which coincides with that of TEGR—an example of such a theory is the Yang-Mills-type Teleparallel Model (YMTM) considered in [8, 9].

The space of quantum states for TEGR, which since now will be denoted by D, will be constructed according to a method presented in [10] combined with some Loop Quantum Gravity (LQG) techniques [11, 12, 13, 14]. This method being a generalization of a construction by Kijowski [15] provides us with a space of quantum states which is not a Hilbert space but rather a convex set of quantum states—these states can be seen as algebraic states (i.e. linear positive normed functionals) on a C^∗-algebra which can be thought of as an algebra of some quantum observables.

To proceed further with quantization of TEGR it is necessary to single out physical quantum states in the space D, that is, to carry out the second step of the Dirac strategy. Since D is not a Hilbert space the standard procedure mentioned above by means of which one distinguishes physical quantum states has to be modified in a way. At this moment we are not able to present a satisfactory and workable modification of the procedure (some remarks on this very important issue can be found in Section 5.1), but we hope that this problem will be solved in the future.

The construction of D is similar to a construction of a space of quantum states for the degenerate Plebański gravity [10] and the descriptions of both constructions follow the same pattern. It may be helpful to study first the construction in [10] since it is simpler than that of D.

Let us mention that except the space D it is possible to construct three other spaces of kinematical quantum states for TEGR but because of some reasons they do not seem to be very promising. Therefore the other three spaces will be described only very briefly.

The paper is organized as follows: Section 2 contains preliminaries, in Section 3 the space of quantum states for TEGR is constructed, in Section 4 we describe shortly the three other spaces of quantum states, finally in Section 5 we discuss the results.

2 Preliminaries

2.1 Cotetrad fields

Let M be a real four-dimensional oriented vector space equipped with a scalar product η of signature (−, +, +, +). We fix an orthonormal basis (v_A) (A = 0, 1, 2, 3) such that the components (η_{AB} ) of η given by the basis form the matrix diag(−1, 1, 1, 1). The matrix (η_{AB} ) and its inverse (η^{AB} ) will be used to, respectively, lower and raise capital Latin letter indeces A, B, C, D ∈ {0, 1, 2, 3}. Denote by E the subspace of M spanned by the vectors {v_1, v_2, v_3}. The scalar product η induces on E a positive definite scalar product δ. Its components (δ_{IJ} ) in the basis (v_1, v_2, v_3) form a matrix diag(1, 1, 1). The matrix (δ_{IJ} ) and its inverse (δ^{IJ} ) will be used to, respectively, lower and raise capital Latin letter indeces I, J, K, L, M ∈ {1, 2, 3}. The scalar product δ and the orientation of E given by the basis (v_1, v_2, v_3) defines a volume form ε—its components in the basis will be denoted by ε_{IJK} .

2.2 Phase space

The goal of this paper is to construct a space of quantum states for theories of a particular phase space consisting of some fields defined on a three-dimensional oriented manifold Σ—a point in the phase space consists of:

1. a quadruplet of one-forms (θ^A), A = 0, 1, 2, 3, on Σ such that the metric

q := η_{AB}θ^A ⊗ θ^B (2.1)

is Riemannian (positive definite);

2. a quadruplet of two-forms (p_B ), B = 0, 1, 2, 3, on Σ.

p_A is the momentum conjugate to θ^A. The set of all (θ^A) satisfying the assumption above will be called a Hamiltonian configuration space and denoted by Θ, while the set of all (p_A) will be called a momentum space and denoted by P . Thus the phase space is the Cartesian product P × Θ. The Poisson bracket between two functions G_1 and G_2 on the phase space is given by the following formula

{G_1, G_2} = ∫ Σ (δG_1 δθ^A ∧ δG_2 δp_A − δG_2 δθ^A ∧ δG_1 δp_A ) (2.2)

—a definition of the variational derivative with respect to a differential form can be found in [9].

As shown in, respectively, [6] and [9] both TEGR and YMTM possess such a phase space.

It turns out that it is possible to construct quantum states via the method presented in [10] starting from the phase space description above (which in a sense is a natural description)—see Section 4. However, as it was argued in [16], these quantum states would possess an undesired property. Therefore the space of quantum states D will be constructed starting from another description [17] of the phase space according to which a point in the phase space consists of:

1. a collection (ξ^I , θ^J ) ≡ θ, where ξ^I , I = 1, 2, 3, is a real function (a zero-form) on Σ and (θ^J ), J = 1, 2, 3, are one-forms on Σ constituting a global coreper;

2. a collection (ζ_I , r_J ) ≡ p, where ζ_I , I = 1, 2, 3, is a three-form on Σ and r_J , J = 1, 2, 3, is a two-form on the manifold.

ζ_I is the momentum conjugate to ξ^I and r_J is the momentum conjugate to θ^J . Thus all the (ξ^I , θ^J ) constitute the Hamiltonian configuration space Θ while all the (ζ_I , r_J ) constitute the momentum space P . The Poisson (2.2) reads now as follows

{G_1, G_2} = ∫ Σ (δG_1 δξ^I ∧ δG_2 δζ_I + δG_1 δθ^I ∧ δG_2 δr_I − δG_2 δξ^I ∧ δG_1 δζ_I − δG_2 δθ^I ∧ δG_1 δr_I ) . (2.3)

Regarding a relation of the latter description to the former let us first express the dependence of (p_A, θ^B) on (ζ_I , r_J , ξ^K , θ^L) [17]:

p_0 = sgn(θ^K ) √ 1 + ξ_J ξ^J ⃗θ^I ⌟ ζ_I , p_I = r_I − ξ_I ⃗θ^J ⌟ ζ_J ,

θ^0 = sgn(θ^J ) ξ_I √ 1 + ξ_K ξ^K θ^I , θ^I = θ^I .

(2.4)

Here ⃗θ^I is a vector field on Σ obtained from θ^I by raising its index by a metric inverse to the metric q—in a local coordinate frame (x^i) on Σ ⃗θ^I := q^{ij}θ^I_j ∂_{xi} . Since [17] q = ( δ_{IJ} − ξ_I ξ_J 1 + ξ_K ξ^K ) θ^I ⊗ θ^J (2.5)

the vector field ⃗θ^I is a function of both ξ^J and θ^L. Moreover,

sgn(θ^I ) := { 1 if (θ^I ) is compatible with the orientation of Σ −1 otherwise

. (2.6)

The inverse dependence, that is, the dependence of (ζ_I , r_J , ξ^K , θ^L) on (p_A, θ^B ) reads [17] ζ_I = sgn(θ^K ) √ det(q_{MN} ) q_{IJ} θ^J ∧ p_0,

r_I = √ det(q_{MN} ) 2 sgn(θ^L) ∗ (θ^0 ∧ θ^J ∧ θ^K ) ε_{JKI} p_0 + p_I ,

ξ_I = 1 2 ∗ (θ^0 ∧ θ^J ∧ θ^K) ε_{JKI} , θ^I = θ^I .

(2.7)

Here ∗ is a Hodge operator defined by the metric q, and (q_{IJ} ) are components of q in the basis (θ^J ). Let us emphasize that in (2.7) q is treated as a function of (θ^A) (see (2.1)).

3 Construction of quantum states for a theory of the phase space P × Θ

3.1 Outline of the construction

Following [10] we will first choose (i) a special set K of real functions on Θ and call the functions configurational elementary degrees of freedom and (ii) a special set F of real functions on P and call the functions momentum elementary degrees of freedom. The configurational d.o.f. will be then used to define functions on Θ of a special sort called cylindrical functions. Next, each momentum d.o.f. will define via the Poisson bracket (2.3) or its regularization a linear operator on the space of cylindrical functions. Thus we will obtain a linear space F̂ spanned by operators associated with elements of F.

In the next step of the construction we will choose a set Λ such that each element of it is a pair (F̂ , K), where F̂ is a finite dimensional linear subspace of F̂ and K is a finite set of configurational elementary d.o.f.. Then we will define on Λ a relation ≥ equipping it with the structure of a directed set and show that (Λ, ≥) satisfies some special assumptions. This will finish the construction since at this moment we will refer to [10] where it was shown that from each directed set satisfying the assumptions one can build a space of quantum states.

The construction of the space of quantum states from such a directed set (Λ, ≥) can be summarized as follows. Given (F̂ , K) ≡ λ ∈ Λ, one uses elements of K to reduce the “infinite-dimensional” space Q to a space Q_K of finite dimension. Next, one defines (i) a Hilbert space H_λ as a space of functions on Q_K square integrable with respect to a natural measure on Q_K and (ii) a space D_λ of all density operators on the Hilbert space (i.e. positive operators of trace equal 1). It turns out that assumed properties of the set (Λ, ≥) unambiguously induce on a set {D_λ}_{λ∈Λ} the structure of a projective family. The space of quantum states is then defined as the projective limit of the family.

