arXiv:1304.6918v1 [nlin.SI] 25 Apr 2013

Jordanian deformation of the open sℓ(2) Gaudin model

N. Cirilo António, ∗ N. Manojlović^† and Z. Nagy^‡

∗Centro de Análise Funcional e Aplicações Instituto Superior Técnico, Universidade Técnica de Lisboa Av. Rovisco Pais, 1049-001 Lisboa, Portugal

†‡Grupo de Física Matemática da Universidade de Lisboa Av. Prof. Gama Pinto 2, PT-1649-003 Lisboa, Portugal

†Departamento de Matemática, F. C. T., Universidade do Algarve Campus de Gambelas, PT-8005-139 Faro, Portugal

Abstract

We derive the deformed sℓ(2) Gaudin model with integrable boundaries. Starting from the Jordanian deformation of the SL(2)-invariant Yang R-matrix and generic solutions of the associated reflection equation and the dual reflection equation, the corresponding inhomogeneous spin-½ XXX chain is obtained. The quasi-classical expansion of the transfer matrix yields the deformed sℓ(2) Gaudin Hamiltonians with boundary terms.

∗E-mail address: nantonio@math.ist.utl.pt †E-mail address: nmanoj@ualg.pt ‡E-mail address: zoltan.nagy@m4x.org

I INTRODUCTION

I Introduction

Gaudin models have applications in many areas of modern physics, from quantum optics [1, 2] to physics of metallic nano-grains, see [3] and reference therein. A model of interacting spins in a chain was first considered by Gaudin [4, 5]. In his approach, these models were introduced as a quasi-classical limit of the integrable quantum chains. Moreover, the Gaudin models were extended to any simple Lie algebra, with arbitrary irreducible representation at each site of the chain [5].

The rational sℓ(2) invariant model was studied in the framework of the quantum inverse scattering method [6]. In his studies, Sklyanin used the sℓ(2) invariant classical r-matrix. A generalization of these results to all cases when skew-symmetric r-matrix satisfies the classical Yang-Baxter equation [7] was relatively straightforward [8]. Therefore, considerable attention has been devoted to Gaudin models corresponding to the the classical r-matrices of simple Lie algebras [9] and Lie superalgebras [10, 11, 12]. In the case of the sℓ(2) Gaudin system, its relation to Knizhnik-Zamolodchikov equation of conformal field theory [13, 14, 15] or the method of Gauss factorization [16], provided alternative approaches to computation of correlation functions. The non-unitary r-matrices and the corresponding Gaudin models have been studied recently, see [17] and the references therein.

The quantum inverse scattering method (QISM) [18, 19, 20] as an approach to construct and solve quantum integrable systems has lead to the theory of quantum groups [21, 22]. A particularly interesting feature of quantum groups is a transformation that is called twist [23] and allows constructing new quantum groups from already known ones. Although the twist transformations generate an equivalence relation between quantum groups, they produce different R-matrices. These new R-matrices can in turn lead to new integrable systems [24].

Twist of a quantum group, or more general Hopf algebra A, is a similarity transformation of the coproduct Δ : A → A ⊗ A by an invertible twist element

F = ∑_j^{f (1)}j^{⊗ f (2)}j^{∈ A ⊗ A,}

Δ(a) → Δ_t(a) = F Δ(a)F^{−1}, a ∈ A. (I.1)

In order to guarantee the coassociativity property of the coproduct, the element F has to satisfy certain compatibility condition, the so-called twist equation [23]

F_{12} (Δ ⊗ id) (F) = F_{23} (id ⊗ Δ) (F), (I.2)

where (Δ ⊗ id) ∑ j f^{(1)}_j ⊗ f^{(2)}_j = ∑ j Δ( f^{(1)}_j ) ⊗ f^{(2)}_j ∈ A ⊗ A ⊗ A.

I INTRODUCTION

The transformation law of the coproduct also determines how the corresponding universal R-matrix is changed

R → R^{(t)} = F_{21}RF^{−1}, F_{21} = ∑ j f^{(2)}_j ⊗ f^{(1)}_j . (I.3)

This new R-matrix allows us to build and study new integrable models [24].

