arXiv:1305.0162v1 [hep-th] 1 May 2013

Higher order singletons, partially massless fields, and their boundary values in the ambient approach

Xavier Bekaert^a and Maxim Grigoriev^b

a Laboratoire de Mathématiques et Physique Théorique Unité Mixte de Recherche 7350 du CNRS Fédération de Recherche 2964 Denis Poisson Université François Rabelais, Parc de Grandmont, 37200 Tours, France

b Tamm Theory Department, Lebedev Physics Institute Leninsky prospect 53, 119991 Moscow, Russia

Abstract

Using ambient space we develop a fully gauge and o(d, 2) covariant approach to boundary values of AdS_{d+1} gauge fields. It is applied to the study of (partially) massless fields in the bulk and (higher-order) conformal scalars, i.e. singletons, as well as (higher-depth) conformal gauge fields on the boundary. In particular, we identify the corresponding Fradkin–Tseytlin equations as obstructions to the extension of the off-shell boundary value to the bulk, generalizing the usual considerations for the holographic anomalies to the partially massless fields. We also relate the background fields for the higher-order singleton to the boundary values of partially massless fields and prove the appropriate generalization of the Flato–Fronsdal theorem, which is in agreement with the known structure of symmetries for the higher-order wave operator. All these facts support the following generalization of the higher-spin holographic duality: the O(N) model at a multicritical isotropic Lifshitz point should be dual to the theory of partially massless symmetric tensor fields described by the Vasiliev equations based on the higher-order singleton symmetry algebra.

Contents

1 Introduction 3

2 Higher-order singletons: boundary, bulk, and ambient descriptions 6 2.1 Boundary values in terms of intrinsic AdS geometry . . . . . . . . . . . . 6 2.2 Boundary values in terms of ambient geometry . . . . . . . . . . . . . . 9

3 Group theoretical preliminaries 12 3.1 Generalized Verma o(d, 2)-modules . . . . . . . . . . . . . . . . . . . . 12 3.2 Group-theoretical catalogue of o(d, 2)-modules . . . . . . . . . . . . . . 13 3.3 Generalized Flato–Fronsdal theorem . . . . . . . . . . . . . . . . . . . . 17

4 Partially massless fields 17 4.1 Ambient representation of partially massless fields . . . . . . . . . . . . 18 4.2 Parent formulation of partially massless fields . . . . . . . . . . . . . . . 20 4.3 Global reducibility parameters . . . . . . . . . . . . . . . . . . . . . . . 21 4.4 Reducible multiplet of PM fields . . . . . . . . . . . . . . . . . . . . . . 22

5 Boundary values in the (gauge-) covariant approach 23 5.1 Boundary data for partially massless fields . . . . . . . . . . . . . . . . . 23 5.2 Boundary values in terms of components . . . . . . . . . . . . . . . . . . 25 5.3 Relation to the unfolded formulation . . . . . . . . . . . . . . . . . . . . 27 5.4 Current-type asymptotics . . . . . . . . . . . . . . . . . . . . . . . . . . 28 5.5 Massive fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

6 Manifestly conformal formulations 29 6.1 Higher-order singletons . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 6.2 Higher-depth Fradkin–Tseytlin fields . . . . . . . . . . . . . . . . . . . . 31 6.3 BRST operator for higher-depth Fradkin-Tseytlin fields . . . . . . . . . . 33 6.4 Higher-depth shadow fields . . . . . . . . . . . . . . . . . . . . . . . . . 34 6.5 Partially conserved currents . . . . . . . . . . . . . . . . . . . . . . . . . 35 6.6 Higher-depth conformal Killing tensors . . . . . . . . . . . . . . . . . . 36

7 Background fields for higher-order singletons 37 7.1 Maximal symmetry algebra of higher-order singletons . . . . . . . . . . . 37 7.2 Background fields for a given constrained system . . . . . . . . . . . . . 38 7.3 Global symmetries and deformations . . . . . . . . . . . . . . . . . . . . 40 7.4 Batalin-Fradkin-Vilkovisky description of background fields . . . . . . . 41 7.5 Background fields for the higher-order singleton . . . . . . . . . . . . . . 43

8 Conclusion 44

A Proof of the generalized Flato–Fronsdal theorem 46

B Boundary values and global symmetries 51 B.1 Boundary values in terms of gauge-invariant quantities: an example . . . 51 B.2 Boundary values of the Minkowski scalar field: a toy model . . . . . . . 53 B.3 Higher depth shadows and Killing tensors: equivalent descriptions . . . . 53 B.4 Global symmetries of higher-order singletons: the proof . . . . . . . . . . 55

1 Introduction

In agreement with the holographic picture, most of the structures underlying totally symmetric higher-spin (HS) gauge fields around an anti de Sitter (AdS) background are determined by those of a scalar singleton – the conformal scalar field living on the conformal boundary [1, 2, 3]. From the group-theoretical point of view, this relation is known as the Flato–Fronsdal theorem that states that the tensor product of two free singletons decomposes into the direct sum of conformal conserved currents [1, 4], which may be identified with certain boundary values of free AdS HS gauge fields. Furthermore, the bosonic higher-spin algebra can be seen as the algebra of higher symmetries for the free singleton [5, 6], while the background fields (also called shadow fields in this context) coupling minimally to the singleton are identified with the appropriate boundary values of the bulk on-shell HS gauge fields.

The present paper is devoted to a natural generalization of this picture, where the scalar singleton is replaced by a higher-order one, i.e. a boundary scalar field ϕ_0 with appropriate conformal weight satisfying the conformally-symmetric higher-order wave equation (called, more generally, the polywave equation of order 2ℓ)

(□_0)^ℓϕ_0 = 0, (1.1) where □_0 denotes the d’Alembertian on Minkowski spacetime and ℓ is a positive integer. In particular, the tensor product of two such higher-order singletons decomposes into the direct sum of certain massless [7] and partially massless [8, 9, 10] symmetric tensor fields in the bulk. This provides an interpretation of PM fields of odd depths as “doubletons”, i.e. composite fields made of two singletons. In the same spirit, one identifies the higher-order analogues of the HS algebra by studying the algebra of higher symmetries for the equation (1.1). These algebras are known in the mathematical literature [11, 12]. It turns out that the nontrivial symmetries of higher-order singletons are in one-to-one correspondence with (from the bulk perspective) the vacuum symmetries of partially massless fields and with (from the boundary perspective) the higher-order conformal Killing tensors which are the global reducibility parameters of higher-depth shadow fields. As a rule, the identification of non-Abelian HS algebras is important because it suggests that the picture holding at free level may be extended to full non-linear level. In the present case, the Vasiliev equations of bosonic HS gravity in any dimension [6] indeed remain consistent if one quotients the off-shell HS algebra by the smaller ideal corresponding to higher-order singletons. That the off-shell HS algebra (and some of its quotient) should somehow correspond to a HS gravity with partially massless fields in the spectrum seems to be common lore for experts on the subject (see e.g. the brief remarks in [13, 14]).

From a quantum field theory (QFT) perspective, AdS higher-spin theories might provide semiclassical bulk duals of some celebrated QFTs. For instance, the critical O(N) model at the Wilson-Fisher (or Gaussian) fixed point of the renormalization group (RG) has been conjectured to admit a holographic dual description as a HS field theory with (un)broken gauge symmetries [3]. Our present generalization of HS holography to higherorder singletons can be motivated by the existence of special RG fixed points: the multicritical isotropic Lifshitz^1 points, which can be described precisely by scalar fields with a polywave kinetic operator. The existence of these special fixed points prompts a natural generalization of the conjectures [3] that will be spell out in details in the conclusion.

In order to describe higher-order singletons, partially massless fields, their symmetries and their boundary values, we make use and develop a manifestly local, coordinateindependent, gauge- and o(d, 2)-covariant approach to the boundary values of AdS gauge fields. In contrast to usual approaches, it does not rely on gauge fixations and hence allows to trace the gauge invariance at all stages of the procedure (note, however, the approach of [17] using only partial gauges). In this respect, we also slighly improve our previous method [18] where certain partial gauges where utilized. From a technical point of view, we extensively employ the ambient space along with the first-quantized descrip-

1Although the union of the adjectives “isotropic” and “Lifshitz” may sound like an oxymoron (since, usually, the celebrated “Lifshitz point” rather correspond to some anisotropic scale symmetry), we followed the standard RG terminology for these multicritical fixed points (see e.g. [15]). In most physical applications, people focus on the fourth order (ℓ = 2) in the derivative expansion (c.f. [16] for a review).

tion of free gauge fields and its parent BRST generalization [19, 20, 21, 22]. One should mention also a certain similarity with the conformal geometry methods [23, 5] and the unfolded formalism [24, 25, 26, 27, 28].

An additional concept which appears useful in the context of boundary values is that of background fields. Given a free gauge theory (seen either as a theory of free classical gauge fields or as a constrained system describing the respective first-quantized particles) one can associate to it a set of bakground fields minimally coupled to the free system [29, 30, 31, 32]. The nonlinear off-shell constraints and gauge symmetries for background fields are determined by the free system. In this way, the nonlinear structure of a dual bulk theory is to some extent determined by the boundary system. More precisely, the HS algebra in the bulk coincides with the gauged algebra for the background fields which is in turn the maximal algebra of global symmetries of the boundary system. At the same time, linearized background fields for the conformal scalar can be identified with the boundary values of the bulk HS fields. We present evidences for the extension of such correspondences to the case of higher-order singleton and the associated HS multiplet of bulk ( partially) massless fields.

We begin this paper with a discussion of (higher-order) singletons as on-shell fields on various spaces (ambient, bulk and boundary) which allows to highlight and to give a flavor of some points that apply in a similar way to (partially) massless fields, but avoiding technical complications. More precisely, Section 2 contains a quick review of the standard asymptotic solutions of Klein-Gordon equation, focusing on the critical mass case corresponding to (higher-order) singletons. The leading boundary value must be constrained to be on-shell if one wants to avoid the introduction of logarithmic term in the expansion. As further discussed, this latter requirement appears to be very natural from the ambient point of view. The section 3 provides a group-theoretical catalogue of the o(d + 2)-modules that are relevant for the present paper and ends with the statement of our generalization of the Flato–Fronsdal theorem. In Section 4, the ambient and parent formulations of PM fields are reviewed in order to determine their global reducibility parameters. A reducible multiplet of PM fields is introduced which fits the Flato–Fronsdal theorem in a natural way. The gauge and o(d, 2) covariant approach to the boundary data for PM fields is addressed in Section 5 while the manifestly conformal formulations of higher-order singletons, higher-depth Fradkin-Tseytlin and shadow fields, partially conserved currents and higher-depth conformal Killing tensors are presented in Section 6. Higher-order singletons, their background fields and their symmetries are the subjects of Section 7. The conclusion provides a summary of our main results. Finally, some technical proofs and some toy model examples have been placed in Appendix.

2 Higher-order singletons: boundary, bulk, and ambient descriptions

The subsection 2.1 contains a review of the standard AdS/CFT correspondence for a scalar field (see e.g. [33]) where we focus on the particular case corresponding to the (higherorder) singleton and discuss some of its subtleties. The subsection 2.2 is a considerably expanded review of the ambient approach to the boundary values of bulk scalar fields^2 that was shortly presented in [18] and that we present with more explicit details, explanations and discussions of the possible choices of ambient lift.