Let us emphasize that our choice of elementary d.o.f. as well as application of graphs, cylindrical functions and the operators defined on them by the Poisson bracket is motivated by LQG methods—see [11, 12, 13, 14] and references therein.

3.2 Submanifolds of Σ

Each elementary d.o.f. we are going to use will be associated with a submanifold of Σ.

Following the LQG methods since now till the end of this paper we will assume that the manifold Σ is real analytic^1.

An analytic edge is a one-dimensional connected analytic embedded submanifold of Σ with two-point boundary. An oriented one-dimensional connected C^0 submanifold of Σ given by a finite union of analytic edges will be called an edge. The set of all edges in Σ will be denoted by E.

Given an edge e of two-point boundary, its orientation allows to call one of its endpoints a source and the other a target of the edge; if an edge is a loop then we distinguish one of its points and treat it simultaneously as the source and the target of the edge.

An edge e^{−1} is called an inverse of an edge e if e^{−1} and e coincide as un-oriented submanifolds of Σ and differ by their orientations. We say that an edge e is a composition of the edges e_1 and e_2, e = e_2 ∘ e_1, if (i) e as an oriented manifold is a union of e_1 and e_2, (ii) the target of e_1 coincides with the source of e_2 and (iii) e_1 ∩ e_2 consists solely of some (or all) endpoints of e_1 and e_2.

We say that two edges are independent if the set of their common points is either empty or consists solely of some (or all) endpoints of the edges. A graph in Σ is a finite set of pairwise independent edges. Any finite set of edges can be described in terms of edges of a graph [19]:

Lemma 3.1. For every finite set E = {e_1, . . . , e_N } of edges there exists a graph γ in Σ such that every e_j ∈ E is a composition of some edges of γ and the inverses of some edges of the graph.

The set of all graphs in Σ is naturally a directed set: γ^′ ≥ γ if each edge of the graph γ is a composition of some edges of the graph γ^′ and the inverses of some edges of γ^′.

Let S be a two-dimensional embedded submanifold of Σ. Assume that S is (i) analytic, (ii) oriented and (iii) of a compact closure. We moreover require S to be such that every edge e ∈ E can be adapted to S in the following sense [20]: e can be divided into a finite number of edges {e_1, . . . , e_N }, i.e. e = e_N ∘ e_{N−1} ∘ . . . ∘ e_2 ∘ e_1, each of them either

1Equally well we could assume that the manifold is semi-analytic—see e.g. [18] for the definition of semi-analyticity.

1. is contained in the closure S; 2. has no common points with S;

3. has exactly one common point with S being one of its two distinct endpoints. We will call such a submanifold a face. A set of all faces in Σ will be denoted by S.

A three-dimensional submanifold V of Σ of a compact closure and of an orientation inherited from Σ will be called a region. A set of all regions in Σ will be denoted by V. 3.3 Elementary degrees of freedom Note that the variables (ξ^I , θ^J ) and (ζ_L, r_N ) parameterizing the phase space P × Θ are respectively, zero-forms (functions), one-forms, three-forms and two-forms which can be naturally integrated over submanifolds of Σ of appropriate dimensions.

Thus every point y ∈ Σ defines naturally a function on Θ: Θ ∋ θ → κ^I_y(θ) := ξ^I (y) ∈ R. (3.1) Similarly, every edge e defines a function on Θ: Θ ∋ θ → κ^J_e (θ) := ∫ e θ^J ∈ R. (3.2) We choose the set K of configurational elementary d.o.f to be K := { κ^I_y, κ^J_e | I, J = 1, 2, 3, y ∈ Σ, e ∈ E }. It is easy to realize that the functions in K separate points in Θ.

Note that for every I = 1, 2, 3, every e ∈ E and every pair of edges e_1, e_2 ∈ E for which the composition e_2 ∘ e_1 makes sense κ^I_e−1 = −κ^I_e, κ^I_{e2∘e1} = κ^I_{e2} + κ^I_{e1} . (3.3) Every region V defines a function on P : P ∋ p → φ^V_I (p) := ∫ V ζ_I ∈ R. (3.4) Similarly, every face S defines a function on P : P ∋ p → φ^S_J (p) := ∫ S r_J ∈ R. (3.5) We choose the set F of momentum elementary d.o.f to be F := { φ^V_I , φ^S_J | I, J = 1, 2, 3, V ∈ V, S ∈ S }. It is not difficult to check that the functions in F separate points in P .

3.4 Finite sets of configurational elementary d.o.f.

Let K = {κ_1, . . . , κ_N } ⊂ K be a finite set of elementary d.o.f.. We say that θ ∈ Θ is K-related to θ^′ ∈ Θ, θ ∼_K θ^′, if for every κ¯_I ∈ K κ¯_I (θ) = κ¯_I (θ^′).

Clearly, the relation ∼_K is an equivalence one. Therefore it defines a quotient space Θ_K := Θ/ ∼_K . (3.6) Note now that there exist (i) a canonical projection from Θ onto Θ_K : Θ ∋ θ → pr_K (θ) = [θ] ∈ Θ_K (3.7) and (ii) an injective map^2 from Θ_K into R^N :

Θ_K ∋ [θ] → K̃([θ]) := (κ_1(θ), . . . , κ_N (θ)) ∈ R^N , (3.8) where N is the number of elementary d.o.f. constituting K and [θ] denotes the equivalence class of θ defined by the relation ∼_K .

We will say that elementary d.o.f. in K = {κ_1, . . . , κ_N } are independent if the image of K̃ is an N-dimensional submanifold of R^N . A quotient space Θ_K given by a set K of independent d.o.f. will be called a reduced configuration space.

Lemma 3.2. Let u = {y_1, . . . , y_M } be a finite collection of points in Σ and γ = {e_1, . . . , e_N } be a graph such that either u or γ is not an empty set (N, M ≥ 0 but N + M > 0). Then for every (z^I_i , x^J_j ) ∈ R^{3M} × R^{3N} there exists θ ∈ Θ such that κ^I_{yi} (θ) = z^I_i , κ^J_{ej} (θ) = x^J_j for every I, J = 1, 2, 3, i = 1, . . . , M and j = 1, 2, . . . , N. This lemma proven in [16] guarantees that if K_{u,γ} := { κ^I_{y1} , . . . , κ^I_{yM} , κ^J_{e1} , . . . , κ^J_{eN} | I, J = 1, 2, 3 }. (3.9) then Θ_{Ku,γ} ∼= R^{3M} × R^{3N} , (3.10)

2Note that each set K is unordered, thus to define the map K̃ one has to order elements of K. However, every choice of the ordering is equally well suited for our purposes and nothing essential depends on the choice. Therefore we will neglect this subtlety in what follows.

under the map K̃_{u,γ} , i.e. K̃_{u,γ} is a bijection. It means in particular that the d.o.f. constituting K_{u,γ} are independent and Θ_{Ku,γ} is a reduced configuration space. We are also allowed to conclude that if K is a one-element subset of K then K̃ is a bijection and consequently K is a set of independent d.o.f. and Θ_K is a reduced configuration space.

Consider now a finite set K of configurational elementary d.o.f. containing some (possibly none) d.o.f. (3.1) and some (possibly none) d.o.f. (3.2). Let u be a set of points defining elements of K of the type (3.1) and let E be a set of edges defining elements of K of the type (3.2). Let γ be a graph related to E as stated in Lemma 3.1. Since every e ∈ E is a combination of edges of γ and their inverses we can apply Equations (3.3) to each κ^I_e ∈ K to conclude that κ^I_e is a linear combination of d.o.f. in K_{u,γ} . Corollary 3.3. For every finite set K of configurational elementary d.o.f. there exists a finite set u of points of Σ and a graph γ such that every d.o.f. in K is a linear combination of d.o.f. in K_{u,γ} .

Note now that if Θ_K is a reduced configuration space then the map K̃ can be used to define a differential structure on the space. It may happen that a set K^′ of independent d.o.f. distinct from K defines the same space: Θ_K = Θ_K′ i.e. [θ] = [θ]^′ for every θ ∈ Θ, where [θ]^′ denotes the equivalence class of θ defined by the relation ∼_K′ . Assume that then the differential structures on Θ_K = Θ_K′ given by K̃ and K̃^′ coincide (we will prove soon that this is the case). Then following [19] we can introduce the notion of cylindrical functions:

Definition 3.4. We say that a function Ψ : Θ → C is a cylindrical function compatible with the set K of independent d.o.f. if

Ψ = pr^∗_K ψ (3.11)

for some smooth function ψ : Θ_K → C .

Note that each configurational elementary d.o.f. κ is a cylindrical function compatible with K = {κ}.

Denote by Cyl a complex linear space spanned by all cylindrical functions on Θ. Let K be a set of all sets of independent d.o.f.. There holds the following important proposition [10]:

Proposition 3.5. Suppose that there exists a subset K^′ of K such that for every finite set K_0 of configurational elementary d.o.f. there exists K^′_0 ∈ K^′ satisfying the following conditions:

1. the map K̃^′_0 is a bijection;

2. each d.o.f. in K_0 is a linear combination of d.o.f. in K^′_0.

