arXiv:1304.7360v1 [gr-qc] 27 Apr 2013

Geodesics with negative energy in the ergosphere of rotating black holes

A. A. Grib^{1,2,3,a} , Yu. V. Pavlov^{1,2,4,b}

1 A. Friedmann Laboratory for Theoretical Physics, Saint Petersburg, Russia;

2 Copernicus Center for Interdisciplinary Studies, Kraków, Poland, EU; 3 Theoretical Physics and Astronomy Department, The Herzen University Moika 48, Saint Petersburg 191186, Russia;

4 Institute of Problems in Mechanical Engineering, Russian Academy of Sciences Bol’shoy pr. 61, V.O., Saint Petersburg 199178, Russia Abstract It is shown that the equatorial geodesics with negative energy for rotating black holes cannot originate or terminate inside the ergosphere. Their length is always finite and this leads to conclusion that they must originate and terminate inside the gravitational radius of the ergosphere.

Key words: black holes, Kerr’s metric, geodesics, negative energies, ergosphere. PACS numbers: 04.70.-s, 04.70.Bw, 97.60.Lf

1. Introduction

In this paper we analyse geodesics for particles with negative energies for rotating black holes. Kerr’s metric [1], predicts differently from the Schwarzschild metric existence of the special region outside the horizon of the black hole called ergosphere. In the egosphere elementary particles must rotate together with the black hole. The new feature of ergosphere is the existence of geodesics with negative relative to infinity energy. Existence of such geodesics leads to the possibility of extraction of energy from the rotating black holes due to the Penrose process [2] so one can call these geodesics the Penrose geodesics. However in spite of the more than 40 years passing after the discovery of the Penrose effect there is still no information about the full picture of the Penrose geodesics especially about their origin. Here we shall investigate the problem of properties of such geodesics. Particle can arrive on such trajectory in the result of

aE-mail: andrei grib@mail.ru bE-mail: yuri.pavlov@mail.ru

collisions or decays in the ergosphere. But the world line of the geodesic in geodesically complete space-time must originate or terminate either in singularity or in the infinity [3]. Note that here one means infinity in space-time so that it can be infinity in time for finite value of the space distances. The problem is to find where originate and terminate Penrose geodesics and this is the subject of the paper. It will be shown that the length of the Penrose geodesics is always finite inside the ergosphere so that the only possibility of their origination and termination is outside of the ergosphere. But the geodesics for particles with negative energy don’t exist in the external space out of ergosphere so that one comes to the conclusion that they originate and terminate inside the gravitational radius of the black hole. The fact that they terminate inside the horizon is well known [4]. So our interest in this paper is to find the place of their origination. The system of units G = c = 1 is used in the paper.

2. Equatorial geodesics in the Kerr’s metric

The Kerr’s metric of the rotating black hole [1] in Boyer-Lindquist coordinates [5] has the form

ds^2 = dt^2 −

2Mr (dt − a sin^2θ dφ)^2

r^2 + a^2 cos^2θ − − (r^2 + a^2 cos^2θ) ( dr^2 Δ + dθ^2 ) − (r^2 + a^2) sin^2θ dφ^2, (1)

where Δ = r^2 − 2Mr + a^2, (2) M is the mass of the black hole, J = aM = AM^2 — its angular momentum. Suppose the direction of the rotation axis of the black hole corresponds to θ = 0, i.e. A ≥ 0. The event horizon of the Kerr’s hole corresponds to the value of the coordinate

r = r_H ≡ M + √ M^2 − a^2. (3)

On the horizon one has Δ = 0. The second root Δ corresponds to the Cauchy horizon r_C ≡ M − √ M^2 − a^2. (4)

The static limit surface is defined by the value

r = r_1 ≡ M + √ M^2 − a^2 cos^2 θ. (5)

In case A ≤ 1 the region between the static limit and the event horizon is called ergosphere. In the equatorial plane (θ = π/2) the ergosphere is located in the limits: r_H < r < 2M. Let us use the dimensionless coordinate x = r/M and use the notations x_H = r_H /M, x_C = r_C /M.

