arXiv:1304.7303v3 [hep-th] 10 Jul 2013

Matrix Model Fixed Point of Noncommutative Phi-Four

Badis Ydri^{a∗}, Rachid Ahmim^b a Institute of Physics, BM Annaba University, BP 12, 23000, Annaba, Algeria.

b Department of Physics, El-Oued University, BP 789, 39000, El-Oued, Algeria.

July 11, 2013

Abstract

In this article we exhibit explicitly the matrix model (θ = ∞) fixed point of phifour theory on noncommutative spacetime with only two noncommuting directions using the Wilson renormalization group recursion formula and the 1/N expansion of the zero dimensional reduction and then calculate the mass critical exponent ν and the anomalous dimension η in various dimensions .

1 Introduction and Summary of Results

The Wilson recursion formula is the oldest, most simple and most intuitive renormalization group approach which although approximate agrees very well with high temperature expansions [1].

The goal in this article is to apply this method to the self-dual noncommutative phi-four in the matrix basis [3] which after appropriate non perturbative definition becomes an N × N matrix model where N is a regulator in the noncommutative directions. More precisely we propose to employ, following [2, 10, 11], a combination of i) the Wilson approximate renormalization group recursion formula and ii) the solution to the corresponding zero dimensional large N counting problem given in our case by the hermitian Penner matrix model which can be turned into a multi trace hermitian quartic matrix model for large values of θ. As discussed neatly in [2] the virtue and power of combining these two methods lies in the crucial fact that all leading Feynman diagrams in 1/N will be counted correctly in this scheme including the so-called ”setting sun” diagrams. As it turns out the recursion formula can also be integrated explicitly in the large N limit which in itself is a very desirable property.

∗Email:ydri@stp.dias.ie, badis.ydri@univ-annaba.org.

In a previous work [18] a non perturbative study of the Ising universality class fixed point in noncommutative O(N) model was carried out using precisely a combination of the above two methods. It was found that the Wilson-Fisher fixed point makes good sense only for sufficiently small values of θ up to a certain maximal noncommutativity. In the current work we focus on the opposite limit of large θ although the 1/N expansion invoked in this article is different from the 1/N expansion of the O(N) vector model since N here has direct connection with noncommutativity itself. The central aim of this article as we will see is to exhibit as explicitly as possible the matrix model fixed point which describes the transition from the one-cut (disordered) phase to the two-cut (non-uniform ordered, stripe) phase in the same way that the Wilson-Fisher fixed point describes the transition from the disordered phase to the uniform ordered phase.

1.1 Summary of Results

We start by summarizing the main statements and results of this paper. We will be interested in phi-four theory on a degenerate noncommutative Moyal-Weyl space with only two noncommuting coordinates R^d_θ = R^D × R^2_θ where D = d − 2 with commutation relations [x̂_i, x̂_j ] = iθ_{ij} , [x̂_i, x_μ] = [x_μ, x_ν ] = 0. The action takes the form

S[Φ] = ν_2 ∫ d^Dx T r_H [ Φ̂^+ ( − 1 2 ^∂^2_i + 1 2 Ω^2X̃^2_i − 1 2 ∂^2_μ + μ^2 2 ) Φ̂ + λ 4! Φ̂^+Φ̂ Φ̂^+Φ̂ ] . (1.1)

In the above equation Ω = (Bθ)/2, ν_2 = √ det(2πθ) and X̃_i = 2(θ^{−1})_{ij} X_j where X_i = (x̂_i + x̂^R_i )/2. This action is covariant under a duality transformation which exchanges among other things positions and momenta as x_i ↔ k̃_i = B^{−1}_{ij} k_j . The value Ω^2 = 1 in particular gives an action which is invariant under this duality transformation.

By expanding the field in an appropriate basis (for example the Landau basis), introducing a cutoff N in the noncommuting directions and a cutoff Λ in the commuting directions and setting Ω^2 = 1 we obtain the action

S[M] = ∫ d^DxT r_N [ 1 2 ∂_μM^+∂_μM + 1 2 μ^2M^+M + 1 2 r^2E{M, M^+} + u N (M^+M)^2 ] . (1.2)

r^2 =

4π(Ω^2 + 1) ν_2 , u = λ 4! N ν_2 , E_{lm} = (l − 1 2 )δ_{lm}. (1.3)

We will consider in the remainder only the case of hermitian matrices M = M^+. There are three independent parameters in this theory. These are the usual mass parameter μ^2 and the quartic coupling constant u plus the inverse noncommutativity r^2 = 4/θ. The free propagator of this theory is simple given by

Δ_{mn}(p) = 1 p^2 + μ^2 + r^2(m + n − 1)

. (1.4) 2

In the limit θ −→ ∞ this propagator behaves as 1/(p^2 + μ^2). More precisely we have in this limit the useful properties ∑ m Δ^{r1}_{mj1} (p_1)Δ^{r2}_{mj2} (p_2)... −→ NΔ^{r1}_{n0j1} (p_1)Δ^{r2}_{n0j2} (p_2).... (1.5)

The Wilson renormalization group approach consists in general in the three main steps: 1) Integration, 2) Rescaling and 3) Normalization. In our case here we will supplement the first step of integration with two approximations a) Truncation and b) Wilson Recursion formula.

We start by decomposing the N × N matrix M into an N × N background matrix M̃ and an N × N fluctuation matrix m, viz M = M̃ + m. The background M̃ contains slow modes, i.e. modes with momenta less or equal than ρΛ while the fluctuation m contains fast modes, i.e. modes with momenta larger than ρΛ where 0 < ρ < 1. The integration step involves performing the path integral over the fluctuation m to obtain an effective path integral over the background M̃ alone. We find

Z = ∫ dM̃e^{−S[M̃]} e^{−ΔS(M̃)}. (1.6)

The main goal is to compute the effective action ΔS(M̃) which contains corrections to the operators already present in the original action S[M̃ ] together with all possible effective interactions generated by the integration process. An exact formula for ΔS(M̃) up to the fourth power in the field M̃ is given by the cumulant expansion (4.8).

The formula (4.8) is still very complicated. To simplify it and to get explicit equations we employ the so-called Wilson truncation and Wilson recursion formula. This is usually thought of as part of the integration step. Wilson truncation means that we calculate quantum corrections to only those terms which appear in the starting action. Wilson recursion formula is completely equivalent to the use in perturbation theory of the Polyakov-Wilson rules given by the following two approximations: 1) We replace every internal propagator 1/(k^2 + μ^2) by 1/(c^2 + μ^2) where c is a constant taken to be equal to the cutoff Λ and 2) We replace every momentum loop integral

∫_Λ ρΛ d^Dk/(2π)^D by another constant v_D = Λ^Dv̂_D where the definition of v̂_D is obvious. This is a very long and tedious calculation. The end result is given by the sum of the three equations (4.18), (4.29) and (4.35).

By performing the second step of the Wilson renormalization group approach, i.e. by scaling momenta as p −→ p/ρ so that the cutoff returns to its original value Λ and the third and final step of the Wilson renormalization group approach consisting in rescaling the field in such a way that the kinetic term is brought to its canonical form we obtain the effective action (4.39). In position space this effective action takes the form

S + ΔS = 1 2 ∫ d^DxT r_N (∂_μM̃^′ )^2 + μ^{′2} 2 ∫ d^DxT r_N M̃^{′2} + r^{′2} ∫ d^DxT r_N EM̃^{′2} + u^′ N ∫ d^DxM̃^{′4}. (1.7) 3

The renormalized field M̃^′ is related to the bare field M̃ as follows. If M̄ and M̄^′ are the Fourier transforms of M̃ and M̃^′ respectively then

M̄^′ (p) = ρ^{2+D}_2 √ Z(g, μ^2) + r^2N (c^2 + μ^2)^2

ΔZ(g, μ^2)M̄(ρp). (1.8)

The renormalized mass μ^{′2}, the renormalized quartic coupling constant u^′ and the renormalized inverse noncommutativity r^{′2} are given by

μ^{′2} = ρ^{−2} Z(g, μ^2) [ Γ(g, μ^2) + r^2NΔΓ(g) − r^2N (c^2 + μ^2)^2

Γ(g, μ^2)ΔZ(g, μ^2) Z(g, μ^2) ] . (1.9)

r^{′2} = ρ^{−2}r^2 Z(g, μ^2) [ Γ_e(g) + r^2(N + 1) c^2 + μ^2

ΔΓ_e(g) − r^2N (c^2 + μ^2)^2

Γ_e(g)ΔZ(g, μ^2) Z(g, μ^2) ] . (1.10)

u^′ = u ρ^{−ϵ} Z^2(g, μ^2) 1 4g [ Γ_4(g) + r^2N c^2 + μ^2

ΔΓ_4(g) −

2r^2N (c^2 + μ^2)^2

Γ_4(g)ΔZ(g, μ^2) Z(g, μ^2) ] . (1.11)

The effective coupling g is defined by

g = v_Du (c^2 + μ^2 + r^2N)^2

. (1.12)

The various functions Z(g, μ^2), Γ(g, μ^2), Γ_2(g) and Γ_4(g) are known non perturbatively whereas we were able to determine the functions ΔZ(g, μ^2), ΔΓ(g), ΔΓ_4(g), ΔΓ_e(g) and Γ_e(g) only perturbatively. These functions are summarized in table (1).

The process which led from the bare coupling constants μ^2, r^2 and u to the renormalized coupling constants μ^{′2}, r^{′2} and u^′ can be repeated an arbitrary number of times. The bare coupling constants will be denoted by μ^2_0, r^2_0 and u_0 whereas the the renormalized coupling constants at the first step of the renormalization group procedure will be denoted by μ^2_1, r^2_1 and u_1. At a generic step l + 1 of the renormalization group process the renormalized coupling constants μ^2_{l+1}, r^2_{l+1} and u_{l+1} are related to their previous values μ^2_l , r^2_l and u_l by precisely the above renormalization group equations. The effective coupling constant g_l will of course be given in terms of μ^2_l , r^2_l and u_l by the same formula that related g_0 to μ^2_0, r^2_0 and u_0. We are therefore interested in renormalization group flow in a 3−dimensional parameter space generated by the mass μ^2, the quartic coupling constant u and the harmonic oscillator coupling constant (inverse noncommutativity) r^2.

We have reached the stage where it is very hard to push any further by pure analytical means and therefore we have to turn to numerical tools. In any case the renormalization group approach was originally devised with numerical approximations in mind [1]. See also [23].

A renormalization group fixed point is a point in the space parameter which is invariant under the renormalization group flow. If we denote the fixed point by μ^2_∗, r^2_∗ and u_∗ then we must set μ = μ^′ = μ_∗, r = r^′ = r_∗ and u = u^′ = u_∗ as well as g = g^′ = g_∗ in the above renormalization group equations (1.9), (1.10) and (1.11). The matrix model fixed point corresponding to infinite noncommutativity is given by the following equations

r^2_∗ = 0. (1.13)

f(g_∗) = 0. (1.14)

μ̂^2_∗ = α_∗ 1 − α_∗ . (1.15)

û_∗ = g_∗(1 + μ̂^2_∗)^2 v̂_D . (1.16)

The functions f and α are given by (with ϵ_0 = ϵ/D and ϵ = 4 − D)

f(g) = 1 + 1 ρ^2 − √ (1 − 1 ρ^2

− 2ϵ_0Z_2(g))^2 + 8 ρ^2

(1 + ϵ_0)Z_2(g)(Γ_2(g) − 1) + 2 √ ρ^{−ϵ} Γ_4(g) 4g − 2Z_2(g)ϵ_0. (1.17)

α(g) = 1 4(1 + ϵ_0)Z_2(g) [ − 2 − 2 √ ρ^{−ϵ} Γ_4(g) 4g + 4Z_2(g)ϵ_0 ] . (1.18)

We can immediately see that this fixed point is fully determined by the functions Γ_2, Z_2 and Z_4 which are known non-perturbatively. These functions are the 2−point proper vertex, the wave function renormalization and the 4−point proper vertex respectively of the quartic matrix model. The results of this calculation are shown on table (2). In our approximation we have checked that there is always a non-trivial fixed point for any value of ρ in the interval 0 < ρ < 1.

We can also compute the mass critical exponent ν and the anomalous dimension η within this scheme. From the wave function renormalization (1.8) we compute immediately the anomalous dimension. We find

η = ϵ 2 − ln(Γ_4(g_∗)/4g_∗) 2 ln ρ

. (1.19)

The computation of the mass critical exponent ν requires linearization of the renormalization group equations (1.9), (1.10) and (1.11). The linearized renormalization group equations are of the form (with δG = G − G_∗ where G = (G_1 = μ^2, G_2 = u, G_3 = r^2) ) δG^′ = M(G_∗, ρ)δG. (1.20)

The matrix M in our case is of the form

M_{11} M_{12} M_{13} M_{21} M_{22} M_{23} 0 0 M_{33}

. (1.21)

We find that λ_3 = ρ^{−2}Γ_e(G_∗)/Z(G_∗, μ^2_∗) > 1 and hence r^2 is a relevant coupling constant like the mass. However the function Γ_e(g) used in this formula is only known perturbatively and hence this conclusion should be taken with care.

The two remaining eigenvalues are determined from the linearized renormalization group equations in the 2−dimensional space generated by G_1 = μ^2 and G_2 = u. As it turns out this problem depends only on functions which are fully known non perturbatively. The eigenvalues λ_1(ρ) and λ_2(ρ) can be determined from the trace and determinant of M in an obvious way. It is not difficult to convince ourselves that these renormalization group eigenvalues must scale as

λ_α(ρ) = λ_α(1)ρ^{−yα} . (1.22)

This formula (1.22) was used as a crucial test for our numerical calculations. In particular we have determined by means of this formula the range of the dilatation parameter ρ over which the logarithm of the eigenvalues scale linearly with ln ρ. It is natural to expect this behavior to hold only if the renormalization group steps are sufficiently small so not to alter drastically the infrared physics of the problem.