Then

1. for every set K ∈ K the map K̃ is a bijection. Consequently, Θ_K ∼= R^N with N being the number of elements of K and the map K̃ defines a linear structure on Θ_K being the pull-back of the linear structure on R^N ; if Θ_K = Θ_K′ for some other set K^′ ∈ K then the linear structures defined on the space by K̃ and K̃^′ coincide.

2. if a cylindrical function Ψ compatible with a set K ∈ K can be expressed as

Ψ = pr_K′ ψ^′,

where K^′ ∈ K and ψ^′ is a complex function on Θ_K′ then ψ^′ is smooth and consequently Ψ is compatible with K^′;

3. for every element Ψ ∈ Cyl there exists a set K ∈ K^′ such that Ψ is compatible with K. It follows from Lemmas 3.2 and 3.3 that a subset of K consisting of all sets K_{u,γ} , where u runs through all finite subsets of Σ and γ runs through all graphs in Σ satisfies the requirement imposed on the set K^′ by the proposition. Thus, according to Assertion 1 of the proposition, on every reduced configuration space Θ_K there exists a natural linear structure and, consequently, a natural differential structure. This means that the space Cyl introduced just above the proposition is well defined, Assertions 2 holds and by virtue of Assertion 3 for every element Ψ ∈ Cyl there exist a finite set u of points in Σ and a graph γ such that Ψ is compatible with K_{u,γ} .

A simple but useful consequence of the results above is that on every reduced configuration space Θ_K , where K = {κ_1, . . . , κ_N }, one can define a linear coordinate frame (x_1, . . . , x_N ):

Θ ∋ [θ] → x¯_I ([θ]) := κ¯_I (θ) ∈ R, (3.12)

in other words, ( x_1[θ], . . . , x_N ([θ]) ) = K̃([θ]).

3.5 Operators corresponding to momentum d.o.f.

Consider a finite collection u = {y_1, . . . , y_M } of points in Σ and a graph γ = {e_1, . . . , e_N } such that either u or γ is not an empty set (N, M ≥ 0 but N + M > 0). Let us introduce a special notation for coordinates (3.12) defined on a reduced configuration space Θ_{Ku,γ} : we will denote the coordinates by (z^I_i , x^J_j ), I, J = 1, 2, 3, i = 1, . . . , M if M > 0 and j = 1, . . . , N if N > 0, where

z^I_i ([θ]) := κ^I_{yi} (θ), x^J_j ([θ]) := κ^J_{ej} (θ), (3.13)

(here [θ] ∈ Θ_{Ku,γ} ). The coordinates define vector fields { ∂_zI_i , ∂_xJ_j } on Θ_{Ku,γ} —these vector fields will be used to express operators defined on Cyl by the momentum d.o.f. (3.4) and (3.5).

3.5.1 Operators corresponding to d.o.f. (3.4) Using the Poisson bracket (2.3) we define an operator Cyl ∋ Ψ → φ̂^V_I Ψ := {φ^V_I , Ψ} ∈ Cyl. (3.14) We know already (see the discussion just below Proposition 3.5) that Ψ is compatible with a set K_{u,γ} , i.e. Ψ = pr^∗_{Ku,γ} ψ for a function ψ defined on Θ_{Ku,γ} . Assume that u = {y_1, . . . , y_M }. Then

φ̂^V_I Ψ = 3∑ L=1 M∑ l=1 pr^∗_{Ku,γ} (∂_zL_l ψ){φ^V_I , κ^L_{yl} }, where {∂_zL_l } are vector fields on Θ_{Ku,γ} defined by the coordinate frame (3.13). To find an explicite expression for {φ^V_I , κ^L_{yl} } note that φ^V_I (p) = ∫ Σ I_V ζ_I , κ^L_y (θ) = ∫ Σ δ_yξ^L, where I_V is the characteristic function of the region V and δ_y is the Dirac distribution supported at y ∈ Σ. Hence {φ^V_I , κ^L_y } = −δ^L_I ∫ Σ I_V δ_y. Let ε(V, y) := { −1 if y ∈ V 0 otherwise . Then {φ^V_I , κ^L_y } = φ̂^V_I κ^L_y = δ^L_I ε(V, y). (3.15) Let us emphasize that φ̂^V_I κ^L_y is a constant real cylindrical functions which since now will be treated as a real number. Thus finally

φ̂^V_I Ψ = N∑ l=1 ε(V, y_l) pr^∗_{Ku,γ} (∂_zI_l ψ). (3.16)

3.5.2 Operators corresponding to d.o.f. (3.5)

As shown in [11] each elementary d.o.f. φ^S_J ∈ F defines via a suitably regularized Poisson bracket a linear operator φ̂^S_J acting on Cyl. Let Ψ be an element of Cyl. Again, we express the function as Ψ = pr^∗_{Ku,γ} ψ for some set K_{u,γ} and a function ψ on Θ_{Ku,γ} . Assume that γ = {e_1, . . . , e_N }. Then the operator φ̂^J_S acts on Ψ as follows:

φ̂^S_J Ψ := N∑ j=1 ϵ(S, e_j ) pr^∗_{Ku,γ} (∂_xJ_j ψ) ∈ Cyl, (3.17)

where {∂_xJ_j } are vector fields on Θ_{Ku,γ} given by the coordinate frame (3.13) and each ϵ(S, e_j ) is a real number associated with the edge e_j according to the following prescription.

Adapting the edge e_j to S we obtain a set of edges {e_{j1}, . . . , e_{jn}} and define a function ϵ on this set: ϵ(e_{ji}) = 0 if e_{ji} is contained in S̄ or has no common points with S; otherwise

1. ϵ(e_{ji}) :=^1_2 if e_{ji} is either ’outgoing’ from S and placed ’below’ the face or is ’incoming’ to S and placed ’above’ the face;

2. ϵ(e_{ji}) := −^1_2 if e_{ji} is either ’outgoing’ from S and placed ’above’ the face or is ’incoming’ to S and placed ’below’ the face.

Here the terms ’outgoing’ and ’ingoing’ refer to the orientation of the edges (which is inherited from the orientation of e_j ) while the terms ’below’ and ’above’ refer to the orientation of the normal bundle of S defined naturally by the orientations of S and Σ. Then we define

ϵ(S, e_j ) := n∑ i=1 ϵ(e_{ji}). It is not difficult to realize that for every edge e ∈ E

φ̂^S_J κ^L_e = δ^L_J ϵ(S, e) (3.18)

which means that φ̂^S_J κ^L_e is a constant real cylindrical function which since now will be regarded as a real number.

3.5.3 Linear space of the operators

Let us introduce a space F̂ as a real linear space spanned by all operators (3.14) and (3.17): F̂ := span_R{ φ̂ | φ ∈ F }.

Thus an element φ̂ of F̂ is of the following form

φ̂ = ∑ Ii α^I_i φ̂^{Vi}_I + ∑ Jj β^J_j φ̂^{Sj}_J ,

where α^I_i , β^J_j are real numbers and both sums are finite.

Let Ψ = pr^∗_{Ku,γ} ψ be a cylindrical function compatible with K_{u,γ} . Then φ̂Ψ = pr^∗_{Ku,γ} ( ∑ Iil α^I_i ε(V_i, y_l) ∂_zI_l ψ + ∑ Jjn β^J_j ϵ(S_j , e_n) ∂_xJ_n ψ ) = = ∑ Il ( pr^∗_{Ku,γ} ∂_zI_l ψ ) φ̂κ^I_{yl} + ∑ Jn ( pr^∗_{Ku,γ} ∂_xJ_n ψ ) φ̂κ^J_{en} , (3.19)

where in the first step we used (3.16) and (3.17) and in the second one we applied (3.15) and (3.18).

3.6 A directed set (Λ, ≥)

All considerations above were preparatory steps to the crucial one which is a choice of a directed set (Λ, ≥)—once such a set is chosen properly the prescription described in [10] can be used to build from it a unique space of quantum states.

3.6.1 General assumptions imposed on (Λ, ≥)

Recall that K denotes a set of all sets of independent d.o.f.. Let F̂ be a set of all finite dimensional linear subspaces of F̂. A directed set (Λ, ≥), where Λ ⊂ F̂ × K, is chosen properly if it satisfies the following Assumptions [10]:

1. (a) for each finite set K_0 of configurational elementary d.o.f. there exists (F̂ , K) ∈ Λ such that each κ ∈ K_0 is a cylindrical function compatible with K;

(b) for each finite set F_0 of momentum elementary d.o.f. there exists (F̂ , K) ∈ Λ such that φ̂ ∈ F̂ for every φ ∈ F_0;

2. if (F̂ , K) ∈ Λ then the image of the map K̃ given by (3.8) is R^N (where N is the number of elements of K)—in other words, K̃ is a bijection and consequently

Θ_K ∼= R^N .

