arXiv:1304.7672v1 [hep-ph] 29 Apr 2013

Polarization operator for plane-wave background fields

S. Meuren, C. H. Keitel, and A. Di Piazza^∗ Max-Planck-Institut für Kernphysik, Saupfercheckweg 1, D-69117 Heidelberg, Germany (Dated: April 30, 2013)

We derive an alternative representation of the leading-order contribution to the polarization operator in strong-field QED with a plane-wave electromagnetic background field, which is manifestly symmetric with respect to the external photon momenta. Our derivation is based on a direct evaluation of the corresponding Feynman diagram, using the Volkov-representation of the dressed fermion propagator. Furthermore, the validity of the Ward-Takahashi identity is shown for general loop diagrams in an external plane-wave background field.

PACS numbers: 12.20.Ds, 12.20.Fv

I. INTRODUCTION

The most precise calculations known so far in physics are provided by QED. The reason for this is the smallness of the fine-structure constant α = e^2/(4πϵ_0ℏc) ≈ 1/137, which allows to use perturbative techniques at sufficiently low energies (e is the electron charge). The most prominent example is probably the electron g-factor, for which experimental and theoretical results have been matched on the record accuracy level of parts per billion [1]. To achieve this outstanding precision, the corresponding theoretical calculation included Feynman diagrams with up to four loops.

A quite different situation is encountered for QED with electromagnetic background fields. A source for strong electromagnetic fields are modern laser systems. If spatial focusing effects are sufficiently small, laser fields can be well approximated by plane-wave fields. For a plane-wave field we obtain, besides the fine-structure constant, a second gauge and Lorentz invariant parameter ξ_0 = |e|E_0/(mcω_0), where E_0 and ω_0 are the peak electric field strength and central frequency of the plane wave, respectively (m is the electron mass). If ξ_0 ≳ 1 the interaction between electron and positrons with the laser field must be taken into account exactly. For optical lasers (photon energy ℏω_0 ≈ 1 eV) this happens already at intensities of the order of 10^{18 W}/cm^2. More precisely, we can generally still treat the interaction of the electrons and the positrons with the quantized radiation field perturbatively as in vacuum QED (QED without background fields), but must include the dependence on ξ_0 to all orders if this intensity is exceeded.

Another important scale is the so-called critical field E_{cr} = m^2c^3/(ℏ|e|) = 1.3 × 10^{16} V/cm, which corresponds to a peak laser intensity of I_{cr} = ϵ_0cE^2_{cr} = 4.6 × 10^{29 W}/cm^2. A constant and uniform electric field of this strength can, in principle, produce electron-positron pairs from the vacuum [2–4].

The current laser intensity record (in the optical regime) is given by 2 × 10^{22 W}/cm^2 [5] and future facilities

∗ dipiazza@mpi-hd.mpg.de

envisage even intensities of the order of 10^{24} − 10^{25 W}/cm^2 [6–8]. Thus, the non-perturbative regime (in ξ_0) can be entered with presently available laser systems, and even the critical field can be reached in the rest frame of an ultra-relativistic particle (e.g. a ∼ 1 GeV electron [9]).

So far only one experiment has been carried out to probe strong-field QED effects using laser fields [10, 11]. However, this is expected to change in the near future and, correspondingly, the experimental progress has stimulated many theoretical investigations during the last years [12–46]. For a more detailed overview the reader is referred to the review [47].

In contrary to vacuum QED, calculations with a planewave background field have not been carried out beyond the one-loop order (for constant-crossed fields higherorder calculations have been performed, see e.g. [48–50]). This can be attributed to the fact that already diagrams with just a few propagators correspond to quite complicated expressions. It is therefore of general interest to investigate new techniques, which have the potential to make also the calculation of complicated diagrams traceable.

FIG. 1. The Feynman diagram corresponding to the leadingorder contribution to the polarization operator P^{μν} (q1, q2) in a plane-wave background field. The double lines represent the Volkov propagators for the fermions, which take the external field into account exactly [see Eq. (19)]. The vertical dashed line links the polarization operator to the pair-production diagram due to the unitarity of the S-matrix.

Here we present a new derivation of the first-order contribution to the polarization operator given in Fig. 1 [51, 52]. In [51] an operator approach similar to the one introduced by Schwinger [4] has been used. We show here how the diagram in Fig. 1 can be evaluated directly using the Volkov-representation of the dressed propagators. This approach has the appealing feature that it is very similar to the calculation techniques used in vacuum QED. Our final result (which is equivalent to the one in [51]) has the interesting property that it is manifestly symmetric with respect to the external photon four-momenta q_1 and q_2. Furthermore, we prove the validity of the Ward-Takahashi identity [53, 54] for general loop diagrams in a plane-wave background field. The calculation techniques employed here are expected to be useful also for other higher-order calculations with strong plane-wave background fields.

The polarization operator itself is of central importance, since it determines the properties of a photon inside the background field via the Schwinger-Dyson equation for the exact photon propagator [51, 55]. As a consequence, a plane-wave field acts as an active medium, e.g. the photon obtains a mass and has a non-trivial dispersion relation. Furthermore, due to the unitarity of the S-matrix, the imaginary part of the polarization operator is related to the total photo-production probability for an electron-positron pair [56, 57]. The polarization operator is also required for the calculation of radiative corrections to elementary processes like non-linear Compton scattering or pair production. The significance of the photon polarization tensor can also be inferred from the ongoing effort to calculate it for different field configurations [58, 59].

The paper is divided into three parts. In section II the general framework of strong-field QED with plane-wave background fields is described. The actual calculation is then presented in section III. Finally, we show how our results are related to those obtained in [51] and discuss the special cases of a constant-crossed field, a linearly polarized field in the quasi-classical approximation and a circularly polarized, monochromatic field in section IV.

II. STRONG-FIELD QED

QED is described by the following Lagrangian density [55, 60]

L_{QED} = ψ̄ ( i/∂ − m ) ψ −^1_4 F_{μν} F^{μν} − eψ̄γ_μψA^μ, (1)

where ψ and A^μ are the Dirac spinor field and the electromagnetic four-vector potential, respectively, and F^{μν} = ∂^μA^ν − ∂^ν A^μ is the electromagnetic field tensor [from now on we will use natural units ℏ = c = 1 and Heaviside- Lorentz units for charge, α = e^2/(4π), see appendix A for more details]. The equation of motion for the spinor field ψ, which follows from Eq. (1), is the Dirac equation (i/∂ − e /A − m) ψ = 0. (2) Correspondingly, we obtain for the photon field A^μ in Lorentz gauge (∂_μA^μ = 0) the wave equation

∂^ρ∂_ρA^μ = eJ^μ, J^μ = ψ̄γ^μψ. (3)

A. Vacuum QED

To obtain a quantum theory of electrons, positrons and photons, both the spinor ψ and the photon field A^μ are promoted to operators with canonical (anti-) commutation relations (alternatively, the functional integral formalism can be employed). Once derived in either way, the S-matrix element for a given process can be calculated perturbatively using Feynman rules. In vacuum QED the starting point for the perturbative expansion are the solutions of the free Dirac and wave equations [Eq. (2) with A^μ = 0 and Eq. (3) with J^μ = 0]. An electron with a given four-momentum p^μ = (ϵ, p) (ϵ > 0, p^2 = m^2) can then be described by the planewave solutions [55]

ψ_p = 1 √ 2ϵ e^{−ipx}u_p, (/p − m)u_p = 0 (4) and the corresponding propagator is given by iG(x, y) = i ∫ d^4p (2π)^4 e^{−ip(x−y)} /p + m p^2 − m^2 + i0

. (5)

For a photon with polarization four-vector ϵ^μ and fourmomentum k^μ = (ω, k) (ω ≥ 0, k^2 = 0) we obtain the following wave-function

A^μ_k = 1 √ 2ω e^{−ikx}ϵ^μ (6) and in the Feynman gauge the photon propagator is given by −iD_{μν} (x − y) = −i ∫ d^4k (2π)^4 e^{−ik(x−y)} g_{μν} k^2 + i0

. (7)

Finally, the interaction between electrons, positrons and photons is represented by the interaction vertex −ie ∫ d^4x · · · γ^μ · · · , (8) where the dots indicate that the vertex is always contracted with two fermion and one photon line. Thus, one can move the exponential functions from the external lines and propagators to the vertex. After the space-time integrals associated with the vertex are taken, momentum-conserving delta functions are obtained. For a more detailed discussion see e.g. [55, 60].

B. QED with background fields

Vacuum QED has been tested to a very high precision, because, due to the smallness of the fine-structure constant, a perturbative treatment is adequate in most situations. However, for very strong external electromagnetic fields the (conventional) perturbation series breaks down.

Modern laser facilities provide a source of such strong external electromagnetic fields. A laser field is described by a coherent state of the photon field that effectively leads to the splitting A^μ = A^μ_{rad} +A^μ in the Lagrangian. While A^μ_{rad} represents the quantized radiation field, the classical field A^μ describes the laser field [61–63]. Working in the so-called Furry picture [64] the classical background field A^μ is taken into account exactly and only the radiation field is treated perturbatively. The starting point for the perturbative expansion of the S-matrix is then the solution of the interacting Dirac equation (2) with the replacement A^μ → A^μ. Since photons have no selfinteractions at tree level, the photon wave functions and propagators are left unchanged by the background field. A more detailed discussion of strong-field QED can be found in [47, 50, 61, 65] and in the references therein.

C. Plane-wave fields

In this paper we will consider only plane-wave external fields A^μ. This means that the field tensor F^{μν} depends only on the plane-wave phase ϕ = kx, where k^μ is a momentum four-vector which characterizes the plane wave. Such a field can be described (in the Lorentz gauge) by the following four-vector potential [4, 51, 66]

A^μ(kx) = a^μ_1 ψ_1(kx) + a^μ_2 ψ_2(kx), (9)

where k^2 = ka_i = a_1a_2 = 0 and where ψ_i(kx) are arbitrary functions, restricted only by the physical requirement that the external field is of finite extend (e.g. ψ_i(±∞) = ψ^′_i(±∞) = 0 and we also assume that the field vanishes fast enough at infinity). Furthermore, we adopt (without restriction) the normalization condition |ψ_i(kx)| , |ψ^′_i(kx)| ≲ 1 which means that the strength of the field can be characterized by the Lorentz invariant parameters

ξ_i = 1 m √ −a^2_i e^2, (10)

which we will call the classical intensity parameters. It turns out that the plane-wave field must be taken into account exactly if ξ_i ≳ 1 [47]. Modern laser facilities can easily reach this non-perturbative domain, e.g. in [5] ξ_i ∼ 100 was obtained.