For D = 2 the renormalization group steps can be thought of as small and the behavior (1.22) holds in the regime ln ρ < −1. As it happens this is the most important case corresponding to d = 4. We find explicitly the following fits

ln |λ_1| = −1.296 ln ρ + 0.412 , ln |λ_2| = 0.435 ln ρ + 2.438. (1.23)

We conclude immediately that the scaling field u_1 corresponding to the mass is relevant while the scaling field u_2 corresponding to the quartic coupling constant is irrelevant. This is the usual conclusion in d = 4. The critical exponents in D = 2 (d = 4) are given respectively by

y_1 = 1.296 , y_2 = −0.435. (1.24)

The mass critical exponent is given by the inverse of the critical exponent y_1 associated with the relevant direction, viz ν = 1/y_1. The corresponding results for y_1 and ν are included in table (4). We note that the results shown in table (4) are very close to the average value of 2/d and 2/D, viz ν = 1 d + 1 D . (1.25)

1.2 Outline

This article is organized as follows. In section 2 we write down noncommutative phifour in the matrix basis and discuss some useful approximations involving the propagator at the self-dual point which are valid for large θ. In section 3 we consider the dimensional reduction of noncommutative phi-four and some of its properties. In particular we will derive a very simple non perturbative equation for the 2−point proper vertex which will be used to test the results obtained later using the 1/N expansion and the recursion formula. In section 4 we perform the tedious task of deriving the renormalization group equations which control the flow of the coupling constants of the model (three in this case) using the Wilson renormalization group recursion formula and 1/N expansion. The most difficult piece of the calculation as we will see is wave function renormalization. In section 5 we derive the non trivial fixed point and the associated critical exponents ν and η by solving numerically via the Newton-Raphson algorithm the renormalization group equations and discuss some of relevant physics. We conclude in section 6 by a summary of the obtained results and brief outlook. We have also included two appendices for completeness and for the convenience of interested readers.

2 The Noncommutative Phi-Four Theory

Let us consider a phi-four theory on a generic noncommutative Moyal-Weyl space R^d_θ . We introduce non-commutativity in momentum space by introducing a minimal coupling to a constant background magnetic field B_{ij} as was done originally by Langmann, Szabo and Zarembo in [3]. The most general action with a quartic potential takes in the operator basis the form S = √ det(2πθ)T r_H [ Φ̂^+ ( − σD̂^2_i − σ̃Ĉ^2_i + μ^2 2 ) Φ̂ + λ 4! Φ̂^+Φ̂ Φ̂^+Φ̂ + λ ′ 4! Φ̂^+Φ̂^+ Φ̂Φ̂ ] . (2.1)

In this equation D̂_i = ^∂_i − iB_{ij}X_j and Ĉ_i = ^∂_i + iB_{ij} X_j where X_i = (x̂_i + x̂^R_i )/2. In the original Langmann-Szabo model we choose σ = 1, σ̃ = 0 and λ^′ = 0 which as it turns out leads to a trivial model [5].

The famous Grosse-Wulkenhaar model corresponds to σ = σ̃ and λ^′ = 0. We choose without any loss of generality σ = σ̃ = 1/4. The Grosse-Wulkenhaar model corresponds to the addition of a harmonic oscillator potential to the kinetic action which modifies and thus allows us to control the IR behavior of the theory. A particular version of this theory was shown to be renormalizable by Grosse and Wulkenhaar in [4]. The action of interest in terms of the star product is given by

S = ∫ d^dx [ Φ^+ ( − 1 2 ∂^2_i + 1 2 (B_{ij} x_j)^2 + μ^2 2 ) Φ + λ 4! Φ^+ ∗ Φ ∗ Φ^+ ∗ Φ ] . (2.2)

Equivalently S = ∫ d^dx [ Φ^+ ( − 1 2 ∂^2_i + 1 2 Ω^2x̃^2_i + μ^2 2 ) Φ + λ 4! Φ^+ ∗ Φ ∗ Φ^+ ∗ Φ ] . (2.3) 7

The harmonic oscillator coupling constant Ω is defined by Ω^2 = B^2θ^2/4 whereas the coordinate x̃_i is defined by x̃_i = 2(θ^{−1})_{ij} x_j. It was shown in [5] that this action is covariant under a duality transformation which exchanges among other things positions and momenta as x_i ↔ k̃_i = B^{−1}_{ij} k_j . The value Ω^2 = 1 in particular gives an action which is invariant under this duality transformation. The theory at Ω^2 = 1 is essentially the original Langmann-Szabo model.

Let us consider now a phi-four theory on a noncommutative Moyal-Weyl space with only two noncommuting coordinates, viz R^d_θ = R^D × R^2_θ where D = d − 2. This is the degenerate case. The above action generalizes to

S = ∫ d^dx [ Φ^+ ( − 1 2 ∂^2_i + 1 2 Ω^2x̃^2_i − 1 2 ∂^2_μ + μ^2 2 ) Φ + λ 4! Φ^+ ∗ Φ ∗ Φ^+ ∗ Φ ] . (2.4)

The index i runs over the noncommuting directions while the index μ runs over the commuting directions.Under the field/operator Weyl map we can rewrite the action as

S = ν_2 ∫ d^Dx T r_H [ Φ̂^+ ( − 1 2 ^∂^2_i + 1 2 Ω^2X̃^2_i − 1 2 ∂^2_μ + μ^2 2 ) Φ̂ + λ 4! Φ̂^+Φ̂ Φ̂^+Φ̂ ] . (2.5)

The Planck volume ν_2 is defined by ν_2 = √ det(2πθ). It may not be obvious that the above action enjoys the same covariance under duality transformation as the action in the non-degenerate case. This is indeed true as we show explicitly in the first appendix. All the steps used in the non-degenerate case go virtually unchanged in the degenerate case and the noncommutative directions act merely as a spectator.

It was established in [21] that the action (2.5) is renormalizable with the correct counterterm determined. This agrees with our finding in this article where it will be shown using the Wilson renormalization group recursion formula that the action (2.5) admits a non-trivial fixed point which therefore entails renormalizability [24]. In the Wilson renormalization group approach it is expected that the counterterm of [21] together with all possible effective interactions will be generated in the process of integration and rescaling and as a consequence it will not be included in (2.5) in this article. It remains however an interesting question in its own right to know what is precisely the effect of this counterterm if it is included.

We can expand the scalar fields in the Landau basis {ϕ̂_{m,n}} as (with x standing for commuting coordinates)

Φ̂ = 1√ ν_2 ∞∑ m,n=1 M_{mn}(x)ϕ̂_{m,n} , Φ̂^+ = 1 √ ν_2 ∞∑ m,n=1 M^∗_{mn}ϕ̂^+_{m,n}. (2.6)

The Landau basis is constructed for example in [6]. The infinite dimensional matrix M should be thought of as a compact operator acting on the separable Hilbert space H = S(N) of Schwartz sequences (a_m)_{m≥1} with sufficiently rapid decrease as m −→ ∞. In the Landau basis the action becomes

S = ∫ d^DxT r_H [ 1 2 ∂_μM^+∂_μM + 1 2 μ^2M^+M + 1 2 r^2E{M, M^+} + u N (M^+M)^2 + remainder ] . (2.7)

The coupling constants r^2 and u are defined by

r^2 =

4π(Ω^2 + 1) ν_2 , u = λ 4! N ν_2

. (2.8)

The remainder is given by

remainder = 1 2 r^2 √ ω(Γ^+M^+ΓM + M^+Γ^+MΓ) , √ ω = 1 − Ω^2 1 + Ω^2

. (2.9)

The matrices Γ and E are given by

(Γ)_{lm} = √ m − 1δ_{lm−1} , (E)_{lm} = (l − 1 2 )δ_{lm}. (2.10)

We regularize the theory by taking M to be an N × N matrix. We will also restrict the momenta along the commuting directions to be less or equal than a hard cutoff Λ. The states ϕ_{l,m}(x) with l, m < N where N is some large integer correspond to a cut-off in position and momentum spaces [4]. The infrared cut-off is found to be proportional to R = √ 2θN while the UV cut-off is found to be proportional to Λ_N = √ 8N/θ. In [3] a double scaling strong noncommutativity limit in which N/θ (and thus Λ_N ) is kept fixed was considered. In our analysis here we will take a different strong noncommutativity limit in which we take θ −→ ∞ first and then N −→ ∞. The trace T r_H will be replaced by T r_N with T r_N 1 = N.

This is a deformed principal chiral model. Indeed if we set the remainder equal to zero and choose μ^2 = −4u/N we see immediately that in the limit u −→ ∞ the partition function is localized around configurations satisfying M^+M = 1 with an action given by ( ∫ d^Dx T r_N ∂_μM^+∂_μM)/2. This is the usual definition of a principal chiral field in dimension D = d − 2. The potential term provides a smoother definition of the model while the remainder gives a deformation due to non-commutativity.

The free propagator simplifies in the limit θ −→ ∞. Indeed in this limit the above action reduces to a U(N) matrix model in D = d − 2 dimensions with propagator given by 1/(p^2 + μ^2) [7]. A more interesting limit is Ω^2 −→ 1. This is the self-dual theory in which the off diagonal quadratic terms vanish, i.e. the remainder is 0. This theory was studied extensively from other perspective in [22] where it was shown that the beta function vanishes to all orders. The action in this case is given by S = ∫ d^DxT r_N [ 1 2 ∂_μM^+∂_μM + 1 2 μ^2M^+M + 1 2 r^2E{M, M^+} + u N (M^+M)^2 ] .(2.11)

We will consider in the remainder only the case of hermitian matrices M = M^+. There are three independent parameters in this theory. These are the usual mass parameter μ^2 and the quartic coupling constant u plus the inverse noncommutativity r^2 = 4/θ. The free propagator of this theory is also simple given by < m_{nm}(x)m_{lk}(y) >_0 = δ_{n,k}δ_{m,l} ∫ d^Dp (2π)^D Δ_{mn}(p)e^{ip(x−y)}. (2.12)

Δ_{mn}(p) = 1 p^2 + μ^2 + r^2(m + n − 1)

. (2.13)

In the next section we will need extensively the sum ∑ m Δ_{mn}(p). For θ = ∞ this sum is obviously of order N. Including also the subleading 1/θ correction this sum takes then the form ∑ m Δ_{mj}(p) −→ NΔ_{n0j}(p) , n_0 =

N + 1 2 . (2.14)

A straightforward generalization of (2.14) is ∑ m Δ^{r1}_{mj1} (p_1)Δ^{r2}_{mj2} (p_2)... −→ NΔ^{r1}_{n0j1} (p_1)Δ^{r2}_{n0j2} (p_2).... (2.15)

The structure of the 1/N expansion is quite complicated for generic values of θ. However, in the limit in which we take θ −→ ∞ first and then N −→ ∞ we find that the 1/N expansion becomes manageable. More precisely if we assume that θ is sufficiently large so that we are allowed to use the approximations (2.14) and (2.15) then the Feynman diagrams that will dominate the large N limit are exactly those of the hermitian matrix model in D dimensions.

3 Quartic and Penner Matrix Models

As mentioned on several occasions in previous sections we will use the Wilson renormalization group recursion formula in order to study noncommutative phi-four at the self-dual point. As we will see in the next section a crucial step in this approach is truncation in which we replace every internal propagator 1/(p^2 + μ^2) by 1/(c^2 + μ^2) where c is a constant and also replace every momentum loop integral by another constant. It will be clear in due course that these rules are essentially equivalent to the reduction of the effective action to zero dimension. In this section we will apply this reduction to the classical action (2.11) directly and study the resulting ordinary matrix model using the multi-trace approach of [17]. The result for the 2−point proper vertex we will obtain in this section will provide a powerful check for our calculation using the Wilson recursion formula.

The reduction of the model (2.11) to zero dimension yields the pure matrix model (with v_D the volume of momentum space) V = v_DT r_N [ 1 2 μ^2M^+M + 1 2 r^2E{M, M^+} + v^2_Du N (M^+M)^2 ] . (3.1) 10

We will be interested in the real hermitian matrix model with M^+ = M. By an appropriate rescaling we rewrite this as V_m = T r_N [ 1 2 M^2 + m^2EM^2 + g N M^4 ] . (3.2)

The coupling constants m^2 and g are given by

m^2 = r^2 μ^2 , g = v_Du (μ^2)^2

. (3.3)

The path integral is given by

Z_m = ∫ d^{N 2} M exp(−V_m(M)). (3.4)

A very useful Schwinger-Dyson identity for this pure matrix model can be easily derived from the path integral 1 Z_m ∫ d^{N 2} M N∑ i,j=1 d dM_{ij} ( M_{ij} e^{−Vm(M)} ) = 0. (3.5)

We obtain (with G^m_2 =< T r_N M^2 >_m /N^2, G^m_e =< T r_N EM^2 >_m /N^3 and G^m_4 =< T r_N M^4 >_m /N^3)

1 = G^m_2 + 2m^2NG^m_e + 4gG^m_4 . (3.6)

We first consider the case r^2 = 0 or equivalently m^2 = 0. In this limit the model reduces to the famous hermitian quartic matrix model. The partition function and the potential are given in this case by

Z_0 = ∫ d^{N 2} M exp(−V_0(M)) , V_0(M) = T r_N ( 1 2 M^2 + g N M^4 ) . (3.7)

This is studied originally in the seminal work [13]. The physics of this model is characterized by the celebrated one-cut to two-cut transition [14] which is expected and is known to persist at the level of noncommutative scalar phi-four theory. Indeed we can convince ourselves from Monte Carlo simulations that the one-cut to two-cut transition is lifted at the level of the noncommutative theory to the transition from disorder to the stipe phase [15].