3. if (F̂ , K) ∈ Λ, then

(a) for every φ̂ ∈ F̂ and for every cylindrical function Ψ = pr^∗_K ψ compatible with K = {κ_1, . . . , κ_N } φ̂Ψ = N∑ Ī=1 ( pr^∗_K ∂_{xĪ} ψ ) φ̂κ¯_I , where {∂_{xĪ} } are vector fields on Θ_K given by the global coordinate frame (3.12);

(b) for every φ̂ ∈ F̂ and for every κ ∈ K the cylindrical function φ̂κ is a real constant function on Θ;

4. if (F̂ , K) ∈ Λ and K = {κ_1, . . . , κ_N } then dim F̂ = N; moreover, if (φ̂_1, . . . , φ̂_N ) is a basis of F̂ then an N × N matrix G = (G¯_J¯_I ) of components

G¯_J¯_I := φ̂¯_J κ¯_I

is non-degenerate.

5. if (F̂ , K^′), (F̂ , K) ∈ Λ and Θ_K′ = Θ_K then (F̂ , K^′) ≥ (F̂ , K);

6. if (F̂^′, K^′) ≥ (F̂ , K) then

(a) each d.o.f. K is a linear combination of d.o.f. in K^′; (b) F̂ ⊂ F̂^′.

3.6.2 Speckled graphs

In the considerations above an important role was played by sets {K_{u,γ} }. Therefore one may try to use these sets to define a set Λ as one consisting of pairs (F̂ , K_{u,γ} ) which satisfy all Assumptions listed in the previous section. However, we will not use all sets K_{u,γ} to define Λ but will restrict ourselves to some of them.

To justify our decision let us refer to the general construction presented in [10]. According to it for every (F̂ , K_{u,γ} ) ≡ λ ∈ Λ we will have to associate a Hilbert space H_λ of some square integrable functions on Q_{Ku,γ} (then density operators on all such Hilbert spaces will be used to build the space D). It seems to us that it would be highly desirable if one could define on each Hilbert space H_λ a sort of quantum geometry related to the Riemannian geometry of Σ. But to achieve this we have to guarantee that the d.o.f. in K_{u,γ} can be used to extract some consistent information about the geometry. Since the geometry is given by the metric q we have to require that the d.o.f. provide some consistent information about the metric. Let us now analyze this issue more carefully.

The metric q is defined by (2.1) in terms of the variables (θ^0, θ^J ),

q = −θ^0 ⊗ θ^0 + δ_{IJ} θ^I ⊗ θ^J , (3.20)

Thus we should require the d.o.f. constituting K_{u,γ} to give us information about both the one-form θ^0 and the other forms (θ^J ). Of course, information about (θ^J ) is given by d.o.f. {κ^J_e } defined as integrals (3.2) of the forms along edges of the graph γ. Therefore, to achieve a consistency, we should be able to approximate integrals of θ^0 along the edges by means of the d.o.f..

Consider K_{u,γ} defined by a set u = {y} and a graph γ = {e}. Thus K_{u,γ} = {κ^I_y, κ^J_e }. Suppose now that y ∈ e. Because

θ^0 = sgn(θ^J ) ξ_I √ 1 + ξ_K ξ^K θ^I (see (2.4)) the integral ∫ e θ^0 (3.21)

can be approximated modulo the factor sgn(θ^I ) by

ξ_I (y) √ 1 + ξ_L(y)ξ^L(y) ∫ e θ^I = κ_{Iy}(θ)κ^I_e(θ) √ 1 + κ_{Ly}(θ)κ^L_y (θ)

, (3.22)

where θ = (θ^0, θ^J ) = (ξ^I , θ^J ) ∈ Θ. If, however, y ∉ e then in general we cannot obtain from the d.o.f. {κ_{Iy}, κ^J_e } a good approximation of the integral (3.21).

Thus we conclude that to define the set Λ we should use sets {K_{u,γ} } such that each point y ∈ u belongs to an edge of γ and for each edge e of γ the intersection e∩u consists of exactly one point.

However, this conclusion may seem to be a bit premature because while drawing it we neglected the lack of the factor sgn(θ^I ) in the formula (3.22). It turns out that, given K_{u,γ} , the d.o.f. in it do not contain any information about the factor—this fact is a consequence of the following lemma [16]:

Lemma 3.6. Let γ = {e_1, . . . , e_N } be a graph. Then for every (x^I_{J̄} ) ∈ R^{3N} there exists a global coreper (θ^I ) on Σ compatible (incompatible) with the orientation of the manifold such that ∫ e¯_J θ^I = x^I_{J̄}

for every I = 1, 2, 3 and J̄ = 1, 2, . . . , N.

The lemma means that for every θ ≡ (ξ^I , θ^J ) ∈ Θ the equivalence class [θ] given by K_{u,γ} contains points of Θ given by global corepers compatible and incompatible with the orientation of Σ. Hence no function on K_{u,γ} can be an approximation of sgn(θ^I ).

Is the impossibility to approximate sgn(θ^I ) by functions on K_{u,γ} a problem? It could be if relevant quantities like ones describing the geometry of Σ as well as constraints and Hamiltonians depended on sgn(θ^I ).

Note that the metric q is a quadratic function of θ^0. Therefore the sign sgn(θ^I ) is irrelevant for the metric—see the formula (2.5) expressing the metric in terms of (ξ^I , θ^J ). Consequently, geometric quantities on Σ including the Hodge operator ∗ given by q and the orientation of Σ do not depend on sgn(θ^I ).

Regarding the constraints (and the Hamiltonians^3) of TEGR and YMTM, an important observation is that they are quite specific functions of (θ^A, p_B ) and a variable ξ^A defined as a solution of the following equation system^4 [21]:

ξ_Aθ^A = 0 ξ_Aξ^A = −1.

Namely, these three variables appear in the constraints exclusively in the form of either (i) a contraction with respect to the index A e.g. ξ^Adp_A or (ii) scalar products defined by η (or its inverse) e.g. η_{AB} dθ^A ∧ ∗dθ^B (or η^{AB} p_A ∧ ∗p_B). Since the matrix (η_{AB} ) (and its inverse) is diagonal two time-like components (that is, components with A = 0) of the variables always multiply each other e.g. ξ^Adp_A = ξ^0dp_0 + ξ^I dp_I or η_{AB}dθ^A ∧ ∗dθ^B = −dθ^0 ∧ ∗dθ^0 + dθ^I ∧ ∗dθ^I . On the other hand every time-like component of the variables under consideration is proportional to sgn(θ^I ) [17]:

p_0 = sgn(θ^L) √ 1 + ξ_J ξ^J ⃗θ^I ⌟ ζ_I , θ^0 = sgn(θ^J ) ξ_I √ 1 + ξ_Lξ^L θ^I , ξ^0 = sgn(θ^I ) √ 1 + ξ_J ξ^J ,

and the space-like components (that is, components with A ∈ {1, 2, 3}) of the variables are independent of the factor. Thus the factor appears in the constraints exclusively as [sgn(θ^I )]^2 ≡ 1 and, consequently, the constraints expressed in terms of (ζ_I , r_J , ξ^K , θ^L) are independent of sgn(θ^I )—see [17] for explicite expressions of them.

Thus (at least at this stage) the impossibility to express sgn(θ^I ) by functions on K_{u,γ} does not seem to cause any problem.

Let us turn back to the conclusion placed just below the formula (3.22). It motivates us to introduce a special kind of graphs:

Definition 3.7. A speckled graph γ̇ in Σ is a pair (u, γ), where u is a finite set of points in Σ and γ is a graph such that there exists a surjective map χ : γ → u such that χ(e) ∈ e for every e ∈ γ.

3The Hamiltonians of TEGR and YMTM are sums of constraints. 4Clearly, ξ^A is a function of θ^A—see [9].

Let γ̇ = (u, γ) be a speckled graph. We will denote K_{u,γ} ≡ K_{γ̇} . Now the conclusion mentioned above can be reformulated: to define a set Λ for TEGR we should use set {K_{γ̇} } given by all speckled graphs in Σ. Let us now take a closer look at these graphs.

3.6.3 Properties of speckled graphs

Consider now an pair (u, γ), where u is a finite set of points and γ is a graph. Of course, (u, γ) may not be a speckled graph because it may happen that (i) there exist elements of u which do not belong to any edge of γ; (ii) there are edges of γ such that no point in u belongs to the edges or (iii) there are edges of γ such that two or more distinct points of u belong to each of the edges. Note however that (u, γ) can be easily transformed to a speckled graph as follows: in a case of a point y in u of the sort (i) one can choose an edge e such that y is the only point of u which belongs to e and γ ∪ {e} is a graph; in a case of an edge of the sort (ii) one can single out a point in e and add it to u; in a case of an edge of the sort (iii) one can divide it into smaller edges such that each smaller one contains exactly one point belonging to u.