A particular solution of the twist equation is provided by the Jordanian twist element for the universal enveloping algebra U(sℓ(2)) of the sℓ(2) Lie algebra [25, 26]. It was extended to the sℓ(n) case in [27, 28]. The Yang R-matrix determines the Yangian Y(sℓ(n)), see [29]. The Heisenberg XXX spin chain is related to the Yangian Y(sℓ(2)) and the universal enveloping algebra of sℓ(2) is a Hopf subalgebra of the Yangian, U(sℓ(2)) ⊂ Y(sℓ(2)). It can be shown that the transformation of the Yang R-matrix by the Jordanian twist element yields the R-matrix of the twisted Yangian Y_θ (sℓ(2)) [30, 31]. Because the twist preserves the regularity of the R-matrix the Hamiltonian of the deformed Heisenberg XXX spin chain with periodic boundary conditions can be calculated [30]. Although it can be seen that the extra terms added to the XXX Hamiltonian do not change the spectrum of the model, the explicit form of the Bethe states is not obvious.

The deformation by the Jordanian twist of the XXX model with non-periodic boundary conditions was studied in [32]. A way to introduce non-periodic boundary conditions compatible with the integrability of the quantum systems solvable by the QISM was developed in [33]. The boundary conditions at the left and right end of the system are expressed in the left and right reflection matrices. The compatibility condition between the bulk and the boundary of the system takes the form of the so-called reflection equation [34, 35]. The compatibility at the right end of the model is expressed by the dual reflection equation. The matrix form of the exchange relations between the entries of the Sklyanin monodromy matrix is analogous to the reflection equation. Together with the dual reflection equation they yield the commutativity of the open transfer matrix [33, 36]. The general solution of the reflection equation associated with the Jordanian deformation of the SL(2)-invariant Yang R-matrix was given in [32], as well as the Hamiltonian of the deformed XXX spin chain with the general boundary terms.

Here, we study the deformation by the Jordanian twist of the sℓ(2) Gaudin model with non-periodic boundary conditions. The starting point to obtain the Gaudin model in the framework of the QISM is the monodromy matrix of the corresponding inhomogeneous spin chain [6]. The quasi-classical expansion of the transfer matrix of the periodic chain, calculated at special values of the spectral parameter, produces the Gaudin Hamiltonians [37, 38]. This approach was generalized to the case of nonperiodic boundary conditions in [39]. These results were later extended to non-diagonal reflection matrices [40] and to other simple Lie algebras [41]. Essential steps in the derivation of the Gaudin Hamiltonians with boundary terms are some normalization

II TWISTED YANG R-MATRIX AND REFLECTION EQUATION

conditions which have to be imposed both on the R-matrix and on the left and right reflection matrices. In general, these normalization conditions are not relevant in the study of the spin chain. However, they enable the quasi-classical expansion of the transfer matrix which yields the corresponding Gaudin Hamiltonians with boundary terms [40, 42].

This paper is organized as follows. In Section II, the Jordanian deformation of the SL(2)-invariant Yang R-matrix is reviewed. The general solutions of the corresponding reflection equation and the dual reflection equation are given. In Section III, the Jordanian deformation of the inhomogeneous XXX spin chain with N sites is studied. It is shown how the quasi-classical expansion of the transfer matrix yields the Gaudin Hamiltonians. These Hamiltonians are calculated in Section IV.

II Twisted Yang R-matrix and reflection equation

We start this section by reviewing the Jordanian twist element. The three generators of the sℓ(2) Lie algebra are h, X^±, such that [ h, X^± ] = ±2X^±, [ X^+, X^− ] = h. (II.1)

The universal enveloping algebra U(sℓ(2)) admits the Jordanian twist element [25, 26]

F = exp( 1 2 h ⊗ ln(1 + 2θX^+)) = e^{h⊗σ} ∈ U(sℓ(2)) ⊗ U(sℓ(2)) (II.2)

which satisfies the following equations

(Δ ⊗ id) (F) = F_{13}F_{23}, (II.3) (id ⊗ Δ_t) (F) = F_{12}F_{13}. (II.4)

The coproduct Δ is the usual coproduct of U(sℓ(2)) and Δ_t is the twisted one. In order to check the equations above, it is important to notice that h is primitive with respect to Δ and that σ is primitive with respect to Δ_t,

Δ(h) = h ⊗ 1 + 1 ⊗ h, (II.5) Δ_t(σ) = σ ⊗ 1 + 1 ⊗ σ. (II.6)

The equations (II.3) and (II.4) imply the twist equation (I.2),

F_{12} (Δ ⊗ id) (F) = F_{12}F_{13}F_{23}, (II.7) F_{23} (id ⊗ Δ) (F) = F_{23} (id ⊗ Δ) (F)F^{−1}_{23} · F_{23} = (id ⊗ Δ_t) (F) F_{23} = F_{12}F_{13}F_{23}. (II.8)

Therefore the Jordanian twist element (II.2) satisfies the Drinfeld twist equation (I.2).