The field tensor corresponding to the four-potential in Eq. (9) is given by

F^{μν} (kx) = f^{μν}_1 ψ^′_1(kx) + f^{μν}_2 ψ^′_2(kx), (11)

where

f^{μν}_i = k^μa^ν_i − k^ν a^μ_i , (12)

f^μ_{i ρ}f^{ρν}_j = −δ_{ij} a^2_i k^μk^ν , k_μf^{μν}_i = 0. (13)

It is also convenient to introduce the integrated fieldstrength tensor

F^{μν} (kx) = ∫_{kx} −∞ dϕ^′ F^{μν} (ϕ^′), (14) which can be written as

F^{μν} (kx) = k^μA^ν (kx) − k^ν A^μ(kx) = f^{μν}_1 ψ_1(kx) + f^{μν}_2 ψ_2(kx)

(15)

in the Lorentz gauge [we will use F^{μν}_x = F^{μν} (kx) interchangeably to denote the argument]. Both F^{μν} and F^{μν} have the important algebraic property that successive contractions of more than two tensors vanish and their square is proportional to k^μk^ν , e.g. F^{μρ}_x F_{yρν} = −k^μk_ν ∑ i=1,2 a^2_i ψ_i(kx)ψ_i(ky). (16)

If the background field is a plane-wave field, the Dirac equation [Eq. (2) with A^μ → A^μ] can be solved analytically [67]. The corresponding so-called Volkov-solution with the boundary condition Ψ_p → ψ_p if kx → −∞ [see Eq. (4)] can be written as [48, 55, 68]

Ψ_p = 1 √ 2ϵ E_{p,x}u_p, E_{p,x} = [ 1 + e/k /A(kx) 2 kp ] e^{iSp(x)}, (17)

where the phase is given by the classical action S_p(x) = −px − ∫_{kx} −∞ [ e pA(ϕ^′) kp − e^2A^2(ϕ^′) 2 kp ] dϕ^′. (18)

Despite being essentially semi-classical, the Volkov solutions are exact solutions of the interacting Dirac equation. Correspondingly, the dressed propagator (which is the Green’s function of the interacting Dirac-equation) is given by iG(x, y) = i ∫ d^4p (2π)^4 E_{p,x} /p + m p^2 − m^2 + i0 Ē_{p,y}, (19) where Ē_{p,x} = [ 1 + e /A(kx)/k 2 pk ] e^{−iSp(x)}. (20) Thus, in comparison with the vacuum case, the plane waves are replaced by the Ritus E_p-functions, which depend non-trivially on the plane-wave phase kx. However, they also form an orthogonal and complete set [48] ∫ d^4p (2π)^4 E_{p,x}Ē_{p,x}′ = δ^4(x − x^′), ∫ d^4x Ē_p′_{,x}E_{p,x} = (2π)^4 δ^4(p^′ − p).

(21)

The E_p-functions convert the dressed momentum into the free momentum [48] [i/∂_x − e /A(kx)]E_{p,x} = E_{p,x}/p, −i∂^μ_x Ē_{p,x}γ_μ − eĒ_{p,x} /A(kx) = /pĒ_{p,x} (22)

(these identities hold only if the derivative acts solely on E_{p,x} and Ē_{p,x}, respectively).

D. Dressed vertex

To obtain Feynman rules in momentum space, we can proceed analogously as in the vacuum case and move the E_p-functions to the vertex [68]. Correspondingly, we define the dressed vertex by Γ^ρ(p^′, q, p) = −ie ∫ d^4x e^{−iqx} Ē_p′_{,x}γ^ρE_{p,x}. (23) Working in momentum-space, the only difference between vacuum QED and strong-field QED is the vertex we have to use [i.e. the free vertex in Eq. (8) is replaced by the dressed vertex in Eq. (23)]. Using the relations given in appendix C, we can write the dressed vertex as Γ^ρ(p^′, q, p) = −ie ∫ d^4x [ γ_μG^{μρ}(kp^′, kp; kx) + iγ_μγ^5G^{μρ}_5 (kp^′, kp; kx) ] e^{iSΓ(p′ ,q,p;x)}, (24) where the phase and the coupling tensors are given by S_Γ(p^′, q, p; x) = −S_p′ (x) − qx + S_p(x) = (p^′ − q − p)x + ∫_{kx} −∞ dϕ^′ [ ep_μp′_ν Fμν (ϕ′) (kp)(kp^′) + e^2(kp − kp^′) 2(kp)^2(kp^′)^2 p_μp^′_ν F^{2μν} (ϕ^′) ] , (25)

G^{μρ}(kp^′, kp; kx) = g^{μρ} + G_1F^{μρ}_x + G_2F^{2μρ}_x , G^{μρ}_5 (kp^′, kp; kx) = G_3F^{∗μρ}_x , (26)

G_1 = −e kp + kp^′ 2kp kp^′ , G_2 = e^2 2kp kp^′ , G_3 = −e kp − kp^′ 2kp kp^′ (27)

(note that G_1 and G_2 are even in the permutation kp ↔ kp^′ while G_3 is odd). We point out that the expression given in Eq. (24) is manifestly gauge-invariant, since it depends on the external field only through the tensor F^{μν} [68]. Furthermore, if we subtract the vacuum vertex and consider the quantity Γ^ρ(p^′, q, p) + ieγ^ρ ∫ d^4x e^{i(p′ −q−p)}, (28) all integrals are properly convergent.

In position space the dressed propagator in Eq. (19) can be interpreted such that the electron (or positron) continuously interacts with the external field during its propagation. Examined in momentum space, we can also visualize the influence of the external field as a modification of the coupling between the photons of the radiation field and the charged particles. From Eq. (24) we see that beside the modification of the photon vector current interaction we also obtain a coupling to the axial-vector current inside the plane-wave background. This is possible, since the external field provides the pseudo-tensor F^{∗μν} .

Since the external field depends only on the plane-wave phase ϕ = kx, it is useful to use light-cone coordinates, which are discussed in appendix B. We can then always take the integrals in dx^+ and dx^⊥ in Eq. (24) and obtain momentum conserving delta functions in three of four light-cone components δ^{(−,⊥)}(p^′ − p − q), (29) where we used the notation

δ^{(−,⊥)}(a) = δ(a^−)δ(a^I)δ(a^{II}) (30)

for a general four-vector a^μ. Thus, the four-momentum is only conserved up to a multiple of the plane-wave fourmomentum k^μ at each vertex.

E. Ward-Takahashi identity

The Ward-Takahashi identity [53, 54] is a direct consequence of the gauge-invariance of QED, which becomes particular transparent in the functional integral approach [60, 69]. Diagrammatically, it is a functional relation for Feynman diagrams (in momentum space), where the polarization four-vector of an external photon leg is replaced by the corresponding momentum four-vector. In [70] a perturbative proof of the Ward-Takahashi identity in vacuum QED is given. We will show now how this proof can be extended to electron-positron loops inside a plane-wave background field.

FIG. 2. Closed electron loop with n dressed vertices and propagators.

The starting point is the following algebraic identity for the dressed vertex [68] q_ρΓ^ρ(p^′, q, p) = (/p^′ − m)I(p^′, q, p) − I(p^′, q, p)(/p − m), (31) where I(p^′, q, p) = −ie ∫ d^4x e^{−iqx} Ē_p′_{,x}E_{p,x}. (32)

To verify Eq. (31), we use Eq. (22) and note that the identity ∫ d^4x i∂_μ [¯ E_p′_{,x}γ^μe^{−iqx}E_{p,x} − e^{i(p′ −q−p)x}γ^μ ] = 0 (33)

holds (since the external field is supposed to vanish at infinity).

Typically, (/p^′ − m) and (/p − m) in Eq. (31) cancel an adjacent propagator and the associated momentumintegral can be taken using the relations ∫ d^4p^{′′} (2π)^4 I(p, q^′, p^{′′})Γ^μ(p^{′′}, q, p^′) = −ieΓ^μ(p, q + q^′, p^′), ∫ d^4p^{′′} (2π)^4 Γ^μ(p, q, p^{′′})I(p^{′′}, q^′, p^′) = −ieΓ^μ(p, q + q^′, p^′), (34)

which follow from Eq. (21). Using Eqs. (31) and (34) we can simplify diagrams which contain dressed vertices contracted with the corresponding photon four-momenta.

As an example, we consider now a closed electron loop which contains n dressed vertices and electron propagators (see Fig. 2). The i^{th} propagator of such a loop together with its adjacent vertices is given by · · · Γ^{μi} (p_{i−1}, q_i, p_i) 1 /p_i − m Γ^{μi+1} (p_i, q_{i+1}, p_{i+1}) · · · (35)

(the electron four-momenta p_i are integrated out). If we insert now a vertex (contracted with its photon fourmomentum) at this propagator, we obtain · · · Γ^{μi} (p_{i−1}, q_i, p_i) 1 /p_i − m q_μΓ^μ(p_i, q, p^′) × × 1 /p^′ − m Γ^{μi+1} (p^′, q_{i+1}, p_{i+1}) · · · (36)

and, by using Eqs. (31) and (34), we find that this is equivalent to · · · Γ^{μi} (p_{i−1}, q_i + q, p_i) 1 /p_i − m Γ^{μi+1} (p_i, q_{i+1}, p_{i+1}) · · · − · · · Γ^{μi} (p_{i−1}, q_i, p_i) 1 /p_i − m Γ^{μi+1} (p_i, q_{i+1} + q, p_{i+1}) · · ·

(37)

(in the first line we have changed the name of the integration variable from p^′ to p_i). Thus, the insertion splits the diagram into the sum of twice the original diagram with the additional four-momentum q added once at the adjacent vertex before and after the insertion. If we sum now over all possible insertion points of the loop, we obtain zero, since all contributions cancel (as in the vacuum case [70]).

We point out that the above discussion is shortened, since possible issues arising due to the renormalization of the theory were not addressed (in general, the validity of the Ward-Takahashi identity may be spoiled by anomalies [71]). In this paper, however, we are mainly interested in modifications induced by the background-field, which turn out to be finite. Thus, subtleties arising from manipulations of divergent integrals can be addressed as in vacuum QED.

III. POLARIZATION OPERATOR

A. General expression

The leading-order contribution to the polarization operator P^{μν} (q_1, q_2) for plane-wave background fields (see [55], §104) is determined by the diagram in Fig. 1. This diagram corresponds to the following expression

T^{μν} (q_1, q_2) = ∫ d^4p d^4p^′ (2π)^8 tr Γ^μ(p^′, q_1, p) × × (/p + m) p^2 − m^2 + i0

Γ^ν (p, −q_2, p^′)

(/p^′ + m) p^{′2} − m^2 + i0

(38)

and T^{μν} = iP^{μν} (see [55], §115; [72]). We note that T^{μν} (q_1, q_2) is divergent, but if we write

T^{μν} (q_1, q_2) = [ T^{μν} (q_1, q_2) − T^{μν}_{F=0}(q_1, q_2) ] + T^{μν}_{F=0}(q_1, q_2) (39)

the first part is finite [51] and the regularization of the vacuum contribution is well known [55, 60]. In the following, we will focus on the first part which contains only the corrections induced by the external background field.