Our primary reason in this article for applying the renormalization group idea to noncommutative phi-four is to probe this transition by means of an analytic non-perturbative method. We believe that the one-cut to two-cut transition can be accessed in a satisfactory way with the scheme put forward in this article which consists in formulating noncommutative phi-four model in the matrix basis and employing the approximate renormalization group recursion formula and 1/N expansion. All this is based on the equivalence conjectured for example in [8] between noncommutative field theories at θ = ∞ and large N matrix models which is assumed to hold beyond the critical point. For an alternative viewpoint we refer to [9] who used a different regularization of noncommutative field theory based on the twisted reduced model. In any case in the disorder phase where both the symmetry M −→ −M and translational symmetry are respected large θ noncommutative field theories are certainly equivalent to large N matrix models.

For completeness we also mention here that the phase structure of noncommutative phi-four is far more complicated [15, 16]. Besides the one-cut to two-cut transition there is the usual Ising transition and also a transition from a non-uniform order to a uniform order which all meet at a triple point. As opposed to the usual uniform ordered phase where the symmetry M −→ −M is spontaneously broken and translational symmetry is respected in the non-uniform ordered (stripe, two-cut) phase the symmetry M −→ −M is maintained whereas translational symmetry is spontaneously broken.

The Schwinger-Dyson equation (3.6) for r^2 = 0 can be put into the form (with G^0_2 = G_2 and G^0_4 = G_4)

Γ_2 = 1 + 8gG_2 − 4gΓ_4(G_2)^3. (3.8)

The connected 2−point and 4−point functions and the 2−point and 4−point proper vertices for this model are given by

C_2 = G_2 , Γ_2 = (C_2)^{−1} , G_2 = 1 3 a^2(4 − a^2) = 1 − 8g_0 + 144g^2_0 − 3456g^3_0 + .... (3.9)

C_4 = G_4 − 2(G_2)^2 , Γ_4 = −C_4(C_2)^{−4} , G_4 = a^4(3 − a^2). (3.10)

Next we consider the case of small r^2. The partition function is given in this case by

Z_m = ∫ d^{N 2} M exp(−V_0(M) − m^2T r_N EM^2). (3.11)

Now we will employ the method elaborated in [17] to calculate approximately this partition function. Omitting the somewhat lengthy detail we obtain an effective multi trace matrix model (correct up to order m^2) given by

Z_m = ∫ d^{N 2} M exp ( − 1 2 (1 + 2Nm^2)T r_N M^2 − g N T r_N M^4 + m^2 2 (T r_N M)^2 ) .(3.12)

We compute immediately

< T r_N EM^2 >_m = −∂_m2 ln Z_m

= N < T r_N M^2 >_m − 1 2 < (T r_N M)^2 >_m . (3.13)

After a straightforward tedious calculation (see next section for a similar calculation) we arrive at the 2−point function (with ĝ = g/(1 + m^2N)^2, h = 1 + m^2N/2 + ...)

< M^2_{ij} >= δ_{ij} N 1 + m^2N/2 [ G_2(ĝ, h) − m^2 1 + m^2N/2

(i − 1/2)(1 + h∂_h)G_2(ĝ, h) + O(m^4) ] . (3.14)

G_2(ĝ, h) = 1 − 8ĝh + ĝ^2(64h + 80h^2) + .... (3.15)

From this result we conclude that

G^m_2 = 1 1 + m^2N/2 [ G_2(ĝ, h) + ... ] . (3.16)

G^m_e = 1 2 1 1 + m^2N/2 [ G_2(ĝ, h) + ... ] . (3.17)

Thus at the leading order in m^2 we have G^m_e = G^m_2 /2 and as a consequence the Schwinger- Dyson identity becomes 1 = (1 + m^2N)G^m_2 + 4gG^m_4 . This also means in particular that at the leading order in m^2 we have < T r_N J^2 >_m= 0 + O(m^2) where J = M − T r_N M/N. The partition function can then be reduced further to

Z_m = ∫ d^{N 2} M exp ( − 1 2 (1 + Nm^2)T r_N M^2 − g N T r_N M^4 − m^2N 2 T r_N J^2 )

= ∫ d^{N 2} M exp ( − 1 2 (1 + Nm^2)T r_N M^2 − g N T r_N M^4 ) . (3.18)

Furthermore after a field scaling M −→ M^′ = (1 + Nm^2/2)M we obtain G^m_2 = (1 − Nm^2)G^′_2(ĝ, Nm^2) and G^m_4 = (1 − 2Nm^2)G^′_4(ĝ, Nm^2). The primed correlation functions are computed with the partition function

Z_m = ∫ d^{N 2} M^′ exp ( − 1 2 T r_N M^{′2} − ĝ N T r_N M^{′4} − m^2N 2 T r_N J^{′2} ) . (3.19)

The Schwinger-Dyson identity becomes 1 = G^′_2(ĝ, Nm^2)+4ĝG^′_4(ĝ, Nm^2). In this form this identity holds true in an obvious way for m^2 = 0 since G^′_2(ĝ, 0) = G_2(g) and G^′_4(ĝ, 0) = G_4(g). We define the proper 2−point vertex Γ^′_2(ĝ, Nm^2) by Γ^′_2(ĝ, Nm^2) = G^{′−1}_2 (ĝ, Nm^2). A straightforward calculation gives

Γ^′_2(ĝ, Nm^2) = 1 + 4ĝG^′_4(ĝ, Nm^2)G^{′−1}_2 (ĝ, Nm^2) = Γ^′_2(ĝ, 0) + 4ĝNm^2∂_{Nm}2 (G^′_4G^{′−1}_2 )|_{Nm}2_{=0} + ... = Γ^′_2(ĝ, 0) + Nm^2 ( 2(Γ^′_2 − 1) + ∂_{Nm}2 Γ^′_2|_{Nm}2_{=0} ) + .... (3.20)

We rewrite this as

(1 + Nm^2)(Γ^′_2(ĝ, Nm^2) − 1) = (1 + Nm^2)(Γ^′_2(ĝ, 0) − 1) + Nm^2 [ Γ^′_2 − 1

+ ∂_{Nm}2 ( (1 + Nm^2)(Γ^′_2 − 1) ) |_{Nm}2_{=0} ] . (3.21)

Let us recall that Γ^′_2(ĝ, Nm^2) − 1 is the quantum correction to the mass of the field M^′ which is equal classically to exactly 1. Now we undo the rescaling M −→ M^′ = (1 + Nm^2/2)M. The quantum correction to the mass of the field M is Γ_2(g, Nm^2) − 1 =

(1 + Nm^2)(Γ^′_2(ĝ, Nm^2) − 1) while the classical mass is 1 + Nm^2 as is obvious from (3.18). We obtain then

Γ_2(g, Nm^2) = Γ_2(g, 0) + Nm^2 [ Γ_2 − 1 + ∂_{Nm}2 Γ_2|_{Nm}2_{=0} ]

= Γ_2(g, 0) + Nm^2 [ Γ_2 − 1 + 1 2 ∂_hΓ_2|_{h=1} ] . (3.22)

In the following section we will give, as a by product of our analysis of the noncommutative phi-four theory with ω = 0, a direct derivation of this formula together with an explicit perturbative expansion for ∂_{Nm}2 Γ_2(g, Nm^2). In fact the above formulas will be used to test our method. We will also see in the following that the combination Γ_e(g, 0) = (1 − ∂_{Nm}2 Γ_2(g, m^2))|_m2_{=0} is precisely the proper vertex associated with the operator T r_N EM^2.

For a systematic more sophisticated study of the Penner matrix model (3.2) we refer the reader to the recent article [19].

4 Wilson Renormalization Group

4.1 Recursion Formula

In this subsection we review very briefly the original Wilson renormalization group recursion formula. By using the principle of truncation (more on this below) the action at any renormalization group step is taken to be given by

S_n(ϕ) = 1 2 ∫ d^dx(∂_μϕ_n)^2 + ∫ d^dxP_n(ϕ_n). (4.1)

First we divide momenta logarithmically as 1/2^l ≤ |k|/Λ ≤ 1/2^{l−1} where Λ is the cutoff. Next by integrating out field modes with momenta in the highest shell corresponding to l = 0 and neglecting momentum dependence within each cell in position space (among other things) we arrive at an action of the same form with the replacements ϕ_n −→ ϕ_{n+1} and P_n −→ P_{n+1} where

Q_{n+1}(2^{d/2}α^{−1}_n z) ≡ w^{−1}P_{n+1}(ϕ_{n+1}) = −2^d ln I_n(z) I_n(0)

. (4.2)

The variable z is related to the field ϕ_{n+1} in a particular way which does not interest us in this article whereas w^{−1} is the volume of a single cell in position space and α_n is the normalization of the field. Indeed the fields ϕ_n and ϕ_{n+1} are related by

ϕ_n(x) = Φ_n(x) + 2^{−d/2}α_nϕ_{n+1}(x/2). (4.3)

The background field Φ_n contains precisely the integrated momenta 1 ≤ |k|/Λ ≤ 2. The function I_n(z) appearing in the recursion formula (4.1) is given by the integral

I_n(z) = ∫ dy exp ( − y^2 − 1 2 Q_n(y + z) − 1 2 Q_n(−y + z) ) . (4.4)

4.2 Integration and Truncation

The Wilson renormalization group idea consists in general in the following three main steps:

• Integration and Truncation: Define a new (renormalized) action S^′ by integrating out all modes with momenta larger or equal than ρΛ where 0 ≤ ρ ≤ 1 and Λ is the cutoff. This is a very complicated step which requires in practice the use of truncation and many other approximations before it can be carried out explicitly. Wilson truncation means that we calculate quantum corrections to only those terms which appear in the starting action. The principal approximation we will further use consists in the above Wilson recursion formula (4.1). We state without proof (see [1] for a derivation) that the use of this recursion formula is completely equivalent to the use in perturbation theory of the Polyakov-Wilson rules given by the following two approximations:

– We replace every internal propagator 1/(k^2 + μ^2) by 1/(c^2 + μ^2) where c is a constant usually taken to be Λ.

– We replace every momentum loop integral

∫_Λ ρΛ d^Dk/(2π)^D by another constant v_D = Λ^Dv̂_D where

v̂_D =

2(1 − ρ^D) D 1 (4π)^{D/2} 1 Γ(D/2) . (4.5)

We remark here that the above two rules are rather obvious and in fact natural in the limit of the dilatation parameter given by ρ −→ 1 regardless of the Wilson recursion formula itself.

• Rescaling: This a simple step which consists in restoring the cutoff to the original value Λ which can be achieved by simply making the change of variables p −→ p^′ = ρp. • Normalization: Restoring the standard normalization of the kinetic term which is equal to 1/2 by appropriately rescaling the field variable. This is also a very simple step.

Let us then start by decomposing the N × N matrix M into an N × N background matrix M̃ and an N × N fluctuation matrix m, viz

M = M̃ + m. (4.6)

The background M̃ contains slow modes, i.e. modes with momenta less or equal than ρΛ while the fluctuation m contains fast modes, i.e. modes with momenta larger than ρΛ where 0 < ρ < 1. By integrating out the field m we obtain the partition function

Z = ∫ dM̃e^{−S[M̃]} e^{−ΔS(M̃)}. (4.7)

By using momentum conservation, the symmetry m −→ −m and also by neglecting nonplanar diagrams (in the sense of the 1/N expansion) we find that the non-perturbative correction ΔS(M̃) is given explicitly (up to the fourth power in the field M̃ ) by the cumulant expansion

ΔS(M̃) = 4 u N ∫ d^Dx < T rM̃^2m^2(x) >_{co} − 8 u^2 N^2 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co} − 8 u^2 N^2 ∫ d^Dx ∫ d^Dy < M̃^2m^2(x)T rM̃^2m^2(y) >_{co}

+ 32 u^3 N^3 ∫ d^Dx ∫ d^Dy ∫ d^Dz < T rM̃m^3(x)T rM̃m^3(y)T rM̃^2m^2(z) >_{co} − 32 3 u^4 N^4 ∫ d^Dx ∫ d^Dy ∫ d^Dz ∫ d^Dw < T rM̃m^3(x)T rM̃m^3(y)T rM̃m^3(z)T rM̃ m^3(w) >_{co} . (4.8)

A derivation of this fundamental result is given in the second appendix. The notation ”co” stands for the connected component. The first and second terms yield correction to the mass parameter whereas the last three terms yield correction to the quartic coupling constant. The wave function renormalization is obtained from the expansion around p^2 = 0 of the second term. This is the most difficult contribution to calculate as we will see shortly.

Mass and Harmonic Oscillator Renormalizations: Quantum corrections to the mass parameter μ^2 and to the harmonic oscillator coupling constant r^2 are obtained from the first term of (4.8) and also from the second term of (4.8) evaluated at p^2 = 0, viz ΔS_{mass+h.o} = 4u N ∫ d^Dx < T rM̃^2m^2(x) >_{co} −

8u^2 N^2 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co} |_p2_{=0}.

(4.9)

The corresponding Feynman diagrams are shown on figures (6) and (7). We included diagrams up to three loops. The series can be continued if one wishes to go further. However all the subleading (in λ) Feynman diagrams which dominate the large N limit can be recovered in our scheme as we will now show. By using first the approximations (2.14) and (2.15) and then the Wilson recursion formula as described above the first set of Feynman diagrams shown on figure (6) reduces to

4 u N ∫ d^Dx < T rM̃^2m^2(x) >_{co} = ∫ d^DxM̃^2(x)_{ii} [ 4v_DuΔ_{n0i}(c) − 32(v_Du)^2Δ^2_{n0i}(c)Δ_{n0 n0} (c)

+ (v_Du)^3 ( 256Δ^2_{n0 i}(c)Δ^3_{n0n0} (c) + 320Δ^3_{n0 i}(c)Δ^2_{n0n0} (c) ) + .... ] . (4.10)

By expanding the second set of Feynman diagrams shown on figure (7) around p^2 = 0 and retaining the 0 th order term we get extra corrections to the mass and harmonic oscillator.