II TWISTED YANG R-MATRIX AND REFLECTION EQUATION

The Heisenberg XXX spin chain is related to the Yangian Y(sℓ(2)) and the SL(2)- invariant Yang R-matrix

R(λ) =

1 0 0 0 0 λ λ + η η λ + η 0 0 η λ + η λ λ + η 0 0 0 0 1

, (II.9)

where λ is a spectral parameter, η is a quasi-classical parameter.

The matrix form of the Jordanian twist element (II.2) in the spin ½ representation ρ is F_{12} ∈ End ( C^2 ⊗ C^2 )

F_{12} = (ρ ⊗ ρ) F = exp ( σ^z ⊗ θσ^+ ) = 1 + θσ^z ⊗ σ^+ =

1 θ 0 0 0 1 0 0 0 0 1 −θ 0 0 0 1

, (II.10)

where σ^z, σ^± = (σ^x ± ıσ^y)/2 are the Pauli sigma matrices. Hence, the twisted R-matrix has the form [30, 32]

R^{(J)}(λ) = F_{21} R_{12}(λ)F^{−1}_{12} = 1 −λθ λ + η λθ λ + η λθ^2 λ + η 0 λ λ + η η λ + η −λθ λ + η 0 η λ + η λ λ + η λθ λ + η 0 0 0 1

. (II.11)

This R-matrix is also a solution of the Yang-Baxter equation

R_{12}(λ − μ)R_{13}(λ)R_{23}(μ) = R_{23}(μ)R_{13}(λ)R_{12}(λ − μ), (II.12)

we use the standard notation of the QISM [18, 19, 20] to denote spaces V_j, j = 1, 2, 3 on which corresponding R-matrices R_{ij}, ij = 12, 13, 23 act non-trivially. In the present case V_1 = V_2 = V_3 = C^2. In what follows we will only use the twisted R-matrix (II.11) and in order to simplify the notation we will drop the symbol (J) in the superscript.

The Gaudin models are related to the classical r-matrices [6]. Therefore it is essential that, after setting θ = −ξη, the R-matrix has the quasi-classical property [43]

R(λ, η, θ)|_{θ=−ξη} = 1 + ηr(λ) + O(η^2), (II.13)

II TWISTED YANG R-MATRIX AND REFLECTION EQUATION

here r(λ) is the corresponding classical r-matrix

r(λ) =

0 ξ −ξ 0 0 −1 λ 1 λ ξ 0 1 λ −1 λ −ξ 0 0 0 0

, (II.14)

which has the unitarity property r_{21}(−λ) = −r_{12}(λ), (II.15) and satisfies the classical Yang-Baxter equation [r_{13}(λ), r_{23}(μ)] + [r_{12}(λ − μ), r_{13}(λ) + r_{23}(μ)] = 0. (II.16) Moreover, for the purpose of deriving the Gaudin Hamiltonians, it is necessary that the R-matrix (II.11) is normalized so that [37, 38] R(0, η) = P, (II.17) where P is the permutation matrix in C^2 ⊗ C^2. The R-matrix (II.11) has the unitarity property R_{12}(λ)R_{21}(−λ) = 1, (II.18) but the PT symmetry is broken R_{21}(λ) ≠ R_{12}(λ)^{t1t2} , (II.19) where R_{21}(λ) = P R_{12}(λ)P, and the indices t_1 and t_2 denote the respective transpositions in the first and second space of the tensor product C^2 ⊗ C^2. The R-matrix also does not have the crossing symmetry, but it dos satisfy the weaker condition {{{R_{12}(λ)^{t2} }^{−1}}^{t2} }^{−1} = g(λ)M_2 R_{12}(λ + 2η)M^{−1}_2 , (II.20)

with g(λ) = λ(λ + 2η) (λ + η)^2 and the matrix

M = ( 1 −2θ 0 1 ) . (II.21)

We note that a more general matrix

~M = ( 1 α 0 1 ) (II.22)

II TWISTED YANG R-MATRIX AND REFLECTION EQUATION

commutes with the R-matrix, [ ~M ⊗ ~M, R(λ) ] = 0. (II.23)

A way to introduce non-periodic boundary conditions compatible with the integrability of the base model was developed in [33]. The boundary conditions at the left and right sites of the system are expressed in the left and right reflection matrices K^− and K^+. The compatibility condition between the bulk and the boundary of the system takes the form of the so-called reflection equation [34, 35]. For the left reflection matrix, it is written in the form