To determine the expression in Eq. (38) we have to insert the dressed vertex given in Eq. (24) [we will denote the vertex integrals associated with Γ^μ(p^′, q_1, p) and Γ^ν (p, −q_2, p^′) by d^4x and d^4y, respectively]. We then obtain for T^{μν} (q_1, q_2)

T^{μν} (q_1, q_2) = 4 (−ie)^2 ∫ d^4p d^4p^′ (2π)^8 ∫ d^4xd^4y × × 1 4 tr [ · · · ]_{μν} (p^2 − m^2 + i0)(p^{′2} − m^2 + i0) e^{iST} (40)

(the prefactor 1/4 is included explicitly for later convenience), where the phase reads [see Eq. (24)]

iS_T = i(p^′ − p − q_1)x + i(p − p^′ + q_2)y + i ∫_{kx} ky dϕ^′ [ ep_μp^′_ν F^{μν} (kp)(kp^′) + e^2(kp − kp^′) 2(kp)^2(kp^′)^2 p_μp^′_ν F^{2μν} ] (41)

and^1_4 tr [ · · · ]_{μν} in Eq. (40) can be calculated using the relations given in appendix C 1 4 tr [ γ_αa^{αμ} + iγ_αγ^5b^{αμ} ] (/p + m) × × [ γ_β c^{βν} + iγ_β γ^5d^{βν} ] (/p^′ + m) = m^2[(a^{αμ}c^ν_α ) + (b^{αμ}d^ν_α )]

+ (pp^′)(b^{αμ}d^ν_α ) − (pp^′)(a^{αμ}c^ν_α ) + (p_αa^{αμ})(p^′_β c^{βν} ) + (p^′_αa^{αμ})(p_β c^{βν} ) − (p_αb^{αμ})(p^′_β d^{βν} ) − (p^′_αb^{αμ})(p_β d^{βν} ) − ϵ_{ρσαβ} p^ρp^{′σ} (a^{αμ}d^{βν} + b^{αμ}c^{βν} ), (42) where a^{αμ} = G^{αμ}(kp^′, kp; kx), c^{βν} = G^{βν} (kp, kp^′; ky), b^{αμ} = G^{αμ}_5 (kp^′, kp; kx), d^{βν} = G^{βν}_5 (kp, kp^′; ky). (43)

B. Evaluation of the integrals

Working in light-cone coordinates (see appendix B) we can take all space-time integrals except of those in dx^− and dy^−, and obtain the momentum-conserving delta functions

(2π)^6δ^{(−,⊥)}(p^′ − p − q) δ^{(−,⊥)}(q_1 − q_2). (44)

Here and in the following we write q^μ if q^μ_1 and q^μ_2 can be used interchangeably due to the above delta function. Successively, we can take the integrals in dp^{′−} and dp^{′⊥} (for simplicity we will continue writing p^′ and identify p^′ = p + q for the components −, ⊥).

It is now convenient to introduce the two four-vectors

Λ^μ_1 = f^{μν}_1 q_ν kq √ −a^2_1

, Λ^μ_2 = f^{μν}_2 q_ν kq √ −a^2

, (45)

which obey Λ_iΛ_j = −δ_{ij} , kΛ_i = q_iΛ_j = 0 and

f^{μν}_1 Λ_{1ν} = −^m_e k^μξ_1, f^{μν}_2 Λ_{2ν} = −^m_e k^μξ_2. (46)

They allow us to write the remaining phase as

iS_T = i(p^′ − p − q_1)^+x^− + i(p − p^′ + q_2)^+y^− + ipλ + iΛ, (47)

where we defined

λ^μ = − m(kq) (kp)(kp^′) ∑ i=1,2 ξ_iΛ^μ_i ∫_{kx} ky dϕ^′ ψ_i(ϕ^′),

Λ = − m^2(kq) 2(kp)(kp^′) ∑ i=1,2 ξ^2_i ∫_{kx} ky dϕ^′ ψ^2_i (ϕ^′).

(48)

Due to the appearance of Λ^μ_i in λ^μ, it is more convenient to use modified light-cone coordinates from now on [see Eq. (B11), the calculation so far is independent of this choice]. In modified light-cone coordinates we obtain the convenient relations

pλ = −p^⊥λ^⊥, q^⊥ = 0, p^{′⊥} = p^⊥, (49)

which simplify the algebra considerably.

If the preexponent would not depend on p^+ and p^{′+}, both integrals could now be taken. We therefore introduce the proper-time representation of the scalar propagators [4, 65] 1 p^2 − m^2 + i0 1 p^{′2} − m^2 + i0

= (−i)^2 ∫_∞ 0 ds dt × × exp [ i(p^2 − m^2 + i0)s + i(p^{′2} − m^2 + i0)t ] . (50)

In the following, we will drop the pole-prescriptions i0 and keep the replacement m^2 → m^2 − i0 in mind. Furthermore, we add the source terms ip_μj^μ + ip^′_μj^{′μ} to the phase, which allows us to make the replacement /p −→ (−i)/∂j , /p^′ −→ (−i)/∂j^′ (51) in the trace. Now, the preexponent depends only on p^− (through kp and kp^′). Taking the derivatives with respect to the sources out of the integrals, we can take the integrals in dp^+, dp^{′+} which results in the delta functions

(2π)δ[y^− − x^− −^1_{s+t} (2stq^− − tj^− + sj^{′−})] × × (2π)δ[2p^−(s + t) + 2q^−t + j^− + j^{′−}]. (52)

Successively, these delta functions can be used to take also the integrals in dy^− and dp^−. To this end we rewrite (since s + t ≥ 0)

δ[2p^−(s + t) + 2q^−t + j^− + j^{′−}]

=^1_{2(s+t)} δ[p^− +^1_{2(s+t)} (2q^−t + j^− + j^{′−})] (53)

(for simplicity we keep writing y^− and p^−). In particular, we obtain the identities kp = −^1_{s+t} [ tkq +^1_2 (kj + kj^′) ] , kp^′ = +^1_{s+t} [ skq −^1_2 (kj + kj^′) ] , ky = kx +^1_{s+t} (2stkq − tkj + skj^′), (54)

which imply for j = j^′ = 0 that

G_1 = e 2kq (s − t)(s + t) st = e 2kq vτ μ , G_2 = − e^2 2(kq)^2

(s + t)^2 st = − e^2 2(kq)^2 τ μ , G_3 = − e 2kq (s + t)^2 st = − e 2kq τ μ , (55)

where we defined [51] τ = s + t, v = s − t s + t , μ = st s + t =^1_4 τ(1 − v^2) (56)

[the motivation for these definitions becomes clear in Eq. (73)].

The remaining part of the phase structure (including the part coming from the propagators and the sources) is now given by iS^′_T = i [ (q^+_2 − q^+_1 )x^− +^{st}_{s+t} q^2 −^1_{s+t} (t q_2j − s q_2j^′)

−^1_{2(s+t)} (j^+ + j^{′+})(j^− + j^{′−})

− (p^⊥p^⊥ + m^2)(s + t)

− (j^⊥ + j^{′⊥} + λ^⊥)p^⊥ + Λ ] . (57)

Taking the Gaussian integrals in p^I and p^{II} we obtain the prefactor^π_{i(s+t)} and the final phase is given by iS^′_T = i [ (q^+_2 − q^+_1 )x^− − m^2(s + t) +^{st}_{s+t} q^2

−^1_{s+t} (t q_2j − s q_2j^′) −^1_{4(s+t)} (j + j^′)^2

−^1_{2(s+t)} (j + j^′)λ −^1_{4(s+t)} λ^2 + Λ ] , (58)

which reads for zero sources (j = j^′ = 0) iS^′_T = i [ (q^+_2 − q^+_1 )x^− + μq^2

− τm^2 + τm^2 ∑ i=1,2 ξ^2_i (I^2_i − J_i) ] , (59)

where we defined

I_i = − 1 2kqμ ∫_{kx} ky dϕ^′ ψ_i(ϕ^′), J_i = − 1 2kqμ ∫_{kx} ky dϕ^′ ψ^2_i (ϕ^′)

(60)

(the prefactor is chosen such that for j = j^′ = 0 and ψ_i = 1 we obtain I_i = J_i = 1).

Finally, we can write the tensor T^{μν} as

T^{μν} (q_1, q_2) = −2iπe^2 δ^{(−,⊥)}(q_1 − q_2) ∫_∞ 0 ds dt × × ∫_{+∞} −∞ dx^{− 1}_{(s+t)2}^1_4 tr [. . .]^{μν} e^{iS′T} | | |_{j=j′ =0}, (61)

where the expression for^1_4 tr [. . .]^{μν} is given in Eq. (42) with the replacement in Eq. (51) and where the sources are set to zero after the derivatives are taken.

We point out that the two four-momenta q_1 and q_2 appear asymmetrically in the final expression [see Eq. (59)]. To remove this asymmetry we shift the x^− integration by defining

z^− = x^− + μq^−. (62)

After this shift the phase contains q_1q_2 since

(q^+_2 − q^+_1 )x^− + μq^2 = (q^+_2 − q^+_1 )z^− + μq_1q_2. (63)

Furthermore, we obtain (for j = j^′ = 0) symmetric representations for the functions in Eq. (60)

I_i =^1_2

∫_{+1} −1 dλ ψ_i(kz − λμkq), J_i =^1_2

∫_{+1} −1 dλ ψ^2_i (kz − λμkq), (64)

since kx = kz − μkq, ky = kz + μkq +^1_{s+t} (skj^′ − tkj). (65)

C. Tensor structure

In principle, the only remaining task is to evaluate the two derivatives with respect to j and j^′ and then set j = j^′ = 0. Despite being elementary, this is the most tedious part of the calculation, since the sources appear in many places in the final expression. The work is considerably reduced if we expand the polarization operator in a convenient basis [51]. To this end we note that

q_{1μ}T^{μν} (q_1, q_2) = 0, T^{μν} (q_1, q_2)q_{2ν} = 0 (66)

due to the Ward-Takahashi identity (see section II E).

Since the four-vectors Λ_i appear in the phase [see Eq. (47)] and q_iΛ_j = 0, it is natural to introduce the two complete sets q_1, Q_1, Λ_1, Λ_2 and q_2, Q_2, Λ_1, Λ_2, where

Q^μ_1 = k^μq^2_1 − q^μ_1 kq kq , Q^μ_2 = k^μq^2 − q^μ_2 kq kq (67)

(Q^2_1 = −q^2_1 , Q^2 = −q^2 , Q_iΛ_j = 0, q_iQ_i = 0). Using the set including q_1 for the index μ and the set including q_2 for the index ν, seven of 16 coefficients vanish due to the Ward-Takahashi identity and we can decompose T^{μν} (q_1, q_2) as [51]

T^{μν} = c_1Λ^μ_1 Λ^ν_2 + c_2Λ^μ_2 Λ^ν_1 + c_3Λ^μ_1 Λ^ν_1

+ c_4Λ^μ_2 Λ^ν_2 + c_5Q^μ_1 Q^ν_2 + c_6Q^μ_1 Λ^ν_1 + c_7Q^μ_1 Λ^ν_2 + c_8Λ^μ_1 Q^ν_2 + c_9Λ^μ_2 Q^ν_2 . (68)

It turns out that also the coefficients c_6 −c_9 vanish. If analyzed perturbatively (with respect to the external field coupling) this can be understood from Furry’s theorem [51, 52]. Since a closed fermion loop with an odd number of vertices vanishes, only diagrams with an even number of external field couplings (eA^μ) contribute to T^{μν} . Due to gauge-invariance and the fact that T^{μν} is a tensor, the external field can enter only as F^{μν} (which is linear in A^μ). Since it is not possible to construct a scalar linear in F^{μν} using only the four-vectors q^μ_1 , q^μ_2 and k^μ, the tensor structure cannot involve an odd number of the tensor F^{μν} . As a consequence the coefficients c_6 − c_9 (which are linear in Λ^μ_i and thus in the external field) should vanish. We will later see that this is indeed the case.