By using again the approximations (2.14) and (2.15) and the Wilson recursion formula we get explicitly

−8 u^2 N^2 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co} |_p2_{=0} = ∫ d^DxM̃(x)_{ij}M̃(x)_{ji} × [ − 8(v_Du)^2Δ_{n0i}(c)Δ_{n0j}(c)Δ_{n0 n0} (c) + 256(v_D u)^3Δ_{n0i}(c)Δ^2_{n0j} (c)Δ^2_{n0n0} (c) + ... ] . (4.11)

The terms multiplying M̃^2(x)_{ii} and M̃(x)_{ij}M̃(x)_{ji} still depend on the indices i and j which is the source of the harmonic oscillator renormalization. Recall that the harmonic oscillator term is of the form ∫ d^DxM̃^2(x)_{ii}(i − 1/2). The mass correction corresponds to setting these indices equal to some fixed value n whereas the harmonic oscillator correction corresponds to expanding these terms linearly around n. Again in the spirit of Wilson contraction we treat the index i (or j) as a continuous variable and expand the propagator around i = n as follows

Δ_{in0} (c) = Δ_{nn0} (c) − (i − n)r^2Δ^2_{nn0} (c) + (i − n)^2r^4Δ^3_{nn0} (c) + ... (4.12)

This actually makes sense since we are assuming that θ is sufficiently large and thus r^2 is sufficiently small.

The full mass and harmonic oscillator renormalizations are contained in the sum of the two terms (4.10) and (4.11). By using the expansion (4.12) we obtain after some calculation the result

ΔS_{mass+h.o} = ∫ d^Dx [ 1 2 (c^2 + μ^2 + r^2N)Γ_2(g, h)T r_N M̃^2(x) + 1 2 r^2∂_κΓ_2(g, h)T r_N (E − n + 1 2 )M̃^2(x) − n 2 r^4 c^2 + μ^2

∂^2_κΓ_2(g, h)T r_N EM̃^2(x) ] + ... (4.13)

This formula contains the leading as well as the subleading corrections in 1/θ to the mass and to the harmonic oscillator terms. The 2−point proper vertex Γ_2(g, h) is defined by

Γ_2(g, h) = 8gh − 80g^2h^2 + 2g^3(256h^2 + 576h^3) + .... (4.14)

The new coupling constants g and h ≡ 1/κ are defined by

g = v_DuΔ^2_{n0n0} (c) , h =

Δ_{nn0} (c) Δ_{n0n0} (c)

. (4.15)

At θ = ∞ we have h = 1 and thus Γ_2(g, 1) = 8g − 80g^2 + 1664g^3 + ..... The 2−point proper vertex Γ_2(g, 1) is expected to be related to the 2−point proper vertex Γ_2(g) of the quartic matrix model, i.e. the expansion 8g − 80g^2 + 1664g^3 + .... should be recognized from the pure quartic matrix model. Indeed we have

Γ_2(g) − 1 = Γ_2(g, 1). (4.16)

The 2−point proper vertex Γ_2(g) is in fact a function known non perturbatively given by (with a = ( √ 1 + 48g − 1)/24g)

Γ_2(g) = 3 a^2(4 − a^2)

= 1 + 8g − 80g^2 + 1664g^3 − .... (4.17)

The full mass and harmonic oscillator action is therefore given by (using also h = 1 + r^2(n_0 − n)/(c^2 + μ^2) + ...)

S_{mass+h.o} + ΔS_{mass+h.o} = 1 2 { (μ^2 + c^2)Γ_2(g) − c^2 + r^2N ( Γ_2(g) − Γ_e(g) ) + O(r^4) } ∫ d^DxT r_N M̃^2(x)

+ r^2 { Γ_e(g) − r^2(N + 1) 2(c^2 + μ^2)

∂_κΓ_e(g, h)|_{κ=1} + O(r^4) } ∫ d^DxT r_N EM̃^2(x). (4.18)

We have defined

Γ_e(g, h) = 1 + 1 2 ∂_κΓ_2(g, h) , Γ_e(g) = Γ_e(g, 1). (4.19)

In contrast to Γ_2(g) the function Γ_e(g) is only known perturbatively. Note also that we did not need to fix the value of n in deriving the result (4.18). In the following we will see more clearly the virtue of the choice n = 1/2 which was assumed in a previous section on pure matrix models. For c^2 = 0 the mass renormalization agrees with the result obtained from the Penner matrix model.

Wave Function Renormalization: The wave function renormalization is also obtained from the 2nd term of (4.8) and as a consequence the relevant Feynman diagrams are still given by those shown on figure (7). More precisely we need, as before, to expand these diagrams around p^2 = 0 but retain now the linear term in p^2 which is very difficult to do explicitly. We will present here a new estimation of the coefficient of p^2 which is consistent with the recursion formula.

The three graphs shown explicitly on figure (7) are of the form ∫ d^Dp_1 (2π)^D ∫ d^Dp_2 (2π)^D

Δ_{in0} (p + p_1 + p_2)f(p_1, p_2). (4.20)

We need the expansion around p^2 = 0 of the propagator Δ_{in0} (p + p_1 + p_2) = 1/((p_1 + p_2 + p)^2 + σ^2) where σ^2 = μ^2 + r^2(i + n_0 − 1). By using rotational invariance we can replace Δ_{in0} (p + p_1 + p_2) in this integral as follows (with ϵ = 4 − D and ϵ_0 = ϵ/D)

Δ_{in0} (p + p_1 + p_2) = Δ_{in0} (p_1 + p_2) + [ ϵ_0(p_1 + p_2)^2 − σ^2 ] Δ^3_{in0} (p_1 + p_2)p^2 + .... (4.21)

The first term corresponds to the p^2 = 0 contribution relevant for mass and harmonic oscillator renormalizations whereas the second term will provide wave function renormalization. The contribution of this last term to the integral (4.20) is given by

p^2 ∫ d^Dp_1 (2π)^D ∫ d^Dp_2 (2π)^D [ ϵ_0(p_1 + p_2)^2 − σ^2 ] Δ^3_{in0} (p_1 + p_2)f(p_1, p_2). (4.22) 18

In the recursion formula we replace the internal momentum appearing in each propagator by an average value c which we have chosen to be c = Λ. We anticipate the application of the recursion formula and replace the factor ϵ_0(p_1 + p_2)^2 − σ^2 with ϵ_0c^2 − σ^2. We get then the estimation

p^2 [ ϵ_0c^2 − σ^2 ] ∫ d^Dp_1 (2π)^D ∫ d^Dp_2 (2π)^D

Δ^3_{in0} (p_1 + p_2)f(p_1, p_2). (4.23)

In higher order diagrams there could be more than one propagator depending on p and also the propagators may depend on more than just two internal momenta which will complicate the situation even further. More precisely if we generalize (4.21) to higher order terms than the extra factor ϵ_0(p_1 + p_2)^2 − σ^2 may be different. This important issue will be discussed further below.

The graphs shown on figure (7) then yields the result (using also the approximations (2.14) and (2.15) and the recursion formula) − 8 u^2 N^2 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co}= ∫ d^Dp (2π)^D p^2M̄_{ij}(p)M̄_{ji}(−p) × [ μ^2 + r^2(i + n_0 − 1) − ϵ_0c^2 ] ]{ 8(v_Du)^2Δ^3_{n0i}(c)Δ_{n0 j}(c)Δ_{n0n0} (c) − 192(v_D u)^3

× Δ^3_{n0i}(c)Δ^2_{n0 n0} (c)Δ^2_{n0j} (c) − 64(v_Du)^3Δ^3_{n0i}(c)Δ^2_{n0j}(c)Δ^2_{n0 n0} (c) + .... } . (4.24)

We split the factor p^2[μ^2 + r^2(i + n_0 − 1) − ϵ_0c^2] as p^2[μ^2 + r^2(n_0 − 1/2) − ϵ_0c^2] plus p^2r^2(i − 1/2). The first bit depends on the indices i and j only through the propagators. Now we only need the contribution obtained by setting these indices equal to the fixed value n = 1/2. The linear term around n = 1/2 will lead to a correction of the form T r_N E(∂_μM)^2 which is not present in the original action. For n ≠ 1/2 the correction will be of the form T r_N (E + constant)(∂_μM)^2. By the same reasoning we discard the correction M̄_{ij} (p)M̄_{ji}(−p)(p^2r^2(i − 1/2)) since it corresponds to a correction of the form T r_N E(∂_μM)^2. This is the principle of Wilson truncation in action again. We get then the result − 8 u^2 N^2 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co}= ∫ d^Dp (2π)^D p^2M̄_{ij} (p)M̄_{ji}(−p) × [μ^2 + r^2(n_0 − 1 2 ) − ϵ_0c^2] { 8(v_Du)^2Δ^4_{n0n}(c)Δ_{n0n0} (c) − 256(v_Du)^3Δ^5_{n0n}(c)Δ^2_{n0 n0} (c) + .... } . (4.25)

We rewrite this as − 8 u^2 N^2 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co}= μ^2 + r^2N/2 − ϵ_0c^2 μ^2 + r^2N/2 + c^2 [ Z_2(g, 1)

+ r^2 N 2(c^2 + μ^2)

∂_hZ_2(g, h)|_{h=1} + O(r^4) ] ∫ d^DxT r_N (∂_μM̃)^2. (4.26)

We have defined

Z_2(g, h) = 8g^2h^3 − 256g^3h^4 + .... (4.27)

We need now to find a combination of Green’s functions and proper vertices of the pure matrix model with an expansion given exactly by 8g^2 −256g^3 +.... From the Schwinger-Dyson equation (3.8) we propose that the function 2gΓ_4(g)G^3_2(g) is the correct guess. Notice the resemblance of the graphs corresponding to 8gG_2 and −4gΓ_4G^3_2 to the graphs associated with the terms 4(u/N) ∫ d^Dx < T rM̃^2m^2(x) >_{co} and −8(u^2/N^2) ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co} respectively. Indeed we compute

Z_2(g) ≡ Z_2(g, 1) = 2gΓ_4(g)G^3_2(g) = 2g 3 a^2(1 − a^2)(5 − 2a^2) 4 − a^2 = 8g^2 − 256g^3 + ... (4.28)

The full kinetic action is given by

S_{kinetic} + ΔS_{kinetic} = { 1 2 + μ^2 − ϵ_0c^2 c^2 + μ^2

Z_2(g) + r^2N 2(c^2 + μ^2)^2 ( c^2(1 + ϵ_0)Z_2(g) + (μ^2 − ϵ_0c^2) × ∂_hZ_2(g, h)|_{h=1} ) + O(r^4) } ∫ d^DxT r_N (∂_μM̃)^2. (4.29)

As mentioned previously in higher order diagrams there could be more than one propagator depending on p and also these propagators may depend on more than just two internal momenta and as a consequence the extra factor ϵ_0(p_1 +p_2)^2 −σ^2 appearing in (4.23) may be different. This coefficient leads to the crucial factor (μ^2 − ϵ_0c^2)/(c^2 + μ^2) which multiplies the non perturbative function Z_2(g). The central conjecture of this section is that within the scheme of the recursion formula outlined above the coefficient (μ^2 − ϵ_0c^2)/(c^2 + μ^2) is in fact the same coefficient appearing in higher order corrections of the function Z_2(g, h).

In order to introduce a non trivial wave function renormalization we can alternatively employ the simpler approximation motivated by dimensional consideration used in the context of matrix models in [10, 11]. In this scheme the first derivative of the propagator with respect to the external momentum p^2 will be approximated by the multiplication with the given propagator as follows

p^2 d dp^2 (...)|_p2_{=0} = −p^2 1 (p_1 + p_2 + p)^2 + σ^2

(...)|_p2_{=0}. (4.30)

In this case the integral (4.20) is approximation with − p^2 ∫ d^Dp_1 (2π)^D ∫ d^Dp_2 (2π)^D

Δ^2_{in0} (p_1 + p_2)f(p_1, p_2). (4.31)

The difference between (4.23) and (4.31) consists in the difference between the factors [ σ^2 − ϵ_0Λ^2 ] Δ_{in0} (p_1 + p_2)|4.23 ↔ 1|4.31. (4.32)

Finally we also mention here Golner extension of the recursion formula derived in [12] which also allows a non trivial wave function renormalization. As it turns out this is a more consistent framework which requires however a non trivial modification of the starting action and thus we do not discuss it any further.