R_{12}(λ − μ)K^−_1 (λ)R_{21}(λ + μ)K^−_2 (μ) = K^−_2 (μ)R_{12}(λ + μ)K^−_1 (λ)R_{21}(λ − μ). (II.24)

The compatibility at the right site of the model is expressed by the dual reflection equation [33, 36, 32]

A_{12}(λ − μ)K^{+ t}_1 (λ)B_{12}(λ + μ)K^{+ t}_2 (μ) = K^{+ t}_2 (μ)C_{12}(λ + μ)K^{+ t}_1 (λ)D_{12}(λ − μ). (II.25)

where the matrices A, B, C, D are obtained from the R-matrix of reflection equation (II.24) as

A_{12}(λ) = ( R_{12}(λ)^{t12} )_{−1} = D_{21}(λ), (II.26)

B_{12}(λ) = (( R^{t1}_{21}(λ)

)_{−1})t2 = C_{21}(λ). (II.27)

Using property (II.20), we can write dual reflection equation (II.25) in the equivalent form

R_{12}(−λ + μ)K^+_1 (λ)M_2 R_{21}(−λ − μ − 2η)M^{−1}_2 K^+_2 (μ) = K^+_2 (μ)M_1 R_{12}(−λ − μ − 2η)M^{−1}_1 K^+_1 (λ)R_{21}(−λ + μ). (II.28)

It can then be verified that the mapping

K^+(λ) = K^−(−λ − η) M (II.29)

is a bijection between solutions of the reflection equation and the dual reflection equation.

The general solution of the reflection equation associated with the Jordanian deformation of the Yang R-matrix is [32]

K^−(λ) = 1 d(λ) ζ − λ − ϕθ η λ^2 ψλ

ϕλ ζ + λ − ϕθ η λ^2

, (II.30)

III DEFORMED INHOMOGENEOUS XXX CHAIN

with arbitrary parameters ζ, ϕ and ψ and the function

d(λ) = ζ − ϕθ η λ^2 + λ √ 1 + ϕψ . (II.31)

The left reflection matrix K^− is normalized so that

K^−(λ)K^−(−λ) = 1. (II.32)

Finally, by setting θ = −ξη we achive that matrix K^−(λ) does not depend on the quasiclassical parameter η, ∂K^−(λ) ∂η = 0. (II.33)

The right reflection matrix K^+(λ) is obtained by substituting (II.30) into (II.29) while keeping θ = −ξη. It is important to notice that ( lim_{η→0} K^+(λ) ) K^−(λ) = 1. (II.34)

In general, the normalization conditions (II.32) and (II.34) are not essential in the study of the open spin chain. However, together with (II.13) and (II.17) they enable the quasiclassical expansion of the transfer matrix which yields the open Gaudin model.

III Deformed inhomogeneous XXX chain

In this section we study the Jordanian deformation of the inhomogeneous XXX spin chain with N sites, characterized by the local space V_j = C^2 and inhomogeneous parameter α_j. For simplicity, we start by considering the periodic boundary conditions. The Hilbert space of the system is

H =^N⊗_{j=1}V_j = (C^2)^{⊗N}.

In the QISM [18, 20, 24] the so-called monodromy matrix

T(λ) = R_{0N}(λ − α_N ) · · · R_{01}(λ − α_1) (III.1)

is used to describe the system. For simplicity we have omitted the dependence on the quasi-classical parameter η, the deformation parameter ξ and the inhomogeneous parameters {α_j, j = 1, . . . , N}. Notice that T(λ) is a two-by-two matrix in the auxiliary space V_0 = C^2, whose entries are operators acting in H. Due to the Yang-Baxter equation (II.12), it is straightforward to check that the monodromy matrix satisfies the RTT-relations [18, 20, 19]

R_{12}(λ − μ)T_1 (λ)T_2 (μ) = T_2 (μ)T_1 (λ)R_{12}(λ − μ). (III.2)

III DEFORMED INHOMOGENEOUS XXX CHAIN

The above equation is written in the tensor product of the auxiliary space V_0 ⊗ V_0 = C^2 ⊗ C^2, using the standard notation of the QISM.

The periodic boundary conditions and the RTT-relations (III.2) imply that the transfer matrix t(λ) = tr_0T(λ), (III.3)

commute at different values of the spectral parameter,

[t(λ), t(μ)] = 0, (III.4)

here we have omitted the nonessential arguments.