2.1 Boundary values in terms of intrinsic AdS geometry

Let φ be an AdS scalar of mass m satisfying Klein–Gordon equation

(∇^2 − m^2)φ = 0 , (2.1)

where ∇^2 is the Laplace-Beltrami operator on AdS_{d+1}. We work in the coordinates (x^a, ρ) on AdS_{d+1} such that the metric has the form

ds^2 = 1 4ρ^2

(dρ)^2 + 1 ρ (η_{ab}dx^adx^b) , (a, b = 0, . . . , d − 1) (2.2) and the conformal boundary is located at ρ = 0.

There are two possible o(d, 2)-invariant choices of asymptotic behavior for the onshell scalar field: φ(x, ρ) = ρ^{Δ±/2}ϕ_±(x, ρ) , (2.3) where ϕ_±(x, ρ) is regular at ρ = 0. These two choices correspond to the two solutions Δ_± (with Δ_− ⩽ Δ_+) of the algebraic equation

m^2 = Δ(Δ − d) ⇔ Δ_± = 1 2 (d ± √ d^2 + 4m^2) . (2.4)

The o(d, 2) invariance of the condition means that ϕ^±_0 (x) = ϕ_±(x, 0) transforms through itself, i.e. determines a conformal field on the boundary (of weight Δ_±). This conformal field ϕ_0 is usually refered to as the boundary value of the on-shell scalar field φ associated to the asymptotic behavior Δ_±. The lowest root Δ_− corresponds to the leading boundary behaviour while the highest root Δ_+ describes the subleading boundary behaviour (since Δ_− ⩽ Δ_+).

Due to the ansatz (2.3) where Δ_± is solution of (2.4), the Klein–Gordon equation (2.1) reads in terms of the function ϕ_±(x, ρ) in (2.3) as follows:

□_0ϕ_± + 2(d − 2Δ_∓ + 2 + 2ρ∂_ρ)∂_ρϕ_± = 0 (2.5)

2The ambient space approach for the metric tensor à la Fefferman-Graham has been applied since the early days of the AdS/CFT correspondence (see e.g. the review [34] and references therein).

Usually, one looks for solutions ϕ_±(x, ρ) admitting some asymptotic expansion (as Taylor or Frobenius series) in the radial coordinate ρ. For instance, if ϕ_± admits a power series expansion ϕ_±(x, ρ) = ϕ_0(x) + ρ ϕ_1(x) + ρ^2ϕ_2(x) + . . . , (2.6)

then its coefficients ϕ_n(x) satisfy the recurrence relations

2n (2Δ_∓ − d − 2n)ϕ_n = □_0ϕ_{n−1} , (n = 1, 2, . . .) , (2.7)

in order for (2.6) to be solution of (2.5). As long as 2Δ_∓ −d ≠ 2n, this recurrence relation can be solved without any subtlety. For instance, the subleading asymptotic solution ϕ_+ (corresponding to the highest root Δ_+) always admits an asymptotic expansion as a power series (since 2Δ_− − d < 0).

However, if there exists a positive integer ℓ such that 2Δ_+ − d = 2ℓ, then the recurrence relation (2.7) for the power series expansion of the leading asymptotic solution ϕ_− (corresponding to the lowest root Δ_−) meets in general an obstruction at n = ℓ. The roots corresponding such an obstruction are thus: Δ_± =^d_2 ± ℓ. The corresponding AdS scalar field φ has mass-square m^2 = ℓ^2 − (^d_2 )^2 and will be called “critical”. Two natural options arise to remove the obstruction: The standard procedure (see e.g. [33]) is to replace the Taylor series (2.6) by a Frobenius series via the introduction of a logarithmic term:

ϕ_−(x, ρ) = ϕ_0(x) + ρ ϕ_1(x) + . . . + ρ^{d/2−Δ−} ( log ρ ϕ_ℓ(x) + ψ_ℓ(x) ) + . . . , (2.8)

More precisely the solution reads as φ(x, ρ) = ρ^{Δ−/2} ( ϕ_0(x) + ρ ϕ_1(x) + . . . + ρ^{d/2−Δ−} log ρ ϕ_ℓ(x) + . . . )

+ρ^{Δ+/2} ( ψ_ℓ(x) + ρ ψ_{ℓ+1}(x) + . . . ) . (2.9)

so that ψ_ℓ(x) can be interpreted as the boundary value of the subleading solution.

An alternative is to keep a power series expansion but to impose the consequence of the relations (2.7) for the leading boundary value ϕ_0, i.e. to impose the polywave equation (1.1). In this case the term with the logarithmic term is missing in (2.9) while the subleading boundary value ψ_ℓ(x) is unconstrained as before. Thus, as a boundary field, the higher-order singleton is described by an on-shell scalar field ϕ_0 while, as a bulk field, the higher-order singleton is represented by the modes φ of a critical scalar field with ϕ_ℓ = 0 and quotiented by the subleading solutions given by the second line of (2.9) i.e. solutions of the form ρ^{Δ+/2}ψ(x, ρ) where the function ψ(x, ρ) is regular at ρ = 0.

As one can see, the bulk equation of motion (2.1) for a scalar field with critical mass can impose conditions on the leading boundary value ϕ_0 depending on the precise requirements imposed on the class of asymptotic expansion for the function ϕ_± (and therefore for the AdS scalar field φ). For instance, requiring ϕ_− to be a smooth function in ρ on the interval 0 ⩽ ρ < ϵ (here a small ϵ is chosen to restrict to near-boundary analysis) imposes the polywave equation on ϕ_0 if d − 2Δ = 2ℓ with ℓ a positive integer. Note that it is actually more convenient to work in the interval −ϵ < ρ < ϵ because it simply corresponds to a neigbourhood of a hypercone in the ambient space (as explained in the next subsection). If instead one requires ϕ_− to be smooth only for ρ > 0 and to have a limit at ρ = 0 this constraint does not happen because in this space one can always add a term ρ^ℓϕ_ℓ log ρ to relax the condition which is not smooth at ρ = 0 (since its ℓ-th derivative contains a term proportional to log ρ ϕ_ℓ).

Another natural question is to which extent the solution is entirely determined by ϕ_0. This again highly depends on the precise class of functions to which ϕ_− belongs to. If one does not require smoothness at ρ = 0 one can clearly add to a given solution a one with a subleading asymptotic so that it explicitly reads as in (2.9) (the term with log is only present if d/2 − Δ_− is a positive integer). The bulk equations of motion leave ψ_ℓ(x) undetermined. In this case the near-boundary solution is determined by two independent boundary fields ϕ_0 and ψ_ℓ. If instead one requires ϕ_−(x, ρ) to be smooth at ρ = 0 one can only add a subleading term if d/2 − Δ_− is positive integer because not all derivatives with respect to ρ of ρ^{d/2−Δ−} are defined at ρ = 0. Moreover, as we have seen, in this case log ρ is also not allowed and this subjects ϕ_0 to the conformal equation □^ℓ_0ϕ_0 = 0 while ψ_l remains unconstrained. To summarize: for ϕ_− smooth at ρ = 0, the boundary data is given by only an unconstrained ϕ_0(x) if d − 2Δ_− ≠ 2ℓ, ℓ > 0, or by a conformal scalar ϕ_0 subject to □^ℓ_0ϕ_0 = 0 and an unconstrained ψ_ℓ if d − 2Δ_− = 2ℓ, ℓ > 0.

Requiring ϕ_±(x, ρ) to be smooth around ρ = 0 can look somewhat unnatural from the AdS point of view as the boundary ρ = 0 does not belong to AdS. However, this choice is rather natural from the ambient space perspective (reviewed in the next subsection) where both the AdS field and its boundary value are represented by an ambient space field. Moreover, smoothness of all fields is a crucial assumption for the HS fields at the interaction level because the nonlinear theory of HS gauge fields involves derivatives of infinite order. Even at the linear level, the assumption is also natural in the unfolded formulation (or jet space) framework.

In contrast to the above conditions affecting near-boundary behavior only, another alternative is to restrict the behavior of ϕ in the AdS interior. The important choice employed in the literature is to require ϕ to be regular in the deep interior. This is known to uniquely determine ψ_ℓ in terms of ϕ_0 so that the boundary data again reduces to just ϕ_0. Moreover, according to the conventional AdS/CFT prescription correlation functions of the boundary conformal operators are encoded in the bulk action evaluated on the regular solution with boundary value ϕ_0 and can be expressed through ψ_ℓ (see e.g. [33] for more details).

2.2 Boundary values in terms of ambient geometry

An old idea, which dates back to Dirac [35], is to describe AdS and conformal fields in terms of an ambient space R^{d,2} in order to make O(d, 2) symmetry manifest in the sense that the group O(d, 2) acts linearly on the Cartesian coordinates X for R^{d,2} . This construction also allows to have a global description of AdS and conformal spaces instead of using local coordinates.

Let X^A ( A = +, −, 0, 1, 2, . . . , d − 1 ) be the standard light-cone coordinates on R^{d,2} so that η_{+−} = 1 = η_{−+} and η_{ab} = diag(−1, +1, . . . , +1) ( a, b = 0, 1, 2, . . . , d − 1 ). We will often use the shortened notation X^2 = η_{AB}X^AX^B . The AdS_{d+1} spacetime can be seen as the hyperboloid X^2 = −1 of unit radius. In its turn, the d-dimensional conformal space X_d can be identified with the projective null hypercone of light-like rays. It can also be seen as the conformal boundary of the AdS spacetime : X_d ∼= ∂(AdS_{d+1}). The intrinsic AdS coordinates used in the previous subsection can be directly related to the ambient ones through (x^a, ρ) = ( X^a/X^+ , (X^+)^{−2} ) if one restricts to the domain ρ > 0 and X^+ > 0. The embedding of AdS_{d+1} reads explicitly as

X^+ = ρ^{− 12} , X^− = − 1 2 (ρ + x^ax_a) ρ^{− 12} , X^a = ρ^{− 12} x^a . (2.10)

In particular, the induced metric on the hyperboloid is precisely (2.2).

The Klein-Gordon equation (2.1) can be written equivalently in terms of an ambient scalar field Φ(X) satisfying ( X · ∂ ∂X + Δ_± ) Φ_± = 0 , □Φ_± = 0 . (2.11)

For Φ_± satisfying (2.11), one can check that its value on the hyperboloid indeed satisfies (2.1) and that (at least locally) any AdS field φ satisfying (2.1) can be lifted by homogeneity to a Φ_± satisfying (2.11). More precisely, the correspondence between solutions to (2.1) and (2.11) is one-to-one if and only if one restricts to the domain X^2 < 0 of the ambient space.