The coefficients c_i in Eq. (68) can be determined by contracting T^{μν} (q_1, q_2) with appropriate four-vectors. Especially, using again the Ward-Takahashi identity, we obtain

Q_{1μ}T^{μν} = q^2_1 kq k_μT^{μν} , T^{μν} Q_{2ν} = q^2 kq T^{μν} k_ν . (69)

Thus, effectively, we need to determine the contractions of T^{μν} (q_1, q_2) with the four-vectors k^μ and Λ^μ_i to determine the coefficients c_i, i.e. we need to calculate the (−, ⊥)-components of T^{μν} (q_1, q_2) in modified light-cone coordinates. Since k^μ has only a +-component, the evaluation of the derivatives is now considerably simplified. Leaving the term proportional to pp^′ aside, we see that all derivatives which act on kj or kj^′ can be ignored. They would result in the replacement of p^μ or p^{′μ} by k^μ. Since k_μF^{μν} = k_μF^{2μν} = k_μF^{∗μν} = 0 and k^2 = kΛ_i = 0, we do not need to consider those terms. The derivatives acting on kj or kj^′ are therefore only important to determine the term proportional to pp^′. However, this is achieved more easily if the calculation presented in section III B is repeated with a scalar source term J pp^′ in the exponent (see section III E).

To calculate the preexponent of the polarization operator, we must now insert the explicit expressions given in Eq. (26) into the trace in Eq. (42). Since contracted with k^μ or Λ^μ_i from each side, many terms of the trace vanish, e.g. the terms proportional to F^{μν} , F^{2μν} , F^{2μρ}p_ρ. Using the relations in appendix D, we can show that Eq. (42) can be substituted by the following expression

m^2g^{μν} + p^μp^{′ν} + p^{′μ}p^ν + g^{μν} [ G_3pF_yp^′ + G_3pF_xp^′ − 2G^2_3(pF^2_{xy}p^′) − (pp^′) ] − G_3 [ (F_yp^′)^μp^ν − (F_yp)^μp^{′ν} + p^μ(F_xp^′)^ν − p^{′μ}(F_xp)^ν ] − G_1 [ p^μ(F_yp^′)^ν + p^{′μ}(F_yp)^ν + (F_xp)^μp^{′ν} + (F_xp^′)^μp^ν ] + G^2_1 [ (F_xp)^μ(F_yp^′)^ν + (F_xp^′)^μ(F_yp)^ν ] − G^2_3 [ (F_yp)^μ(F_xp^′)^ν + (F_yp^′)^μ(F_xp)^ν ] , (70)

where F^{2μν}_{xy} = F^{μρ}(kx)F^ν_ρ (ky) = F^{μρ}(ky)F^ν_ρ (kx) [here the replacement p^μ −→ (−i)∂^μ_j and p^{′μ} −→ (−i)∂^μ_j′ is understood if the trace is inserted in Eq. (61), see Eq. (51)]. Since the term proportional to pp^′ enters as g^{μν} , it modifies only the diagonal coefficients c_3 and c_4.

D. Evaluation of the derivatives

Leaving the term proportional to pp^′ aside, we can ignore derivatives acting on kj and kj^′ as discussed above [this implies that the derivatives do not act on kp, kp^′ and ky, see Eq. (54)]. The remaining non-trivial sourcedependent part of the phase is given by [see Eq. (58)] −^i_{s+t} [ t q_2j − s q_2j^′ +^1_4 (j + j^′)^2 +^1_2 (j + j^′)λ ] . (71)

The squared term contributes only if both derivatives act on it, which results in the replacement

p^αp^{′β} −→ (−i)^2∂^α_j ∂^β_j′ −→^i_{2(s+t)} g^{αβ} (72a)

and the only non-zero contribution comes from the first line in Eq. (70). If the derivatives act on the other source terms, we obtain the replacement p^αp^{′β} −→ (−i)^2∂^α_j ∂^β_j′ −→ −^1_{(s+t)2} (tq^α_2 +^1_2 λ^α)(sq^β_2 −^1_2 λ^β ). (72b)

After these replacements are applied to Eq. (70) and the sources are set to zero, we obtain (effectively) the following expression for Eq. (70) g^{μν} [ m^2 +^i_τ −^e_{4kq μ} (qF_yλ + qF_xλ)

+^{e2}_{2(kq)2}^τ_μ qF^2_{xy}q − pp^′ ] − 2^μ_τ q^μ_2 q^ν_2 −^v_{2τ} (q^μ_2 λ^ν + λ^μq^ν_2 ) +^1_{2τ 2} λ^μλ^ν

+^e_{kq} v [ q^μ_2 (F_yq)^ν + (F_xq)^μq^ν_2 ] −^e_{4kq}^1_μ [ (F_yq)^μλ^ν + λ^μ(F_xq)^ν ] +^e_{4kq}^{v2}_μ [ λ^μ(F_yq)^ν + (F_xq)^μλ^ν ] +^{e2}_{2(kq)2}^τ_μ [ (F_yq)^μ(F_xq)^ν − v^2(F_xq)^μ(F_yq)^ν ] (73)

[note that terms proportional to (Fλ)^μ, (Fλ)^ν can be omitted]. By changing the proper-time integrations from s, t to τ, v [51] ∫_∞ 0 ds dt f(s, t) =^1_2 ∫_{+1} −1 dv ∫_∞ 0 dτ τf̃(τ, v) (74) we see that the terms linear in v vanish. Those terms determine the coefficients c_6 − c_9, which are therefore zero (as already anticipated from Furry’s theorem).

E. Scalar term

To determine the term proportional to pp^′, we add the scalar source term iJ pp^′ to the phase (instead of ip_μj^μ + ip^′_μj^{′μ}) and repeat the calculation presented in section III B. The propagators are represented in the same way [see Eq. (50)], and we replace pp^′ by −i^∂_{∂J} . Then we take the integrals in dx^+, dx^⊥, dy^+, dy^⊥, dp^{′−}, dp^{′⊥}, dp^{′+} and dp^+. Instead of Eq. (52) we obtain now

(2π)δ[y^− − x^− −^{4st−J 2}_{2(s+t+J )} q^−] ×

× (2π)δ[2(s + t + J )p^− + (2t + J )q^−]. (75)

The remaining part of the phase (including the part from the propagator) can be written as iS^′_T = i [ q^+_2 y^− − q^+_1 x^− − p^⊥p^⊥J

+ (−p^⊥p^⊥ − m^2)(s + t) − p^⊥λ^⊥ + Λ ] . (76)

It is now convenient to shift the proper-time integrations

s −→ s −^1_2 J , t −→ t −^1_2 J . (77)

Due to this shift also the integral boundaries of the proper-time integrations depend on the source. However, if the derivative acts on the integral boundaries, either s or t is set to zero or to infinity. The resulting terms do not dependent on the external field since s = 0 or t = 0 implies μ = 0, ky = kx and thus λ^μ = 0 and Λ = 0. On the other hand the terms at s → ∞ or t → ∞ do not contribute because the field-dependent part of the integral is convergent. Since we want to calculate only the field-dependent part of the polarization operator [see Eq. (89)] we will ignore the source-dependence of the integral boundaries.

After the shift in Eq. (77), the delta functions read (2π)δ[y^− − x^− − (2μ − J )q^−] × × (2π)δ[2p^−(s + t) + 2q^−t] (78)

and the phase is given by iS^′_T = i [ (q^+_2 − q^+_1 )x^− + (μ −^1_2 J )q^2 − m^2(s + t − J )

− p^⊥p^⊥(s + t) − p^⊥λ^⊥ + Λ ] . (79)

We can now use the delta functions to take the integrals in dy^− and dp^− (we keep writing y^− and p^− for convenience). We then obtain the identities kp = −^t_{s+t} kq, kp^′ =^s_{s+t} kq, ky = kx + (2μ − J )kq (80)

[for J = 0 this agrees with Eq. (54)]. The shift in the proper-time integrals has the advantage that kp and kp^′ are now independent of J . We could have proceeded similarly also in the calculation of the other terms. However, since we ignored sources contracted with k anyway, this was not necessary.

Taking now the Gaussian integrals in dp^I, dp^{II}, we obtain the prefactor^π_{i(s+t)} and the final phase is given by iS^′_T = i [ (q^+_2 − q^+_1 )x^− + (μ −^1_2 J )q^2 − m^2(τ − J )

+ τm^2 ∑ i=1,2 ξ^2_i (I^2_i − J_i) ] , (81)

where I_i and J_i are defined in Eq. (60) [for zero sources Eq. (81) agrees with Eq. (59)]. Since pp^′ in the preexponent is only multiplied by g^{μν} [see Eq. (73)], the evaluation of the derivative is not very cumbersome and we obtain the replacement

pp^′ −→ (−i)^∂_{∂J} −→ −^1_2 q^2 + m^2

+ m^{2 τ}_{2μ} ∑ i=1,2 ξ^2_i [ ψ^2_i (ky) − 2I_iψ_i(ky) ] (82) after J is set to zero (as explained above, we have ignored the source-dependence of the proper-time integral boundaries).

To symmetrize the final expression, we change the x^−- integration by defining [see Eq. (62)]

z̃^− = x^− + (μ −^1_2 J ) q^− (83)

(z̃^− = z^− for J = 0), which implies kx = kz̃ − (μ −^1_2 J )kq, ky = kz̃ + (μ −^1_2 J )kq

(84) and (q^+_2 − q^+_1 )x^− + (μ −^1_2 J )q^2

= (q^+_2 − q^+_1 )z̃^− + (μ −^1_2 J )q_1q_2. (85)

Finally, we obtain the symmetric replacement

pp^′ −→ (−i)^∂_{∂J} −→ −^1_2 q_1q_2 + m^2 + m^{2 τ}_{2μ} ∑ i=1,2 ξ^2_i × × [_1 2 ψ^2_i (kx) +^1_2 ψ^2_i (ky) − I_iψ_i(kx) − I_iψ_i(ky) ] (86)

(we assume that at x^− = ±∞ the external field vanishes and therefore the derivative does not act on the integral boundaries, which now also depend on the source).

F. Final result

To determine the non-vanishing coefficients c_1 − c_5 of the polarization operator [see Eq. (68)] we combine now Eqs. (61), (62), (73) and (86). Furthermore, we define the following functions

X_{ij} = [I_i − ψ_i(ky)] [I_j − ψ_j (kx)],

Z_i =^1_2 [ψ_i(kx) − ψ_i(ky)]^2

(87)

and note that for j = j^′ = 0

F^{μν}_x Λ_{iν} = −^m_e k^μξ_iψ_i(kx),

λ^μ = −2mτ ∑ i=1,2 Λ^μ_i ξ_iI_i, eΛ_{iμ}F^{μν}_x q_ν = m kq ξ_i ψ_i(kx), Λ_iλ = 2mτξ_iI_i, eqF_xλ = 2kq τm^2 ∑ i=1,2 ξ^2_i ψ_i(kx)I_i, e^2qF^2_{x,y}q = m^2(kq)^2 ∑ i=1,2 ξ^2_i ψ_i(kx)ψ_i(ky). (88)

Using these relations, we obtain for the field-dependent part of the tensor T^{μν} the following expression

T^{μν} (q_1, q_2) − T^{μν}_{F=0}(q_1, q_2) = −iπe^2 δ^{(−,⊥)}(q_1 − q_2) × × ∫_{+1} −1 dv ∫_∞ 0 dτ τ ∫_{+∞} −∞ dz^− [ b_1Λ^μ_1 Λ^ν_2 + b_2Λ^μ_2 Λ^ν_1

+ b_3Λ^μ_1 Λ^ν_1 + b_4Λ^μ_2 Λ^ν_2 + b_5Q^μ_1 Q^ν_2 ] e^{iΦ}, (89) where the field-independent phase reads [see Eqs. (59) and (63)]

e^{iΦ} = exp { i [ (q^+_2 − q^+_1 )z^− + μq_1q_2 − τm^2 ]} (90)

[μ =^1_4 τ(1 − v^2), see Eq. (56)] and

b_1 = 2m^2ξ_1ξ_2 (_τ 4μ X_{12} −^{τ v2}_{4μ} X_{21} ) e^{iτ β}, b_2 = 2m^2ξ_1ξ_2 (_τ 4μ X_{21} −^{τ v2}_{4μ} X_{12} ) e^{iτ β}, b_3 = − (_i τ +^{q1 q2}_2 ) ( e^{iτ β} − 1 ) + 2m^2 [_τ 4μ ( ξ^2_1 Z_1 + ξ^2 Z_2 ) + ξ^2_1 X_{11} ] e^{iτ β}, b_4 = − (_i τ +^{q1 q2}_2 ) ( e^{iτ β} − 1 ) + 2m^2 [_τ 4μ ( ξ^2_1 Z_1 + ξ^2 Z_2 ) + ξ^2 X_{22} ] e^{iτ β}, b_5 = −^{2μ}_τ ( e^{iτ β} − 1 ) . (91) The field-dependent phase is given by [see Eq. (59)]

e^{iτ β} = exp [ iτm^2 ∑ i=1,2 ξ^2_i (I^2_i − J_i) ] , (92)

where [see Eq. (64)]

I_i =^1_2

∫_{+1} −1 dλ ψ_i(kz − λμkq), J_i =^1_2

∫_{+1} −1 dλ ψ^2_i (kz − λμkq) (93)

and [see Eq. (87)] X_{ij} = [I_i − ψ_i(kz + μkq)] [I_j − ψ_j (kz − μkq)], Z_i =^1_2 [ψ_i(kz − μkq) − ψ_i(kz + μkq)]^2.