Quartic Interaction Renormalization: This is obtained from the last three terms of equation (4.8) and without any further calculation we simply state the final result obtained using the approximation (2.14) and (2.15) and the recursion formula. This is given by

ΔS_{interaction} = u N [ Γ_4(g, h) 4g − 1] ∫ d^DxT r_N M̃^4. (4.33)

The function Γ_4(g, h) is now defined by the expansion Γ_4(g, h) 4g = 1 − 8gh^2 + g^2(160h^4 + 64h^3) + .... (4.34)

The full interaction term is therefore

S_{interaction} + ΔS_{interaction} = u N Γ_4(g, h) 4g ∫ d^DxT rM̃^4(x) = u N 1 4g { Γ_4(g, 1) + r^2N 2(c^2 + μ^2)

∂_hΓ_4(g, h)|_{h=1} + O(r^4) } ∫ d^DxT rM̃^4(x). (4.35)

As expected the 4−point proper vertex Γ_4(g, 1) is precisely the 4−point proper vertex of the quartic matrix model given by the expansion

Γ_4(g, 1) ≡ Γ_4(g) =

9(1 − a^2)(5 − 2a^2) a^4(1 − a^2)^4

= 4g − 32g^2 + 896g^3 + ... (4.36)

4.3 Renormalization Group Equations

So far we have only gone through the first step of the Wilson renormalization group approach, namely integration and truncation. By putting the results (4.18), (4.29) and (4.35) we obtain the effective action including all leading and subleading corrections in 1/θ at the leading order in 1/N. By performing the second step of the Wilson renormalization group approach, i.e. by scaling momenta as p −→ p/ρ so that the cutoff returns to its original value Λ we obtain the effective action

S + ΔS = ρ^{2+D} 2 { Z(g, μ^2) + r^2N (c^2 + μ^2)^2

ΔZ(g, μ^2) + O(r^4)

} ∫_Λ 0 d^Dp (2π)^D p^2T r_N M̄^∗(ρp)M̄(ρp) + ρ^D 2 { Γ(g, μ^2) + r^2NΔΓ(g) + O(r^4)

} ∫_Λ 0 d^Dp (2π)^D T r_N M̄^∗(ρp)M̄ (ρp) + r^2ρ^D { Γ_e(g) + r^2(N + 1) c^2 + μ^2

ΔΓ_e(g) + O(r^4)

} ∫_Λ 0 d^Dp (2π)^D T r_N EM̄^∗(ρp)M̄(ρp) + uρ^{3D} N 1 4g { Γ_4(g) + r^2N c^2 + μ^2

ΔΓ_4(g) + O(r^4)

} ∫_Λ 0 d^Dp_1 (2π)^D ... ∫_Λ 0 d^Dp_4 (2π)^D T r_N M̄(ρp_1)...M̄ (ρp_4) × (2π)^D δ^D(p_1 + ...p_4). (4.37)

The functions Z(g, μ^2), Γ(g, μ^2), Γ_2(g) and Γ_4(g) are known non perturbatively whereas we were able to determine the functions ΔZ(g, μ^2), ΔΓ(g), ΔΓ_4(g), ΔΓ_e(g) and Γ_e(g) only perturbatively. These functions are summarized in table (1).

The third and final step of the Wilson renormalization group approach consists in rescaling the field in such a way that the kinetic term is brought to its canonical form as follows

M̄^′ (p) = ρ^{2+D}_2 √ Z(g, μ^2) + r^2N (c^2 + μ^2)^2

ΔZ(g, μ^2)M̄(ρp). (4.38)

We get the action to the form

S + ΔS = 1 2 ∫_Λ 0 d^Dp (2π)^D p^2T r_N M̄^{′∗}(p)M̄^′ (p) + 1 2 ρ^{−2} Z(g, μ^2) [ Γ(g, μ^2) + r^2NΔΓ(g) − r^2N (c^2 + μ^2)^2

Γ(g, μ^2)ΔZ(g, μ^2) Z(g, μ^2) + O(r^4) ]

× ∫_Λ 0 d^Dp (2π)^D

T r_N M̄^{′∗}(p)M̄^′ (p) + ρ^{−2}r^2 Z(g, μ^2) [ Γ_e(g) + r^2(N + 1) c^2 + μ^2

ΔΓ_e(g) − r^2N (c^2 + μ^2)^2

Γ_e(g)ΔZ(g, μ^2) Z(g, μ^2) + O(r^4) ]

× ∫_Λ 0 d^Dp (2π)^D

T r_N EM̄^{′∗}(p)M̄^′ (p) + u N 1 4g ρ^{−ϵ} Z^2(g, μ^2) [ Γ_4(g) + r^2N c^2 + μ^2

ΔΓ_4(g) −

2r^2N (c^2 + μ^2)^2

Γ_4(g)ΔZ(g, μ^2) Z(g, μ^2) + O(r^4) ]

× ∫_Λ 0 d^Dp_1 (2π)^D ... ∫_Λ 0 d^Dp_4 (2π)^D

T r_N M̄^′ (p_1)...M̄^′ (p_4)(2π)^D δ^D(p_1 + ...p_4). (4.39)

Let us recall that r^2 is related to the harmonic oscillator coupling constant Ω by ν_2r^2 = 4π(Ω^2 + 1) and that we have started with an action at the self-dual point, i.e. Ω^2 = 1 or equivalently ω = 0. Thus the renormalization of r^2 can be understood either as a renormalization of Ω^2 or as a renormalization of the noncommutativity parameter. Both descriptions must be equivalent but we prefer to think that we have always Ω^2 = 1 and attribute all the renormalization to θ.

In position space the above action reads as follows

S + ΔS = 1 2 ∫ d^DxT r_N (∂_μM̃^′ )^2 + μ^{′2} 2 ∫ d^DxT r_N M̃^{′2} + r^{′2} ∫ d^DxT r_N EM̃^{′2} + u^′ N ∫ d^DxM̃^{′4}. (4.40)

The renormalized mass μ^{′2}, the renormalized quartic coupling constant u^′ and the renormalized inverse noncommutativity r^{′2} are given by

μ^{′2} = ρ^{−2} Z(g, μ^2) [ Γ(g, μ^2) + r^2NΔΓ(g) − r^2N (c^2 + μ^2)^2

Γ(g, μ^2)ΔZ(g, μ^2) Z(g, μ^2) + O(r^4) ] . (4.41)

r^{′2} = ρ^{−2}r^2 Z(g, μ^2) [ Γ_e(g) + r^2(N + 1) c^2 + μ^2

ΔΓ_e(g) − r^2N (c^2 + μ^2)^2

Γ_e(g)ΔZ(g, μ^2) Z(g, μ^2) + O(r^4) ] . (4.42) u^′ = u ρ^{−ϵ} Z^2(g, μ^2) 1 4g [ Γ_4(g) + r^2N c^2 + μ^2

ΔΓ_4(g) −

2r^2N (c^2 + μ^2)^2

Γ_4(g)ΔZ(g, μ^2) Z(g, μ^2) + O(r^4) ] .(4.43)

The process which led from the bare coupling constants μ^2, r^2 and u to the renormalized coupling constants μ^{′2}, r^{′2} and u^′ can be repeated an arbitrary number of times. The bare coupling constants will be denoted by μ^2_0, r^2_0 and u_0 whereas the the renormalized coupling constants at the first step of the renormalization group procedure will be denoted by μ^2_1, r^2_1 and u_1. At a generic step l + 1 of the renormalization group process the renormalized coupling constants μ^2_{l+1}, r^2_{l+1} and u_{l+1} are related to their previous values μ^2_l , r^2_l and u_l by the renormalization group equations

μ^2_{l+1} = ρ^{−2} Z(g_l, μ^2_l ) [ Γ(g_l, μ^2_l ) + r^2_l NΔΓ(g_l) − r^2_l N (c^2 + μ^2_l )^2

Γ(g_l, μ^2_l )ΔZ(g_l, μ^2_l ) Z(g_l, μ^2_l ) ] . (4.44)

r^2_{l+1} = ρ^{−2}r^2_l Z(g_l, μ^2_l ) [ Γ_e(g_l) + r^2_l (N + 1) c^2 + μ^2_l

ΔΓ_e(g_l) − r^2_l N (c^2 + μ^2_l )^2

Γ_e(g_l)ΔZ(g_l, μ^2_l ) Z(g_l, μ^2_l ) ] . (4.45)

u_{l+1} = u_l ρ^{−ϵ} Z^2(g_l, μ^2_l ) 1 4g [ Γ_4(g_l) + r^2_l N c^2 + μ^2_l

ΔΓ_4(g_l) −

2r^2_l N (c^2 + μ^2_l )^2

Γ_4(g_l)ΔZ(g_l, μ^2_l ) Z(g_l, μ^2_l ) ] . (4.46)

The effective coupling constant g_l will of course be given in terms of μ^2_l , r^2_l and u_l by the same formula that related g_0 to μ^2_0, r^2_0 and u_0. We are therefore interested in renormalization group flow in a 3−dimensional parameter space generated by the mass μ^2, the quartic coupling constant u and the harmonic oscillator coupling constant (inverse noncommutativity) r^2.

5 Fixed Points and Critical Exponents

By definition a renormalization group fixed point is a point in the space parameter which is invariant under the renormalization group flow. If we denote the fixed point by μ^2_∗, r^2_∗ and u_∗ then we must have^1

μ^2_∗ = ρ^{−2} Z(g_∗, μ^2_∗) [ Γ(g_∗, μ^2_∗) + r^2_∗NΔΓ(g_∗) − r^2_∗N (c^2 + μ^2_∗)^2

Γ(g_∗, μ^2_∗)ΔZ(g_∗, μ^2_∗) Z(g_∗, μ^2_∗) ] . (5.1)

r^2_∗ = ρ^{−2}r^2_∗ Z(g_∗, μ^2_∗) [ Γ_e(g_∗) + r^2_∗(N + 1) c^2 + μ^2_∗

ΔΓ_e(g_∗) − r^2_∗N (c^2 + μ^2_∗)^2

Γ_e(g_∗)ΔZ(g_∗, μ^2_∗) Z(g_∗, μ^2_∗) ] . (5.2)

u_∗ = u_∗ ρ^{−ϵ} Z^2(g_∗, μ^2_∗) 1 4g_∗ [ Γ_4(g_∗) + r^2_∗N c^2 + μ^2_∗

ΔΓ_4(g_∗) −

2r^2_∗N (c^2 + μ^2_∗)^2

Γ_4(g_∗)ΔZ(g_∗, μ^2_∗) Z(g_∗, μ^2_∗) ] . (5.3)

1It should be noted that looking for the fixed point u_∗ of the coupling constant u is equivalent to looking for zeros of the beta function.

The second equation is new by comparison with the commutative theory. The definition of g_∗ in terms of μ^2_∗, r^2_∗ and u_∗ is obvious. There are possibly several soultions (fixed points) of interest to these renormalization group equations. We will mainly concentrate on the matrix model fixed point corresponding to infinite noncommutativity which is the most obvious solution to equation (5.2) given by

r^2_∗ = 0. (5.4)

The remaining two equations reduce then to

μ^2_∗ = ρ^{−2} Z(g_∗, μ^2_∗)

Γ(g_∗, μ^2_∗). (5.5)

u_∗ = u_∗ ρ^{−ϵ} Z^2(g_∗, μ^2_∗)

Γ_4(g_∗). (5.6)

Thus this fixed point is fully determined by functions which are known non-perturbatively. An obvious solution to (5.6) is u_∗ = 0 which corresponds to the usual Gaussian fixed point. By discarding this solution equation (5.6) becomes 1 = ρ^{−ϵ} Z^2(g_∗, μ^2_∗)

Γ_4(g_∗) 4g_∗ . (5.7)

We define the new variable α = μ^2 c^2 + μ^2

. (5.8)

The solutions of equations (5.5) and (5.7) are given respectively by

α_∗ = f_1(ρ, g_∗) + 2ϵ_0Z_2(g_∗)

4(1 + ϵ_0)Z_2(g_∗)

. (5.9)

α_∗ = f_2(ρ, g_∗) + 2ϵ_0Z_2(g_∗) 4(1 + ϵ_0)Z_2(g_∗)

. (5.10)

The functions f_1 and f_2 are defined by

f_1 = −1 + 1 ρ^2 − √ (1 − 1 ρ^2

− 2ϵ_0Z_2(g_∗))^2 + 8 ρ^2

(1 + ϵ_0)Z_2(g_∗)(Γ_2(g_∗) − 1).

(5.11)

f_2 = −2 − 2 √ ρ^{−ϵ} Γ_4(g_∗) 4g_∗ + 2Z_2(g_∗)ϵ_0. (5.12)

Clearly we must have f_1 = f_2. In other words g_∗ is the solution of the consistency equation

f = f_1 − f_2 ≡ 0. (5.13)

The physical region of g is [0, ∞[ while the full domain of definition is [−1/48, ∞[. Furthermore the functions Γ_2, Γ_4 and Z_2 depend on g only through a = a(g) defined by a^2 = 2/( √ 1 + 48g + 1). Graphically we observe that the two functions f_1 and f_2 intersect for all dimensions d = 2, 3, 4. We will employ the Newton-Raphson algorithm to determine the roots of the consistency condition (5.13). The roots are then given by the iterative equation (with an initial step which in principle can be anything)

x_{i+1} = x_i − f(x_i) df(x_i)/dx_i . (5.14)

After a sufficient number of iterations n we will obtain the root x_n ≡ g_∗. We determine α_∗, the critical mass μ̂^2_∗ = μ^2_∗/Λ^2 and the critical coupling û_∗ = u_∗Λ^{D−4} from the equations

α_∗ = f_2 + 2ϵ_0Z_2(g_∗) 4(1 + ϵ_0)Z_2(g_∗)

. (5.15)

μ̂^2_∗ = α_∗ 1 − α_∗ . (5.16)

û_∗ = g_∗(1 + μ̂^2_∗)^2 v̂_D . (5.17)

The results of this calculation are shown on table (2). For comparison we report the critical values in the approximation (4.31) in table (3). There is of course in each dimension the extra Gaussian fixed point as we have discussed. There is only the Gaussian fixed point in D = 4(d = 6) in the approximation (4.31) which can not be true since the matrix model fixed point is expected to exist in all dimensions. In our approximation (4.23) we have checked that there is always a non-trivial fixed point for any value of ρ in the interval 0 < ρ < 1.

In the remainder we will compute the mass critical exponent ν and the anomalous dimension η within this scheme.