The homogeneity constraint (X ·^∂_{∂X} + Δ)Φ = 0 defines a unique extension of a function Φ(X) defined only on the unit hyperboloid X^2 = −1 to a function Φ on the domain X^2 < 0, via Φ(X) := (−X^2)^{−Δ/2}Φ ( X √ −X^2 ) . (2.12)

The correspondence (2.12) reads in terms of the bulk scalar field φ(x, ρ) = ρ^{Δ/2}ϕ(x, ρ) as follows:

Φ(X^A) = φ ( X^a/X^+ , (X^+)^{−2} ) with X^2 = −1 , Φ(X^A) = (X^+)^{−Δ}ϕ ( X^a/X^+ , −X^2(X^+)^{−2} ) . (2.13)

If well defined, the evaluation of the ambient field on the null hypercone X^2 = 0 reads

Φ(X^+, − 1 2 X^+x^2, X^+x^a) = (X^+)^{−Δ}ϕ_0(x) (2.14)

while its evaluation on the hyperboloid X^2 = −1 reads as

Φ(X^+, − 1 2 X^+x^2 + 1 2X^+

, X^+x^a) = (X^+)^{−Δ}ϕ ( X^a/X^+ , (X^+)^{−2} ) , (2.15)

as can be checked from (2.13). For instance, the boundary behaviour of the AdS field is related in ambient term to the limit lim X^+ →∞ [(X^+)^ΔΦ(X^+, − 1 2 X^+x^2 + 1 2X^+

, X^+x^a)] = ϕ_0(x) . (2.16)

Another way to make contact between the ambient reformulation and the intrisic AdS treatment is to make use of the hyperplane X^+ = 1 in the ambient space. One can map the unit hyperboloid to the hyperplane such that the point X^A = (X^+, X^−, X^a) on the hyperboloid is mapped to the point X^{′A} = (1, X^−/X^+, X^a/X^+) of the hyperplane. Moreover, the coordinates

ρ = −(2X^− + X^aX_a) , x^a = X^a , on the hyperplane X^+ = 1 , (2.17)

are identified by this map with the intrinsic coordinates (ρ, x^a) on AdS. Note that ρ = −X^2 on the hyperplane X^+ = 1. In particular, ρ = 0 determines the boundary (seen as a submanifold of the hyperplane X^+ = 1). Note also that as a coordinate on the hyperplane −∞ < ρ < ∞, while as a coordinate on AdS ρ can only take positive values. It can be nevertheless useful to work with fields defined also for ρ ⩽ 0. A related trick has been employed in [27].

Let φ(x, ρ) = ρ^{Δ/2}ϕ(x, ρ) be a function on AdS and Φ(X) its ambient lift satisfying (X · ∂_X + Δ)Φ = 0 then ϕ = Φ|_X+_{=1} , (2.18)

where the coordinates (2.17) are left implicit. This gives a direct geometrical interpretation to the function ϕ in terms of the ambient field Φ. Moreover, this shows why the associated boundary value ϕ_0(x) = ϕ(x, 0) is precisely the value of the ambient lift Φ(X) on the null hypercone. Note that from this perspective it is clear why requiring ϕ(x, ρ) to be smooth at ρ = 0 is natural: this is equivalent to requiring Φ(X) smooth at the hypercone (the origin excluded). Furthermore, this explains why we used the coordinates (ρ, x^a) rather than the Poincaré ones (z, x^a). Indeed, on the surface X^+ = 1 the expression of z = √ ρ in terms of x^a, ρ is singular at ρ = 0. This singularity is on the hypercone, which is a perfectly legitimate locus in the ambient space.

Indeed, one can try to extend the ambient field Φ(X) to a smooth homogeneous function on the entire ambient space R^{d,2} \{0} but such an extension is not unique and not even guaranteed. This subtlety is important for studying boundary behaviours because the evaluation of Φ(X) on the hypercone X^2 = 0 is related to the boundary value ϕ_0 of the AdS field φ only under the assumption that the ambient field Φ defined on X^2 < 0 can be extended consistently to the neigbourhood of the hypercone X^2 = 0 in the ambient space R^{d,2} \{0}. Indeed, not any field configuration φ regular on AdS can be lifted to a regular one on the entire R^{d,2} \{0}. As was implicitly assumed in (2.14), the regularity on the null hypercone of the lift Φ_±(X) of a solution φ(ρ, x) is related to the regularity assumption on the function ϕ_±(ρ, x) at ρ = 0. In other words, the natural lift Φ_± of a solution with regular function ϕ_± is also regular on the entire ambient space R^{d,2} \{0} because the homogeneity degree is the one adapted to the boundary behaviour, i.e. with (2.3) and (2.11). However, the lift Φ_∓ of a solution φ with a regular function ϕ_± via the root Δ_∓ conjugate to the one adapted to (2.3), leads to a solution of the form Φ_∓(X) = (X^2)^{(Δ±−Δ∓)/2}Ψ_±(X) where Ψ_±(X) is the natural lift of the same solution φ and obeys to ( X ·^∂_{∂X} + Δ_± ) Ψ_± = 0 and □Ψ_± = 0. As one can see, the lift of a given solution via an “inadapted” homogeneity degree either goes to zero (for the lift of subleading solutions) or to infinity on the null hypercone.

The particular case of the critical scalar field corresponds to the equations (2.11) for Δ_± =^d_2 ±ℓ. For Δ_− =^d_2 −ℓ, the space of solutions of (2.11), i.e. ( X ·^∂_{∂X} + Δ_− ) Φ_− = 0 and □Φ_− = 0, can be quotiented by the equivalence relation

Φ_− ∼ Φ_− + (X^2)^ℓ Ψ_+ , (2.19)

where the ambient field Ψ_+(X) is subject to the conditions ( X ·^∂_{∂X} + Δ_+ ) Ψ_+ = 0 and □Ψ_+ = 0 and is related to the lift of the subleading solutions. Therefore the two equations (2.11) together with the relation (2.19) provide an ambient description of the higher-order singleton. Evaluating the fields Φ_−(X) on the hyperboloid X^2 = −1 gives its realization as an on-shell bulk scalar field φ. Another option is to evaluate Φ_−(X) on the hypercone X^2 = 0 to obtain its realization as an on-shell boundary scalar field ϕ_0. We will discuss in more details the manifestly conformal descriptions of the (higher-order) singleton in Subsection 6.1.

Although the present discussion is restricted to the case of a scalar field these aspects of the boundary behavior are nearly unchanged if one considers gauge fields on AdS. The only difference is that in the case of gauge fields the conformal dimensions Δ_± are restricted by gauge invariance to integer values. What needs to be carefully reconsidered in the case of gauge fields is the precise definition of asymptotic behavior. Possible subtleties have to do with the tensorial nature of the involved gauge fields and parameters. One must prescribe boundary behavior not only for gauge fields but also for gauge parameters and (higher) reducibilty relations (if any). It turns out that these subtelties can be resolved through using the ambient approach in combination with the BRST technique. Indeed, in the ambient space there is a preferable coordinate system (the Cartesian coordiantes where o(d, 2) acts linearly) so that there is a simple way to define asymptotic behaviour of tensor fields and moreover the conformal boundary identifies simply with (strictly speaking, the quotient of) the submanifold of the ambient space rather than the asymptotic boundary. Furthermore, fixing the asymptotic behavior in BRST terms automatically does so for gauge fields, paremeters, etc, in a way consistent with gauge invariance.

3 Group theoretical preliminaries

The group-theoretical catalogue, given in Subsection 3.2, of the o(d + 2)-modules that are relevant for the present paper may help to put some order and fix the terminology in the following discussions. When possible, it has been checked to fit within the known classification of generalized Verma o(d + 2)-modules [25] (nevertheless, the details of these explicit checks is omitted here for the sake of brevity because they are technical and correspond to standard results).

3.1 Generalized Verma o(d, 2)-modules

In the following, we will not be much concerned about unitarity issues therefore one can work with complex algebras and the choice of signature is somewhat irrelevant for the classification of generalized Verma o(d + 2)-modules. However, for definiteness one chose the two-time signature o(d, 2) relevant for AdS/CFT discussions. The Lie algebra o(d, 2) = span{J_{AB} } can be presented by its generators J_{AB} = −J_{BA} (where A, B = 0, 0^′, 1, 2, . . . , d) modulo the commutation relations [J_{AB}, J_{CD}] = i η_{BC} J_{AD} + antisymmetrizations, with η_{AB} = diag(−1, −1, +1, +1, . . . , +1).

The maximal compact subalgebra of o(d, 2) is the direct sum o(2) ⊕ o(d). In the AdS_{d+1} spacetime endowed with the usual global coordinates (or on the conformal boundary ∂AdS_{d+1} whose topology is roughly S^1 × S^{d−1}), the summand o(2) corresponds to time translations generated by the (conformal) Hamiltonian E = J_0′_0 while o(d) corresponds to the rotations generated by J_{ij} (where i, j = 1, 2, . . . , d − 1). The remaining generators can be recast in the form of ladder operators J^±_j = J_{0j} ∓ iJ_0′_j , raising or lowering the (conformal) energy (= eigenvalue of E) by one unit, due to the commutation relations [ E, J^±_i ] = ±J^±_i ; [ J_{ij}, J^±_k ] = 2iδ_{k[j} J^±_{i]} [ J^−_i , J^+_j ] = 2(iJ_{ij} + δ_{ij} E) (3.1) [J_{ij}, J_{kl}] = iδ_{jk} J_{il} + antisymetrizations

Following standard usage in the litterature (although the compact subalgebra is often priviledged), we will often make use of the CFT language to describe the o(d, 2)-modules. Since the signature is not directly relevant for most of our considerations, all results can be directly translated in CFT language either by making use of the radial quantization or by priviledging the o(1, 1) ⊕ o(d − 1, 1) subalgebra where o(1, 1) correspond to scale transformations generated by D := J_0′_d and o(d − 1, 1) to the Lorentz transformations generated by J_{ab} (where a, b = 0, 1, 2, . . . , d − 1) of the conformal d-dimensional space. The ladder operators correspond to the translation generators P_a = J_{d a} + J_0′_a and the conformal boost generators K_a = J_{d a} − J_0′_a respectively raising and lowering the conformal weight (= eigenvalue of D) by one unit, due to the analogue of the commutation relations (3.1).

Notations:

• The finite-dimensional irreducible o(2) ⊕ o(d)-module characterized by the “energy” Δ for o(2) (or “conformal weight” in CFT language) and the “spin” represented by a Young diagram Y for o(d), will be denoted as Y (Δ, Y ). A Young diagram Y made of a single row of length r will be denoted as the number Y = r for simplicity.

• The (generalized) Verma o(d, 2)-module V (Δ, Y ) is defined as follows:

V (Δ, Y ) = U ( R^d ) Y (Δ, Y ) , R^d = span{J^+_i } , (3.2)

where U ( R^d ) ) stands for the free action of the abelian subalgebra of raising ladder operators J^+_i on the finite-dimensional irreducible o(2)⊕o(d)-module Y (Δ, Y ) (the conformal primary in CFT language). As one can see, Δ is the lowest energy in the module o(2)- decomposition.

• Following the standard notation in the physics community, the o(d, 2)-irreducible quotient of the Verma module V (Δ, Y ) will be denoted by D (Δ, Y ).

3.2 Group-theoretical catalogue of o(d, 2)-modules

The Verma o(d, 2)-modules are classified according to their lowest weights (Δ, Y ). Some of the relevant o(d, 2)-modules reviewed below are, strictly speaking, not Verma modules. Nevertheless, the modules have been sorted by the labels (Δ, Y ). The terminology adopted aims to make contact with their standard field-theoretic realization in the litterature, either as conformal or AdS fields. In the description of the realization in terms of conformal fields, the o(d, 2)-modules will be described by the corresponding conformal primary field but of course the whole module is spanned by the primary together with all its (nontrivial) descendants. Let ℓ ∈ N − {0} and s, t ∈ N.

