arXiv:1304.7085v1 [hep-th] 26 Apr 2013

Entropy for curvature squared gravity using surface term and auxiliary field

Kyosuke Hirochi^1 1 Department of Physics, Nagoya University, Nagoya 464-8602, Japan

We compute the entropies for general curvature squared gravities in arbitrary dimensions using the conserved charge and Virasoro algebra from surface term. We introduce an auxiliary tensor field in order to obtain the boundary action which establish a variational principle. Our results reproduce those in some specific models, that is, the Gauss-Bonnet, new massive gravity (NMG), and critical gravity.

PACS numbers: 04.50.Kd, 04.70.Bw

I. INTRODUCTION

Black hole is an important object in the theory of gravity because studying the properties of the black hole can give us to some indications for the quantum gravity. A thermal behavior is one of the remarkable aspect of black hole [1, 2]. In the concept of black hole thermodynamics for the Einstein gravity, temperature and entropy correspond to surface gravity and area of the black hole horizon, respectively. The methods to obtain the entropy have developed in last few decades. One of them is to use the Virasoro algebra with central charge and the Cardy formula [3, 4]. In this method, the conserved charge constructing this algebra is related with the diffeomorphism and obtained from the bulk action.

Recently, a new method was proposed in [5, 6]. In Refs papers, [5, 6], the Virasoro algebra and the conserved charge are obtained from the surface term instead of the bulk term. We can obtain the central charge and the zero mode eigenvalues of the Fourier modes of the charge from the Virasoro algebra without any ambiguity like shifting the zero mode charge and the choice of parameter α appeared in Fourier modes of T which is determined as the solution of the Killing equations (detail is written in section 2). Using the Cardy formula [7], we obtain the black hole entropy. In the Einstein gravity, the corresponding surface term is the well-known Gibbons-Hawking term, and reproduces the Bekenstein-Hawking entropy.

Our purpose in this paper is application of the method to the general curvature squared gravity. For the special case including higher curvature terms, the Gauss-Bonnet gravity, the corresponding entropy was calculated in [8] (in this paper the third order Lovelock model was also calculated). However, for generic gravitational theories including curvature squared term we have not obtained entropy because there is no corresponding surface term that leads to a well-posed variational principle. This problem can be improved by introducing an auxiliary field which rewrite the action as a second-order form. Due to this reduced action, we can obtain a generalized Gibbons-Hawking term without loosing the variational principle.

This paper is organized as follows. In the next section, we will review how to obtain the conserved Noether charge from the surface term of a general gravitational action. In section 3, we will obtain the surface term for curvature squared action using the method of introducing auxiliary tensor field. In section 4, we will compute the generic formula of entropy for the Schwarzschild black hole. We will conclude our result in last section.

II. NOETHER CURRENTS AND THEIR CHARGES FROM SURFACE TERM

In this section, we review the calculation Noether current and conserved charge using the surface term. In general, the surface term of the gravitational action on the manifold M in D-dimensions is given by

S_B = 1 16πG ∫ ∂M d^{D−1}x √ −γL_B = 1 16πG ∫ M d^D x √ −g∇_μ(N^μL_B), (II.1)

where N^μ is the unit normal of the boundary ∂M , g_{μν} is the metric on the M and γ_{μν} is the boundary metric induced from g_{μν} . The conserved Noether current J^μ which we like to obtain corresponds to a general diffeomorphism transformation

x^μ → x^μ + ξ^μ. (II.2)

Now, we define the Lagrangian density for convenience, √ −gL = √ −g∇_μA^μ, A^μ ≡ 1 16πG N^μL_B, (II.3) where L is a scalar. Under (II.2), the left hand side of (II.3) varies by

δ_ξ( √ −gL) ≡ £_ξ( √ −gL) = √ −g∇_μ(Lξ^μ). (II.4)

On the other hand, the right hand side changes by

δ_ξ( √ −g∇_μA^μ) = £_ξ [ ∂_μ( √ −gA^μ) ] = ∂_μ [ £_ξ √ −gA^μ + √ −g£_ξ A^μ ] = √ −g∇_μ [∇_ν (A^μξ^ν ) − A^ν ∇_ν ξ^μ] , (II.5)

where we have used the relationships

∇_μA^μ = 1 √ −g ∂_μ( √ −gA^μ). (II.6)