Due to the quasi-classical property (II.13) and the normalization of the R-matrix (II.17), the quasi-classical expansion of the transfer matrix, for the special values of the spectral parameter, is given by [37, 38]

Z_k = t(λ = α_k) = 1 + ηH_k + O(η^2), (III.5)

where H_k are the corresponding Gaudin Hamiltonians, in the periodic case. The commutativity of the Gaudin Hamiltonians,

[H_k, H_l ] = 0, (III.6)

is ensured by the commutativity of the transfer matrix (III.4) and the fact the first term in the above expansion is the identity matrix, due to (II.13) and (II.17).

In order to construct integrable spin chains with non-periodic boundary condition, we use the Sklyanin formalism [33]. The corresponding monodromy matrix T (λ) consists of the two matrices T(λ) (III.1) and a reflection matrix K^−(λ) (II.30),

T (λ) = T(λ)K^−(λ)T^{−1}(−λ)

= R_{0N}(λ − α_N ) · · · R_{01}(λ − α_1)K^−_0 (λ)R_{10}(λ + α_1) · · · R_{N0}(λ + α_N ), (III.7)

where, for simplicity, we have suppressed the dependence on the other parameters. By construction, the exchange relations of the monodromy matrix T (λ) in V_0 ⊗ V_0 are

R_{12}(λ − μ)T_1 (λ)R_{21}(λ + μ)T_2 (μ) = T_2 (μ)R_{12}(λ + μ)T_1 (λ)R_{21}(λ − μ), (III.8)

using the notation of [33]. The open chain transfer matrix is given by the trace of T (λ) over the auxiliary space V_0 with an extra reflection matrix K^+(λ) [33],

t(λ) = tr_0 ( K^+(λ)T (λ) ) . (III.9)

The reflection matrix K^+(λ) (II.29) is the corresponding solution of the dual reflection equation (II.28). The commutativity of the transfer matrix for different values of the spectral parameter [t(λ), t(μ)] = 0, (III.10)

IV DEFORMED GAUDIN HAMILTONIANS WITH BOUNDARY TERMS

is guaranteed by the dual reflection equation (II.28) and the exchange relations (III.8) of the monodromy matrix T (λ).

Analogously to the periodic case, the quasi-classical expansion of the transfer matrix, for special values of the spectral parameter, yields the corresponding Gaudin Hamiltonians with boundary terms [40]

Z_k = t(λ = α_k) = 1 + ηH_k + O(η^2), (III.11)

where H_k are the Gaudin Hamiltonians. As in the periodic case, the commutativity of the Hamiltonians H_k is guaranteed by the equation (III.10) and the fact the first term in the above expansion is the identity matrix, due to the quasi-classical property of the R-matrix (II.13) and the normalization conditions (II.17), (II.32) and (II.34). The Gaudin Hamiltonians will be calculated in the following section.

IV Deformed Gaudin Hamiltonians with boundary terms

In this section we calculate explicitly the Gaudin Hamiltonians. In the periodic case [37, 38], it is straightforward to calculate the first two terms in the expansion (III.5). By setting θ = −ξη and λ = α_k and using the normalization of the R-matrix (II.17) we obtain

Z_k|_{η=0} = tr_0 (R_{0N}(α_k − α_N ) · · · R_{0k}(α_k − α_k) · · · R_{01}(α_k − α_1)) |_{η=0} = tr_0 (R_{0N}(α_k − α_N ) · · · P_{0k} · · · R_{01}(α_k − α_1)) |_{η=0} = tr_0 (P_{0k}) = 1. (IV.1)

In order to derive the corresponding Gaudin Hamiltonians, in the second term we also use the quasi-classical property of the R-matrix (II.13),

H_k =

∂Z_k ∂η |_{η=0} = ∑ l>k tr_0 ( R_{0N}(α_k − α_N ) · · ·

∂R_{0l} (α_k − α_l ) ∂η · · · P_{0k} · · · R_{01}(α_k − α_1) ) |_{η=0}

+ ∑_{l<k}^{tr}0 ( R_{0N} (α_k − α_N ) · · · P_{0k} · · ·

∂R_{0l} (α_k − α_l ) ∂η · · · R_{01}(α_k − α_1) ) |_{η=0}

= ∑_{l>k}^{tr}0 ( ∂R_{0l} (α_k − α_l ) ∂η |_{η=0}P_{0k} ) + ∑_{l<k}^{tr}0 ( P_{0k}