• (Δ_±, Y ) = (^d_2 ± ℓ , 0) :

Higher-order scalar singleton: The Verma module V (_d 2 − ℓ, 0 ) is reducible though indecomposable, it is isomorphic to the gluing V ( d 2 − ℓ, 0 ) ∼= D ( d 2 − ℓ, 0 ) � V ( d 2 + ℓ, 0 ) (3.3)

where the quotient D ( d 2 − ℓ, 0 ) ∼= V (_d 2 − ℓ, 0 ) V (_d 2 + ℓ, 0

) (3.4)

is irreducible. The module V (_d 2 − ℓ, 0 ) corresponds to the off-shell scalar field ϕ(x) on the flat conformal space X_d with conformal weight Δ_− =^d_2 − ℓ. Its submodule V (_d 2 + ℓ, 0 ) ⊂ V (_d 2 − ℓ, 0 ) corresponds to the descendant □^ℓ_0ϕ(x).Thus the irreducible quotient D (_d 2 − ℓ, 0 ) corresponds to an on-shell conformal scalar field subject to the polywave equation □^ℓ_0ϕ = 0 of order 2ℓ. The module D (_d 2 − ℓ, 0 ) will be called the scalar singleton of order ℓ, since for ℓ = 1 it is the usual scalar singleton (also called “Rac”) subject to the usual wave equation of second order. In the terminology of [36], they would be called ℓ-linetons because their weight decomposition is described by ℓ lines in the weight-space diagram.

Critical AdS scalar: Consider the Klein-Gordon equation (∇^2 − m^2) φ = 0 for a scalar field on AdS_{d+1} with ∇^2 the Laplace-Beltrami operator of AdS_{d+1}. The space of solutions of the Klein-Gordon equation on AdS_{d+1} with critical mass-square m^2 = ℓ^2 − (^d_2 )^2 is the semidirect sum V ( d 2 − ℓ, 0 ) � V ( d 2 + ℓ, 0 ) (3.5)

where the above two modules of solutions correspond to the two possible boundary behaviours φ_± ∼ ρ^{d±2ℓ}ϕ_± for ρ ∼ 0. If one considers the quotient of this Klein-Gordon solution space by the solutions with subleading boundary behaviour φ_+ ∼ ρ^{d+2ℓ}ϕ_+, then even the leading boundary data with nontrivial □^ℓϕ_− can be gauged away. The quotient space is actually isomorphic to the irreducible module D (_d 2 − ℓ, 0 ) and describes the singleton of order ℓ as a critical AdS scalar field whose bulk degrees of freedom can be gauged away by the above quotient (see [37] for the seminal paper on the case d = 3 and ℓ = 1).

• (Δ, Y ) = (d + s − t − 1, s) :

Partially conserved current: The Verma module V (d + s − t − 1, s) corresponds to a rank-s symmetric traceless tensor fields j^{a1... as} with conformal weight Δ_+ = d + s − t − 1. For t > s, this modules is irreducible so that we denote it as D (d + s − t − 1, s) =

V (d + s − t − 1, s). However, for 0 < t ⩽ s, the Verma module is reducible, though indecomposable, because it contains the submodule I (d + s − 1, s − t) ⊂ V (d + s − t − 1, s) (3.6) isomorphic to the Verma module V (d + s − 1, s − t) ∼= I (d + s − 1, s − t) which corresponds to the partial conservation law of depth t (i.e. tth divergence of the current: ∂_{a1} · · · ∂_{at} j^{a1... as} ), but one can consider the quotient D (d + s − t − 1, s) ∼= V (d + s − t − 1, s) V (d + s − 1, s − t) (3.7)

The irreducible module D (d + s − t − 1, s) will be called a partially conserved current of spin s and depth t (discussed e.g. in [38]) since they are the generalisation of the conformal conserved currents (case t = 1). More concretely, a spin-s and depth-t partially conserved current is a primary field j^{a1...as} (x) on X_d with weight Δ = d + s − t − 1, which is symmetric, traceless and partially conserved: ( ∂ ∂p · ∂ ∂p ) j(x, p) = 0 , ( ∂ ∂x · ∂ ∂p )_t j(x, p) = 0 , (3.8)

where by making use of an auxiliary variable p^a the tensor j_{a1...as} (x) has been packed into a generating function j(x, p) = j_{a1 ...as} (x)p^{a1} . . . p^{as} .

• (Δ, Y ) = (1 + t − s, s) :

Higher-depth shadow field: A spin-s and depth-t shadow field is a primary field ϕ_{a1...as} (x) on X_d with weight t + 1 − s, symmetric, traceless and subject to generalized Fradkin-Tseytlin (FT) gauge transformations: ( ∂ ∂p · ∂ ∂p ) ϕ(x, p) = 0 , δ_εϕ(x, p) = Π ( (p · ∂ ∂x )^tε(x, p) ) , (3.9)

where Π denotes the projection to the traceless component and the tensor has been packed into a generating function. Since the shadow field of spin s and depth t does not correspond to a genuine Verma module (but somehow to the contragradient of a Verma module), it will be denoted as W (1 + t − s, s) where the primary field is a rank s traceless symmetric tensor field with gauge symmetries which are generalized FT transformations (projected tth gradient of a rank s − t traceless symmetric tensor field).

Higher depth Fradkin-Tseytlin field: For d even, there is a submodule isomorphic to D (d + s − t − 1, s) of the indecomposable module W (1 + t − s, s). This submodule is generated by the descendant corresponding to the higher depth version of FT equations of the form □^{d−42} ∂_{b1} · · · ∂_{bs−t+1} W^{a1 ... as|b1... bs−t+1} + . . . = 0 (3.10) where W^{a1... as|b1... bs−t+1} is the generalized Weyl tensor of the shadow field ϕ_{a1...as} (x) (i.e. it is the traceless part of its generalized Riemann tensor, which is in turn the (s − t + 1)-th curl of the shadow field) and the dots stand for extra terms involving the same number of derivatives of the generalized Weyl tensor but with more complicated contractions of indices. So one can consider the quotient C (1 + t − s, s) = W (1 + t − s, s) D (d + s − t − 1, s) (3.11)

which will be called a spin-s and depth-t Fradkin-Tseytlin field and which can be seen as an on-shell higher-depth shadow field. These eqauations fit into the classifiation [25] of conformal equations. They also belongs to the class of conformal gauge fields considered in [26] where the gauge invariant Lagrangians in terms of Weyl tensors have been constructed.

Partially massless AdS field: In the metric-like formulation [10], the free spin-s depth-t partially massless fields on AdS_{d+1} are described via rank-s symmetric tensor gauge fields φ_{μ1...μs} modded by gauge transformations of the form

δ_εφ_{μ1...μs} = ∇_{(μ1} . . . ∇_{μt} ε_{μt+1...μs)} + terms involving the AdS metric, (3.12)

and subject to second order field equations generalizing Fronsdal ones. Indeed, when the depth t is equal to one, these fields are usually called massless and were described by Fronsdal [7]. The space of inequivalent solutions of PM field equations is the direct sum D (d + s − t − 1, s) ⊕ W (1 + t − s, s) where the above two modules of solutions correspond to the two possible boundary behaviours φ_± ∼ ρ^{Δ±/2}ϕ_± for z ∼ 0. The partially conserved currents appear as boundary values of “normalizable” solutions of these equations, while the higher-depth shadow fields appear as boundary values of (so-called) “non-normalizable” solutions of the same equations (see e.g. [40] for the massless case t = 1). The global reducibility parameters of partially massless fields are, by definition, gauge parameters ε_{ν1...νs−t} such that the corresponding gauge transformation vanishes, δ_εφ_{μ1...μs} = 0. Such global reducibility parameters are analogous but distinct from the generalized Killing tensors introduced in [41] because in the latter generalized Killing equation no term involving the metric appears.

• (Δ, Y ) = (1 − s, s − t) :

Higher-depth conformal Killing tensors: For s ⩾ t, a rank-(s − t) and depth-t conformal Killing tensor^3 is a symmetric traceless tensor field ε_{b1... bs−t} (x) on X_d solution

3They would be called generalized conformal Killing tensor fields of rank r = s − t and of order t in the terminology of [41].

of the generalized conformal Killing equation [41] ∂_{(a1} · · · ∂_{at} ϵ_{at+1... as)}(x) = g_{(a1a2} (x)χ_{a3 ... as)}(x) . (3.13) The (usual) conformal Killing tensors are the particular case of depth one. The (higherdepth) Killing tensor fields on flat spacetime are pertinent for conformal HS gravity because they are the global reducibility parameters of (higher-depth) shadow fields linearized around the flat background. The space of the rank-(s − t) and depth-t conformal Killing tensors is isomorphic to the finite-dimensional irreducible o(d) ⊕ o(2)-module Y ( 1 − s , (s − 1, s − t) ) labeled by a Young diagram Y = (s − 1, s − t) with first row of length s − 1 and second row of length s − t. This module is also isomorphic to the irreducible o(d, 2)-module, obtained as the quotient D (1 − s, s − t) ∼= V (1 − s, s − t) I (1 + t − s, s) ∼= Y ( 1 − s , (s − 1, s − t) )

where the Verma module V (1 − s, s − t) corresponds to the gauge parameters ε_{b1... bs−t} (x) in the FT transformations (3.9) for a shadow field ε_{a1... as} (x) of spin s and depth t, while the submodule I (1 + t − s, s) corresponds to the higher-depth conformal Killing equation (3.13) equivalent to the reducibility condition Π ( (p ·^∂_{∂x} )^tε(x, p) ) = 0. The module of (higher-depth) conformal Killing tensors is actually also isomorphic to the space of global reducibility parameters of (partially) massless fields.

3.3 Generalized Flato–Fronsdal theorem

Proposition 1. The tensor product of two singletons of order ℓ(⩾ 1) decomposes as the following sum D (d − 2ℓ 2 , 0 ) ⊗ D (d − 2ℓ 2 , 0 ) = ∞⨁ s=0 ℓ⨁ k=1 D(d + s − 2k, s) (3.14)

of the irreducible o(d, 2)-modules describing the partially conserved currents of all ranks s ∈ N and all odd depths t (= 2k − 1) ranging from 1 to 2ℓ − 1.

For ℓ = 1, this is the Flato–Fronsdal theorem for the tensor products of two scalar singletons [1, 4].^4 The proof is relegated to the Appenix A.

4 Partially massless fields

Though the phenomenon of “partial masslessness” on (A)dS was first observed for fields of spin 2 by Deser and Nepomechie [8, 9], the term was coined later when the higherspin generalization was sketched [10] (the harmonic analyses of Higuchi [42] which was

4We are gratefull to E. Skvortsov for informing us that Proposition 1 has been also independently obtained by him and collaborators.

obtained in the meanwhile provides a useful mathematical complement). Over the years, various formulations of free PM fields have been investigated, such as metric-like [43], frame-like [44, 45] and BRST-parent [21, 46, 47] approaches. More recently, the possibity of consistent interactions has been studied at the level of cubic vertices for any integer spins [48, 49, 50]. An AdS/CFT dictionary for PM fields was sketched in [38] (see [51] for a dS/CFT analogue).