Then, we get the conserved Noether current by equating (II.4) and (II.5),

J^μ[ξ] = Lξ^μ − ∇_ν (A^μξ^ν ) + A^ν ∇_ν ξ^μ, ∇_μJ^μ = 0. (II.7)

Also we can define the Noether potential J^{μν} by rewriting J^μ as

J^μ[ξ] = ∇_ν J^{μν} [ξ] = ∇_ν (ξ^μA^ν − ξ^ν A^μ). (II.8)

The corresponding charge is then given by Q[ξ] = 1 2 ∫ M √ −gdΣ_μJ^μ = 1 2 ∫ M √ −gdΣ_μ∇_ν J^{μν} = 1 2 ∫ ∂M √ −hdΣ_{μν} J^{μν} , (II.9)

where the last equality is coming from the Stoke’s theorem and dΣ_{μν} is the (D-2)-dimensional surface element defined as dΣ_{μν} ≡ −d^{D−2}x(N_μM_ν − N_ν M_μ), (II.10)

and h is the determinant of the corresponding induced metric. Here, N^μ and M^μ are chosen as the space-like and time-like unit normals respectively:

N^μN_μ = 1, M^μM_μ = −1, N^μM_μ = 0. (II.11)

Next, we define the algebra of the Noether charges (II.9) as

[Q_1, Q_2] ≡ (δ_{ξ1} Q[ξ_2] − δ_{ξ2} Q[ξ_1]). (II.12)

We will show that this algebra leads to the Virasoro algebra with the central charge. First, we compute the variation of the Noether charge δ_ξQ[ξ] = ∫ dΣ_μδ_ξ ( √ −gJ^μ) = ∫ dΣ_{μν} √ −hξ^ν J^μ. (II.13)

So, the algebra (II.12) becomes

[Q_1, Q_2] = ∫ dΣ_{μν} √ −h (ξ^μ_2 J^ν [ξ_1] − ξ^μ_1 J^ν [ξ_2]) . (II.14)

Now, we consider the general static spherical black holes solutions whose metric is given by

ds^2 = −f(r)dt^2 + f(r)^{−1}dr^2 + h_{ij} dx^idx^j . (II.15)

Here f(r) is a function which satisfies the conditon f(r_h) = 0, where r = r_h is the location of the horizon. From now on, we focus on the near horizon regions, so it is convenient to define a new coordinate ρ

r ≡ r_h + ρ, ρ ≪ 1. (II.16)

In these regions, the function f(r_h + ρ) can be expanded as

f(r_h + ρ) = 0 + f^′(r_h)ρ + 1 2 f^{′′} (r_h)ρ^2 + · · · . (II.17)

Here the surface gravity is determined by κ ≡ f^′(r_h) 2 . (II.18)

On the horizon, ρ → 0, the metric becomes singular, so we introduce the Bondi-like coordinates defined by du = dt − f(ρ)^{−1}dρ. (II.19) Thus the metric (II.15) becomes regular on the horizon, ds^2 = −f(ρ)dt^2 − 2dudρ + h_{ij} dx^idx^j . (II.20) We solve the Killing equations for the vector field ξ^μ which leave the horizon structure invariant

0 = £_ξg_{ρρ} = −2∂_ρξ^u, 0 = £_ξg_{uρ} = −f(ρ)∂_ρξ^u − ∂_ρξ^ρ − ∂_uξ^u, (II.21)

0 = £_ξg_{uu} = −ξ^ρ∂_ρf(ρ) − 2f(ρ)∂_uξ^u − 2∂_uξ^ρ = O(ρ). (II.22)

We should note that the equation (II.22) near the horizon is trivially satisfied. The solutions for the Killing equations (II.21) are given by ξ^u = F (u, x), ξ^ρ = −ρ∂_tF (u, x), (II.23) where F (u, x) is an arbitrary function and other components of ξ^μ vanish. In the original coordinates (t, ρ), these Killing vectors have the following forms ξ^t = T − ρ f(ρ) ∂_tT, ξ^ρ = −ρ∂_tT, T (t, ρ, x) ≡ F (u, x). (II.24) We define the two normal vectors N^μ, M^μ for the metric (II.15) as follows,