Theoretical Digression: The computation of the mass critical exponent ν requires linearization of the renormalization group equations (4.44), (4.45) and (4.46). Let us first rewrite these renormalization group equations in the compact form

G^{(n+1)} = M(G^{(n)}, ρ). (5.18)

The vector of coupling constants G is defined by G = (G_1, G_2, G_3) where G_1 = μ^2, G_2 = u and G_3 = r^2. The linearized renormalization group equations are of the form (with δG = G − G_∗)

δG^{(n+1)} = M(G_∗, ρ)δG^{(n)}. (5.19)

The matrices M and M are different for different fixed points. The matrix M is related to M as M_{ij} (G_∗, ρ) = ∂ ∂G_j M_j(G^{(n)}, ρ)|_G(n)_{=G∗} . (5.20) 25

Let v^T_α (ρ) be the left eigenvectors of M with eigenvalues λ_α(ρ), viz

v^T_α (ρ)M(G_∗, ρ) = λ_α(ρ)M(G_∗, ρ). (5.21)

The so-called scaling fields u_α are defined by the projection of the vector of coupling constants δG onto the left eigenvectors v^T_α (ρ), viz

u_α(ρ) = v^T_α (ρ)δG. (5.22)

These vectors do not mix under the renormalization group transformations since they satisfy

u^{(n+1)} α (ρ) = λ_α(ρ)u^{(n)}_α (ρ). (5.23)

Thus the scaling field u_α will increase under renormalization group transformations (relevant) if λ_α > 1 while it will decrease if λ_α < 1 (irrelevant).

It turns out that every real asymmetric matrix M can be factored (Schur factorization) as M = U^{−1}T U where T is upper triangular and U is unitary. This substitutes for diagonalization which is not always possible for real asymmetric matrices. The eigenvalues in this case are real or come in complex conjugate pairs. As usual the eigenvalues are the zeros of the characteristic polynomial.

A fundamental property of the renormalization group is the semigroup property which for two different dilatation parameters ρ_1 and ρ_2 reads

M(G_∗, ρ_1)M(G_∗, ρ_2) = M(G_∗, ρ_2)M(G_∗, ρ_1) = M(G_∗, ρ_1ρ_2). (5.24)

It is not difficult to convince ourselves that this leads to the requirement that the renormalization group eigenvalues λ_α(ρ) scale as

λ_α(ρ) = λ_α(1)ρ^{−yα} . (5.25)

The so-called scaling indices y_α (also called critical exponents) are the renormalization group eigenvalues of the scaling fields u_α(ρ). Indeed under a renormalization group transformation we have u_α(ρ) −→ u^′_α(ρ) = λ_α(ρ)u_α(ρ) and thus for an infinitesimal renormalization group transformation (ρ −→ 1) we must have u^′_α(ρ) − λ_α(1)u_α(ρ) = −y_α ln ρλ_α(1)u_α(ρ) + O((ln ρ)^2). In other words

ρ d dρ u_α(ρ) = −y_αu_α(ρ). (5.26)

In the limit ρ −→ 0 we have u_α(ρ) −→ ±∞ when y_α > 0 (relevant) and u_α(ρ) −→ ±∞ when y_α < 0 (irrelevant).

The Mass Critical Exponent ν: The matrix M in our case is of the form

M_{11} M_{12} M_{13} M_{21} M_{22} M_{23} 0 0 M_{33}

. (5.27)

The corresponding characteristic polynomial gives the two equations

M_{33} − λ = 0 , det ( M_{11} − λ M_{12} M_{21} M_{22} − λ ) = 0. (5.28)

The eigenvalue in the direction G_3 = r^2 is therefore given by

λ_3 = M_{33} = ρ^{−2}Γ_e(G_∗) Z(G_∗, μ^2_∗)

. (5.29)

This eigenvalue (or more precisely ln λ_3) is plotted on figure (1) as a function of ln ρ. It is immediately obvious that λ_3 > 1 and hence r^2 is a relevant coupling constant like the mass. However the function Γ_e(g) used in the above formula is only known perturbatively and hence this conclusion should be taken with care.

The two remaining eigenvalues are determined from the linearized renormalization group equations in the 2−dimensional space generated by G_1 = μ^2 and G_2 = u. As it turns out this problem depends only on functions which are fully known non perturbatively. The eigenvalues λ_1 and λ_2 can be determined from the trace and determinant which are given by λ_1 + λ_2 = M_{11} + M_{22} ≡ Tr_2M , λ_1λ_2 = M_{11}M_{22} − M_{12}M_{21} ≡ det_2M. (5.30)

In other words

λ_1 =

Tr_2M ± √ (Tr_2M)^2 − 4det_2M 2 , λ_2 = Tr_2M − λ_1. (5.31)

These are real as long as (Tr_2M)^2 − 4det_2M ≥ 0. Indeed a real asymmetric matrix can have in general complex eigenvalues. For a discussion of the relevance and interpretation of complex renormalization group eigenvalues see chapter 3 of [20] and references therein. This point is not discussed in this article.

The formula (5.25) was used as a crucial test for our numerical calculations. In particular we have determined by means of this formula the range of the dilatation parameter ρ over which the logarithm of the eigenvalues scale linearly with ln ρ. It is natural to expect this behavior to hold only if the renormalization group steps are sufficiently small so not to alter drastically the infrared physics of the problem.

Some results of this test are shown on figure (2). In the approximation (4.23) the eigenvalues λ_1 and λ_2 become complex and conjugate to each other at around ln ρ ≃ −1 and thus the regime ln ρ > −1 is of no interest to us here. In the regime ln ρ < −1 both λ_1 and λ_2 are real. The eigenvalue ln |λ_1| as a function of ln ρ is linear in the regime ln ρ < −1 whereas the eigenvalue ln |λ_2| is linear in this regime only for D = 2. For D = 3 and 4 ln |λ_2| is linear only for ln ρ << −1 which is not very satisfactory. Fortunately it is the eigenvalue λ_1 which is associated with a relevant scaling field and thus used to define the mass critical exponent as we will discuss shortly.

Note that the eigenvalues λ_1 and λ_2 are both negative in the regime ln ρ < −1 which means that the scaling indices y_1 and y_2 are mildly complex. Furthermore we note that over the regime ln ρ < −1 the eigenvalue λ_3 scales also correctly with ρ (figure (2)).

For D = 2 the renormalization group steps can be thought of as small and the behavior (5.25) holds in the regime ln ρ < −1. As it happens this is the most important case corresponding to d = 4. We find explicitly the following fits

ln |λ_1| = −1.296 ln ρ + 0.412 , ln |λ_2| = 0.435 ln ρ + 2.438. (5.32)

This result is shown on figure (3) together with the results for ln |λ_1| for D = 3 and D = 4 and their numerical fits. We also obtain positive slope for ln |λ_2| for D = 3 and D = 4 although the range is much more smaller. We conclude immediately that in all considered dimensions the scaling field u_1 corresponding to the mass is relevant while the scaling field u_2 corresponding to the quartic coupling constant is irrelevant. This is the usual conclusion in d = 4. The critical exponents in D = 2 are given respectively by

y_1 = 1.296 , y_2 = −0.435. (5.33)

The mass critical exponent is given by the inverse of the critical exponent y_1 associated with the relevant direction, viz ν = 1/y_1. The corresponding results for y_1 and ν are included in table (4). It is very amusing to note that the results shown in table (4) are very close to the average value of 2/d and 2/D, viz ν = 1 d + 1 D . (5.34)

In the approximation (4.23) we obtain instead ν = 2/D in the limit ρ −→ 0 [11].

An alternative definition of the critical exponents which are associated with the eigenvalues λ_α is given by the equation

ν_α = − ln ρ ln |λ_α| . (5.35)

This is a more naive definition (to our mind) since it does not extract properly the dependence of ln |λ_α| on ln ρ although it is the one that has been used in [10, 11]. The corresponding results are shown on figure (4).

For completeness we have also checked what happens in the approximation (4.23). In this case the eigenvalues λ_1 and λ_2 are always real with λ_1 > λ_2. The eigenvalue ln |λ_1| as a function of ln ρ is linear throughout the full regime of ln ρ whereas ln |λ_2| is linear in the two regimes ln ρ << −1 and ln ρ > −1 separately. We skip writing down here explicitly the various results for simplicity.

The Anomalous Dimension η: Let us go back to the wave function renormalization contained in the equation

M̄^′ (p) = ρ^{2+D}_2 √ Z(g, μ^2) + r^2N (c^2 + μ^2)^2

ΔZ(g, μ^2)M̄(ρp). (5.36)

We write this as

M̄(ρp) = ρ^{− 2+D−η}_2 M̄^′ (p). (5.37)

The coefficient η is called the anomalous dimension. It is given by

η = − ln [ Z(g, μ^2) +^{r2N}_{(c2+μ2)2} ΔZ(g, μ^2) ] ln ρ

. (5.38)

At the fixed point we obtain η = − ln [ Z(g_∗, μ^2_∗) ] ln ρ = − ln(ρ^{−ϵ}Γ_4(g_∗)/4g_∗) 2 ln ρ = ϵ 2 − ln(Γ_4(g_∗)/4g_∗) 2 ln ρ

. (5.39)

The anomalous dimension η as a function of ln ρ in the regime ln ρ < −1 in the approximation (4.23) is shown on figure (5). We observe that η approaches a constant value as ln ρ −→ −1. If we allow ourselves to include also the regime in which the renormalization group eigenvalues λ_1 and λ_2 become complex conjugate to each other then we will see that η will approach ϵ/2 as ρ −→ 0. This has already been observed in the approximation (4.31) in [10, 11].

function non-perturbative perturbative g v_Du(c^2 + μ^2 + r^2N)^{−2} h = 1/κ (c^2 + μ^2 + r^2N)(c^2 + μ^2 + r^2N/2)^{−1} 1 + r^2N/(2(c^2 + μ^2)) + ... a^2 ( √ 1 + 48g − 1)/24g 1 − 12g + 288g^2 + ...

z (μ^2 − ϵ_0c^2)/(c^2 + μ^2) Z_2(g) ≡ Z_2(g, 1) ((1 − a^2)^2(5 − 2a^2))/(18a^2(4 − a^2)) 8g^2 − 256g^3 + ... Z(g, μ^2) 1 + 2zZ_2(g) Γ_2(g) ≡ Γ_2(g, 1) + 1 3/(a^2(4 − a^2)) 1 + 8g − 80g^2 + 1664g^3 − ... Γ(g, μ^2) (μ^2 + c^2)Γ_2(g) − c^2 Γ_4(g) = Γ_4(g, 1) (9(1 − a^2)(5 − 2a^2))/(a^4(4 − a^2)^4) 4g − 32g^2 + 896g^3 + ... Z_2(g, h) ? 8g^2h^3 − 256g^3h^4 + ... Γ_2(g, h) ? 8gh − 80g^2h^2 + 2g^3(256h^2 + 576h^3) + ... Γ_4(g, h) ? 4g(1 − 8gh^2 + g^2(160h^4 + 64h^3) + ...) Γ_e(g, h) 1 + ∂_κΓ_2(g, h)/2 Γ_e(g) Γ_e(g, 1) ΔZ(g, μ^2) c^2(1 + ϵ_0ρ^2)Z_2(g) + (μ^2 − ϵ_0ρ^2c^2)∂_hZ_2(g, h)|_{h=1} ΔΓ(g) Γ_2(g) − Γ_e(g) ΔΓ_4(g) ∂_hΓ_4(g, h)|_{h=1}/2 ΔΓ_e(g) −∂_κΓ_e(g, h)|_{κ=1}/2

Table 1: The different functions appearing in the effective action (4.39).

6 Conclusion and Outlook

In this article we have presented a study of phi-four theory on noncommutative spaces with only two noncommuting directions at the self-dual point using a combination of the Wilson approximate renormalization group recursion formula and the solution to the

Figure 1: The eigenvalues λ_3 in the approximations (4.23) and (4.31) respectively.

Figure 2: The eigenvalues λ_1 and λ_2 in the approximations (4.23) and (4.31) respectively.

Figure 3: The eigenvalues λ_1 and λ_2 in the approximations (4.23) in the regime ln ρ < −1.

Figure 4: The critical exponents ν_1 and ν_2 in the approximation (4.23) in the regime ln ρ < −1.

Figure 5: The critical exponent η in the approximation (4.23) in the regime ln ρ < −1.

D(d) g_∗ μ^2_∗ u_∗ 2(4) 1.845 −0.693 2.92 3(5) 2.235 −0.732 10.853 4(6) 2.518 −0.757 50.083

Table 2: The critical values for ρ = 0.5 in the approximation (4.23).

D(d) g_∗ μ^2_∗ u_∗ 2(4) 2.282 −0.851 0.854 3(5) 0.409 −0.643 3.527 4(6) 0 0 0

Table 3: The critical values for ρ = 0.5 in the approximation (4.31).

corresponding zero dimensional matrix model at large N. The most important results of this work are:

• The Penner matrix model T r(M^2/2 + m^2EM^2 + gM^4/N) can be systematically solved by the multi trace approach of [17] as illustrated by the computation of the 2−point proper vertex in section 3. This might be an alternative approach to the one pursued in [19]. We hope to be able to return to this point in the future.

• We have conjectured in this article that wave function renormalization within the scheme of the recursion formula is fully encoded in the approximation (4.23).

• We have found a fixed point solution of the renormalization group equations (4.44), (4.45) and (4.46) with r^2_∗ = 0, μ^2_∗ < 0 and u_∗ > 0 in all dimensions D = 2, 3, 4 corresponding to the dimensions d = 4, 5, 6 respectively. We do not exclude here the possibility of the existence of other fixed point solutions even within this scheme.

• The renormalization group eigenvalue λ_3 was determine to be larger than 1 and hence r^2 is a relevant coupling similar to the mass. This statement was however derived from the available perturbative knowledge of the proper vertex Γ_e and thus should be taken with care.

• We have found that the renormalization group eigenvalues λ_1 (corresponding to the mass, relevant) and λ_2 (corresponding to the quartic coupling, irrelevant) become

Figure 6: Feynman digrams contributing to the renormalization of the mass parameter and the harmonic oscillator coupling constant.