Corollary 3.8. For every pair (u, γ), where u is a finite set of points and γ is a graph, there exists a speckled graph γ̇^′ = (u^′, γ^′) such that u^′ ⊃ u and γ^′ ≥ γ.

We will say that a speckled graph γ̇^′ is greater or equal to a speckled graph γ̇,

γ̇^′ = (u^′, γ^′) ≥ γ̇ = (u, γ), (3.23)

if u^′ ⊃ u and γ^′ ≥ γ.

Lemma 3.9. The set of all speckled graphs in Σ equipped with the relation (3.23) is a directed set.

Proof. The relation (3.23) is obviously transitive. Let us then show that for every two speckled graphs γ̇^′ = (u^′, γ^′), γ̇ = (u, γ) there exists a speckled graph γ̇^{′′} such that γ̇^{′′} ≥ γ̇^′ and γ̇^{′′} ≥ γ̇.

Let u_0 := u^′ ∪ u and let γ_0 be a graph such that γ_0 ≥ γ^′, γ. Due to Corollary 3.8 there exists a speckled graph γ̇^{′′} = (u^{′′}, γ^{′′}) such that u^{′′} ⊃ u_0 and γ^{′′} ≥ γ_0. Thus γ̇^{′′} is the desired speckled graph.

Lemma 3.10. For every finite set K of configurational elementary d.o.f. there exists a speckled graph γ̇ such that each d.o.f. in K is a linear combination of d.o.f. in K_{γ̇} .

Proof. By virtue of Corollary 3.3 each d.o.f. in K is a linear combination of d.o.f. in K_{u,γ} given by a pair (u, γ) consisting of a finite set u of points in Σ and a graph γ. On the other hand, Equations (3.3) and Corollary 3.8 allow us to conclude that there exists a speckled graph γ̇^′ such that each d.o.f. in K_{u,γ} is a linear combination of d.o.f. in K_{γ̇}′ .

Due to Lemmas 3.2 and 3.10 a set of all sets K_{γ̇} , where γ̇ runs through all speckled graphs in Σ, meets the requirement satisfied by the set K^′ in Proposition 3.5. This means that for every Ψ ∈ Cyl there exists a speckled graph γ̇ such that Ψ is a cylindrical function compatible with K_{γ̇} .

Lemma 3.11. γ̇^′ ≥ γ̇ if and only if each d.o.f. in K_{γ̇} is linear combination of d.o.f. in K_{γ̇}′ .

Proof. If γ̇^′ ≥ γ̇ then using Equations (3.3) we can easily conclude that each d.o.f. in K_{γ̇} is linear combination of d.o.f. in K_{γ̇}′ .

Let γ̇^′ = (u^′, γ^′) and γ̇ = (u, γ), where u = {y_1, . . . , y_M }. Suppose now that each d.o.f. in K_{γ̇} is a linear combination of d.o.f. in K_{γ̇}′ . Taking into account the formula (3.1) we see that then each κ^I_{yi} belonging to K_{γ̇} belongs to K_{γ̇}′ . Thus u^′ ⊃ u. Now let us show that γ^′ ≥ γ.

To this end consider a set Ω of one-forms on Σ defined as follows: a one-form ϖ belongs to Ω if there exists one-forms θ^2, θ^3 such that (ϖ, θ^2, θ^3) form a global coreper on Σ. Then for any real functions {ξ^I }, I = 1, 2, 3, on Σ the collection θ = (ξ^I , ϖ, θ^2, θ^3) is an element of Θ. Given e ∈ E, we define a real function κ_e on Ω

κ_e(ϖ) := κ^1_e(θ) = ∫ e ϖ and apply Lemma 3.2 to conclude that for every graph γ_0 = {e_1, . . . , e_{N0} } and for each (x_1, . . . , x_{N0} ) ∈ R^{N0} there exists ϖ ∈ Ω such that κ_{ei} (ϖ) = x_i.

Suppose now that each d.o.f. in K_{γ̇} is a linear combination of d.o.f. in K_{γ̇}′ , where γ̇ = (u, γ) and γ̇^′ = (u^′, γ^′). Obviously, a combination describing κ^1_e defined by an edge e of γ cannot contain d.o.f. {κ^J_y′ } given by points {y^′} = u^′. Thus

κ^1_e = A^iκ^1_e′_i + B^iκ^2_e′_i + C^iκ^3_e′_i ,

where A^i, B^j, C^k are constant coefficients and γ^′ = {e^′_1, . . . , e^′_N ′ }. Given θ = (ξ^I , θ^J ) ∈ Θ, consider a family {θ_t = (ξ^I , θ^1, tθ^2, θ^3)} of elements of Θ, where the number t > 0. Differentiating with respect to t both sides of the following equations

κ^1_e(θ_t) = A^iκ^1_e′_i (θ_t) + B^iκ^2_e′_i (θ_t) + C^iκ^3_e′_i (θ_t) we obtain 0 = B^iκ^2_e′_i (θ), hence B^i = 0 by virtue of Lemma 3.2. Similarly we show that C^i = 0. We conclude that each κ^1_e ∈ K_{γ̇} is a linear combinations of d.o.f {κ^1_e′_j } ⊂ K_{γ̇}′ only. Thus each function in {κ_{e1} , . . . , κ_{eN} } associated with edges of the graph γ is a linear combination of functions {κ_e′_1 , . . . , κ_e′_{N′} } associated with edges of γ^′.

Now, to conclude that γ^′ ≥ γ it is enough to apply the following lemma [10]: Lemma 3.12. Let Ω be a set of one-forms on Σ such that for every graph γ_0 = {e_1, . . . , e_{N0} } and for each (x_1, . . . , x_{N0} ) ∈ R^{N0} there exists ϖ ∈ Ω such that κ_{ei} (ϖ) = x_i. Then γ^′ = {e^′_1, . . . , e^′_N ′ } ≥ γ = {e_1, . . . , e_N } if and only if each function in {κ_{e1} , . . . , κ_{eN} } is a linear combination of functions {κ_e′_1 , . . . , κ_e′_{N′} }.

Thus γ^′ ≥ γ and, taking into account the previous result u^′ ⊃ u, we see that γ̇^′ ≥ γ̇. 3.6.4 Choice of a directed set Λ Consider an element F̂ of F̂ and an element K = {κ_1, . . . , κ_N } of K. We say that a pair (F̂ , K) is non-degenerate if dim F̂ = N and an (N ×N)-matrix G = (G¯_J¯_I ) of components G¯_J¯_I := φ̂¯_J κ¯_I , (3.24) where (φ̂_1, . . . , φ̂_N ) is a basis of F̂ , is non-degenerate.

Definition 3.13. The set Λ is a set of all non-degenerate pairs (F̂ , K_{γ̇} ) ∈ F̂ × K, where γ̇ runs through all speckled graphs in Σ.

Lemma 3.14. For every speckled graph γ̇ in Σ there exists F̂ ∈ F̂ such that (F̂ , K_{γ̇} ) ∈ Λ.

Proof. Let γ̇ = (u, γ), where u = {y_1, . . . , y_M } and γ = {e_1, . . . , e_N } (M ≤ N). There exists regions {V_1, . . . , V_M } such that V_j ∩ u = y_j. Consequently, ε(V_j , y_i) = −δ_{ji} and introducing multi-labels Ī = (i, I) and J̄ = (j, J) we can write G^1_{J̄Ī} := −φ̂^{Vj}_J κ^I_{yi} = δ^I_J δ_{ji} = δ¯_J¯_I .

The independence of edges {e_1, . . . , e_N } of the graph γ imply that there exists a set {S_1, . . . , S_N } of faces such that e_i ∩ S_j is empty if i ≠ j and consists of exactly one point distinct from the endpoints of e_i if i = j. The orientations of the faces can be chosen in such a way that ϵ(S_j , e_i) = δ_{ji} Using the multi-labels Ī = (i, I) and J̄ = (j, J) we can write

G^2_{J̄Ī} = φ̂^{Sj}_J κ^I_{ei} = δ^I_J δ_{ji} = δ¯_J¯_I .

Since −φ̂^{Vj}_J κ^I_{ei} = 0 = φ̂^{Sj}_J κ^I_{yi} the matrix G given by (3.24) for K_{γ̇} and F_0 := { −φ̂^{Vi}_I , φ̂^{Sj}_J | I, J = 1, 2, 3; i = 1, . . . , M; j = 1, . . . , N } is of the following form G = ( G^1 0 0 G^2 ) = 1 and, being the unit (M + N) × (M + N) matrix, is obviously non-degenerate. Thus if F̂ = span F_0

then elements of F_0 constitute a basis of F̂ and (F̂ , K_{γ̇} ) ∈ Λ.

Now let us define a relation ≥ on Λ:

Definition 3.15. Let (F̂^′, K_{γ̇}′ ), (F̂ , K_{γ̇} ) ∈ Λ. We say that (F̂^′, K_{γ̇}′ ) ≥ (F̂ , K_{γ̇} ) if

F̂^′ ⊃ F̂ and γ̇^′ ≥ γ̇.