N^μ = (0, √ f(ρ), 0, · · · , 0), M^μ = ( 1 √ f(ρ) , 0, · · · , 0 ) . (II.25)

Substituting (II.25) into (II.9), we obtained the conserved Noether charge, Q[ξ] = 1 16πG ∫ √ −hd^{D−2}x ρ √ f ( f ρ T − ∂_tT ) L_B. (II.26)

III. SURFACE TERM FOR CURVATURE SQUARED TERM

In order to evaluate the entropy, we need to calculate the surface term L_B. In general, however, L_B for the higherderivative term cannot be obtained because we impose the boundary condition that the variations of the metric should vanish, higher derivative terms of the variations are still exist, so there is no variational principle except with some specific term (for examples, the Gauss-Bonnet and the Lovelock gravities). As a substituted method, we use auxiliary field method to get the action including up to second-derivative term which is equivalence with the curvature squared one on-shell [9] (see also [10] as a pioneer work ).

We consider the most general curvature squared pure gravity action in D-dimensions as S = 1 16πG ∫ d^D x √ −g ( σR − 2Λ_0 + a_1R^{μνρσ} R_{μνρσ} + a_2R^{μν} R_{μν} + a_3R^2 ) , (III.27)

where Λ_0 is the bare cosmological constant and σ takes the values of 0 or ±1 and a_1, a_2, and a_3 are the coupling constants. For the Einstein-Hilbert term, the surface term is well-known so called hGibbons-Hawking termh

S_{GH} = 1 16πG ∫ d^{D−1}x √ −γ(−2σK), (III.28) where K is the trace of extrinsic curvature defined by, K_{μν} ≡ − 1 2 (∇_μN_ν + ∇_ν N_μ). (III.29)

We restrict to consider the action including only second-order derivative terms by introducing an auxiliary field ϕ_{μνρσ} ,

S_ϕ = 1 16πG ∫ d^Dx √ −g(ϕ^{μνρσ} R_{μνρσ} + b_1ϕ^{μνρσ} ϕ_{μνρσ} + b_2ϕ^{μν} ϕ_{μν} + b_3ϕ^2), (III.30)

where ϕ_{μνρσ} has the same symmetries as the Riemann tensor ϕ_{μνρσ} = −ϕ_{μνσρ} = −ϕ_{νμρσ} , ϕ_{μνρσ} = ϕ_{ρσμν} etc. and ϕ_{μν} ≡ g^{ρσ} ϕ_{ρμσν} , ϕ ≡ g^{μν} ϕ_{μν} . We show that by choosing the parameters (b_1, b_2, b_3) properly, S_ϕ becomes equivalent to the curvature squared term of (III.27). The equation for ϕ is given by

R_{μνρσ} + 2b_1ϕ_{μνρσ} + 2b_2ϕ_{⟨μρ}g_{νσ⟩} + 2b_3ϕg_{⟨μρ}g_{νσ⟩} = 0, (III.31)

where ⟨· · · ⟩ expresses, for example, ϕ_{⟨μρ}g_{νσ⟩} = 1 4 (ϕ_{μρ}g_{νσ} − ϕ_{νρ}g_{μσ} − ϕ_{μσ} g_{νρ} + ϕ_{νσ} g_{μρ}). (III.32) Taking the trace of (III.31), one obtains

R_{μν} + 2b_1ϕ_{μν} + b_2 2 [(D − 2)ϕ_{μν} + ϕg_{μν} ] + (D − 1)b_3ϕg_{μν} = 0, (III.33)

and,

R + [2b_1 + (D − 1)b_2 + D(D − 1)b_3] ϕ = 0. (III.34)

Then, we obtain the relations between ϕ_{μνρσ} and R_{μνρσ} as follows ϕ = − R 2b_1 + (D − 1)b_2 + D(D − 1)b_3

, (III.35)

ϕ_{μν} = − 2 4b_1 + (D − 2)b_2 ( R_{μν} − b_2 + D(D − 1)b_3 2[2b_1 + (D − 1)b_2 + D(D − 1)b_3] Rg_{μν} ) , (III.36)