(94)

We note that, using the metric tensor g^{μν} , we can construct the following projection tensor [52] G^{μν} = q^μ_2 q^ν_1 − q_1q_2 g^{μν} , (95) which obeys q_{1μ}G^{μν} = G^{μν} q_{2ν} = 0 (96) and can be decomposed as

G^{μν} = q_1q_2 (Λ^μ_1 Λ^ν_1 + Λ^μ_2 Λ^ν_2 ) + Q^μ_1 Q^ν_2 . (97) This shows that the decomposition given in Eq. (89) has the structure claimed in [52].

IV. DISCUSSION OF THE RESULTS

A. Comparison with the literature

The expression we obtained for the field-dependent part of T^{μν} in Eq. (89) is manifestly symmetric in q_1 and q_2. We will now show how the alternative representation found in [51] can be derived from our calculation. To this end we do not apply the shift in Eqs. (62) and (83) which means that we have to use the replacement given in Eq. (82) [rather then Eq. (86)] for the pp^′-term in Eq. (73), which modifies the coefficients b_3 and b_4. Furthermore, we introduce the variable

z^{′−} = x^− + 2μq^− = z^− + μq^−, (98)

which allows us to write [see Eq. (63)]

(q^+_2 − q^+_1 )x^− + μq^2 = (q^+_2 − q^+_1 )z^− + μq_1q_2 = (q^+_2 − q^+_1 )z^{′−} + μq^2_1 (99)

and [see Eq. (54)] kx = kz^′ − 2μkq, ky = kz^′ (100) (here and in the remaining subsection we assume that all sources are set to zero). Thus, we obtain the following representation [see Eq. (60)]

I_i =

∫_1 0 dλ ψ_i(kz^′ − 2kqμλ), J_i =

∫_1 0 dλ ψ^2_i (kz^′ − 2kqμλ), (101)

I^2_i − J_i = [ ∫ 1 0 dλ Δ_i(μλ) ]_2 − ∫_1 0 dλ Δ^2_i (μλ), (102)

where we introduced [51]

Δ_i(r) = ψ_i(kz^′ − 2kqr) − ψ_i(kz^′). (103)

Furthermore, it is useful to define [compare with Eq. (87)]

X_{ij} = [I_i − ψ_i(ky)] [I_j − ψ_j (kx)], Y_i = [I_i − ψ_i(ky)] [ψ_i(kx) − ψ_i(ky)]

(104)

which can be written as X_{ij} = [∫_1 0 dλ Δ_i(μλ) ] [∫_1 0 dλ Δ_j (μλ) − Δ_j (μ) ] , Y_i = [∫_1 0 dλ Δ_i(μλ) ] Δ_i(μ). (105)

Finally, we obtain the following alternative representation for the field-dependent part of T^{μν}

T^{μν} (q_1, q_2) − T^{μν}_{F=0}(q_1, q_2) = −iπe^2 δ^{(−,⊥)}(q_1 − q_2) × × ∫_{+1} −1 dv ∫_∞ 0 dτ τ ∫_{+∞} −∞ dz^{′−} [ b_1Λ^μ_1 Λ^ν_2 + b_2Λ^μ_2 Λ^ν_1

+ b^′_3Λ^μ_1 Λ^ν_1 + b^′_4Λ^μ_2 Λ^ν_2 + b_5Q^μ_1 Q^ν_2 ] e^{iΦ} (106) with the coefficients

b_1 = 2m^2ξ_1ξ_2 (_τ 4μ X_{12} −^{τ v2}_{4μ} X_{21} ) e^{iτ β}, b_2 = 2m^2ξ_1ξ_2 (_τ 4μ X_{21} −^{τ v2}_{4μ} X_{12} ) e^{iτ β}, b^′_3 = − (_i τ +^{q2}_2 ) ( e^{iτ β} − 1 ) + 2m^2 [_τ 4μ ( ξ^2_1 Y_1 + ξ^2 Y_2 ) + ξ^2_1 X_{11} ] e^{iτ β} , b^′_4 = − (_i τ +^{q2}_2 ) ( e^{iτ β} − 1 ) + 2m^2 [_τ 4μ ( ξ^2_1 Y_1 + ξ^2 Y_2 ) + ξ^2 X_{22} ] e^{iτ β} , b_5 = −^{2μ}_τ ( e^{iτ β} − 1 )

(107)

and phases

e^{iΦ} = exp { i [ (q^+_2 − q^+_1 )z^{′−} + μq^2_1 − τm^2 ]} , e^{iτ β} = exp [ iτm^2 ∑ i=1,2 ξ^2_i (I^2_i − J_i) ] . (108)

This representation coincides with Eq. 2.27 in [51].

B. Constant-crossed field

The polarization operator for a constant-crossed field was first obtained in [73, 74] (see also [48, 50, 75]). We show now how this result can be obtained from the expression in Eq. (89).

A constant-crossed field is characterized by

ψ_1(ϕ) = ϕ, ψ_2(ϕ) = 0, (109)

(the latter condition corresponds to ξ_2 = 0 and we will write ξ = ξ_1 in the following). The field tensor and its square are then given by [see Eq. (11)]

F^{μν} = f^{μν}_1 , F^{2μν} = m^2ξ^2 e^2 k^μk^ν . (110)

For a constant-crossed field we obtain

I_1 = kz, J_1 = (kz)^2 +^1_3 (μkq)^2, I_2 = J_2 = 0, X_{11} = −(μkq)^2, Z_1 = 2(μkq)^2, Z_2 = X_{12} = X_{21} = X_{22} = 0.

(111)

After inserting these expressions into Eq. (89), we can take the integral in dz^− and obtain the remaining delta function 2π δ^{(+)}(q_1 − q_2), which implies that the polarization tensor for a constant-crossed field is diagonal in the external photon four-momenta. We define therefore the four-vectors [see Eq. (67)]

q^μ = q^μ_1 = q^μ_2 , Q^μ = Q^μ_1 = Q^μ_2 = k^μq^2 − q^μkq kq . (112)

They obey

kQ = −kq, qQ = 0, Q^2 = −q^2. (113)

The four-vectors q^μ, Q^μ, Λ^μ_1 and Λ^μ_2 form a complete set and we obtain the following representation of the metric tensor g^{μν} = 1 q^2

(q^μq^ν − Q^μQ^ν ) − Λ^μ_1 Λ^ν_1 − Λ^μ_2 Λ^ν_2 . (114)

From Eq. (89) we obtain now the following representation of the field-dependent part of T^{μν} in a constant-crossed field [see Eq. (109)]

T^{μν} (q_1, q_2) − T^{μν}_{F=0}(q_1, q_2) = −2iπ^2e^2 δ^4(q_1 − q_2) × × ∫_{+1} −1 dv ∫_∞ 0 dτ τ [ b_3Λ^μ_1 Λ^ν_1 + b_4Λ^μ_2 Λ^ν_2 + b_5Q^μQ^ν ] e^{iΦ} , (115)

where

b_3 = − (_i τ +^{q2}_2 ) ( e^{iτ β} − 1 ) + m^6χ^2τ^{2 1}_4 (1 − v^2) [ 1 −^1_2 (1 − v^2) ] e^{iτ β} , b_4 = − (_i τ +^{q2}_2 ) ( e^{iτ β} − 1 ) + m^6χ^2τ^{2 1}_4 (1 − v^2)e^{iτ β} , b_5 = −^1_2 (1 − v^2) ( e^{iτ β} − 1 ) (116)

and the phases are given by iΦ = −iτa, a = m^2 [ 1 −^1_4 (1 − v^2)^{q2}_{m2} ] , iτβ = −^i_3 τ^3b, b = m^6χ^2

[_1 4 (1 − v^2)

]_2 (117)

(in the following, we will make the change of variables τ → t, where τ^3b = t^3 and ρ =^a_3√_b ). Here we have introduced the quantum non-linearity parameter χ = − e √ qF^2q m^3 = ξ √ (kq)^2 m^2

(118)

(κ in [48, 73]).

We can rewrite now

Λ^μ_1 Λ^ν_1 = − (F q)^μ(F q)^ν (F q)^2 , Λ^μ_2 Λ^ν_2 = −

(F^∗q)^μ(F^∗q)^ν (F^∗q)^2 , (119)

where

(F^∗q)^2 = (F q)^2 = −^{m2ξ2}_{e2} (kq)^2 (120)

and obtain [see Eq. (95)]

G^{μν} = q^μq^ν − q^2 g^{μν} = q^2 (Λ^μ_1 Λ^ν_1 + Λ^μ_2 Λ^ν_2 ) + Q^μQ^ν . (121)

We note the following relations

q_ρG^{ρν} = G^{μρ}q_ρ = 0, k_ρG^{ρμ} = G^{μρ}k_ρ = −kqQ^μ, (122)

G^{μρ}F^2_{ρσ} G^{σν} =^{m2}_{e2} ξ^2(kq)^2Q^μQ^ν . (123)

To obtain the representation given in [48, 50], we pass over to different basis tensors

b_3Λ^μ_1 Λ^ν_1 + b_4Λ^μ_2 Λ^ν_2 + b_5Q^μQ^ν = (q^2b_5 − b_3) (F q)^μ(F q)^ν (F q)^2

+ (q^2b_5 − b_4)

(F^∗q)^μ(F^∗q)^ν (F^∗q)^2

+ b_5G^{μν} (124)

and define the following functions [48, 50] f(x) = i ∫_∞ 0 dt exp [ −i(tx +^1_3 t^3) ] = π Gi(x) + iπ Ai(x), (125)

f^′(x) = ∫_∞ 0 tdt exp [ −i(tx +^1_3 t^3) ] , (126)

f_1(x) = ∫_∞ 0 dt t exp (−itx) [ exp ( −^i_3 t^3 ) − 1 ]

= ∫_∞ x dt [ f(t) − 1 t ] (127)

and f_2(x) = ∫_∞ 0 dt t^2 exp (−itx) [ exp ( −^i_3 t^3 ) − 1 ] = −i [xf_1(x) + f^′(x)] , (128)

where Ai and Gi denote the Airy and Scorer function, respectively [76]. These functions obey the following differential equations f^{′′}(x) = xf(x) − 1, f^′_1(x) =^1_x − f(x) = −^1_x f^{′′}(x).