∂R_{0l} (α_k − α_l ) ∂η |_{η=0} ) = ∑_{l≠k}^rkl^{(α}k^{− α}l^{). (IV.2)}

In terms of the local spin-½ operators −→ S_j = −→σ_j 2 these Hamiltonians are

H_k ≃ 2 ∑

l≠k ( −→ S_k · −→ S_l α_k − α_l + ξ ( S^z_kS^+_l − S^+_l S^z_k ) ) , (IV.3)

IV DEFORMED GAUDIN HAMILTONIANS WITH BOUNDARY TERMS

where ≃ stands for equality up to a constant additive term. By implementation of the algebraic Bethe ansatz, it was shown in [43] that the spectra of these Hamiltonians coincide with the spectra of the sℓ(2) invariant model, the case when ξ = 0.

In the case of non-periodic boundary, we consider the left and right reflection matrices K^−(λ) and K^+(λ) given by (II.30) and (II.29), respectively, together with θ = −ξη. In order to obtain the expansion (III.11) in (III.9) we specify λ = α_k and calculate the first term

Z_k|_{η=0} = tr_0 ( K^+(α_k)T (α_k) ) |_{η=0} = tr_0 ( K^+_0 (α_k)R_{0N} (α_k − α_N ) · · · P_{0k} · · · R_{01}(α_k − α_1) × ×K^−_0 (α_k)R_{10}(α_k + α_1) · · · R_{k0}(2α_k ) · · · R_{N0}(α_k + α_N ) ) |_{η=0} = tr_0 ( K^−_0 (−α_k)P_{0k}K^−_0 (α_k) ) = K^−_k (α_k)K^−_k (−α_k) = 1. (IV.4)

In the last step above we have used the normalization (II.32). The Gaudin Hamiltonians with boundary terms are related to the second term in the expansion (III.11),

H_k =

∂Z_k ∂η |_{η=0} = tr_0 ( ∂K^+_0 (α_k) ∂η |_{η=0}P_{0k}K^−_0 (α_k) ) + tr_0 ( K^−_0 (−α_k)P_{0k}K^−_0 (α_k)

∂R_{k0}(2α_k ) ∂η |_{η=0} ) + ∑_{l>k}^{tr}0 ( K^−_0 (−α_k)

∂R_{0l} (α_k − α_l ) ∂η |_{η=0}P_{0k}K^−_0 (α_k) )

+ ∑_{l<k}^{tr}0 ( K^−_0 (−α_k)P_{0k}

∂R_{0l} (α_k − α_l ) ∂η |_{η=0}K^−_0 (α_k) )

+ ∑_{l≠k}^{tr}0 ( K^−_0 (−α_k)P_{0k}K^−_0 (α_k)

∂R_{l0}(α_k + α_l ) ∂η |_{η=0} ) . (IV.5)

In the derivation above we have used the fact that the left reflection matrix K^−(λ) does not depend on the quasi-classical parameter η, (II.33). Finally, the Gaudin Hamiltonians can be expressed in a more concise form

H_k = Γ_k(α_k) + ∑

l≠k

r_{kl} (α_k − α_l ) + ∑

l≠k

K^−_k (α_k)r_{lk} (α_k + α_l )K^−_k (−α_k), (IV.6)

where r_{ij}(λ) is the corresponding classical r-matrix (II.14) and

Γ_k(α_k) = K^−_k (α_k) ( ∂K^+_k (α_k) ∂η |_{η=0} + tr_0 ( K^−_0 (−α_k) P_{0k} r_{k0}(2α_k ) ) ) . (IV.7)

Notice that the second term on the righthand side of the (IV.6) coincides with the Gaudin Hamiltonians (IV.2) and that the first and the third term are the boundary terms depending on the reflection matrices K^− and K^+. Consequently, the Hamiltonians (IV.6) are rational functions of the boundary parameters ζ, ϕ, ψ and the deformation parameter ξ.

REFERENCES

V Conclusions

We have derived the deformed sℓ(2) Gaudin Hamiltonians with boundary terms. Starting from the SL(2)-invariant Yang R-matrix deformed by the Jordanian twist element for the universal enveloping algebra U(sℓ(2)) and generic solutions of the associated reflection equation and the dual reflection equation, we have obtained the deformed inhomogeneous spin-½ XXX chain. We have shown that the quasi-classical expansion of the transfer matrix of the chain yields the corresponding Gaudin Hamiltonians with boundary terms.

Acknowledgments. This work was supported by the FCT Project No. PTDC/MAT/099880/2008 through the European program COMPETE/FEDER.