ϕ_{μνρσ} = − 1 2b_1 ( R_{μνρσ} − 4b_2 4b_1 + (D − 2)b_2

R_{⟨μρ}g_{νσ⟩} (III.37) + 2[b^2 − 4b_1b_3 + Db_2b_3] [4b_1 + (D − 2)b_2][2b_1 + (D − 1)b_2 + D(D − 1)b_3] Rg_{⟨μρ}g_{νσ⟩} ) . Inserting these expressions into (III.30) and compared with (III.27), we finally obtain the relationships between the (a_1, a_2, a_3) and (b_1, b_2, b_3) as follows

a_1 = − 1 4b_1

, (III.38)

a_2 = b_2 b_1[4b_1 + (D − 2)b_2]

, (III.39)

a_3 = − b^2 − 4b_1b_3 + Db_2b_3 2b_1[4b_1 + (D − 2)b_2][2b_1 + (D − 1)b_2 + D(D − 1)b_3]

. (III.40)

Next, in order to obtain the general Gibbons-Hawking (GGH) term we perform the variation of (III.30). Since only a surface term we interested in, we ignore a term which vanishes on-shell,

δ_gS_ϕ = 1 16πG ∫ d^D x √ −gϕ^{μνρσ} δR_{μνρσ}

5 = 1 16πG ∫ d^D x √ −g∇_μ (−2ϕ^{μνρσ} ∇_ρδg_{νσ} + 2∇_ρϕ^{μνρσ} δg_{νσ}) = 1 16πG ∫ d^{D−1}x √ −γN_μ(−2ϕ^{μνρσ} ∇_ρδg_{νσ} ), (III.41) where we imposed the boundary condition δg_{μν} = 0 to the third line. Using the variations of K_{μν} on surface, the integrand of δ_g S_ϕ becomes − 2N_μϕ^{μνρσ} ∇_ρδg_{νσ} = 4N_rϕ^{rirj} δK_{ij} , (III.42) where component r expresses the direction normal to the boundary ∂M. Then, we get the generalized Gibbons- Hawking term as follows

S_{GGH} = − 1 16πG ∫ d^{D−1}x √ −γ(2σ + 4ϕ^{rirj} K_{ij} ). (III.43)

Using the (A)dS backgrounds solutions of (III.27) where R_{μνρσ} = 2Λ (D − 1)(D − 2) (g_{μρ}g_{νσ} − g_{μσ}g_{νρ}), R_{μν} = 2Λ D − 2 g_{μν} , R = 2DΛ D − 2 , (III.44)

Λ_0 = σΛ +

2(D − 4) D − 2 ( [D(a_3 − a_1) + a_2 + 4a_1] 1 D − 2 + a_1 D − 3 D − 1 ) Λ^2, (III.45)

we obtain the S_{GGH} for the (A)dS background

S_{GGH} = − 1 8πG ∫ d^{D−1}x √ −γ [(σ + F )K] , (III.46)

where F is defined as the contribution to the S_{GH}, F ≡ 4Λ (D − 1)(D − 2)

[2a_1 + (D − 1)(a_2 + Da_3)] . (III.47)

IV. ENTROPY FOR CURVATURE SQUARED GRAVITY

In the previous section, the GGH action for the auxiliary field methods is obtained which is equivalent with the original curvature squared action on-shell. Now, we are ready to calculate the entropy for the general curvature squared gravity. For the Schwarzschild type metric, discussed in section 2, the extrinsic curvature is rewritten by K = − 1 2 √ f ∂_ρf, (IV.48)

and the conserved charge near the horizon becomes Q[ξ] = 1 8πG ∫ d^{D−2}x √ −h ( κT − 1 2 ∂_tT ) (σ + F ). (IV.49)

We expand T in term of basis function T_m T = ∑ m A_mT_m, A^∗_m = A_{−m}, (IV.50)

T_m = 1 α exp [im(αt + g(ρ) + p · x)] . (IV.51)

where α is a arbitrary parameter, p is an integer, and g(ρ) is a function that is regular at the horizon. Here T_m is chosen to obey the algebra isometric to Diff S^1 [11]

i{ξ_m, ξ_n}^a = (m − n)ξ^a_{m+n}. (IV.52)

Substituting (IV.51) to (IV.49) and we obtain Q_m determined by Q = ∑ m Q_mA_m and their Virasoro algebra

Q_m = κA 8πGα (σ + F ) δ_{m,0}, (IV.53)

[Q_m, Q_n] = iκA 8πGα (σ + F ) (m − n)δ_{m+n,0} − im^3αA 16πGκ (σ + F ) δ_{m+n,0}. (IV.54)