(129)

Using the latter and assuming convergence and vanishing of boundary terms, we can replace the function f_1(x) by f^′(x) in the following way

∫_{+1} −1 dv g(v)f_1[ρ(v)] = − ∫_{+1} −1 dv [ G(v) ρ(v) ]_′ f^′[ρ(v)], (130)

where G^′(v) = g(v).

Using the above notation, we can represent the fielddependent part of the tensor T^{μν} for a constant-crossed field given in Eq. (115) by

T^{μν} (q_1, q_2) − T^{μν}_{F=0}(q_1, q_2) = i(2π)^4δ^4(q_1 − q_2) × × [ π_1 (F q)^μ(F q)^ν (F q)^2

+ π_2

(F^∗q)^μ(F^∗q)^ν

(F^∗q)^2 − π_3 q^2 G^{μν} ] , (131) where

π_1 = e^2 4π m^2 3π ∫_{+1} −1 dv (w − 1) ( χ w )2_{/3} f^′(ρ), π_2 = e^2 4π m^2 3π ∫_{+1} −1 dv (w + 2) ( χ w )2_{/3} f^′(ρ), π_3 = − e^2 4π q^2 π ∫_{+1} −1 dv f_1(ρ) w

(132)

[^1_w =^1_4 (1 − v^2), ρ = (_w χ )2_{/3} (1 −^{q2}_{m2}^1_w )]. Since all nonvanishing functions are even in v, we can now apply the following change of variables

∫_{+1} −1 dv = 2 ∫_1 0 dv = ∫_∞ 4 dw 4 w √ w(w − 4) , (133)

which shows that the result in Eq. (131) is equivalent to the one given in [48, 50].

C. Quasi-classical limit

We consider now a linearly polarized plane-wave field

ψ_1(ϕ) = ψ(ϕ), ψ_2(ϕ) = 0 (134)

(ξ = ξ_1, f^{μν} = f^{μν}_1 ) in the quasi-classical limit defined by ξ → ∞ while [see Eq. (118)] χ = − e √ qf^2q m^3 = ξ √ (kq)^2 m^2

(135)

is kept constant. In the optical regime (photon energy ω_0 ∼ 1 eV) χ ≳ 1 requires ξ ≫ 1 which means that the quasi-classical limit is in general sufficient to analyze strong-field experiments with optical lasers.

By employing the identity |kq| = m^2χ/ξ, we can expand all functions depending on μkq

I^2_1 − J_1 = −(1/3)(μkq)^2 [ ψ^′(kz) ]_2 + O(μkq)^3, Z_1 = 2(μkq)^2 [ ψ^′(kz) ]_2 + O(μkq)^3, X_{11} = −(μkq)^2 [ ψ^′(kz) ]_2 + O(μkq)^3 (136)

(X_{12} = X_{21} = X_{22} = Z_2 = I_2 = J_2 = 0 for linear polarization). Thus, if multiplied by ξ^2 only the leading-order terms are independent of ξ and all others are suppressed. In the limit ξ → ∞ the expressions in Eq. (136) correspond to those in Eq. (111) with the replacement χ → χ(kz) = χψ^′(kz). The remaining calculation is therefore similar to the constant-crossed field case and the final result in Eq. (138) corresponds essentially to Eq. (131) with the above replacement. Using [see Eq. (119)]

Λ^μ_1 Λ^ν_1 = − (fq)^μ(fq)^ν (fq)^2 , Λ^μ_2 Λ^ν_2 = −

(f^∗q)^μ(f^∗q)^ν (f^∗q)^2

(137) and Eq. (97), we obtain for a linearly polarized planewave field in the quasi-classical approximation the following representation for the field-dependent part of the tensor T^{μν} [see Eq. (89)]

T^{μν} (q_1, q_2) − T^{μν}_{F=0}(q_1, q_2) = i(2π)^4δ^{(−,⊥)}(q_1 − q_2) × × 1 2π ∫_{+∞} −∞ dz^− e^{i(q+2 −q+1 )z−} [ π^′_1 (fq)^μ(fq)^ν (fq)^2

+ π^′_2

(f^∗q)^μ(f^∗q)^ν (f^∗q)^2 − π^′_3 q_1q_2 G^{μν} ] , (138)

where [see Eq. (132)]

π^′_1 = e^2 4π m^2 3π ∫_{+1} −1 dv (w − 1) [ |χ(kz)| w ]2_{/3} f^′(ρ), π^′_2 = e^2 4π m^2 3π ∫_{+1} −1 dv (w + 2) [ |χ(kz)| w ]2_{/3} f^′(ρ), π^′_3 = − e^2 4π q_1q_2 π ∫_{+1} −1 dv f_1(ρ) w

(139)

with^1_w =^1_4 (1 − v^2), ρ = [_w |χ(kz)| ]2_{/3} (1 −^{q1 q2}_{m2}^1_w ) and G^{μν} = q^μ_2 q^ν_1 − q_1q_2 g^{μν} [see Eq. (95)].

D. Circular polarization

The general result in Eq. (89) also simplifies considerably if the plane wave is circularly polarized and monochromatic

ψ_1(ϕ) = ℜe^{iϕ}, ψ_2(ϕ) = ℑe^{iϕ}, ξ_1 = ξ_2 = ξ. (140)

We then obtain I_1 = sinc(μkq)ℜe^{ikz} , I_2 = sinc(μkq)ℑe^{ikz} , J_1 + J_2 = 1, Z_1 + Z_2 = 2 sin^2(μkq),

(141)

I_1 − ψ_1(kz + μkq) = ℜA, I_2 − ψ_2(kz + μkq) = ℑA, I_1 − ψ_1(kz − μkq) = ℜB, I_2 − ψ_2(kz − μkq) = ℑB, (142)

where A = e^{ikz} [sinc(μkq) − cos(μkq) − i sin(μkq)] , B = e^{ikz} [sinc(μkq) − cos(μkq) + i sin(μkq)] . (143)

[we define sinc x = (sin x)/x]. Thus,

X_{12} − X_{21} = ℑA^∗B, X_{11} − X_{22} = ℜAB, X_{12} + X_{21} = ℑAB, X_{11} + X_{22} = ℜA^∗B,

(144)

where

A^∗B = sinc^2(μkq) + cos(2μkq) − 2 sinc(2μkq) + i [− sin(2μkq) + 2 sinc(μkq) sin(μkq)] , AB = e^{2ikz} [ sinc^2(μkq) − 2 sinc(2μkq) + 1 ] . (145)

Thus, we can write the field-dependent part of the tensor T^{μν} for a circularly polarized plane wave as [see Eq. (89)]

T^{μν} (q_1, q_2) − T^{μν}_{F=0}(q_1, q_2) = −iπe^2 δ^{(−,⊥)}(q_1 − q_2) × × ∫_{+1} −1 dv ∫_∞ 0 dτ τ ∫_{+∞} −∞ dz^− [ b_+Λ^μ_+Λ^ν_+

+ b_−Λ^μ_−Λ^ν_− +^1_2 (b_1 − b_2)(Λ^μ_1 Λ^ν_2 − Λ^μ_2 Λ^ν_1 ) +^1_2 (b_3 + b_4)(Λ^μ_1 Λ^ν_1 + Λ^μ_2 Λ^ν_2 ) + b_5Q^μ_1 Q^ν_2 ] e^{iΦ}, (146)

where we defined

Λ^μ_± = Λ^μ_1 ± iΛ^μ_2 (147)

and the coefficients are given by

b_± =^1_4 [(b_3 − b_4) ∓ i(b_1 + b_2)] =^1_2 m^2ξ^2 × × [ sinc^2(μkq) − 2 sinc(2μkq) + 1 ] e^{∓2ikz+iτ β} , (148)

1 2 (b_1 − b_2) = m^2ξ^{2 (1+v2 )}_{(1−v2)} [ − sin(2μkq) + 2 sinc(μkq) sin(μkq) ] e^{iτ β}, (149) 1 2 (b_3 + b_4) = − (_i τ +^{q1 q2}_2 ) ( e^{iτ β} − 1 ) + m^2ξ^2 [ 2^{(1+v2 )}

(1−v^2 ) sin 2(μkq) + sinc^2(μkq) − 2 sinc(2μkq) + 1 ] e^{iτ β}, (150)

b_5 = −^{2μ}_τ ( e^{iτ β} − 1 ) (151)

and the phases read iτβ = iτm^2ξ^2 [ sinc^2(μkq) − 1 ] , iΦ = i [ (q^+_2 − q^+_1 )z^− + μq_1q_2 − τm^2

] (152)

[μ =^1_4 τ(1 − v^2)]. Finally, the integral in dz^− can be taken and we obtain the following expression for the field-dependent part of T^{μν} (q_1, q_2) for a monochromatic, circularly-polarized plane-wave laser field

T^{μν} (q_1, q_2) − T^{μν}_{F=0}(q_1, q_2) = − i(2π)^4 e^2 8π^2

∫_{+1} −1 dv ∫_∞ 0 dτ τ [ T^{μν}_0 δ^4(q_1 − q_2) + T^{μν}_+ δ^4(q_1 − q_2 + 2k)

+ T^{μν}_− δ^4(q_1 − q_2 − 2k) ] e^{iΦcp} , (153)

where

iΦ_{cp} = −iτm^2 { 1 + ξ^2[1 − sinc^2(μkq)] } + iμq_1q_2, (154)

T^{μν}_0 = τ_1(Λ^μ_1 Λ^ν_2 − Λ^μ_2 Λ^ν_1 ) + τ_2(Λ^μ_1 Λ^ν_1 + Λ^μ_2 Λ^ν_2 ) + τ_3Q^μ_1 Q^ν_2 , (155)

T^{μν}_± =^1_2 m^2ξ^2 [ sinc^2(μkq)

− 2 sinc(2μkq) + 1 ] Λ^μ_±Λ^ν_± (156) and τ_1 = m^2ξ^{2 (1+v2 )}_{(1−v2 )} [ 2 sin^2(μkq)/(μkq) − sin(2μkq) ] , τ_2 = 2m^2ξ^{2 (1+v2 )}_{(1−v2)} sin^2(μkq) + [ (^μ_τ −^1_2 )q_1q_2 − m^2 ] ( 1 − e^{−iτ β} ) , τ_3 = −^{2μ}_τ ( 1 − e^{−iτ β} ) . (157)

This result agrees with Eq. 2.34 in [51]. The terms described by T^{μν}_± can be interpreted as describing processes where two photons from the background field are absorbed or emitted, respectively (since the external field is not quantized, this interpretation relies only on the momentum conserving delta function).

In order to obtain Eq. (153) from Eq. (146) we have used the identity ∫_∞ 0 dτ τ e^{iΦ} m^2ξ^2 [ sinc^2(μkq) − 2 sinc(2μkq) + 1 ] e^{iτ β} = ∫_∞ 0 dτ τ e^{iΦ} [_i τ +^μ_τ q_1q_2 − m^2 ]( e^{iτ β} − 1 ) , (158)

which follows from i^d_{dτ} ( e^{iτ β} − 1 ) = i^d_{dτ} e^{iτ β} = m^2ξ^2 [ sinc^2(μkq) − 2 sinc(2μkq) + 1 ] e^{iτ β} (159)

via integration by parts.