Lemma 3.16. (Λ, ≥) is a directed set.

Regarding a proof of the lemma it would be perhaps enough to refer to the proof of an analogous lemma in [10] concerning a set Λ constructed for the degenerate Plebański gravity saying that a proof of Lemma 3.16 is a modification of the proof of that lemma in [10]. But yet taking into account the importance of Lemma 3.16 to avoid any doubt we decided to present the proof explicitely.

Before we will prove the lemma let us state some facts which will be used in the proof. Let Ψ be a subset of Cyl. Then operators in F̂ restricted to Ψ are maps from Ψ into Cyl. Since both Cyl and F̂ are linear spaces the restricted operators are maps valued in a linear space and the space of all the restricted operators is a linear space. Consequently, the notion of linear independence of the restricted operators is well defined—below this notion will be called a linear independence of the operators on Ψ.

Lemma 3.17. Let Cyl_K be a set of all cylindrical functions compatible with a set K of independent d.o.f.. Assume that operators {φ̂_1, . . . , φ̂_M } ⊂ F̂ act on elements of Cyl_K according to the formula in Assumption 3a. If {φ̂_1, . . . , φ̂_M } ⊂ F̂ are linearly independent on a subset Ψ of Cyl_K then they are linearly independent on K.

Proposition 3.18. Let Λ be a subset of F̂ × K which satisfies Assumptions 1a and 3a. Then for every finite set {φ̂_1, . . . , φ̂_M } ⊂ F̂ of linearly independent operators there exists a set (F̂ , K) ∈ Λ such that the operators are linearly independent on K.

Both the lemma and the proposition are proven in [10].

Proof of Lemma 3.16. The transitivity of the relation ≥ is obvious. Thus we have to prove only that for any two elements λ^′, λ ∈ Λ there exists λ^{′′} ∈ Λ such that λ^{′′} ≥ λ^′ and λ^{′′} ≥ λ. To achieve this we will refer to Lemma 3.17 and Proposition 3.18. Therefore first we have to show that we are allowed to use these facts.

By virtue of Lemmas 3.10 and 3.14 the set Λ satisfies Assumption 1a. On the other hand, Equation (3.19) guarantees that every φ̂ ∈ F̂ acts on cylindrical functions compatible with K_{γ̇} according to the formula in Assumption 3a hence Λ meets the assumption.

Let us fix λ^′ = (F̂^′, K_{γ̇}′ ) and λ = (F̂ , K_{γ̇} ). We define F̂_0 as a linear subspace of F̂ spanned by elements of F̂ ′ ∪ F̂ and choose a basis (φ̂_1, . . . , φ̂_M ) of F̂_0. Proposition 3.18 and Definition 3.13 of Λ guarantee that there exists a speckled graph γ̇_0 such that the operators (φ̂_1, . . . , φ̂_M ) remain linearly independent when restricted to K_{γ̇0} . Let γ̇^{′′} = (u^{′′}, γ^{′′}) be a speckled graph such that (i) the number 3N of elements of K_{γ̇}′′ is greater than dim F̂_0 = M and (ii) γ̇^{′′} ≥ γ̇_0, γ̇^′, γ̇. By virtue of Lemma 3.11 d.o.f. in K_{γ̇0} are cylindrical functions compatible with K_{γ̇}′′ and, according to Lemma 3.17, the operators (φ̂_1, . . . , φ̂_M ) are linearly independent on K_{γ̇}′′ .

Consider now a matrix G^0 of components

G^0_{J̄Ī} := φ̂¯_J κ¯_I ,

where {κ_1, . . . , κ_{3N} } = K_{γ̇}′′ . Clearly, the matrix has M rows and 3N columns and because (φ̂_1, . . . , φ̂_M ) are linearly independent on K_{γ̇}′′ its rank is equal M < 3N. Using the following operations (i) multiplying a row of by a non-zero number, (ii) adding to a row a linear combination of other rows (iii) reordering the rows and (iv) reordering the columns we can transform the matrix G^0 to a matrix G^1 of the following form

G^1 = ( 1 G^′ ) , where 1 is M × M unit matrix and G^′ is a M × (3N − M) matrix. Note that the first three operations used to transform G^0 to G^1 correspond to a transformation of the basis (φ̂_1, . . . , φ̂_M ) to an other basis (φ̂^′_1, . . . , φ̂^′_M ) of F̂_0, while the fourth operation corresponds to renumbering the d.o.f. in K_{γ̇}′′ : κ¯_I → κ^′_Ī := κ_{σ(}¯_{I)}, where σ is a permutation of the sequence (1, . . . , 3N). Thus G^1_{J̄Ī} = φ̂^′_{J̄} κ^′_Ī .

Let {φ̂^0_1, . . . , φ̂^0_{3N} } be operators constructed with respect to K_{γ̇}′′ exactly as in the proof of Lemma 3.14. Then φ̂^0_{L̄}κ^′_Ī = δ¯_L¯_I .

Thus if ( φ̂^{′′}_1 , . . . , φ̂^{′′}_{3N} ) := ( φ̂^′_1, . . . , φ̂^′_M , φ̂^0_{M+1}, . . . , φ̂^0_{3N} ) then a 3N × 3N matrix G = (G¯_J¯_I ) of components

G¯_J¯_I := φ̂^{′′}_{J̄} κ^′_Ī

is of the following form G = ( 1 G^′ 0 1^′ ) , where 0 is a zero (3N − M) × M matrix, and 1^′ is a unit (3N − M) × (3N − M) matrix. The matrix G is obviously non-degenerate which means in particular that the operators (φ̂^{′′}_1 , . . . , φ̂^{′′}_{3N} ) are linearly independent.

To finish the proof it is enough to define

F̂^{′′} := span {φ̂^{′′}_1 , . . . , φ̂^{′′}_{3N} }

and λ^{′′} := (F̂^{′′}, K_{γ̇}′′ ).

3.6.5 Checking Assumptions

Now we have to check whether the directed set (Λ, ≥) just constructed satisfies all Assumptions listed in Section 3.6.1.

Proving Lemma 3.16 we showed that Λ satisfies Assumption 1a. Regarding Assumption 1b consider a set F_0 = {φ_1, . . . , φ_N } of momentum elementary d.o.f.. Let us fix φ_i ∈ F_0. Suppose that it is of the sort (3.4) i.e. φ_i = φ^{Vi}_{Ii} for some region V_i and some I_i ∈ {1, 2, 3}. Then using a construction similar to that applied in the proof of Lemma 3.14 one can find configurational d.o.f. {κ^I_{yi} } such that φ̂^{Vi}_I κ^J_{yi} = −δ^J_I for every I, J = 1, 2, 3. Let e_i be an edge such that y_i ∈ e_i. Then γ̇_i := ({y_i}, {e_i}) is a speckled graph. As in the proof of Lemma 3.14 one can find a face S_i such that φ̂^{Si}_J κ^L_{ei} = δ^L_J .

for every J, L = 1, 2, 3. Let

F̂_i := span{ φ̂^Vi_I , φ̂^Si_J | I, J = 1, 2, 3 }.

Then φ̂_i ∈ F̂_i and (F̂_i, K_{γ̇i} ) ∈ Λ. Suppose now that φ_i is of the sort (3.5). Then in a similar way one can construct an element (F̂_i, K_{γ̇i} ) of Λ such that φ̂_i ∈ F̂_i. Since Λ is a directed set there exists (F̂ , K_{γ̇} ) ∈ Λ such that (F̂ , K_{γ̇} ) ≥ (F̂_i, K_{γ̇i} ) for every i = 1, . . . , N. Taking into account Definition 3.15 of the relation ≥ on Λ we see that F̂ contains all the operators {φ̂_1, . . . , φ̂_N }. Thus Assumption 1b is satisfied.

Assumption 2 is satisfied by virtue of Lemma 3.2. We already concluded (proving Lemma 3.16) that Λ meets Assumption 3a. Equations (3.15) and (3.18) guarantee that Assumption 3b is satisfied and Definition 3.13 of Λ ensures that Assumption 4 holds.

Consider now Assumption 5. Let (F̂ , K_{γ̇}′ ), (F̂ , K_{γ̇} ) be elements of Λ. Recall that by virtue of Lemma 3.10 there exists K_{γ̇}′′ such that each d.o.f. in K_{γ̇} ∪ K_{γ̇}′ is a linear combination of d.o.f. in K_{γ̇}′′ . Suppose that Θ_{Kγ̇′} = Θ_{Kγ̇} . Then Lemma 3.2 applied to K_{γ̇}′′ allows us set K̄ = K_{γ̇}′′ and K = K_{γ̇} , K^′ = K_{γ̇}′ in the following proposition [10]:

Proposition 3.19. Let K, K^′ be sets of independent d.o.f. of N and N^′ elements respectively such that Θ_K = Θ_K′ . Suppose that there exists a set K̄ of independent d.o.f. of N̄ elements such that the image of ~K̄ is R^{N̄} and each d.o.f. in K ∪ K^′ is a linear combination of d.o.f. in K̄. Then each d.o.f. in K is a linear combination of d.o.f. in K^′.