4.1 Ambient representation of partially massless fields

Consider symmetric tensor fields Φ_{A1...As} (X) defined on the ambient space R^{d,2} \{0}. Identify them as Taylor coefficients in the power series expansion of a generating function Φ(X, P ) = ∑ s 1 s! Φ_{A1...As} (X) P^{A1} . . . P^{As} where the P ’s are mere auxiliary variables.

The homogeneity degree in P corresponds to the rank of the tensor field. In addition to the action of o(d, 2) as J_{AB} = X_A^∂_{∂XB} − X_B^∂_{∂XA} + P_A^∂_{∂P B} − P_B^∂_{∂P A} the space of such fields is equipped with an action of the algebra sp(4) generated by the 10 operators □ = 1 2 ∂_X · ∂_X , S = ∂_X · ∂_P , T = 1 2 ∂_P · ∂_P , S̄^† = X · ∂_P , S^† = P · ∂_X

U_− = P · ∂_P − X · ∂_X , U_+ = P · ∂_P + X · ∂_X + d + 2 , ¯□ = 1 2 X^2, S̄ = X · P , T̄ = 1 2 P · P . (4.1)

There are two obvious automorphisms induced by P → −^∂_{∂P} ,^∂_{∂P} → P or X → −^∂_{∂X} , ∂ ∂X → X which are somehow the analogue of Fourier transformation, respectively in the space of auxilliary variable P or in the space of ambient coordinates X. The two operators counting the homogeneity degree in X and P respectively, N_X = X · ∂_X and N_P = P · ∂_P will sometimes be used below, although they are mere linear combinations of the two operators U_±.

In ambient terms, the totally symmetric depth-t partially massless fields can be described through the following constraints and gauge symmetries [21, 47]:

T Φ = SΦ = □Φ = (U_− − (t + 1))Φ = 0 , (S̄^†)^tΦ = 0 , Φ ∼= Φ + S^†χ ,

(4.2)

where χ satifies the same constraints but with t + 1 replaced with t − 1. To describe a spin s field one in addition imposes (P · ∂_P − s)Φ = 0 and (P · ∂_P − s + 1)χ = 0. To check the consistency it is useful to employ the following standard relations of sp(2) generators E, F, H in the standard basis [H, E] = 2E, [H, F ] = −2F , [E, F ] = H

[E, F^t] = F^{t−1}t(H − t + 1) , [E^t, F ] = E^{t−1}t(H + t − 1) , (4.3)

and observe that the 3 operators S^†, S̄^†, U_− satisfy the same algebra.

It can be also convenient to work with the partially gauge fixed version of the same system [48]

T Φ = SΦ = □Φ = (U_− − (t + 1))Φ = 0 , S̄^†Φ = 0 , Φ ∼= Φ + (S^†)^tχ ,

(4.4)

where χ satisfies the same constraints but with t + 1 replaced with 1 − t. Here, the consistency is easy to check by making use of the second relation of (4.3). To obtain this description from (4.2), one first uses the partial gauge S̄^†Φ = 0. The parameter preserving the gauge condition satisfies S̄^†S^†χ = 0 which together with U_−S^†χ = (t+1)S^†χ implies S^†χ = (S^†)^tλ for some λ satisfying S̄^†λ = 0 and U_−λ = (1−t)λ along with □λ = T λ = Sλ = 0. This follows from known facts on representations of the algebra sp(2) generated by the operators S^†, S̄^†, U_−. Note that (4.4) can be seen as a straightforward ambient rewriting of the PM equations of motion and gauge transformaions in terms of intrinsic AdS coordinates.

In (4.2) and (4.4) the homogeneity degree in X is set to s − t − 1 = −Δ_− (for a spin-s depth-t field).An alternative description based on Δ_+ = d + s − t − 1 is also possible and will be discussed in Section 5.4. Just like in the case of a massive scalar both descritions are equivalent in the domain X^2 < 0 while in the vicinity of X^2 = 0 they correspond to boundary values with the respective asymptotics.

In these formulations the gauge parameters are subject to differential constraints. There is an elegant way to replace the system with the genuine gauge one where no differential constraints are imposed on gauge parameters. The idea is to implement all the constraints through the BRST operator. The simple rule is to represent ghost variables associated to constraints in coordinate representation while those associated to gauge generators in momentum representation so that the physical fields are found at degree zero.

The BRST operator implementing (4.2) reads as

Ω = c_0□ + cS + ξT + S^† ∂ ∂b + μ(U_− − t − 1 + 2b ∂ ∂b ) + ν(S̄^†)^t + G , (4.5)

where the ghost variables c_0, c, ξ, μ, ν of ghost degre 1 and b with gh(b) = −1 have been introduced. Here, G denotes the terms encoding higher structures of the gauge algebra and this operator is chosen such that G1 = 0. In particular, this condition determins the ghost contribution in the eigenvalue constraint for U_−. Note that the ghost variables associated to S^† are represented in momentum represenation to reflect that S^† generates a gauge transformation (see e.g. [46, 18] for more details on the BRST implementation of constraints).

The equations of motion and gauge symmetries are

ΩΨ = 0 , Ψ ∼= Ψ + ΩΛ , gh(Ψ) = 0 , gh(Λ) = −1 (4.6)

Note that the explicit expression for Ψ and χ reads as

Ψ = Φ + c_0b Φ_□ + cb Φ_S + ξb Φ_T + μb Φ_U + νb Φ¯_S† , Λ = bλ (4.7)

where all the component fields depend on X^A, P^A. We see that using BRST procedure produces specific set of auxiliary fields. Moreover, λ is not subject to any constraints and hence the above system is a genuine gauge system.

To complete the ambient description for PM fields one shoudl also specify the domain where Ψ and Λ are defined. We take it to be the neigbourhood of the hyperboloid (this in turn is equivalent to taking Ψ defined on the domain X^2 < 0, see [18] for more details).

4.2 Parent formulation of partially massless fields

An alternative way to replace the partially gauge fixed formulation (4.2) (or (4.4)) with a genuine gauge invariant one was proposed in [21, 47] (see also [20]) and is based on the so-called parent formulation.

The idea is to introduce extra fields by, roughly speaking, putting the ambient space system (4.2) to the target space. More precisely, replacing X^A with a formal variable Y^A and allowing the generating function Ψ to depend on local AdS coordinates x^μ and their differentials θ^μ ≡ dx^μ. The Grassmann variables θ^μ are to be understood as ghost variables with gh(θ^μ) = 1.

The parent system is determined by Ω = ∇ + Q , Ψ = Ψ(x, θ|Y, P, b) , □Ψ = SΨ = T Ψ = (S̄^†Ψ)^t = (U_− − t − 1 + 2b ∂ ∂b )Ψ = 0

(4.8)

where in the constraints of the second line and BRST operator Q = S^{† ∂}_{∂b} implementing the gauge equivalence from (4.2) the replacement X^A → Y^A + V^A and^∂_{∂XA} →^∂_{∂Y A} has been made and ∇ is given by ∇ = d − e^A ∂ ∂Y^A − ω B A ( Y^A ∂ ∂Y^B + P A ∂ ∂P^B ) = = d − dV^A ∂ ∂Y^A − ω B A (( Y^A + V^A ) ∂ ∂Y^B + P A ∂ ∂P^B ) , (4.9)

Here, d = θ^{μ ∂}_{∂xμ} is the De Rham differential, ω^A_B = θ^μω^A_{μB} is a flat connection taking values in o(d, 2) and V^A a fixed section, called compensator, and e^A = ∇V^A is a frame field. It is assumed that e^A_μ = ∇_μV^A has a maximal rank. To describe AdS fields one takes x^μ to be local coordinates on AdS_{d+1}, ω^B_A to be an o(d, 2)-connection on AdS, and the compensator V^A to be such that V^2 = −1. Note that the spacetime derivatives^∂_{∂xμ} enters the operator Ω only through ∇ so that all the equation of motion, gauge generators, etc, of the former are manifestly first order in spacetime derivatives.

Introducing ghost degree zero component fields according to Ψ = F + bθ^μA_μ the equations of motion and gauge symmetries read explicitly as ∇A = 0 , ∇F = S^†A , δA = ∇λ , δF = S^†λ , (4.10) along with the target space constraints from the second line of (4.8). In this form it is easy to relate the formulation to the partially gauge fixed ambient space system (4.2). Indeed, at least locally the first equation can be solved as A = ∇χ so that A can be gauged away. In this gauge A = 0 and the second equation and the residual gauge invariance take the form

∇F = 0 , □F = SF = T F = (S̄^†)^tF = (U_− − t − 1)F = 0 , (4.11) δF = S^†λ , ∇λ = □λ = Sλ = T λ = (S̄^†)^tλ = (U_− − t + 1)λ = 0 (4.12)

This system can be seen as a pulback of a system defined on the ambient space R^{d,2} \{0} to the AdS hyperboloid. In particular, ∇ is a pullback of the standard flat connection ∇_0 on R^{d,2} \{0}. In a suitable frame ∇_0 = θ^A(^∂_{∂XA} −^∂_{∂Y A} ) and the above system reduces to (4.2) upon elimination of the variables Y^A (see [20, 21] for more details on the ambient space interpretation of the parent system).

4.3 Global reducibility parameters

Some important pieces of information on the local gauge theory is captured by the socalled global reducibilty parameters. Their space is formed by the gauge parameters that give rise to trivial (i.e. vanishing) gauge transformations. In the case of reducible gauge theories, this space is to be quotient over the trivial gauge parameters. For a massless spin s field ϕ_{μ1...μs} , the condition implies ∇_{(μ1} λ_{μ2...μs)} = 0 i.e. λ_{μ1...μs−1} is a traceless Killing tensor. Because the system is irreducible, the space of global reducibilty parameters is in that case given by the space of traceless Killing tensors.

The space of global reducibility parameters is an invariant characteristic of a gauge system, i.e. independent of the chosen (equivalent) descriptions. This is known in a rather general context [52] and will be explicitly demonstrated shortly in the case of free systems. In particular, one can use any equivalent formulation to identify it. For instance, in the case pf PM fields it is convenient to use ambient space description based on (4.4) to obtain □λ = Sλ = T λ = (U_− − 1 + t)λ = S̄^†λ = (S^†)^tλ = 0 . (4.13)

The last condition implies that λ is polynomial in X. The remaining conditions say that λ is described by two row traceless Young tableaux with rows of length s − 1 and s − t if one restricts to the spin-s field case by requiring (N_P − s + t)λ = 0. These properties follow from known facts on representations of o(d + 2). In terms of intrinsic coordinates on AdS, the global reducibility parameters are determined by the conditions (p · ∇)^tλ(x, p) + . . . = 0 and ∂_p · ∂_pλ = 0, where λ = λ_{μ1...μs−t} p^{μ1} . . . p^{μs−t} . A rigorous proof of the isomorphism between these two representations for global reducibilities can be given using the parent formulation.

The global reducibility parameters are nicely described within BRST formalism. Let us for simplicity consider a free system. It can be formulated in the BRST first quantized terms using the BRST operator Ω so that the equations of motion and the gauge symmetries read as

ΩΦ = 0 , gh(Φ) = 0 , δΦ = Ωλ gh(λ) = −1 , . . . (4.14)

We assume that the BRST operator is proper. It follows that the space of global reducibility parameters is just the cohomology of Ω at ghost degree −1 [53]. In particular, when represented in this terms it is clear that this space is an invariant characterization of the system – no matter which formulation (among the locally equivalent ones) is being used. In particular, if the space of reducibilities is empty this implies that all the gauge symmetries are Stückelberg (algebraic) and the system is equivalent to the one without gauge freedom. Analogously, higher global reducibilities are described by Ω-cohomology at ghost degree −2, −3 etc. Note that reducibility parameters are directly related to surface charges (see [53] for AdS gauge fields and [52] for the general case) and these notions remain meaningful at nonlinear level as well.