V. CONCLUSION

In the present paper we have proven for the first time the Ward-Takahashi identity for general loop diagrams in a plane-wave background field (see section II E). Moreover, we have presented a new derivation of the leading-order contribution to the polarization operator in a plane-wave background field for arbitrary polarization and dependence on the plane-wave phase (see section III). Our calculation relies on a direct evaluation of the space-time integrals without using Schwinger’s operator method [4] that was employed in [51]. Finally, we have also shown explicitly why many coefficients of the polarization operator vanish [see Eq. (68)] [51, 52]. The interesting feature of our final representation is the manifest symmetry with respect to the external photon four-momenta q_1 and q_2 [see Eq. (89)].

Appendix A: Notation

In this paper we use natural units ℏ = c = 1 (in some formulas ℏ and c are restored for clarity) and the charge is measured in Heaviside-Lorentz units (ϵ_0 = 1). The electron mass and charge are denoted by m and e < 0, respectively. Thus, the fine-structure constant is given by α = e^2/(4π) ≈ 1/137. In covariant expressions the space-time metric g_{μν} with signature (1, −1, −1, −1) is used and ∂_μ = (∂/∂t, ∇) is the four-derivative. This implies ∂_μx_ν = g_{μν} , where x^μ = (t, x) denotes the position four-vector. The unit tensor is denoted by δ^μ_ν = g^{μρ}g_{ρν} = diag(1, 1, 1, 1) (δ^μ = 4) and space-time indices (lowercase Greek letters) are raised and lowered using the metric a_μ = g_{μν} a^ν (summation over all types of repeated indices is understood if they do not appear on both sides of an equation). Greek and Latin indices take the values (0,1,2,3) and (1,2,3), respectively. Contractions of four-vectors are denoted by a^μb_μ = ab, scalar products of three-vectors by a^ib^i = ab. We denote the dual of a second rank tensor T^{μν} by T^{∗μν} =^1_2 ϵ^{μνρσ} T_{ρσ} , where ϵ^{μνρσ} is the totally anti-symmetric tensor in four dimensions with ϵ^{0123} = −ϵ_{0123} = 1. For contractions of secondrank tensors and vectors a matrix notation is sometimes used, e.g. aT b = a_μT^{μν} b_ν , (T_1T_2)^{μν} = T^μ_{1ρ}T^{ρν}_2 , T^{2μν} = T^{μρ}T^ν_ρ , (T a)^μ = T^{μν} a_ν . All spinors are Dirac spinors (with four components), spinor indices are usual suppressed. The Dirac gamma matrices are denoted by γ^μ, /a = aμγ^μ, γ^5 = −iγ^0γ^1γ^2γ^3 and 2σ^{μν} = γ^μγ^ν − γ^ν γ^μ (γ^μγ^ν +γ^ν γ^μ = 2g^{μν} ). For a spinor u we define ū = u^†γ^0 and for a matrix in spinor space M correspondingly M̄ = γ^0M^†γ^0. A quantization volume V = 1 is assumed for the normalization of the single-particle electron, positron and photon states. The total derivative of a function with respect to its argument is denotes by a prime f^′(x) =^d_{dx} f(x). Integrals without boundaries range from −∞ to +∞. We use i0 as a short notation for iϵ together with the limit lim_{ϵ→0}+ . In general, our notation therefore follows [55] with different units for charge.

Appendix B: Light-cone coordinates

Calculations involving plane-wave background fields become particular transparent if light-cone coordinates are used [68, 77, 78]. Since the non-trivial space-time dependence of the momentum-space vertex in Eq. (24) is due to the plane-wave phase ϕ = kx, it is natural to work in a basis where k^μ is one of the basis four-vectors. However, since k^2 = 0, this will be a light-cone basis. We introduce now a general light-cone basis by adding three four-vectors k̄^μ, e^μ_i (i ∈ 1, 2) to the set and require the following orthogonality relations

k^2 = k̄^2 = ke_i = k̄e_i = 0, kk̄ = 1, e_ie_j = −δ_{ij} (B1a)

and the orientation

ϵ_{μνρσ} k^μk̄^ν e^ρ_1e^σ_2 = 1. (B1b)

To be more specific, we can in a reference system where the plane wave propagates along the direction n take the following four-vectors

k^μ = ω(1, n), k̄^μ = 1 2ω (1, −n), e^μ_i = (0, e_i) ∼ a^μ_i ,

n^2 = 1, e_ie_j = δ_{ij} , n = e_1 × e_2 (B2)

(e_i represent the two polarization directions of the planewave field and ω has the dimension of a frequency).

Due to the relations given in Eq. (B1), we obtain the following decomposition of the metric

g_{μν} = k_μk̄_ν + k̄_μk_ν − e_{1μ}e_{1ν} − e_{2μ}e_{2ν} . (B3)

This allows us to define the transformation to light-cone coordinates (primed indices) by

a^{μ′} = Λ^{μ′}_ν a^ν , b_μ′ = b_ν Λ^{−1ν}_μ′ , Λ^{−1ρ}_μ′ Λ^{μ′}_σ = δ^ρ_σ, (B4)

where the components denote the following scalar products

Λ^+_μ = k̄_μ, Λ^I_μ = e_{1μ},

Λ^−_μ = k_μ, Λ^{II}_μ = e_{2μ}

(B5)

(we label light-cone components by +,−,I,II). On the other hand the inverse transformation is given by

Λ^{−1μ}_+ = k^μ, Λ^{−1μ}_I = −e^μ_1 ,

Λ^{−1μ}_− = k̄^μ, Λ^{−1μ}_{II} = −e^μ_2 .

(B6)

We point out that k^μ has dimension of momentum and therefore k̄^μ must have dimension of inverse momentum (e^μ_i are dimensionless). Hence, the dimensions of v^+ and v^− differ from those of v^μ (here v^μ is an arbitrary Lorentz four-vector). The different dimensions of the light-cone components can be circumvented by defining k^μ = ωn^μ and using the dimensionless quantity n^μ in place of k^μ. Then, however, nv is not a Lorentz scalar (in contrary to kv = v^−) and ω has to appear explicitly in many places.

In light-cone coordinates the metric is given by

g_μ′_ν′ = g_{ρσ} Λ^{−1ρ}_μ′ Λ^{−1σ}_ν′

= δ^+_μ′ δ^−_ν′ + δ^−_μ′ δ^+_ν′ − δ^I_μ′ δ^I_ν′ − δ^{II}_μ′ δ^{II}_ν′ , (B7)

which allows us to write the scalar product of two fourvectors as

a_μb^μ = a^+b^− + a^−b^+ − a^Ib^I − a^{II}b^{II} (B8)

(we also use the short notation a^⊥b^⊥ = a^Ib^I +a^{II}b^{II}). Due to Eq. (B1) we obtain | | |det Λ^{μ′}_ν | | | = | |Λ^+_μΛ^−_ν Λ^I_ρΛ^{II}_σ ϵ^{μνρσ} | | = 1. (B9)

Thus, the four-dimensional integration measure becomes ∫ d^4a = ∫ da^+da^−da^⊥, da^⊥ = da^Ida^{II}. (B10)

Since all properties of the light-cone coordinates follow from the relations in Eq. (B1), we are not forced to use the canonical basis in Eq. (B2). For the calculation of the polarization operator it is more convenient to use the two four-vectors [see Eq. (45)]

e^{′μ}_1 = Λ^μ_1 = f^{μν}_1 q_ν kq √ −a^2_1

, e^{′μ}_2 = Λ^μ_2 = f^{μν}_2 q_ν kq √ −a^2

(B11a)

together with k^μ and

k̄^{′μ} = k̄^μ + a^1q a^2_1 kq a^μ_1 + a_2q a^2 kq a^μ_2 − 1 2(kq)^2 [ (a_1q)^2 a^2_1 + (a_2q)^2 a^2 ] k^μ. (B11b)

The set of four-vectors k^μ, k̄^{′μ}, e^{′μ}_1 , e^{′μ}_2 also obeys the relations in Eq. (B1) and we will call the coordinates, following from this set, modified light-cone coordinates [the same symbols (+, −, I, II) are used to denote the corresponding components].

Appendix C: Gamma matrix algebra

In this appendix we summarize some general identities, which are useful in calculations involving gamma matrices. The gamma matrices form a complete set in the sense that any matrix in spinor space can be decomposed according to [79]

Γ = c_11 + c_5γ^5 + c_μγ^μ + c_{5μ}iγ^μγ^5 + c_{μν} iσ^{μν} , (C1)

where we can assume that c_{μν} = −c_{νμ} and the coefficients can be calculated using

c_1 =^1_4 tr 1Γ, c_5 =^1_4 tr γ^5Γ, c_μ =^1_4 tr γ_μΓ,

c_{5μ} =^1_4 tr iγ_μγ^5Γ, c_{μν} =^1_8 tr iσ_{μν} Γ.

(C2)

Due to the cyclic property of the trace one can recursively calculate traces of arbitrary length without conceptual difficulties by permuting the first gamma matrix to the last position. For completeness we note the following relations 1 4 tr γ^μγ^ν = g^{μν} , 1 4 tr γ^μγ^ν γ^ργ^σ = g^{μσ} g^{νρ} − g^{μρ} g^{νσ} + g^{μν} g^{ρσ} , 1 4 tr σ^{μν} γ^ργ^σ = g^{μσ} g^{νρ} − g^{μρ} g^{νσ} , 1 4 tr γ^μγ^ν γ^ργ^σγ^5 = iϵ^{μνρσ} . (C3)

Thus, any identity involving gamma matrices can be proven by calculating the fundamental terms given in Eq. (C1) for both sides of the equation. It is in particular possible to map the gamma matrix algebra to a corresponding tensor algebra once the decomposition of the product of two (arbitrary) gamma matrix expressions is known

Γ_c = Γ_aΓ_b. (C4)

Here Γ_x is written as in Eq. (C1) with the letter c replaced by the letter x appearing in the index. The coefficients of Γ_c are then given by

c_1 = a_1b_1 + a_5b_5 + a^μb_μ + a^μ_5 b_{5μ} + 2a_{μν} b^{μν} ,

c_5 = (a_1b_5 + a_5b_1) + (ia^μb_{5μ} − ia_{5μ}b^μ) − iϵ^{μνρσ} a_{μν} b_{ρσ} , c_μ = (a_1b_μ + a_μb_1) + (ia_{5μ}b_5 − ia_5b_{5μ})

+ 2 (ia_{μν} b^ν − ia^ν b_{μν} ) − iϵ_{μνρσ} (a^ν_5 b^{ρσ} + a^{ρσ} b^ν_5 ) ,

c_{5μ} = (a_1b_{5μ} + a_{5μ}b_1) + (ia_5b_μ − ia_μb_5)

+ iϵ_{μνρσ} (a^ν b^{ρσ} + a^{ρσ} b^ν ) + 2 (ia_{μν} b^ν_5 − ia^ν_5 b_{μν} ) ,

c_{μν} = (a_1b_{μν} + a_{μν} b_1) −^i_2 ϵ_{μνρσ} (a^{ρσ} b_5 + a_5b^{ρσ})

−^i_2 (a_μb_ν − a_ν b_μ) −^i_2 ϵ_{μνρσ} (a^ρb^σ_5 + a^σ_5 b^ρ)

−^i_2 (a_{5μ}b_{5ν} − a_{5ν} b_{5μ}) + 2i ( a_{μρ}b^ρ_ν − a_{νρ}b^ρ_μ ) . (C5)

We point out that taking the trace of the gamma matrix expression Γ_c projects out the coefficient c_1 [see Eq. (C2)]. Therefore, one can also use Eq. (C5) in the calculation of traces.