Thus each d.o.f. in K_{γ̇} is a linear combination of d.o.f. in K_{γ̇}′ . Then, as stated by Lemma 3.11, γ̇^′ ≥ γ̇ and, taking into account Definition 3.15, Assumption 5 follows.

Assumption 6a holds by virtue of Definition 3.15 of the relation ≥ on Λ and Lemma 3.11, while Assumption 6b is satisfied due to the definition.

3.7 The space D of quantum states for TEGR

Consider λ ≡ (F̂ , K_{γ̇} ) ∈ Λ. The coordinates (3.12) define on the reduced configuration space Θ_{Kγ̇} a measure dμ_λ := dx_1 . . . dx_N . (3.25)

The measure gives us a Hilbert space

H_λ := L^2(Θ_{Kγ̇} , dμ_λ) (3.26)

together with a set D_λ of all density operators (i.e. positive operators of trace equal 1) on H_λ. It was shown in [10] that given two elements λ^′, λ of Λ such that λ^′ ≥ λ there exists a distinguished projection π_{λλ}′ from D_λ′ onto D_λ. Moreover, for every triplet λ^{′′}, λ^′, λ ∈ Λ such that λ^{′′} ≥ λ^′ ≥ λ the corresponding projections satisfy the following consistency condition π_{λλ}′′ = π_{λλ}′ ∘ π_λ′_λ′′ , (3.27) which means that {D_λ, π_{λλ}′ }_{λ∈Λ} is a projective family. The space D of quantum states for a theory of the phase space P × Θ is the projective limit of the family: D := lim←− D_λ. 3.8 C^∗-algebra of quantum observables

Let us recall briefly a construction of a C^∗-algebra of quantum observables [15] associated with the space D. Denote by B_λ the C^∗-algebra of bounded linear operators on the Hilbert space H_λ given by (3.26). Each density operator ρ ∈ D_λ defines an algebraic state (that is, linear C -valued positive normed functional) on the algebra B_λ via a trace: B_λ ∋ a → tr(aρ) ∈ C . This fact guarantees that for every pair λ^′ ≥ λ of elements of Λ there exists a unique injective ∗-homomorphism π^∗_λ′_λ : B_λ → B_λ′ dual to the projection π_{λλ}′ : D_λ′ → D_λ in the following sense: for every a ∈ B_λ and every ρ^′ ∈ D_λ′

tr(π^∗_λ′_λ(a)ρ^′) = tr(a π_{λλ}′ (ρ^′)),

By virtue of (3.27) for every triplet λ^{′′} ≥ λ^′ ≥ λ π^∗_λ′′_λ = π^∗_λ′′_λ′ ∘ π^∗_λ′_λ, which means that {B, π^∗_λ′_λ} is an inductive family of C^∗-algebras associated with the projective family {D_λ, π_{λλ}′ }. Its inductive limit B := lim−→ B_λ is naturally a unital C^∗-algebra which can be interpreted as an algebra of quantum observables. It can be shown that each element ρ of the space D defines an algebraic state on B.

4 Other spaces of quantum states for a theory of the phase space P × Q

A space D̄ of quantum states similar to D can be constructed by applying the natural description of the phase space, that is, the description in terms of fields (θ^A, p_B )

(see Section 2.2). In this case elementary d.o.f. are given by integrals of one-forms (θ^A) over edges and by integrals of two-forms (p_B) over faces. To define a directed set (Λ̄, ≥) which underlies the construction of D̄ it is enough to use the directed set of all usual (non-speckled) graphs. In other words, this construction is fully analogous to the construction of quantum states for the degenerate Plebański gravity in [10]—the only difference between these two constructions is that in the case of D̄ the canonical variables are four one-forms (θ^A) and four two-forms (p_B) while in [10] the canonical variables are one one-form and one two-form.

Thus the construction of D̄ is simpler than that of D. Unfortunately, the space D̄ possesses an undesirable property: as shown in [16] quantum states in D̄ correspond not only to elements of Q by also to all quadruplets (θ^A) which define via (2.1) non-Riemannian metrics on Σ. Since we do not see any workable method which could distinguish in D̄ the states corresponding only to elements of Q we prefer to base the quantization of TEGR on the space D.

It was shown in [10] that for every theory for which it is possible to apply the general method presented in that paper there exists another space of quantum states. This space is a Hilbert space built from almost periodic functions defined on those reduced configuration spaces which are isomorphic to R^N . Thus in the case of TEGR there exists two distinct Hilbert spaces H and H̄: the former one associated with the space D and the latter one with D̄. However, in order to proceed with the second step of the Dirac strategy we would have to define on such a Hilbert space operators corresponding to the constraints and we expect this to be quite difficult. The source of the difficulty is the fact that on a Hilbert space of almost periodic functions on R^N the standard quantum operator of position is ill defined because an almost periodic function multiplied by a Cartesian coordinate on R^N is no longer an element of this Hilbert space. Since configurational elementary d.o.f. define Cartesian coordinates on configuration spaces we see that we would not be able to represent the configurational d.o.f. on H and H̄ by usual multiplication. To define an operator on H or H̄ corresponding to such a d.o.f. we would have to multiply the d.o.f. by a purely imaginary number and exponentiate the product. But taking into account the form of the constraints of TEGR [6, 17] it is hard to expect that such “exponentiated position operators” can be used to represent the constraints. Thus the spaces H and H̄ do not seem to be very promising for canonical quantization of TEGR.

5 Discussion

The main results of this paper is the space D of quantum states and the related C^∗- algebra B of quantum observables. The space D is a convex set and each element of it naturally defines an algebraic state on the algebra.

The construction of D and B is based on the phase space P × Θ described in Section 2.2. The elementary d.o.f. (3.1), (3.2), (3.4) and (3.5) used in the construction are defined as natural integrals of the canonical variables (ζ_I , r_J , ξ^K , θ^L) being differential forms on the manifold Σ. Recall that the natural variables (θ^A, p_B ) on the phase space are functions (2.4) of (ζ_I , r_J , ξ^K , θ^L) involving the factor sgn(θ^I ) defined by (2.6). Since the factor cannot be expressed or even approximated by the elementary d.o.f. (see Lemma 3.6) the spaces D and B may be useful only for a class of theories: the Hamiltonian (and possible constraints) of a theory belonging to this class when expressed in terms of the variables (ζ_I , r_J , ξ^K , θ^L) may not depend on the factor. As shown in [17], both TEGR and YMTM belong to this class.

5.1 Remarks on the problem of physical quantum states

As mentioned in the introduction to proceed further with the canonical quantization we have to find a procedure by means of which we could single out—in fact, define—physical quantum states for TEGR. By now we have not solved the problem yet and therefore we present here only some remarks.

Given constraint function C on the phase space P ×Θ, one can try to find a “quantum solution” of the constraint C = 0 in the following way

1. given λ ∈ Λ, one defines a quantum operator Ĉ_λ on H_λ corresponding to the function C;

2. one finds a subset H^0_λ of H_λ annihilated by Ĉ_λ,

3. one defines a subset D^0_λ of D_λ as one consisting of convex linear combinations of pure states in H^0_λ,

4. one checks whether there exists a state ρ = {ρ_λ} ∈ D such that for every λ ∈ Λ

ρ_λ ∈ D^0_λ.

If so, then by a definition this state is a “quantum solution” of the classical constraint.

Unfortunately, this simple prescription will not work well if for elements of an essential subset of Λ the spaces {H^0_λ} will be trivial i.e. if each of them will consist merely of the zero vector of the corresponding Hilbert space. This would mean that, given H_λ, the solution of the quantum constraint Ĉ_λψ = 0

should be rather looked for in a space dual to a dense subset of H_λ (see e.g. [12]) and in this case another prescription should be elaborated.

Suppose now that we obtained somehow a non-empty set D^0 ⊂ D consisting of quantum states being “quantum solutions” of all the constraints. Then we would call the elements of D^0 physical states. Moreover, following [15] we could use any state ρ ∈ D^0 to generate a Hilbert space H_ρ from the C^∗-algebra B of quantum observables via the GNSconstruction. Then other states in H_ρ could be treated as excitations of the “vacuum state” ρ.

The ideal situation would be if one element of D^0 was distinguished. Obviously it would be the case if D^0 contained one element only. But one can imagine another favorable case: let us note that every normed element of H_ρ defines naturally an algebraic state on B. Thus an element ρ ∈ D^0 would be distinguished if all states in D^0 were represented as normed elements of H_ρ. If it turned out that there is no way to distinguish any element of D^0 then perhaps one could interpret distinct Hilbert spaces generated by elements of D^0 as distinct quantum sectors of TEGR.