From the Virasoro algebra and the charge, we can get the central charge c and the zero mode Q_0 as c 12 = α 16πGκ A (σ + F ) , Q_0 = κ 8πGα A (σ + F ) , (IV.55)

where A is the surface area of black hole. Using the Cardy formula, we obtain the entropy of the curvature squared gravity, S = 2π √ cQ_0 6 = A 4 (σ + F ). (IV.56)

We show several specific examples. First, the Einstein+Gauss-Bonnet type gravity, (a_1, a_2, a_3) = (1, −4, 1), the entropy becomes S = A [ σ + 4a(D − 3) (D − 1) Λ ] . (IV.57)

where a is a coefficient of the Gauss-Bonnet term. This result coincides with that in [12]. Second, the new massive gravity (NMG) in 3-Dim [13], (a_1, a_2, a_3) = (0, −1,^3_8 ), S = ( σ − 1 2m^2 Λ ) , (IV.58)

where m^2 is a coefficient of the higher curvature term. Finally we discuss Critical Gravity in 4-Dim,(a_1, a_2, a_3) = (0, −^3_{2Λ} , −^1_{2Λ} ). In this parameter choice, the entropy vanishes, which is same as [14].

V. CONCLUSION

In this paper we have studied the entropy of D-dimensional gravity with curvature squared term using the method based on the Virasoro algebra and the central charge. Introducing an auxiliary field we have obtained the secondderivative formed action which is equivalent with the original one on-shell. Thus, without loosing the variational principle, we have calculated the surface action and the Black Hole entropy.

We note that the above technique is valid for the Schwarzschild type metric. So, the study whether the same method is still make sure to the other types of metric, the Kerr metric for example, is the interesting future works.

[1] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev. D 7, 2333 (1973).

[2] J. M. Bardeen, B. Carter and S. W. Hawking, “The Four laws of black hole mechanics,” Commun. Math. Phys. 31, 161 (1973).

[3] S. Carlip, “Black hole entropy from conformal field theory in any dimension,” Phys. Rev. Lett. 82, 2828 (1999) [hep-th/9812013].

[4] S. Carlip, “Entropy from conformal field theory at Killing horizons,” Class. Quant. Grav. 16, 3327 (1999) [gr-qc/9906126]. [5] B. R. Majhi and T. Padmanabhan, “Noether current from the surface term of gravitational action, Virasoro algebra and horizon entropy,” Phys. Rev. D 86, 101501 (2012) [arXiv:1204.1422 [gr-qc]].

[6] B. R. Majhi, “Noether current of the surface term of Einstein-Hilbert action, Virasoro algebra and entropy,” arXiv:1210.6736 [gr-qc].

[7] J. L. Cardy, “Operator Content of Two-Dimensional Conformally Invariant Theories,” Nucl. Phys. B 270, 186 (1986). [8] S. -J. Zhang and B. Wang, “Surface term, Virasoro algebra and Wald entropy of black holes in higher curvature gravity,” Phys. Rev. D 87, 044041 (2013) [arXiv:1212.6896 [hep-th]].

[9] O. Hohm and E. Tonni, “A boundary stress tensor for higher-derivative gravity in AdS and Lifshitz backgrounds,” JHEP 1004, 093 (2010) [arXiv:1001.3598 [hep-th]].

[10] S. Nojiri, S. D. Odintsov and S. Ogushi, “Cosmological and black hole brane world universes in higher derivative gravity,” Phys. Rev. D 65, 023521 (2001) [hep-th/0108172].

[11] S. Silva, “Black hole entropy and thermodynamics from symmetries,” Class. Quant. Grav. 19, 3947 (2002) [hep-th/0204179]. [12] R. -G. Cai, “Gauss-Bonnet black holes in AdS spaces,” Phys. Rev. D 65, 084014 (2002) [hep-th/0109133]. [13] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “Massive Gravity in Three Dimensions,” Phys. Rev. Lett. 102, 201301 (2009) [arXiv:0901.1766 [hep-th]].

[14] H. Lu and C. N. Pope, “Critical Gravity in Four Dimensions,” Phys. Rev. Lett. 106, 181302 (2011) [arXiv:1101.1971 [hep-th]].