Appendix D: Tensor relations

If Eq. (C5) is used to simplify large gamma matrix expressions, one typically encounters products or contractions of the totally anti-symmetric tensor ϵ^{αβγδ}. They can be simplified using well-known identities stated here for completeness [66] ϵ^{αβγδ}ϵ_{αβγδ} = −24, ϵ^{αβγμ}ϵ_{αβγν} = −6δ^μ_ν , ϵ^{αβμν} ϵ_{αβρσ} = −2 ( δ^μ_ρ δ^ν_σ − δ^μ_σ δ^ν_ρ ) , ϵ^{μνρσ} ϵ_{αβγσ} = − ( δ^μ_αδ^ν_β δ^ρ_γ − δ^μ_αδ^ν_γ δ^ρ_β + δ^μ_γ δ^ν_αδ^ρ_β

− δ^μ_γ δ^ν_β δ^ρ_α + δ^μ_β δ^ν_γ δ^ρ_α − δ^μ_β δ^ν_αδ^ρ_γ ) ,

−ϵ^{μνρσ} ϵ_{αβγδ} = det δ^μ_α δ^μ_β δ^μ_γ δ^μ_δ δ^ν_α δ^ν_β δ^ν_γ δ^ν_δ δ^ρ_α δ^ρ_β δ^ρ_γ δ^ρ_δ δ^σ_α δ^σ_β δ^σ_γ δ^σ_δ .

(D1)

In particular, we note the following formulas for antisymmetric tensors T^{μν} , T^{μν}_1 and T^{αβ}_2

T^{∗μν}_1 T^{∗αβ}_2 =^1_2 ( g^{μβ}g^{να} − g^{μα}g^{νβ} ) T_{1ρσ} T^{ρσ}_2 − T^{αβ}_1 T^{μν}_2

+ g^{να}(T_1T_2)^{βμ} − g^{μα}(T_1T_2)^{βν}

− g^{νβ} (T_1T_2)^{αμ} + g^{μβ} (T_1T_2)^{αν} , (D2)

(T^∗_1 T^∗_2 )^{μν} =^1_2 g^{μν} T_{1αβ}T^{αβ}_2 + (T_1T_2)^{νμ}, T^∗_{1μν} T^{∗μν}_2 = −T_{1μν} T^{μν}_2

(D3) and ϵ^{μνρσ} T^∗_{σα} = δ^μ_αT^{νρ} − δ^ν_αT^{μρ} + δ^ρ_αT^{μν} , 1 2 ϵ_{μνρσ} T^{∗ρσ} = −T_{μν} . (D4)

[1] G. Gabrielse, D. Hanneke, T. Kinoshita, M. Nio, and B. Odom, Phys. Rev. Lett. 97, 030802 (2006).

[2] F. Sauter, Z. Phys. 69, 742 (1931).

[3] W. Heisenberg and H. Euler, Z. Phys. 98, 714 (1936). [4] J. Schwinger, Phys. Rev. 82, 664 (1951). [5] V. Yanovsky et al., Opt. Express 16, 2109 (2008). [6] F. Amiranoff et al., “ELI – Proposal for a European Extreme Light Infrastructure,” http://www.extreme-light-infrastructure.eu/pictures/ELI-scientific-case-id17.pdf .

[7] http://www.hiperlaser.org.

[8] “Exawatt center for extreme light studies (XCELS),” http://www.xcels.iapras.ru/img/XCELS-Project-english-version.pdf .

[9] W. P. Leemans et al., Nature Phys. 2, 696 (2006). [10] C. Bula et al., Phys. Rev. Lett. 76, 3116 (1996). [11] D. L. Burke et al., Phys. Rev. Lett. 79, 1626 (1997). [12] A. Di Piazza, K. Z. Hatsagortsyan, and C. H. Keitel, Phys. Rev. Lett. 105, 220403 (2010).

[13] H. Hu, C. Müller, and C. H. Keitel, Phys. Rev. Lett.

105, 080401 (2010).

[14] B. King, A. Di Piazza, and C. H. Keitel, Nature Photon.

4, 92 (2010).

[15] F. Mackenroth, A. Di Piazza, and C. H. Keitel, Phys.

Rev. Lett. 105, 063903 (2010).

[16] C. K. Dumlu, Phys. Rev. D 82, 045007 (2010).

[17] T. Heinzl, D. Seipt, and B. Kämpfer, Phys. Rev. A 81, 022125 (2010).

[18] T. Heinzl, A. Ilderton, and M. Marklund, Phys. Lett. B 692, 250 (2010).

[19] A. M. Fedotov, N. B. Narozhny, G. Mourou, and G. Korn, Phys. Rev. Lett. 105, 080402 (2010).

[20] S. S. Bulanov, T. Z. Esirkepov, A. G. R. Thomas, J. K.

Koga, and S. V. Bulanov, Phys. Rev. Lett. 105, 220407 (2010).

[21] I. V. Sokolov, N. M. Naumova, J. A. Nees, and G. A.

Mourou, Phys. Rev. Lett. 105, 195005 (2010). [22] S. Meuren and A. Di Piazza, Phys. Rev. Lett. 107, 260401 (2011).

[23] H. Hu and C. Müller, Phys. Rev. Lett. 107, 090402 (2011).

[24] G. Y. Kryuchkyan and K. Z. Hatsagortsyan, Phys. Rev.

Lett. 107, 053604 (2011).

[25] A. Hartin and G. Moortgat-Pick, Eur. Phys. J. C 71, 1 (2011).

[26] M. Boca and V. Florescu, Eur. Phys. J. D 61, 449 (2011). [27] C. K. Dumlu and G. V. Dunne, Phys. Rev. D 83, 065028 (2011).

[28] F. Hebenstreit, A. Ilderton, and M. Marklund, Phys.

Rev. D 84, 125022 (2011).

[29] N. V. Elkina et al., Phys. Rev. ST Accel. Beams 14, 054401 (2011).

[30] E. N. Nerush et al., Phys. Rev. Lett. 106, 035001 (2011). [31] A. Ilderton, P. Johansson, and M. Marklund, Phys. Rev.

A 84, 032119 (2011).

[32] A. Ilderton, Phys. Rev. Lett. 106, 020404 (2011). [33] L. Labun and J. Rafelski, Phys. Rev. D 84, 033003 (2011).

[34] Y. Monden and R. Kodama, Phys. Rev. Lett. 107, 073602 (2011).

[35] J. Redondo and A. Ringwald, Contemp. Phys. 52, 211 (2011).

[36] D. Seipt and B. Kämpfer, Phys. Rev. A 83, 022101 (2011).

[37] D. Seipt and B. Kämpfer, Phys. Rev. D 85, 101701 (2012).

[38] T. Nousch, D. Seipt, B. Kämpfer, and A. I. Titov, Phys.

Lett. B 715, 246 (2012).

[39] A. I. Titov, H. Takabe, B. Kämpfer, and A. Hosaka, Phys. Rev. Lett. 108, 240406 (2012).

[40] B. King and C. H. Keitel, New J. Phys. 14, 103002 (2012).

[41] B. Döbrich, H. Gies, N. Neitz, and F. Karbstein, Phys.

Rev. Lett. 109, 131802 (2012).

[42] V. Dinu, T. Heinzl, and A. Ilderton, Phys. Rev. D 86, 085037 (2012).

[43] C. Harvey and M. Marklund, Phys. Rev. A 85, 013412 (2012).

[44] K. Krajewska and J. Z. Kamiński, Phys. Rev. A 85, 062102 (2012).

[45] B. King, H. Gies, and A. Di Piazza, Phys. Rev. D 86, 125007 (2012).

[46] F. Mackenroth and A. Di Piazza, Phys. Rev. Lett. 110, 070402 (2013).

[47] A. Di Piazza, C. Müller, K. Z. Hatsagortsyan, and C. H.

Keitel, Rev. Mod. Phys. 84, 1177 (2012). [48] V. I. Ritus, Ann. Phys. 69, 555 (1972). [49] V. I. Ritus, Nucl. Phys. B 44, 236 (1972). [50] V. I. Ritus, J. Rus. Laser Res. 6, 497 (1985). [51] V. N. Baier, A. I. Mil’shtein, and V. M. Strakhovenko, Sov. Phys. JETP 42, 961 (1975).

[52] W. Becker and H. Mitter, J. Phys. A 8, 1638 (1975). [53] J. C. Ward, Phys. Rev. 78, 182 (1950). [54] Y. Takahashi, Il Nuovo Cimento 6, 371 (1957).

[55] L. D. Landau and E. M. Lifshitz, Quantum Electrodynamics, 2nd ed. (Butterworth-Heinemann, 1982).

[56] A. I. Milstein, C. Müller, K. Z. Hatsagortsyan, U. D.

Jentschura, and C. H. Keitel, Phys. Rev. A 73, 062106 (2006).

[57] A. Di Piazza, E. Lötstedt, A. I. Milstein, and C. H.

Keitel, Phys. Rev. Lett. 103, 170403 (2009).

[58] H. Gies and L. Roessler, Phys. Rev. D 84, 065035 (2011). [59] F. Karbstein, L. Roessler, B. Döbrich, and H. Gies, Int.

J. Mod. Phys. Conf. Ser. 14, 403 (2012).

[60] S. Weinberg, The Quantum Theory of Fields I (Cambridge University Press, 1995).

[61] E. S. Fradkin, D. M. Gitman, and S. M. Shvartsman, Quantum electrodynamics: with unstable vacuum (Springer-Verlag, 1991).

[62] R. J. Glauber, Phys. Rev. 131, 2766 (1963). [63] C. Harvey, T. Heinzl, and A. Ilderton, Phys. Rev. A 79, 063407 (2009).

[64] W. H. Furry, Phys. Rev. 81, 115 (1951).

[65] W. Dittrich and H. Gies, Probing the Quantum Vacuum (Springer, Berlin, 2000).

[66] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields, 4th ed. (Butterworth-Heinemann, 1987).

[67] D. M. Volkov, Z. Phys. 94, 250 (1935).

[68] H. Mitter, Acta Phys. Austriaca, Suppl. XIV, 397 (1975).

[69] J. C. Collins, Renormalization (Cambridge University Press, 1984).

[70] M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory (Perseus Books, 1995).

[71] S. L. Adler, Phys. Rev. 177, 2426 (1969). [72] V. N. Baier, V. M. Katkov, and V. M. Strakhovenko, Sov. Phys. JETP 40, 225 (1975).

[73] N. B. Narozhnyi, Sov. Phys. JETP 28, 371 (1968). [74] I. A. Batalin and A. E. Shabad, FIAN Preprint 166 (1968).

[75] I. A. Batalin and A. E. Shabad, Sov. Phys. JETP 33, 483 (1971).

[76] F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W.

Clark, eds., NIST Handbook of Mathematical Functions (Cambridge University Press, 2010).

[77] P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949). [78] R. A. Neville and F. Rohrlich, Phys. Rev. D 3, 1692 (1971).

[79] E. Leader, Spin in Particle Physics (Cambridge University Press, 2001).