5.2 The space D versus the kinematic Hilbert space of LQG

The space D is a space of kinematic quantum states meant to serve as an element of a canonical quantization of general relativity (GR) in the teleparallel formulation. Let us compare the space with its counterpart in LQG since LQG is a result of canonical quantization of an other formulation of GR.

The counterpart is a Hilbert space H_{LQG} defined as a space of some wave functions. These wave functions are defined on a space A of so called generalized SU(2)-connections [22] over a three-dimensional manifold Σ and the scalar product on H_{LQG} is defined by an integral with respect to the Ashtekar-Lewandowski (AL) measure dμ_{AL} [19] on A:

H_{LQG} := L^2(A, dμ_{AL}).

Alternatively, the space H_{LQG} can be seen as the inductive limit of an inductive family of Hilbert spaces {H_γ , p_γ′_γ } labeled by the directed set of (usual) graphs in Σ (for some details of this alternative description see [23]). Each Hilbert space H_γ is defined as follows: given graph γ, one reduces the Hamiltonian configuration space A of LQG being the space of all SU(2)-connections over Σ obtaining a reduced configuration space A_γ isomorphic to SU(2)^N , where N is the number of edges of γ. Next, one defines

H_γ := L^2(A_γ , dμ_γ ),

where dμ_γ is a measure on A_γ given uniquely by the normed Haar measure on SU(2)^N .

It is easy to find some close similarities between elements of the construction of H_{LQG} and those of the construction of D: A corresponds to the Hamiltonian configuration space Θ, the spaces {A_γ } are counterparts of the reduced configuration spaces {Θ_{Kγ̇} }, likewise the Hilbert spaces {H_γ } are counterparts of the spaces {H_λ}. Note also that the measure dμ_λ given by (3.25) which defines H_λ via (3.26) is in fact a Haar measure on Θ_{Kγ̇} (the latter space being a real linear space is naturally a Lie group). Moreover, as shown in [10] for the space Θ there exists a space Θ̄ related to Θ in the same way as A is related to A.

One may ask now why we did not define a Hilbert space for TEGR in the same way as the space H_{LQG} is defined? The answer is very simple: each space A_γ is compact and this fact enables to define the AL measure on A and, alternatively, it enables to define the embeddings {p_γ′_γ : H_γ → H_γ′ } which allow to “glue” the Hilbert spaces {H_γ } into H_{LQG} via the inductive limit. On the other hand, every space Θ_{Kγ̇} is non-compact and this fact turns out to be an obstacle for defining a measure on Θ̄ as a counterpart of the AL measure and, alternatively, it turns out to be an obstacle for defining embeddings p_λ′_λ : H_λ → H_λ′ which would allows us to “glue” the spaces {H_λ} into a larger one by means of an inductive limit. In other words, non-compactness of the spaces {Θ_{Kγ̇} } precludes the use of the inductive techniques but on the other hand linearity of the spaces allows us to apply the projective techniques according to the original idea by Kijowski [15].

Note however that the compactness of the spaces {A_γ } is in fact obtained by means of a reduction of the natural Lorentz symmetry of GR done at the level of the classical theory—this symmetry is reduced to its “sub-symmetry” described by the group of three-dimensional rotations. Technically it is achieved by a passage from the complex Ashtekar-Sen connections [24, 25] of the non-compact structure group SL(2, C ) to the real Ashtekar-Barbero connections [26] of the compact structure group SU(2). Let us emphasize that the construction of D does not require any reduction of the Lorentz symmetry of the classical theory, however it is still to early to claim that there are no obstacles for defining local Lorentz transformations on D—this issue needs to be analyzed carefully.

Let us finally mention an important difference between the spaces D and H_{LGQ} (for a similar discussion see [23]). Both spaces D and H_{LGQ} are built from some spaces associated with (speckled or usual) graphs in Σ: in the former case these spaces are {D_λ} (λ = (F, K_{γ̇} ), but D_λ does not depend actually on the space F ), in the latter one these spaces are {H_γ }. Since D is the projective limit of {D_λ} each state ρ ∈ D is a collection {ρ_λ} of states such that ρ_λ ∈ D_λ. This means that, given λ, the state ρ_λ contains only a partial information about ρ and therefore it can be treated merely as an approximation of ρ. On the other hand, in the case of H_{LQG} defined as the inductive limit of {H_γ } for every graph γ there exists a canonical embedding p_γ : H_γ → H_{LQG} and consequently each element of H_γ can be treated as a rightful element of H_{LQG}.

Acknowledgments This work was partially supported by the grant N N202 104838 of Polish Ministerstwo Nauki i Szkolnictwa Wyższego.

References

[1] 2009 Approaches to Quantum Gravity: Toward a New Understanding of Space, Time and Matter, edited by Daniele Oriti, Cambridge University Press, New York

[2] Carlip S 2001 Quantum Gravity: a Progress Report Rept. Prog. Phys. 64 885 E-print arXiv:gr-qc/0108040

[3] Maluf J W 2013 The teleparallel equivalent of general relativity E-print arXiv:

1303.3897

[4] da Rocha-Neto J F, Maluf J W 2001 Hamiltonian formulation of general relativity in the teleparallel geometry Phys. Rev. D 64 084014 E-print arXiv:gr-qc/0002059

[5] da Rocha-Neto J F, Maluf J W and Ulhoa S C 2010 Hamiltonian formulation of unimodular gravity in the teleparallel geometry Phys. Rev. D 82 124035 E-print arXiv:1101.2425

[6] Okołów A 2013 ADM-like Hamiltonian formulation of gravity in the teleparallel geometry E-print arXiv:1111.5498

[7] Blagojević M, Nikolić I A 2000 Hamiltonian structure of the teleparallel formulation of GR Phys. Rev. D 62 024021 E-print arXiv:hep-th/0002022

[8] Itin Y 2002 Conserved currents for general teleparallel models Int. J. Mod. Phys. 17 2765 E-print arXiv:gr-qc/0103017

[9] Okołów A, Świeżewski J 2012 Hamiltonian formulation of a simple theory of the teleparallel geometry Class. Quant. Grav. 29 045008 E-print arXiv:1111.5490

[10] Okołów A 2013 Construction of spaces of kinematic quantum states for field theories via projective techniques E-print arXiv:1304.6330

[11] Ashtekar A, Corichi A and Zapata J A 1998 Quantum Theory of Geometry III: Noncommutativity of Riemannian Structures Class. Quant. Grav. 15 2955–2972 E-print arXiv:gr-qc/9806041

[12] Ashtekar A, Lewandowski J, Marolf D, Mourão J and Thiemann T 1995 Quantization of diffeomorphism invariant theories of connections with local degrees of freedom J. Math. Phys. 36 6456–6493, E-print arXiv:gr-qc/9504018

[13] Ashtekar A and Lewandowski L 2004 Background Independent Quantum Gravity:

A Status Report Class. Quant. Grav. 21 R53 E-print arXiv:gr-qc/0404018

[14] Thiemann T 2001 Introduction to Modern Canonical Quantum General Relativity E-print arXiv:gr-qc/0110034

[15] Kijowski J 1977 Symplectic geometry and second quantization Rep. Math. Phys. 11 97–109

[16] Okołów A, Variables suitable for constructing quantum states for the Teleparallel Equivalent of General Relativity I in preparation

[17] Okołów A, Variables suitable for constructing quantum states for the Teleparallel Equivalent of General Relativity II in preparation

[18] J. Lewandowski A. Okołów H. Sahlmann and T. Thiemann 2006 Uniqueness of diffeomorphism invariant states on holonomy-flux algebras Comm. Math. Phys. 267, 703-733, E-print arXiv:gr-qc/0504147

[19] Ashtekar A and Lewandowski J 1994 Representation theory of analytic holonomy C^⋆-algebras Knots and quantum gravity (Baez J (ed), Oxford: Oxford University Press) E-print arXiv:gr-qc/9311010

[20] Ashtekar A and Lewandowski J 1997 Quantum theory of geometry I: Area operators Class. Quant. Grav. 14 A55–A82 E-print arXiv:gr-qc/9602046

[21] Nester J M 1989 Positive energy via the teleparallel Hamiltonian Int. J. Mod. Phys.

A 4 1755-1772

[22] Ashtekar A and Lewandowski J 1995 Projective techniques and functional integration for gauge theories J. Math. Phys. 36 2170–2191 E-print arXiv:gr-qc/9411046

[23] Okołów A 2009 Quantization of diffeomorphism invariant theories of connections with a non-compact structure group - an example Comm. Math. Phys. 289 335-382 E-print arXiv:gr-qc/0605138

[24] Ashtekar A 1986 New Variables for Classical and Quantum Gravity Phys. Rev. Lett.

57 2244

[25] Ashtekar A 1987 A New Hamiltonian Formulation of General Relativity Phys. Rev.

D36 1587

[26] Barbero J F 1995 Real Ashtekar Variables for Lorentzian Signature Space-times Phys.Rev. D 51 5507–5510, E-print arXiv:gr-qc/9410014