The equations for equatorial geodesics in the Kerr’s metric have the form [6]: dt dλ = 1 Δ_x [( x^2 + A^2 +

2A^2 x ) E − 2A x j ] , (6) dφ dλ = 1 MΔ_x [ 2A x E + ( 1 − 2 x ) j ] , (7) ( dr dλ )_2

= E^2 + 2 x^3

(AE − j)^2 +

A^2E^2 − j^2 x^2 − Δ_x x^2 m^2 , (8) where Δ_x = x^2 − 2x + A^2 = (x − x_H )(x − x_C ), (9) E = const is the energy of the moving particle, jM = const is the projection of its angular momentum on the rotation axis of the black hole, m is the rest mass of the particle. For the particle with m ≠ 0 the parameter λ = τ/m, where τ is the proper time.

Consider particle movement in the equatorial plane of the rotating black hole with A ≤ 1. Possible values of the angular momentum can be found from equations (6), (8) and condition (dr/dλ)^2 ≥ 0 taking into account the condition of movement “forward in time” [7]: dt/dλ > 0.

For x > 2 i.e.outside of the ergosphere this leads to the following conditions

E ≥ √ x − 2 x m, j ∈ [j_−, j_+] , j_± = −2AE ± x √ Δ_x ( E^2 −^{x−2}_x m^2 ) x − 2 . (10)

On the boundary of the ergosphere x = 2 ⇒ E ≥ 0, j ≤ E ( A + 2 A ) − Am^2 2E . (11)

Inside the ergosphere one has

x_H < x < 2 ⇒ j ≤ j_−(x) = 2AE − x √ Δ_x ( E^2 +^{2−x}_x m^2 ) 2 − x . (12)

So negative energies relative to infinity for particles are possible only for x < 2. Note that for the Schwarzschild black holes particles with negative energies exist only inside the horizon for “white hole” geodesics originating in the past singularity [8].

So from (12) it follows that if the energy E of the particle in ergosphere is negative its angular momentum projection on the rotation axis of the black hole must be also negative. However one must note that the direction of the rotation in Boyer-Lindquist coordinates as it was shown, for example, in [9] shall be in the same direction as the rotation of the black hole (the “dragging of bodies by the rotating black hole” [10]). Actually for time like geodesics the condition ds^2 > 0, leads to dφ/dt > 0, because all other terms in the expression for the interval square in ergosphere as it is seen from (1) are negative.

For the coordinate of the point r going to the horizon r_H one obtains from (12) to the limitation: x → x_H ⇒ j ≤ j_H ≡ 2Ex_H A . (13) Let us call particles with j = j_H “critical”. From (13) one sees that the critical particle has the maximal possible value of the angular momentum close to horizon. However for the negative energy the region outside the horizon is the forbidden region for the particle with the critical angular momentum. This follows from the negative value of the derivatives of the function j_−(x) in the vicinity of the horizon: A < 1 ⇒ j^′_−(x) ∼ − (x_H − 1) √ E^2x^2_H + m^2A^2 x_C √ x_H − x_C √ x − x_H → −∞, x → x_H , (14) A = 1 ⇒ j^′_−(x_H ) = 2E − √ E^2 + m^2 < 0, if E < 0. (15)

3. Properties of movement of particles with negative energy in ergosphere

Let us show that there are no circular and double-sided bounded orbits for particles with negative energy moving in the equatorial plane. Define the effective potential by the formula

V_{eff} = − 1 2 [ E^2 + 2 x^3

(AE − j)^2 +

A^2E^2 − j^2 x^2 − Δ_x x^2 m^2 ] . (16)

Then 1 2 ( dr dλ )_2

+ V_{eff} = 0, d^2r dλ^2 = − dV_{eff} dr . (17) Permitted zones of movement of particles are defined by the conditions dt/dλ > 0 and

V_{eff} ≤ 0. (18)

The boundaries of permitted zones are given by equations

V_{eff} (r) = 0 (19)

and corresponds to the boundaries of angular momentums in formulas (10)–(12).