D(d) y_1 ν 2(4) 1.296 0.772 3(5) 1.851 0.540 4(6) 2.345 0.426

Table 4: The critical exponents y_1 and ν in the approximation (4.23).

Figure 7: Feynman digrams contributing to the wave function renormalization (linear term in p^2) and also to the renormalization of the mass parameter and the harmonic oscillator coupling constant (the p^2 = 0 term).

complex conjugate of each other at the value of the dilatation parameter ln ρ ≃ −1. After extracting the dependence on ρ we obtain the mass critical exponent ν ≃ 1 d + 1 D . (6.1)

In D = 2 (the most important case for us) it is found that both the eigenvalues ln λ_1 and ln λ_2 scales linearly with ln ρ over the entire real range ln ρ < −1. We obtain the indices

y_1 = 1.296 (ν = 0.772) , y_2 = −0.435. (6.2)

• The anomalous dimension was found to scale as η ≃ 4 − D 2 , ρ → 0 (6.3)

We conclude this article by indicating that the most natural extension of this work should be to repeat the same analysis of the matrix model fixed point by replacing the recursion formula with the exact functional renormalization group method. The function renormalization group (as opposed to other forms of the renormalization group) is the most direct implementation of the Wilson idea which goes along the lines of the recursion formula but is exact although explicit calculation will undoubtedly involve various truncations which by their nature are also approximate.

Acknowledgments: This research was supported by The National Agency for the Development of University Research (ANDRU) under PNR contract number U23/Av58 (8/u23/2723).

A Degenerate Duality Transformations

Let us start with the quadratic action. We have (with D_i = ∂_i − iB_{ij} x_j and C_i = ∂_i + iB_{ij} x_j )

S_2[Φ, B] = ∫ d^dx Φ^+ ( − 1 2 ∂^2_i + 1 2 (B_{ij} x_j )^2 − 1 2 ∂^2_μ + μ^2 2 ) Φ = ∫ d^Dx ∫ d^2x ( − 1 4 (D_iΦ)^+(D_iΦ) − 1 4 (C_iΦ)^+(C_iΦ) − 1 2 Φ^+∂^2_μΦ^+ + μ^2 2 Φ^+Φ )

= ∫ d^Dp (2π)^D ∫ d^2x ( − 1 4 (D_iΦ)^+(p, x)(D_iΦ)(p, x) − 1 4 (C_iΦ)^+(p, x)(C_iΦ)(p, x) + 1 2 (p^2 + μ^2)Φ^+(p, x)Φ(p, x) ) . (A.1)

We have defined Fourier transform in the commuting directions by

f(x^μ, x^i) = ∫ d^Dp (2π)^D f(p^μ, x^i) e^{ipμxμ} . (A.2) We define k̃_i = B^{−1}_{ij} k_j . The Fourier transform of Φ(p, x) and D_iΦ(p, x) in the noncommuting directions are Φ̃(p, k) and −D̃_iΦ̃(p, k) where

Φ̃(p, k) = ∫ d^2xΦ(p, x) e^{−ikixi} . (A.3)

− D̃_iΦ̃(p, k) = ∫ d^2xD_iΦ(p, x) e^{−ikixi} = ∂ ∂k̃_i − iB_{ij}k̃_j . (A.4)

We can then compute immediately that ∫ d^Dp (2π)^D ∫ d^2x (D_iΦ)^+(p, x)(D_iΦ)(p, x) = ∫ d^Dp (2π)^D ∫ d^2k̃ (D̃_iΦ̂)^+(p, k̃)(D̃_iΦ̂)(p, k̃).

(A.5)

The new field Φ̂ is defined by

Φ̂(p, k̃) = √ |det B 2π |Φ̃(p, Bk̃). (A.6) A similar result holds for the other quadratic terms. By renaming the variable as k̃ = x we can see that the resulting quadratic action has therefore the same form as the original quadratic action, viz

S_2[Φ, B] = S_2[Φ̂, B]. (A.7)

Next we consider the interaction term S_{int}[Φ, B] = ∫ d^dxΦ^+ ∗ Φ ∗ Φ^+ ∗ Φ = ∫ p_1 ... ∫ p_4

(2π)^Dδ^D(p_1 − p_2 + p_3 − p_4) ∫ d^2xΦ^+(p_1, x^i) ∗ Φ(p_2, x^i) ∗ Φ^+(p_3, x^i) ∗ Φ^+(p_4, x^i) = ∫ p_1 ... ∫ p_4

(2π)^Dδ^D(p_1 − p_2 + p_3 − p_4) ∫ k_1 ... ∫ k_4

Φ̃^+(p_1, k_1)Φ̃(p_2, k_2)Φ̃^+(p_3, k_3)Φ̃^+(p_4, k_4) × Ṽ (k_1, k_2, k_3, k_4). (A.8) The vertex in momentum space is given by

Ṽ (k_1, k_2, k_3, k_4) = (2π)^2δ^2(k_1 − k_2 + k_3 − k_4)e^{−iθμν} (_{k1μk2ν +k3μk4ν} ) . (A.9) By substituting k = Bk̃ we obtain S_{int}[Φ, B] = ∫ p_1 ... ∫ p_4

(2π)^Dδ^D(p_1 − p_2 + p_3 − p_4) ∫ k̃_1 ... ∫ k̃_4

Φ̂^+(p_1, k̃_1)Φ̂(p_2, k̃_2)Φ̂^+(p_3, k̃_3)Φ̂^+(p_4, k̃_4) × V̂ (k_1, k_2, k_3, k_4). (A.10) The new vertex is given by

V̂ (k̃_1, k̃_2, k̃_3, k̃_4) = detB (2π)^2 δ^2(k̃_1 − k̃_2 + k̃_3 − k̃_4)e^{i(BθB)μν} (_{k̃1μk̃2ν +k̃3μk̃4ν} ) . (A.11) The interaction term can also be rewritten as S_{int}[Φ, B] = ∫ p_1 ... ∫ p_4

(2π)^Dδ^D(p_1 − p_2 + p_3 − p_4) ∫ x_1 ... ∫ x_4

Φ^+(p_1, x_1)Φ(p_2, x_2)Φ^+(p_3, x_3)Φ^+(p_4, x_4) × V (x_1, x_2, x_3, x_4). (A.12) The vertex in position space is given by

V (x_1, x_2, x_3, x_4) = ∫ k_1 ... ∫ k_4

Ṽ (k_1, k_2, k_3, k_4)e^{ik}1^x1^{−ik}2^x2^{+ik}3^x3^{−ik}4^x4 = 1 (2π)^2|detθ| δ^2(x_1 − x_2 + x_3 − x_4)e^{−i(θ−1 )μν (xμ1 xμ2 +xμ3 xμ4 )}.(A.13) We can see immediately from comparing equations (A.10),(A.11) and equations (A.12),(A.13) that the interaction term in momentum space has the same form as the interaction term in position space provided that the new noncommutativity parameter and the new coupling constant are given by θ̂ = −B^{−1}θ^{−1}B^{−1}. (A.14)

λ detB (2π)^2 = λ̂ (2π)^2 1 detθ̂ ⇔ λ̂ = λ |detBθ| . (A.15)

B Detailed Calculation of (4.8)

The action of interest is

S[M] = ν_2 ∫ d^Dx ∑ m,n,k,l ( 1 2 (M^+)_{mn}G_{mn,kl}M_{kl} + λ 4! (M^+)_{mn}M_{nk}(M^+)_{kl}M_{lm} ) . (B.1)

For the case ω = 0 the Laplacian takes the form G_{mn,kl} = ( − ∂^2_μ + μ^2 + μ^2_1(m + n − 1) ) δ_{n,k}δ_{m,l}. (B.2) We will consider only the case of hermitian matrices M = M^+. Furthermore we will apply the renormalization group method as outline in the seminal work [1] which goes also under the name of the recursion formula.

We decompose the N × N matrix M into an N × N background matrix M̃ and an N × N fluctuation matrix m, viz

M = M̃ + m. (B.3)

We introduce a cutoff Λ. The background M̃ contains slow modes, i.e. modes with momenta less or equal than ρΛ while the fluctuation m contains fast modes, i.e. modes with momenta larger than ρΛ where 0 < ρ < 1. Explicitly we have

M̃_{mn}(x) = ∫ 0≤|p|≤ρΛ d^Dp (2π)^D M̃_{mn}(p) e^{ipx} , m_{mn}(x) = ∫ ρΛ<|p|<Λ d^Dp (2π)^D m_{mn}(p) e^{ipx}. (B.4)

Clearly ∫ d^DxM̃_{mn}(x)m_{kl}(x) = ∫ d^DxM̃_{mn}(x)(−∂^2_μ)m_{kl}(x) = 0. (B.5)

This is an expression of momentum conservation. Next we compute

S[M] = S[m] + S[M̃ ] + σ(m, M̃ ). (B.6)

σ(m, M̃ ) = ν_2 λ 4! ∫ d^DxT r(2M̃ mM̃m + 4M̃^2m^2 + 4M̃^3m + 4M̃m^3). (B.7)

We are interested in the partition function Z = ∫ dMe^{−S[M]} = ∫ dM̃ e^{−S[M̃]} ∫ dme^{−S[m]}e^{−σ(m,M̃ )} = ∫ dM̃ e^{−S[M̃]} < e^{−σ(m,M̃ )} > ∫ dme^{−S[m]}. (B.8) We have defined < O >= ∫ dmOe^{−S[m]} ∫ dme^{−S[m]} . (B.9) 36

The free propagator is

< m_{nm}(x)m_{lk}(y) >_0 = 1 ν_2 Δ_{mn,kl}(x − y) = 1 ν_2 ∫ d^Dp (2π)^D δ_{n,k}δ_{m,l} p^2 + μ^2 + μ^2_1(m + n − 1) e^{ip(x−y)}. (B.10) Clearly we can write

< e^{−σ(m,M̃ )} > = e^{−ΔSeff [M̃]}. (B.11)

We compute up to the 4th order in the slow matrix M̃ the non perturbative expansion (with u = ν_2λ/4!) < e^{−σ(m,M̃ )} > = < [ 1 − u ( M_1 + M_2 + M_3 ) + u^2 2 ( M^2_1 + M^2 + 2M_1M_2 + 2M_1M_3 )

− u^3 6 ( M^3_1 + 3M^2_1M_2 ) + u^4 24 M^4_1 + ... ] > . (B.12)

M_1 = 4 ∫ d^DxT rM̃m^3 , M_2 = 2 ∫ d^DxT rM̃mM̃m + 4 ∫ d^DxT rM̃^2m^2 , M_3 = 4 ∫ d^DxT rM̃^3m. (B.13)

By using the symmetry m −→ −m we observe that the terms < M_1 >, < M_3 >, < M_1M_2 > and M^3_1 vanish. We then get < e^{−σ(m,M)} > = < [ 1 − uM_2 + u^2 2 ( M^2_1 + M^2 + 2M_1M_3 ) − u^3 2 M^2_1M_2 + u^4 24 M^4_1 + ... ] > . (B.14)

We want to calculate

< M_1M_3 >= 16 ∫ d^Dx ∫ d^DyM̃(x)_{ij}M̃^3(y)_{kl} < m^3(x)_{ji}m(y)_{lk} > . (B.15)

This vanishes by momentum conservation since the momentum p carried by the field M̃_{ij} at point x will be transferred to the field m_{lk} at point y after interacting via a 4−point vertex.

We redefine the path integral over the fluctuation fields m by

Z[J, b] = Z[J, b_1, b_2, b_{1+1}, b_3] = ∫ dm exp [ − S[m] − ∫ d^dx ( Jm + b_1T rM̃^3m + b_2T rM̃^2m^2 + b_{1+1}T rM̃mM̃m + b_3T rM̃m^3 )] . (B.16)

The corresponding vacuum energy is defined by

Z[J, b] = exp(−W [J, b]). (B.17)

We will need among other things the following connected Green’s functions

< T rM̃m^3(x_1)...T rM̃m^3(x_n) >_{co} = (−1)^{n+1} 1 ν^n_2 δ^nW [J, b] δb_3(x_1)...δb_3(x_n)

|_{J=b=0}. (B.18)

In fact we want to calculate expectation values of products of U(N)−singlets such as T rM̃m^3, T rM̃^3m, T rM̃^2m^2 and T rM̃mM̃m (both m and M̃ transform under U(N) transformations in the same way). We can safely assume that connected Green’s functions with an odd number of external legs vanish.

In the remainder of this appendix we proceed to the explicit evaluation of the cumulant expansion (B.14). First we compute

< M^4_1 > = 256 ∫ d^Dx_1 ∫ d^Dx_2 ∫ d^Dx_3 ∫ d^Dx_4 < T rM̃m^3(x_1)...T rM̃m^3(x_4) >

= 256 ∫ d^Dx_1... ∫ d^Dx_4 1 Z[J, b]ν^4_2 δ^4 δb_3(x_1)δb_3(x_2)δb_3(x_3)δb_3(x_4) Z[J, b]|_{J=b=0} = 256 × 3 ( ∫ d^Dx_1 ∫ d^Dx_2 < T rM̃m^3(x_1)T rM̃m^3(x_2) >_{co}

)_2

+ 256 ∫ d^Dx_1... ∫ d^Dx_4 < T rM̃m^3(x_1)...T rM̃m^3(x_4) >_{co} . (B.19)

The factor of 3 in the third line comes from the three disconnected graphs contributing to the 4−point function.

Similarly

< M^2_1 > = 16 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) > = 16 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co} . (B.20)

Next we compute

< M^2_1M_2 > = 64 ∫ d^Dx_1 ∫ d^Dx_2 ∫ d^Dx_3 < T rM̃m^3(x_1)T rM̃m^3(x_2)T rM̃^2m^2(x_3) >

+ 32 ∫ d^Dx_1 ∫ d^Dx_2 ∫ d^Dx_3 < T rM̃m^3(x_1)T rM̃m^3(x_2)T rM̃mM̃m(x_3) > .