References

[1] B. M. Garraway, The Dicke model in quantum optics: Dicke model revisited, Phil.

Trans. R. Soc. A vol. 369 no. 1939 (2011) 1137–1155.

[2] N. M. Bogoliubov and P. P. Kulish, Exactly solvable models of nonlinear quantum optics, (Russian) Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 398 (2012) 26–54.

[3] L. Amico and A. Osterloh, Bethe Ansatz approach to the pairing fluctuations in the mesoscopic regime, Annalen der Physik Volume 524 Issue 3-4 (2012) pages 133–145.

[4] M. Gaudin, Diagonalisation d’une classe d’hamiltoneans de spin, J. Physique 37 (1976) 1087–1098.

[5] M. Gaudin, La fonction d’onde de Bethe, chapter 13 Masson, Paris, 1983.

[6] E. K. Sklyanin, Separation of variables in the Gaudin model, Zap. Nauchn. Sem.

Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 164 (1987) 151–169; translation in J. Soviet Math. 47 (1989) 2473–2488.

[7] A. A. Belavin and V. G. Drinfeld. Solutions of the classical Yang-Baxter equation for simple Lie algebras (in Russian), Funktsional. Anal. i Prilozhen. 16 (1982), no. 3, 1–29; translation in Funct. Anal. Appl. 16 (1982) no. 3, 159-180.

[8] M. A. Semenov-Tian-Shansky, Quantum and classical integrable systems, in Integrability of Nonlinear Systems, Lecture Notes in Physics Volume 495 (1997) 314- 377.

REFERENCES REFERENCES

[9] B. Jurčo, Classical Yang-Baxter equations and quantum integrable systems (Gaudin models), in Quantum groups (Clausthal, 1989), Lecture Notes in Phys. Volume 370 (1990) 219–227.

[10] P. P. Kulish and N. Manojlović, Creation operators and Bethe vectors of the osp(1|2) Gaudin model, J. Math. Phys. 42 no. 10 (2001) 4757–4778.

[11] P. P. Kulish and N. Manojlović, Trigonometric osp(1|2) Gaudin model, J.

Math.Phys. 44 no. 2 (2003) 676–700.

[12] V. Kurak and A. Lima-Santos, sl(2|1)^{(2)} Gaudin magnet and its associated Knizhnik-Zamolodchikov equation, Nuclear Physics B 701 (2004) 497–515.

[13] H. M. Babujian and R. Flume, Off-shell Bethe ansatz equation for Gaudin magnets and solutions of Knizhnik-Zamolodchikov equations, Mod. Phys. Lett. A 9 (1994) 2029–2039.

[14] B. Feigin, E. Frenkel, and N. Reshetikhin, Gaudin model, Bethe ansatz and correlation functions at the critical level, Commun. Math. Phys. 166 (1994) 27–62.

[15] N. Reshetikhin and A. Varchenko, Quasiclassical asymptotics of solutions to the KZ equations, in Geometry, Topology and Physics, Conf. Proc. Lecture Notes Geom., pages 293–273. Internat. Press, Cambridge, MA, 1995.

[16] E. K. Sklyanin, Generating function of correlators in the sl(2) Gaudin model, Lett.

Math. Phys. 47(1999) 275–292.

[17] T. Skrypnyk, Non-skew-symmetric classical r-matrix, algebraic Bethe ansatz, and Bardeen-Cooper-Schrieffer-type integrable systems, J. Math. Phys. 50 (2009) 033540, 28 pages.

[18] L. A. Takhtajan and L. D. Faddeev, The quantum method for the inverse problem and the XYZ Heisenberg model, (in Russian) Uspekhi Mat. Nauk 34 No. 5 (1979) 13–63; translation in Russian Math. Surveys 34 No.5 (1979) 11–68.

[19] P. P. Kulish and E. K. Sklyanin, Quantum spectral transform method. Recent developments, Lect. Notes Phys. 151 (1982), 61–119.

[20] L. D. Faddeev, How the algebraic Bethe Ansatz works for integrable models, In Quantum symmetries / Symetries quantiques, Proceedings of the Les Houches summer school, Session LXIV. Eds. A. Connes, K. Gawedzki and J. Zinn-Justin. North-Holland, 1998, 149–219; hep-th/9605187.

[21] V. G. Drinfeld, Quantum groups, In: Proc. Intern. Congress Math. Berkeley, CA, AMS, Providence, RI, (1987), 798–820.