The necessary condition of existence of circular orbits is

V_{eff} = 0, dV_{eff} dx = 0 . (20)

To prove our statement it is sufficient to show that for r > r_H and E < 0 the condition (19) leads to V_{eff} (x) = 0 ⇒ V^′_{eff} (x) > 0. (21) For V^′_{eff} from (19) one obtains

V^′_{eff} = 1 x^2 [ (AE − j)^2 x^2

− E^2x + (x − 1)m^2 ] . (22)

The condition dt/dλ ≥ 0 leads to the inequality − j + AE ≥ −Ex 2A (x^2 + A^2) . (23)

For negative values of the energy this inequality leads to condition

(−j + AE)^2 ≥

E^2x^2 4A^2

(x^2 + A^2)^2 (24)

so that V^′_{eff} ≥ 1 x^2 [ E^2Δ_x 2 + E^2(x^4 − A^4)

4A^2

+ (x − 1)m^2 ] . (25)

So in case when V_{eff} (x) = 0 the derivative of the effective potential outside the horizon (x > x_H ) is positive there are no circular orbits for Penrose trajectories in Kerr’s black holes. The permitted zone for such particles in ergosphere can have only upper boundary. The circular orbit for particles with negative energy exists only on the horizon of the extremal rotating black hole (A = 1) for j = j_H = 2E.

4. The time of movement of particles with negative energy in the ergosphere

Let us analyze the problem of the time of movement for particles with negative energy in ergosphere. As it was shown in the previous section the geodesic with negative energy in ergosphere begins from r = r_H , then achieves the upper point of the trajectory r_b = x_bM and after it falls to horizon. So the proper time interval of movement of the particle along all geodesic in ergosphere is defined by the integral

Δλ = 2 r_b∫

r_H dr |dr/dλ| = 2 r_b∫

r_H dr √ −2V_{eff} (r)

. (26)

The factor 2 before the integral is due to taking into account the fact that the proper time of movement along geodesic up from some value of the radial coordinate r is equal to the time of falling down to the same value of r.

In the vicinity of the upper point x_b on the trajectory of the particle with negative energy one has from (17) and V_{eff} (x_b) = 0 that | | | | dr dλ | | | | = √ −2V_{eff} ≈ √ 2(x_b − x)V^′_{eff} (x_b). (27)

As it was shown in the preceding part for the boundary point of the permitted zone V^′_{eff} (x_b) > 0, so the integral ∫ dr |dr/dλ| ∼ ∫ dr √ 2(x_b − x)V^′_{eff} (x_b)

(28)

is convergent and the proper time of the lifting to the upper point (falling from the upper point) of the trajectory in the vicinity of this point is finite.

One can see this also for the vicinity of the horizon calculating from (8) the limit | | | | dr dλ | | | | (r → r_H ) = 2|E| x_H | | | | j j_H − 1 | | | | > 0, (29)

because as it was shown previously j < j_H < 0 outside the horizon. So the integral (26) in the vicinity of boundaries of integrating is finite.

Due to the fact that permitted zones for particles with negative energies in ergosphere can have only upper boundary there are no zeros for dr/dλ in the other points of the trajectory So the integral (26) is convergent and the proper time of movement along geodesic in the ergosphere for the particle with the negative energy is finite.

Let us consider the coordinate time Δt of movement of the particle on the Penrose geodesic and use (6), (8)

Δt = ∫ dt/dλ dr/dλ dr = ± ∫ M_{Δx} [( x^2 + A^2 +^{2A2}_x ) E −^{2A}_x j ] dx √ E^2 +^2_{x3} (AE − j)^2 +^{A2E2−j2}_{x2} −^{Δx}_{x2} m^2

. (30)

One can see from (6) that dt/dλ is finite everywhere outside the horizon. So outside the event horizon the coordinate time Δt of movement is finite as well as the proper time interval.

Going to the limit r → r_H one obtains from (6) A < 1 ⇒ dt dλ → −2E (_j j_H − 1 ) (x − x_H ) √ 1 − A^2

, (31)

A = 1 ⇒ x_H = 1, dt dλ → −4E (_j j_H − 1 ) (x − 1)^2

. (32) From (29) one comes to the conclusion that the coordinate time for achieving the horizon diverges logarithmically − log(r − r_H ) for the nonextremal black holes and diverges as (r − r_H )^{−1} for the extremal Kerr’s black hole.