To make contact with the literature, let us mention that in the unfolded formulation of HS fields the module of 1-forms (the so-called gauge module, see e.g. [54, 13]) is known to coincide with the space of global reducibility parameters. It follows from the above BRST cohomology identification that this applies to a general gauge systems. Indeed, according to [19, 20] the module of 1-forms is always given by the cohomology of Ω at ghost degree −1. This extends to higher global reducibilities which are identified with the modules of p-forms with p > 1.

4.4 Reducible multiplet of PM fields

The constrained system (4.4) (or (4.2)) describes an irreducible field if one further restricts to a particular spin by imposing the condition (N_P − s)Φ = 0. We now describe a reducible multiplet of (PM) fields which is directly related to usual depth-1 gauge fields.

Consider the following system on the domain X^2 < 0 of R^{d,2} :

S̄^†Φ = (U_− − 2)Φ = 0 , (S^2 − 4T □)Φ = 0 , □^ℓ1 S^ℓ2 T^ℓ3 Φ = 0 ,

Φ ∼ Φ + S^†λ

(4.15)

where ℓ_1 + ℓ_2 + ℓ_3 = ℓ and λ satisfy the same constraints except that U_− − 2 is replaced with U_−. This system simultaneously describe PM fields of all spins and depths

1, 3, . . . , 2ℓ − 1. Again, the trancation to a particular spin s can be achieved by imposing (N_P − s)Φ = 0.

To see this let us first consider the simplest nontrivial case of ℓ = 2. The solution of the □^{ℓ1} S^{ℓ2} T^{ℓ3} Φ = 0 with ℓ_1 + ℓ_2 + ℓ_3 = 2 can be uniquely written as Φ = Φ_0 + T̄ Φ_1 + S̄Φ_2 + ¯□Φ_3 , □Φ_α = T Φ_α = SΦ_α = 0 . (4.16) Because S^†, S̄^†, U_− do not send o(d, 2)-traceless elements to traceful and vice versa the system decomposes into that for Φ_0 and the rest. The one for Φ_0 is by definition that for usual depth 1 gauge fields. To see what the remaining fields Φ_α with α = 1, 2, 3 describe let us analyze S̄^†Φ = 0. This implies Φ_2 = −^1_2S̄^†Φ_3 and Φ_1 =^1_2S̄^†S̄^†Φ_3 so that Φ_{1,2} are auxiliary fields. To see what does Φ_3 describe observe that its gauge transformation is Φ_3 ∼ Φ_3 + S^†λ_3 and the homogeneity degree (U_− − 4)Φ_3 = 0 so by definition Φ_3 is a depth 3 PM field. Here λ_3 denotes the respective component of the gauge parameter.

In the general case it is easy to show that the spectrum of PM fields in the multiplet is in one-to-one correspondence with the spectrum of irreducible sp(2) components in the sp(2)-module of polynomials in T̄ , ¯□, S̄ of order not higher than ℓ−1. In other words this is a direct sum of symmetric tensor powers up to order ℓ−1 of the standard 3-dimensional sp(2)-modules. To eliminate multiplicities one needs to keep only one irreducible module at each homogeneous component: the one whose highest weight vector have the form ¯□^kψ_k with ψ_k totally traceless. Multiplicities necessarily contain sp(2)-invariant element S̄2 − 4 ¯□T̄ . Indeed, the irreducible modules of sp(2) are realized on sp(2)-traceless (with respect to the invariant metric) tensors. Those proportional to S̄^2 − 4 ¯□T̄ are hence the multiplicities. But such elements are not present as the condition S^2 − 4T □ is contained among the constraints (4.15).

5 Boundary values in the (gauge-) covariant approach

The paper started in Section 2 (see also [18]) with a general discussion of boundary behavior in terms of intrinsic AdS geometry. Using the simplest example of a massive AdS scalar field, we already introduced the notion of boundary values and discussed various subtleties such as the presence of obstructions to the extension in the bulk.

5.1 Boundary data for partially massless fields

According to [18] the description of the boundary values is achieved by considering a constrained system determimining AdS field as defined in the vicinity of the hypercone X^2 = 0 (rather than on the hyperboloid X^2 = −1) and interpreting it in terms of homogeneous fields defined on the hypercone. Here we explicitly concentrate on boundary values with shadow-type asymptotic behaviour and hence employ the equation (4.2) or (4.4) where the homogeneity degree is fixed by Δ_− = t + 1 − s. For definiteness we use (4.2). The current-type boundary values are obtained in exactly the same way using a different constrained system involving Δ_+ in the homogeneity constraint (see Section 5.4).

This prescription can be made fully gauge-covariant by using the BRST operator (4.5). In this form the prescription of boundary values is understood as a map that sends a gauge theory (with unconstrained gauge parameters) on AdS space to another gauge theory on the conformal boundary whose gauge parameters are also unconstrained. However, even this form of the map is somewhat implicit because the same Ψ encodes fields defined on the hyperboloid and their boundary values defined on the projective hypercone. In order to make it explicit, one passes to the parent description.

In parent terms, the map that sends a bulk gauge theory to the boundary one simply amounts to considering the generating function Ψ to be defined on the boundary and replacing the AdS connection ω and compensator V with their conformal counterparts in (4.8) so that the system is determined by the BRST operator of the same structure Ω_{conf} = ∇ + Q , Ψ = Ψ(x^a, θ^a|Y, P, b) , (5.1) where Ψ is subject to the same target space constraints, the variables x^a, θ^a denote the coordinates on the conformal boundary and their De Rham differentials, and ∇ and V are the conformal connection and the compensator. In this way, the map indeed sends a gauge field theory defined on the hyperboloid to a gauge field theory defined on its conformal boundary.

Let us spell out explicitly the structure of the conformal compensator and covariant derivative. In a suitable local frame e_±, e_a one can assume V^+ = 1, V^− = V^a = 0 and (see [22, 18] for more details) ∇ = d − ω^a_b (y^b ∂ ∂y^a + p b ∂ ∂p_a ) − e a[(Y^+ + 1) ∂ ∂y^a − y^a ∂ ∂Y^− + P + ∂ ∂p^a − p^a ∂ ∂P^− ] . (5.2)

Adjusting the frame and local coordinates one can in addition put ω = 0 and e^a = θ^a.

To make contact with the considerations of [18], we observe that the gauge A = 0 admissible for the bulk system (4.8) is admissible for the boundary system (5.1) by the same reasoning. In this gauge (4.8) reduces to the conformal version of (4.11)-(4.12), i.e. the same system but with F depending on x^a and AdS ω, V replaced with their conformal counterparts. For t = 1 this is precisely the equations of motion and gauge tranformations for boundary values obtained in [18]. We have thus confirmed that going to the boundary commutes with the partial gauge condition employed in [18].

The following important remark is in order. Although we extensively use BFV-BRST formalism to describe gauge theories the involved BRST differentials are not necessarily proper in the sense that they do not always take into account all the gauge symmetries of the equations. For instance, the above parent BRST operator for PM fields is proper while its conformal counterpart describing boundary values is in general not. Indeed, taking the scalar field s = 0 as an example and assuming d ≠ 2ℓ the BRST operator for boundary values describes off-shell system with trivial equations and no gauge symmetries. In the standard considerations such BRST operator is regarded as non proper as it does not take into account the gauge symmetries (e.g. shifts by an arbitrary parameter) present in the system. This supports the point of view that not only proper BRST differentials are of primary importance.

To complete the discussion of the general aspects of boundary values let us note that the way we describe boundary values is directly analogous to obtaining the Hamiltonian formulation which, from this perspective, can be seen as a theory of boundary values of fields with the boundary being the surface of initial data. To illustrate this point, in Appendix B.2 we consider a toy model of the Klein-Gordon field on flat spacetime and show that the parent approach to boundary values indeed reproduces the Hamiltonian phase space for the Klein-Gordon field.

5.2 Boundary values in terms of components

We now explicitly analyze the partially gauge fixed system describing the boundary values. For this we find it more convenient to work with the formulation based on (4.4). The respective counterpart of (4.11) reads explicitly as ∇F = 0 , □F = SF = T F = S̄^†F = ( (Y + V ) · ∂_Y + Δ ) F = 0 , (5.3)

where F = F (x|Y, P ) and Δ = t + 1 − s. The gauge parameters λ satisfy the same equations but with Δ = 1 − s and the gauge law is δF = (S^†)^tλ.

Constraints ∇, (Y + V ) · ∂_Y , S̄^† uniquely fix the dependence of F on y^a, Y^+, P^+ in terms of ϕ(x|u, w, p) = F |_ya_{=Y} +_{=P} +_{=0} where u := Y^− and w := P^−. If ϕ describes a spin-s PM field, then (p^{a ∂}_{∂pa} + w^∂_{∂w} − s)ϕ = 0 and the remaining equations take the form (these are direct generalizations of Eqs. (5.12)-(5.14) from [18]) ~□ϕ + ∂ ∂u ( d − 2Δ − 2u ∂ ∂u ) ϕ =0 , (5.4) ( ∂ ∂p · ∂ ∂x ) ϕ + ∂ ∂w ( d − Δ − 1 + s − 2u ∂ ∂u − w ∂ ∂w ) ϕ =0 , (5.5) ( ∂ ∂p · ∂ ∂p ) ϕ − 2u ( ∂ ∂w )_2 ϕ =0 , (5.6)

where ~□ = □ + 2(p ·^∂_{∂x} )^∂_{∂w} + p^2(^∂_{∂w} )^2. The equations corresponding to the gauge parameter are obtained for Δ = 1 − s and s should be replaced by s − t.

Let us analyze what these equations encode for the PM field itself, i.e. for Δ = 1 + t − s. At u = 0 the coefficient in (5.5) never vanishes because t ⩽ s. Just like in the massless case for d even the general solution is parametrized by two functions of x and p:

ϕ^0 := ϕ|_{u=w=0} and ψ_ℓ, where the latter enters ϕ as u^ℓψ_ℓ with ℓ =^1_2 (d−2Δ) =^{d−2}_2 +s−t. Both are subject to some conformal equations, as explained below.

Repeating the analysis of [18] in the present case one finds equations for ϕ_0 := ϕ|_{u=0} encoded in those for ϕ(x, p, w)

~□^ℓϕ_0 = 0 , ( ∂ ∂p · ∂ ∂x ) ϕ_0 + ∂ ∂w (2ℓ + t − ∂ ∂w )ϕ_0 = 0 , ( ∂ ∂p · ∂ ∂p ) ϕ_0 = 0 .

(5.7)

Just like in the massless case considered in [18] the second equation determines ϕ_0 in terms of ϕ^0 = ϕ_0|_{p−=0} while the third equations says that ϕ^0 is traceless. At the same time the first equation imposes differential equations on ϕ^0. More precisely, (~□^{d−2}2^{+s−t}ϕ_0)|_{w=0} = 0 is in fact invariant under gauge transformations with unconstrained parameter while the remaining equations encoded in ~□^{d−2}2^{+s−t}ϕ_0 = 0 are partial gauge conditions. Note that the conformal equations encoded in (5.7) fit into the classification [25] and also belong to the class of conformal gauge fields described in [26].