REFERENCES REFERENCES

[22] M. Jimbo, A q-difference analogue of U(g) and the Yang-Baxter equation, Lett.

Math. Phys. 10 (1985), 63–69.

[23] V. G. Drinfeld, Quasi-Hopf algebras, (Russian) Algebra i Analiz 1 (1989), no. 6, 114–148; translation in Leningrad Math. J. 1 (1990), no. 6, 1419–1457.

[24] P. P. Kulish Twist deformations of quantum integrable spin chains, Lect. Notes Phys. Vol. 774 (2009) 165–188.

[25] M. Gerstenhaber, A. Giaquinto and S. D. Schack, in Quantum Groups Proc. EIMI, 1990, ed. P.P. Kulish, Lect. Notes Math. 1510, Springr-Verlag, Berlin, 1992, p. 9-46

[26] O. V. Ogievetsky, in Proc. Winter School Geometry and Physics, Zidkov, Suppl.

Rendiconti cir. Math. Palermo, Serie II N 37, 185 (1993); Preprint MPI-Ph/92-99, Munich (1992) 14 pages.

[27] P. P. Kulish, V. D. Lyakhovsky and A. I. Mudrov, Extended jordanian twists for Lie algebras, J. Math. Phys. 40 (1999) p. 4569–4568; Preprint: arXiv:math/9806014

[28] P. P. Kulish, Twisting of quantum groups and integrable models, in Proceedings of the Workshop on Nonlinearity, Integrability and All That: Twenty years after NEEDS ’79, Eds. M. Boiti, L. Martina, F. Pempinelli, B. Prinari, and G. Soliani, World Scientific, Singapore (2000) 304–310.

[29] V. Chari and A. N. Pressley A Guide to Quantum Groups, Cambridge University Press 1995.

[30] P. P. Kulish and A. A. Stolin, Deformed Yangians and integrable models, Czech. J.

Phys. 47 (1997) p. 1207–1212.

[31] S. M. Khoroshkin, A. A. Stolin and V. N. Tolstoy, Deformation of Yangian Y(sℓ(2)), Comm. Algebra 26 (1998) 1041–1055.

[32] P. P. Kulish, N. Manojlović and Z. Nagy, Jordanian deformation of the open XXX spin chain, (in Russian) Teoreticheskaya i Matematicheskaya Fizika Vol. 163 No. 2 (2010) 288-298; translation in Theoretical and Mathematical Physics Vol. 163 No. 2 (2010) 644-652.

[33] E. K. Sklyanin, Boundary conditions for integrable quantum systems, J. Phys. A:

Math. Gen. 21 (1988) 2375–2389.

[34] I. Cherednik, Factorizing particles on a half line and root systems, (in Russian) Teor. Mat. Fiz. 61 No. 1 (1984) 35-44, translation in Theor. Math. Phys. 61 (1984) 977–983.

[35] P. P. Kulish and E. K. Sklyanin, Algebraic structures related to reflection equations, J. Phys. A 25 (1992) 5963–5975.

REFERENCES REFERENCES

[36] L. Freidel, L. and J.-M. Maillet, Quadratic algebras and integrable systems, Phys.

Lett. B 262 (1991) 278–284.

[37] K. Hikami, P. P. Kulish and M. Wadati, Integrable Spin Systems with Long-Range Interaction, Chaos, Solitons & Fractals Vol. 2 No. 5 (1992) 543–550.

[38] K. Hikami, P. P. Kulish and M. Wadati, Construction of Integrable Spin Systems with Long-Range Interaction, J. Phys. Soc. Japan Vol. 61 No. 9 (1992) 3071–3076.

[39] K. Hikami, Gaudin magnet with boundary and generalized Knizhnik- Zamolodchikov equation, J. Phys. A Math. Gen. 28 (1995) 4997–5007.

[40] W. L. Yang, Y. Z. Zhang and M. D. Gould, Exact solution of the XXZ Gaudin model with generic open boundaries, Nuclear Physics B 698 (2004) 503–516.

[41] W. L. Yang, R. Sasaki and Y. Z. Zhang, A_{n−1} Gaudin model with open boundaries, Nuclear Physics B 729 (2005) 594–610

[42] N. Cirilo António, N. Manojlović and Z. Nagy, Trigonometric sℓ(2) Gaudin model with boundary terms, arXiv:1303.2481

[43] N. Cirilo António and N. Manojlović, sℓ(2) Gaudin models with Jordanian twist, Journal of Mathematical Physics Vol. 46 No. 10 (2005) 102701, 19 pages.