Finiteness of the proper time for movement of particles with negative energy in ergosphere of the black hole leads to the problem of the origination and termination of such trajectories. As we said in the Introduction these lines cannot arrive to ergosphere from the region outside of the ergosphere. So they must originate and terminate inside the gravitational radius. This means that they originate as “white hole” geodesics originating inside the horizon.

Note that similar situation takes place for some geodesics of particles with positive energy in Schwarzschild metric (see the text book [11]). The geodesic completeness leads to the necessity of taking into account “white hole” geodesics originating in the past singularity of the eternal black hole for radial geodesics with specific energy smaller than one arising from the region inside the gravitational radius. However for Penrose geodesics we show that all such equatorial geodesics in ergosphere of the Kerr’s black hole have such behaviour.

5. Movement of particles with negative energy inside the gravitational radius

Inside the event horizon up to Cauchy horizon V_{eff} < 0 for any value of j. So any particle intersecting the event horizon must achieve the Cauchy horizon. After going through the Cauchy horizon the particle can either achieve singularity or after achieving some minimal values of the radial coordinate it can turn it’s movement in the direction of larger r and come back to ergosphere along the white hole geodesics.

On Fig. 1 one can see lines for proper time dependent on the radial coordinate for free fall from the limiting value of r in ergosphere. In the left the fall to singularity is

Figure 1: Proper time of the fall of particles with E = −m, j = −0.4m (left) and E = −0.05m, j = −0.2m (right) in black hole with A = 0.9.

shown, in the right — the fall to some turning point. The dependence of the proper time on radial coordinate for particles with negative energies arriving to ergosphere from the white hole is shown on Fig. 2.

Figure 2: Proper time of the fall of particles with E = −m, j = −0.4m (left) and E = −0.05m, j = −0.2m (right) in the white hole with A = 0.9.

6. Conclusion

In this paper we show that geodesics for particles with negative energies leading to the possibility of Penrose processes originate and terminate inside the gravitational radius. What is the physical meaning of this? It seems possible that particles with negative energies can be emitted by the Kerr black hole. The “white hole” geodesics in ergosphere are needed for geodesic completeness of space-time. If these particles interact with usual particles coming from outside ergosphere one has some new physics in this region. In case when these geodesics originate at singularity one has some breaking of the “cosmic censorship” hypothesis in ergosphere.

Acknowledgments. The research was supported by the grant from The John Templeton Foundation.

References

[1] R. P. Kerr, Gravitational field of a spinning mass as an example of algebraically special metrics. Phys. Rev. Lett. 11, (1963) 237–238.

[2] R. Penrose, Gravitational collapse: The role of general relativity. Rivista Nuovo Cimento I, Num. Spec., (1969) 252–276.

[3] S. W. Hawking, G. F. R. Ellis, The Large Scale Structure of Space-Time, Cambridge University Press, Cambridge (1973).

[4] G. Contopoulos, Orbits through the ergosphere of a Kerr black hole. Gen. Relativ.

Gravit. 16, (1984) 43–70.

[5] R. H. Boyer, R. W. Lindquist, Maximal analytic extension of the Kerr metric.

J. Math. Phys. 8, (1967) 265–281.

[6] S. Chandrasekhar, The Mathematical Theory of Black Holes, Clarendon Press, Oxford University Press, New York, Oxford (1983).

[7] R. M. Wald, General Relativity, The University of Chicago Press, Chicago and London (1984).

[8] A. A. Grib, Yu. V. Pavlov, Particles with negative energies in black holes. Int. J.

Mod. Phys. D 20, (2011) 675–684; arXiv:1008.3657.

[9] A. A. Grib, Yu. V. Pavlov, On the energy of particle collisions in the ergosphere of the rotating black holes. EPL 101, (2013) 20004; arXiv:1301.0698.

[10] V. P. Frolov, I. D. Novikov, Black Hole Physics: Basic Concepts and New Developments, Kluwer Acad. Publ., Dordrecht (1998).

[11] L. D. Landau, E. M. Lifshitz, The Classical Theory of Fields, Pergamon Press, Oxford (1975).