(B.21)

First we have

< T rM̃m^3(x_1)T rM̃m^3(x_2)T rM̃^2m^2(x_3) > = − 1 Z[J, b]ν^3_2 δ^3 δb_3(x_1)δb_3(x_2)δb_2(x_3) Z[J, b]|_{J=b=0} = 1 ν^3_2 δ^3 δb_3(x_1)δb_3(x_2)δb_2(x_3) W [J, b]|_{J=b=0} − 1 ν^3_2 δ^2 δb_3(x_1)δb_3(x_2) W [J, b]|_{J=b=0} δ δb_2(x_3) W [J, b]|_{J=b=0}. = < T rM̃m^3(x_1)T rM̃m^3(x_2)T rM̃^2m^2(x_3) >_{co} + < T rM̃m^3(x_1)T rM̃m^3(x_2) >_{co}< T rM̃^2m^2(x_3) >_{co} . (B.22)

We also have

< T rM̃m^3(x_1)T rM̃m^3(x_2)T rM̃mM̃m(x_3) > = − 1 Z[J, b]ν^3_2 δ^3 δb_3(x_1)δb_3(x_2)δb_{1+1}(x_3) Z[J, b]|_{J=b=0} = 1 ν^3_2 δ^3 δb_3(x_1)δb_3(x_2)δb_{1+1}(x_3) W [J, b]|_{J=b=0} − 1 ν^3_2 δ^2 δb_3(x_1)δb_3(x_2) W [J, b]|_{J=b=0} δ δb_{1+1}(x_3) W [J, b]|_{J=b=0}. = < T rM̃m^3(x_1)T rM̃m^3(x_2)T rM̃^2m^2(x_3) >_{co} + < T rM̃m^3(x_1)T rM̃m^3(x_2) >_{co}< T rM̃mM̃m(x_3) >_{co} . (B.23)

The definition of the connected Green’s functions < T rM̃m^3(x_1)T rM̃m^3(x_2)T rM̃^2m^2(x_3) >_{co}, < T rM̃m^3(x_1)T rM̃m^3(x_2)T rM̃mM̃m(x_3) >_{co}, < T rM̃^2m^2(x_3) >_{co} and < T rM̃mM̃m(x_3) >_{co} is obvious from the above equations.

Also we compute

< M^2 > = 4 ∫ d^Dx ∫ d^Dy < T rM̃mM̃m(x)T rM̃mM̃m(y) > + 16 ∫ d^Dx ∫ d^Dy < T rM̃^2m^2(x)T rM̃^2m^2(y) >

+ 16 ∫ d^Dx ∫ d^Dy < T rM̃mM̃m(x)T rM̃^2m^2(y) > = 4 ∫ d^Dx ∫ d^Dy < T rM̃mM̃m(x)T rM̃mM̃m(y) >_{co} +4 ( ∫ d^Dx < T rM̃mM̃m(x) >_{co} )_2

+ 16 ∫ d^Dx ∫ d^Dy < T rM̃^2m^2(x)T rM̃^2m^2(y) >_{co} +16 ( ∫ d^Dx < T rM̃^2m^2(x) >_{co}

)_2

+ 16 ∫ d^Dx ∫ d^Dy < T rM̃mM̃m(x)T rM̃^2m^2(y) >_{co} + 16 ∫ d^Dx < T rM̃mM̃m(x) >_{co} ∫ d^Dy < T rM̃^2m^2(y) >_{co} . (B.24)

We have defined the connected two-point functions

< T rM̃^2m^2(x)T rM̃^2m^2(y) >_{co} = − 1 ν^2_2 δ^2W [J, b] δb_2(x)δb_2(y)

|_{J=b=0}. (B.25)

< T rM̃mM̃m(x)T rM̃mM̃m(y) >_{co} = − 1 ν^2_2 δ^2W [J, b] δb_{1+1}(x)δb_{1+1}(y)

|_{J=b=0}. (B.26)

< T rM̃mM̃m(x)T rM̃^2m^2(y) >_{co} = − 1 ν^2_2 δ^2W [J, b] δb_{1+1}(x)δb_2(y)

|_{J=b=0}. (B.27)

By putting all these results together we obtain < e^{−σ(m,M̃ )} > = 1 − 4u ∫ d^Dx < T rM̃^2m^2(x) >_{co} − 2u ∫ d^Dx < T rM̃mM̃m(x) >_{co} + 8u^2 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co} + 8u^2 ( ∫ d^Dx < T rM̃^2m^2(x) >_{co}

)_2

+ 2u^2 ( ∫ d^Dx < T rM̃mM̃m(x) >_{co} )_2

+ 8u^2 ( ∫ d^Dx < T rM̃^2m^2(x) >_{co} )( ∫ d^Dy < T rM̃mM̃m(y) >_{co} )

+ 8u^2 ∫ d^Dx ∫ d^Dy < M̃^2m^2(x)T rM̃^2m^2(y) >_{co}

+ 2u^2 ∫ d^Dx ∫ d^Dy < T rM̃mM̃m(x)T rM̃mM̃m(y) >_{co} + 8u^2 ∫ d^Dx ∫ d^Dy < T rM̃^2m^2(x)T rM̃mM̃m(y) >_{co} − 32u^3 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)M̃ m^3(y) >_{co} ∫ d^Dz < T rM̃^2m^2(z) >_{co}

− 16u^3 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)M̃ m^3(y) >_{co} ∫ d^Dz < T rM̃mM̃m(z) >_{co} − 32u^3 ∫ d^Dx ∫ d^Dy ∫ d^Dz < T rM̃m^3(x)M̃m^3(y)T rM̃^2m^2(z) >_{co}

− 16u^3 ∫ d^Dx ∫ d^Dy ∫ d^Dz < T rM̃m^3(x)M̃m^3(y)T rM̃mM̃m(z) >_{co} + 32 3 u^4 ∫ d^Dx ∫ d^Dy ∫ d^Dz ∫ d^Dw < T rM̃m^3(x)T rM̃m^3(y)T rM̃m^3(z)T rM̃m^3(w) >_{co} + 32u^4 ( ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)M̃m^3(y) >_{co}

)_2 . (B.28)

The non-perturbative correction to the effective action (up to the fourth power in the field M̃) is therefore given by

ΔS_{eff} [M̃ ] = 4u ∫ d^Dx < T rM̃^2m^2(x) >_{co} +2u ∫ d^Dx < T rM̃mM̃m(x) >_{co} − 8u^2 ∫ d^Dx ∫ d^Dy < T rM̃m^3(x)T rM̃m^3(y) >_{co} − 8u^2 ∫ d^Dx ∫ d^Dy < M̃^2m^2(x)T rM̃^2m^2(y) >_{co}

− 2u^2 ∫ d^Dx ∫ d^Dy < T rM̃mM̃m(x)T rM̃mM̃m(y) >_{co} − 8u^2 ∫ d^Dx ∫ d^Dy < T rM̃^2m^2(x)T rM̃mM̃m(y) >_{co} + 32u^3 ∫ d^Dx ∫ d^Dy ∫ d^Dz < T rM̃m^3(x)T rM̃m^3(y)T rM̃^2m^2(z) >_{co}

+ 16u^3 ∫ d^Dx ∫ d^Dy ∫ d^Dz < T rM̃m^3(x)M̃m^3(y)T rM̃mM̃m(z) >_{co} − 32 3 u^4 ∫ d^Dx ∫ d^Dy ∫ d^Dz ∫ d^Dw < T rM̃m^3(x)T rM̃m^3(y)T rM̃m^3(z)T rM̃m^3(w) >_{co} . (B.29)

References

[1] K. G. Wilson and J. B. Kogut, “The Renormalization group and the epsilon expansion,” Phys. Rept. 12, 75 (1974).

[2] G. Ferretti, “The Critical exponents of the matrix valued Gross-Neveu model,” Nucl.

Phys. B 487, 739 (1997) [hep-th/9607072].

[3] E. Langmann, R. J. Szabo and K. Zarembo, “Exact solution of quantum field theory on noncommutative phase spaces,” JHEP 0401, 017 (2004) [hep-th/0308043],“Exact solution of noncommutative field theory in background magnetic fields,” Phys. Lett. B 569, 95 (2003) [hep-th/0303082].

[4] H. Grosse and R. Wulkenhaar, “Renormalization of phi**4 theory on noncommutative R**4 in the matrix base,” Commun. Math. Phys. 256, 305 (2005) [hep-th/0401128],“Renormalization of phi**4 theory on noncommutative R**2 in the matrix base,” JHEP 0312, 019 (2003) [hep-th/0307017],“Power counting theorem for non-local matrix models and renormalization,” Commun. Math. Phys. 254, 91 (2005) [hep-th/0305066].

[5] E. Langmann and R. J. Szabo, “Duality in scalar field theory on noncommutative phase spaces,” Phys. Lett. B 533, 168 (2002) [hep-th/0202039].

[6] J. M. Gracia-Bondia and J. C. Varilly, “Algebras of distributions suitable for phase space quantum mechanics. 1,” J. Math. Phys. 29, 869 (1988).

[7] C. Becchi, S. Giusto, C. Imbimbo , “The Renormalization of noncommutative field theories in the limit of large noncommutativity,” Nucl. Phys. B 664, 371 (2003) [hep-th/0304159].

[8] S. S. Gubser and S. L. Sondhi, “Phase structure of noncommutative scalar field theories,” Nucl. Phys. B 605, 395 (2001) [hep-th/0006119].

[9] W. Bietenholz, F. Hofheinz, J. Nishimura and , “On the relation between noncommutative field theories at theta = infinity and large N matrix field theories,” JHEP 0405, 047 (2004) [hep-th/0404179].

[10] G. Ferretti, “On the large N limit of 3-d and 4-d Hermitian matrix models,” Nucl.

Phys. B 450, 713 (1995) [hep-th/9504013].

[11] S. Nishigaki, “Wilsonian approximated renormalization group for matrix and vector models in 2 < d < 4,” Phys. Lett. B 376, 73 (1996) [hep-th/9601043].

[12] G. R. Golner, “Calculation of the Critical Exponent eta via Renormalization-Group Recursion Formulas,” Phys. Rev. B 8, 339 (1973).

[13] E. Brezin, C. Itzykson, G. Parisi and J. B. Zuber, “Planar Diagrams,” Commun.

Math. Phys. 59, 35 (1978).

[14] Y. Shimamune, “On The Phase Structure Of Large N Matrix Models And Gauge Models,” Phys. Lett. B 108, 407 (1982).

[15] X. Martin, “A matrix phase for the phi**4 scalar field on the fuzzy sphere,” JHEP 0404, 077 (2004) [hep-th/0402230]. F. Garcia Flores, X. Martin and D. O’Connor, “Simulation of a scalar field on a fuzzy sphere,” Int. J. Mod. Phys. A 24, 3917 (2009) [arXiv:0903.1986 [hep-lat]]. M. Panero, “Numerical simulations of a noncommutative theory: The Scalar model on the fuzzy sphere,” JHEP 0705, 082 (2007) [hep-th/0608202].

[16] J. Ambjorn and S. Catterall, “Stripes from (noncommutative) stars,” Phys. Lett.

B 549, 253 (2002) [hep-lat/0209106]. W. Bietenholz, F. Hofheinz and J. Nishimura, “Phase diagram and dispersion relation of the noncommutative lambda phi**4 model in d = 3,” JHEP 0406, 042 (2004) [hep-th/0404020]. J. Medina, W. Bietenholz and D. O’Connor, “Probing the fuzzy sphere regularisation in simulations of the 3d lambda phi**4 model,” JHEP 0804, 041 (2008) [arXiv:0712.3366 [hep-th]]. C. R. Das, S. Digal and T. R. Govindarajan, “Finite temperature phase transition of a single scalar field on a fuzzy sphere,” Mod. Phys. Lett. A 23, 1781 (2008) [arXiv:0706.0695 [hep-th]]. F. Lizzi and B. Spisso, “Noncommutative Field Theory: Numerical Analysis with the Fuzzy Disc,” Int. J. Mod. Phys. A 27, 1250137 (2012) [arXiv:1207.4998 [hepth]].

[17] D. O’Connor and C. Saemann, “Fuzzy Scalar Field Theory as a Multitrace Matrix Model,” JHEP 0708, 066 (2007) [arXiv:0706.2493 [hep-th]].

[18] B. Ydri and A. Bouchareb, “The fate of the Wilson-Fisher fixed point in noncommutative ϕ^4,” J. Math. Phys. 53, 102301 (2012) [arXiv:1206.5653 [hep-th]].

[19] H. Grosse and R. Wulkenhaar, “Self-dual noncommutative ϕ^4-theory in four dimensions is a non-perturbatively solvable and non-trivial quantum field theory,” arXiv:1205.0465 [math-ph].

[20] P. Kopietz, L. Bartosch and F. Schutz, “Introduction to the functional renormalization group,” Lect. Notes Phys. 798, 1 (2010).

[21] H. Grosse and F. Vignes-Tourneret, “Quantum field theory on the degenerate Moyal space,” J. Noncommut. Geom. 4, 555 (2010) [arXiv:0803.1035 [math-ph]].

[22] M. Disertori, R. Gurau, J. Magnen and V. Rivasseau, “Vanishing of Beta Function of Non Commutative Phi**4(4) Theory to all orders,” Phys. Lett. B 649, 95 (2007) [hep-th/0612251].

[23] C. Bagnuls and C. Bervillier, “Exact renormalization group equations. An Introductory review,” Phys. Rept. 348, 91 (2001) [hep-th/0002034].

[24] J. Zinn-Justin, “Quantum field theory and critical phenomena,” Int. Ser. Monogr.

Phys. 113, 1 (2002).