As for equations for ψ_ℓ(x, p) one finds the partial conservation condition ( ∂ ∂p · ∂ ∂x )_t ψ_ℓ = 0 , (5.8)

in agreement with [38].

As an example let us consider the case d = 4 and t = s (i.e. maximal depth) where the equations are of second order. The first equation at w = 0 gives

□ϕ^0 − 2 3 (p · ∂ ∂x )( ∂ ∂p · ∂ ∂x )ϕ^0 + 1 6 p^2( ∂ ∂p · ∂ ∂x )( ∂ ∂p · ∂ ∂x )ϕ^0 = 0 (5.9)

To obtain the explicit form of gauge transformations one repeats the analysis for the gauge parameter. In terms of λ^0(x) (in the present case s = t, λ is independent of p) the gauge transformation for ϕ_0 read as

δϕ^0 = ( (p^a ∂ ∂x^a ) 2 − 1 4 p^ap_a□ ) λ^0 . (5.10)

The gauge invariance of (5.9) can be easily checked directly. Note that these are precisely the conformal spin 2 equations from [9] which, thanks to conformal invariance, can also be seen as equations on AdS_4. More precisely, equations describing s = t = 2 PM fields. Analogous remark applies to s = t = 1 case.

More generally, the higher-depth FT equations are of order d − 2 + 2(s − t) in the derivatives. One can notice that in d = 4 and for maximal depth t = s they are of second order. Since anti de Sitter spacetime is conformally flat, they can be seen as second order equations for gauge fields on AdS_4 with a gauge law of order t in derivatives. These conformal fields should coincide with PM fields of maximal depth t = s in AdS_4 which are known to be conformal for all s [55].^5 We do not discuss (higher-depth) FT equations here in more details because later in Section 6 we present the gauge-invariant and manifestly conformal form of them.

5.3 Relation to the unfolded formulation

If one does not want to use partial gauge conditions a possible way to study the gauge invariant system (5.1) is to reduce it further to the unfolded formulation and compare with the known unfolded forms of conformal gauge fields [26]. According to the general prescription of [19, 20, 56] the unfolded formulation can be arrived at by eliminating a maximal amount of purely target space contractible pairs. In the case at hand this implies reduction to the cohomology of Q = S^{† ∂}_{∂b} i.e. the target space part of the total BRST operator.

Because there is only one target space ghost variable left (ghost momenta b) the Q cohomology can be found at target space ghost degree −1 and 0. For degree −1 the coboundary condition is missing and the cohomology can be identified with the subspace of elements of the form b ϕ(Y, P ) with ϕ satisfying

□ϕ = Sϕ = T ϕ = (S̄^†)^tϕ = (U_− − t + 1)ϕ = S^†ϕ = 0 , (5.11)

so that ϕ can be represented as polynomial ϕ(Y + V, P ) with coefficients associated to totally tracelss 2-row Young tableaux with 1st row of length s − 1 and 2nd of length s − t. So that at degree −1 one has exactly the same space as for AdS PM fields. This is a general feature: the unfolded formulation of boundary values with Δ_− asymptotic has the same 1-form sector as its AdS counterpart. Similar observation is known in the unfolded approach [27] to boundary dynamics. More generally, the sector of 1-forms coincides with the space of inequivalent reducibilities as is clear from the cohomological characterization of both spaces.

Let us now turn to the degree 0 sector. The cohomology can be idetified with the following quotient space:

ϕ ∼= ϕ + S^†χ , □ϕ = Sϕ = T ϕ = S̄^†ϕ = (U_− − 2)ϕ = 0 , (5.12)

where ϕ = ϕ(Y, P ) and for simplicity we have restricted to t = 1 case. In fact, we have implicitly described this space in [18]. Although it is difficult to explicity solve the constraints in terms of Y -variables, the solution can be explicitly characterized in terms of the auxiliary d-dimensional space by allowing ϕ to depend on extra coordinates x^a and uniquely fixing this dependence through ∇ϕ = 0. For this to be always well-defined we take formal power series in x^a in contrast to the considerations of Section 5.2 and [18]. In

5We thank E. Joung and K. Mkrtchyan for a useful discussion of related issues.

spite of this difference all the computation remain valid and we conclude that this space is nothing but the space of solutions to (higher-depth) gauge fixed FT equations in the space of formal series in x^a. In these terms, the equivalence relation in (5.12) takes a quotient with respect to the residual gauge symmetry. One concludes that the 0-form sector is indeed that of FT fields.

5.4 Current-type asymptotics

In the partially massless case the dual choice of the asymptotic behaviour is to take Δ = Δ_+ = d − Δ_− = d + s − 1 − t. Just like in the massless case the implementation of this asymptotic behavior in a gauge invariant and manifestly o(d, 2)-invariant way requires modification of the constraints by the automorphism P →^∂_{∂P} ,^∂_{∂P} → −P [18]. In addition, one employs a different subalgebra of constraints to generate gauge transformations (in terms of the BRST description this amounts to shifting the ghost degree). The simple rule is that one changes the representation for all the ghosts except those associated to the constraints of vanishing homogeneity in P (i.e. U_−, □ in our case).

Starting with (4.4) one ends up with

□Φ = (N_X + d + s − t − 1)Φ = (S)^tΦ = 0 , Φ ∼ Φ + S^†χ_1 + S̄χ_2 + T̄ χ_3 ,

(5.13)

where the parameters χ_α are subject to the gauge parameter version of the same constraints (see [18]). When considered on the domain X^2 < 0 of R^{d,2} \{0} this system of constraints is equivalent to (4.4). The same applies to the parent formulations based on (5.13).

According to the general prescription, the boundary values associated with currenttype boundary behavior are described by the same constrained system but defined in the vicinity of the hypercone rather than the hyperboloid. Expanding the constraints around the point X^+ = 1, X^− = x^a = 0 (a rigorous argument can be done using the parent formulation where compensator V^A plays a role of a point around which the expansion is done) one finds that the first two constraints eliminate the dependence on X^+, X^−. The 4th and 5th allow to gauge away P^+ and P^− while the last one allows to assume the field traceless. Finally the remaining 3rd constraint imposes the partial conservation condition (^∂_{∂xa}^∂_{∂pa} )^tϕ^0(x, p) = 0.

Alternatively one can start with the constrained system (4.2). In this case, the constraints (S)^t and S̄ in (5.13) are respectively replaced by S and (S̄)^t. To see that the resulting system describes partially conserved currents one modifies the above argument as follows: gauge transformation generated by (S̄)^t allows to get rid of the dependence on w^l with l ⩾ t only. In such a subspace the remaining constraint SΦ = 0 implies (^∂_{∂x} ·^∂_{∂p} )^tϕ^0 = 0

Let us stress that boundary values with Δ_+ (i.e. current-type) asymptotics are not gauge fields. This can be traced to the fact that the bulk gauge transformations become Stückelberg near the boundary and hence do not determine genuine (not equivalent to algebraic) gauge transformations of the boundary values.

To complete the discussion of boundary values in the gauge covariant approach, in Appendix B.1 we show how the formulation of boundary values can be obtained in terms of curvatures using spin-1 field as a simple example.

5.5 Massive fields

For a masive spin s field an ambient formulation is based on essentially the same constrained system (see [46, 47] for more details)

T Φ = SΦ = □Φ = ( X · ∂ ∂X + Δ ) Φ = 0 , Φ ∼= Φ + S^†χ (5.14)

where Δ is generic (in particular, Δ ≠ d/2 − ℓ with positive integer ℓ). In this case the gauge symmetry can be fixed by imposing S̄^†Φ = 0 as a gauge condition. Equations are again the same except for the coefficients involving Δ. Because Δ is generic none of them vanishes and the boundary value is an off-shell traceless field of weight Δ.

6 Manifestly conformal formulations

6.1 Higher-order singletons

In terms of the ambient space the higher-order singleton can be described as follows. Consider the following equations for an ambient space scalar

□^ℓΦ = 0 , (H + ℓ + 1)Φ = 0 , (6.1)

where H = −X · ∂_X −^{d+2}_2 . Note that E = □, F = − ¯□ and H satisfy the standard sp(2)-relations. In particular, H = [E, F ].

For ℓ a positive integer, one finds the following gauge symmetry

δ_λΦ = ¯□λ (6.2)

where λ is subject to □^ℓλ = 0 , (H + ℓ − 1)λ = 0 . (6.3)

The consistency can be easily checked using

[□^ℓ, ¯□] = −□^{ℓ−1}ℓ(H + ℓ − 1) (6.4) which is (4.3) with t = ℓ. The gauge symmetry is right enough to assume the field to be defined on the hypercone. Using the homogeneity condition allows one to restrict the ambient field Φ to the conformal space X_d (seen as a section of the hypercone) and obtain a conformal scalar field ϕ_0 of weight Δ =^d_2 − ℓ. Finally, using suitable coordinates on the conformal space the first equation in (6.1) implies the polywave equation (1.1).

Although the complete set of constraints does not form a Lie algebra, it is not difficult to find a closed expression for the BRST operator. Introducing the Grassmann odd ghost variables c_0, c_1, c_{−1} and their conjugate ghost momenta b_0, b_1, b_{−1} the Weyl symbol of the BRST operator reads as

Ω = c_1 ( P^2 2 )_ℓ + c_0(P · X) + c_{−1}

X^2 2 + + c_0(2c_{−1}b_{−1} − 2ℓc_1b_1) + ℓc_1c_{−1} ( P^2 2 )_{ℓ−1} b_0 . (6.5)

It satisfies the quantum nilpotency Ω ∗ Ω =^1_2 [Ω, Ω]_∗ = 0, where ∗ denotes the Weyl star product determined by the graded commutators [X^A, P_B]_∗ = δ^A_B and [c_α, b_β ]_∗ = δ_{αβ} .

The explicit expression for the operator is obtained by representing the canonical pairs (X, P ), (c_1, b_1), and (c_0, b_0) in the coordinate representation while (c_{−1}, b_{−1}) in momentum representation and using the Weyl (symmmetric) ordering. In particular the term proportional to c_0 is − N_X − d + 2 2 + ℓ + 1 − 2ℓc_1 ∂ ∂c_1 − 2b^{−1} ∂ ∂b_{−1} (6.6)

so that the constraint H + ℓ + 1 is reproduced for ghost-independent states. For ℓ = 1, the expression (6.5) reduces to the standard BRST operator for the algebra sp(2). Note that Ω does not have quantum corrections: it satisfies both the quantum [Ω, Ω]_∗ = 0 and the classical {Ω, Ω} = 0 master equations, where {, } denotes the Poisson bracket associated to the ∗-product. Indeed, the quantum corrections to the Poisson bracket contain 3, 5, 7 . . . derivatives and the explicit check shows that these do not contribute to [Ω, Ω]_∗.

An alternative description of the higher-order singleton can be constructed using the following ambient system (c.f. Subsection 2.2):

□Φ = 0 , (H + ℓ + 1)Φ = 0 . (6.7)

For ℓ positive integer one finds the following gauge symmetry

δ_λΦ = ( ¯□)^ℓλ (6.8)

where λ is subject to □λ = 0 , (H − ℓ + 1)λ = 0 . (6.9)

To check the consistency the following relation is useful [□, ¯□^ℓ] = − ¯□^{ℓ−1}l(H − ℓ + 1) , (6.10) which is (4.3) with t = ℓ.

For the scalar singleton (ℓ = 1) the description based on (6.7) and the one based on (6.1) explicitly coincide. In this case an ambient description of the singleton has been originally proposed in [57] (see e.g. [22] for more details). Note also that the constrained system with constraints X^2, X · P, P^2 underlies the two-time physics approach [58].

It is less trivial to see that the two constructions are equivalent for all integers ℓ > 0. As a possible argument, one can repeat the analysis of [18] (alternatively, Section 5.2 for s = 0 and Δ =^d_2 − ℓ). One finds that the space of solutions to (6.7) has a submodule of subleading solutions. These are elements that are proportional to (X^2)^ℓ (see Section 2.2).

An heuristic explanation of the close relation between the two constructions is the Weyl-algebra automorphism X → −^∂_{∂X} ,^∂_{∂X} → X which relates the sp(2) generators via the Chevalley automorphism: H → −H and it interchanges the remaining two E ↔ F . For the latter two, one also exchanges the constraint which is imposed and the one that generates gauge transformations, which is the reason why the homogeneity degree of the scalar fields is the same though the generator H changed sign.

6.2 Higher-depth Fradkin–Tseytlin fields

The identification of (higher-depth) FT gauge fields as boundary values of (partially) massless fields in the bulk gives a manifestly conformal description of them. However, the ambient space system for boundary values simultaneously describe both the higherdepth FT fields and the associated partially conserved currents. Although it is easy to describe the former fields in terms of components as we did in Section 5.1 (depth-1 case was considered already in [18]) the manifestly o(d, 2)-covariant description is not so straightforward.

We begin with the purely ambient picture. According to the general prescription, the boundary data for PM fields is described by the same ambient constraints but considered in the vicinity of the hypercone. In terms of the generating function Φ(X, P ), the constraints (4.2) take the form

□Φ = SΦ = T Φ = S̄^†Φ = (N_X + t + 1 − s)Φ = (N_P − s)Φ = 0 (6.11) where we have explicitly restricted to the spin-s field and we are assuming d to be even. At the moment we do not take into account the gauge invariance.

Let us quotient the space of field configurations over the subspace of configurations of the form ¯□^ℓλ where ℓ =^{d−2}_2 + s − t and λ satisfies

□λ = Sλ = T λ = S̄^†λ = (N_X + d + s − t − 1)λ = (N_P − s)λ = 0 . (6.12)

Note that the homogeneity degree in X is such that (6.12) is compatible with the constraint □Φ = 0, as can be seen from the commutation relation (6.10). It is easy to see that S̄† ¯□ℓλ = 0 while the constraints Sλ = T λ = 0 are fulfilled thanks to the algebra. The remaining constraint in (6.11) is also fulfilled thanks to

N_X ( ¯□)^ℓλ = ( ¯□)^ℓ(N_X + 2ℓ)λ = (s − 1 − t)( ¯□)^ℓλ . (6.13)

This factorization can be seen as an extra gauge transformation δΦ = ¯□^ℓλ.

The usual gauge transformation is δ_αΦ = (S^†)^tα, where α takes values in the space of gauge parameters:

□α = Sα = T α = S̄^†α = (N_X − s + 1)α = (N_P − s + t)α = 0 , (6.14)

We now quotient this space over the subspace of elements of the form ¯□^{ℓ+t}β with β satisfying

□β = Sβ = T β = S̄^†β = (N_X + d + s − 1)β = (N_P − s + t)β = 0 , (6.15)

The consistency check is a direct analog of that for the space of field configurations.

It turns out that (S^†)^t determines a well-defined map from equivalence classes of gauge parameters α to equivalence classes of field configurations Φ and hence the respective gauge theory is well-defined. Indeed, gauge parameter α = ¯□^{ℓ+t}β gives rise to the field configuration of the form ¯□^ℓλ as

(S^†)^t ¯□^{ℓ+t}β = ¯□^ℓλ(β) , (6.16)

for some λ(β). Moreover, λ(β) satisfies (6.12). To see this one acts by □ on both sides of the above relation and gets zero in the left hand side and ¯□^ℓ□λ(β) in the right hand one. Because ¯□^ℓ has trivial kernel □λ(β) = 0. Similarly, acting with S̄^† gives S̄^†λ(β) = 0 so that T λ(β) = Sλ(β) = 0 thanks to the algebra. Consider as an example the case t = 1:

S^†( ¯□^{ℓ+1}β) = ¯□^ℓλ(β) , λ(β) = (ℓ + 1)S̄β + ¯□S^†β . (6.17)

That λ(β) is indeed annihilated by S, S̄^†, T, □ as well as N_X + d + s − 2 can be checked directly.

The consistent factorization described above eliminates the partially-conserved current configurations from the boundary data encoded by constraints (6.11). To see this let us turn to the parent formulation where X^A is replaced with Y^A +V^A. In the frame where V^+ = 1, V^− = V^a = 0 the constraint ( ¯□)^ℓ = (Y^−)^ℓ + . . . and taking the quotient with respect to this constraint eliminates the conserved current configurations as according to the analysis of Section 5.1 (see also [18]) such configurations enter the formulation as (Y^−)^ℓ.

Let us also present the corresponding description in the manifestly local and fully gauge covariant formulation using the parent BRST formulation. To start, consider the space of polynomials in the variables P and in the ghost b, gh(b) = −1 with coefficients that are formal power series in Y . The target space BRST operator is Q = (S^†)^{t ∂}_{∂b} . Let H denote the subspace singled out by

□Ψ = SΨ = T Ψ = S̄^†Ψ = (N_P − s + t b∂_b)Ψ = 0 , (6.18) ( (Y + V ) · ∂_Y − s + 1 + t − t b∂_b ) Ψ = 0 . (6.19)

The conditions (6.11) and (6.14) for respectively Φ and α are reproduced by taking Ψ = Φ + bα.

Let H_0 be a quotient of H modulo the subspace of elements of the form ¯□^{ℓ+t b∂b} Λ where Λ satisfies (6.18) and the following modified version of (6.19): ( (Y + V ) · ∂_Y + d + s − 1 − t + t b∂_b ) Λ = 0 so that for Λ = λ + bβ the respective conditions on λ, β are reproduced.

It is straightforward to check that Q determines a well-defined operator on the quotient space H_0, which we keep denoting by Q. Finally the, manifestly local and conformal formulation of the higher-depth FT fields is given by the following parent BRST operator Ω = ∇ + Q . The string field Ψ(x, θ) takes values in the space H_0. The o(d, 2)-invariance is built in the construction because H_0 is defined in terms of the o(d, 2)-invariant generators of sp(4) while ∇ is a flat o(d, 2)-connection. In particular the o(d, 2) transformation with parameter f^A_B acts on the fields according to F^A_B (x)J^B_A , where J^A_B denotes a realization of o(d, 2) on H and F^A_B (x) is a covariantly constant extension of f^A_B .

It would be interesting to investigate the relation of these generalized FT equations for higher-depth with the higher-derivative Fronsdal-like equations and actions of [59].

6.3 BRST operator for higher-depth Fradkin-Tseytlin fields

Let us finally present even more transparent form for the system of the previous section, where the factorization is implemented through the BRST operator as an extra gauge invariance. To this end let us extend H by extra ghosts π and modify (6.19) as follows ( (Y + V ) · ∂_Y − s + 1 + t − tb∂_b + 2(ℓ + tb ∂ ∂b )π ∂ ∂π ) Ψ = 0 , (6.20)

This constraint determines the homogeneity in Y + V of elements with definite ghost dependence. In particular, for the homogeneity of ψ_0, bψ_b, πψ_π, bπψ_{bπ} one respectively gets −s + 1 + t , −s + 1 , d + s − 1 − t , d + s − 1 . (6.21)

Because the constraints are nonlinear the respective BRST operator should involve (higher) structure operators and could be of higher rank. However as we only have two ghosts and both are fermionic it can only be cubic in ghosts. Moreover, it can even be found explicitly:

Q^′ = (S^†)^t(1 − π ∂ ∂π ) ∂ ∂b + ( ¯□)^{ℓ+t b} ∂ ∂b ∂ ∂π + F_tπ ∂ ∂π ∂ ∂b , (6.22)

where the operator F_t is defined as follows (S^†)^t ¯□^{ℓ+t} = ¯□^ℓF_t. Its explicit form can be found recursively. In particular for t = 1 one finds

F_1 = (ℓ + 1)S̄ + ¯□S^† . (6.23)

The respective manifestly conformal parent formulation is also immediately obtained by taking Ω^′ = ∇ + Q^′ and Ψ = Ψ(x, θ|Y, P, b, π) where Ψ is subject to (6.18) and (6.20).

One can also construct manifestly conformal formulation starting from (4.2). In this case the constraints for Ψ = Ψ(x, θ|Y, P, b, π) take the form

□Ψ = SΨ = T Ψ = (N_P − s + tb∂_b)Ψ = 0 , (S̄^†)^{t−(t−1)π∂π} Ψ = 0 , (6.24) ((Y + V ) · ∂_Y − s + 1 + t − b ∂ ∂b + 2(ℓ + b ∂ ∂b )π ∂ ∂π )Ψ = 0 . (6.25)

The BRST operator reads as Ω^{′′} = ∇ + Q^{′′} with

Q^{′′} = S^†(1 − π ∂ ∂π ) ∂ ∂b + ( ¯□)^{ℓ+b∂b} ∂ ∂π + ((ℓ + 1)S̄ + ¯□S^†)π ∂ ∂π ∂ ∂b . (6.26)

Note that in the formulation based on (4.2) the BRST operator is explicit. This is in agreements with [21, 47] where the formulation of the same type has been used to describe mixed-symmetry PM fields in a concise way.

To complete the discussion of o(d, 2)-covariant formulations of higher-depth FT fields let us mentions that, just like the order-ℓ singleton can be described in two equivalent ways (6.1) and (6.7), a spin-s depth-t FT field also admits a second description based on □^ℓΦ = 0 with ℓ =^{d−2}_2 + s − t and the gauge symmetry generated by ¯□. However, compatibility with the gauge invariance requires to adjust the remaining constraints. The resulting set of constraints is related to the one considered above by an automorphism of the algebra sp(4).

6.4 Higher-depth shadow fields

The manifestly conformal description of higher-depth shadow fields is obtained by a direct generalization of the case t = 1 proposed in [18]. In ambient terms, one has S̄^†Φ = 0 , (U_− − (t + 1))Φ = 0 , Φ ∼ Φ + (S^†)^tλ

Φ ∼ Φ + ¯□χ_1 + S̄χ_2 + T̄ χ_3 .

(6.27)

The precise definition of the system is as follows: one first takes into account the equivalence relation of the second line; the operators involved in the 2 constraints and in the equivalence relation of the first line are well defined on the quotient space defined by the second line. This determines a consistent gauge system. Alternatively, one can introduce a BRST operator implementing all the constraints or use the BRST operator only for the constraints generating gauge transformations (as explained in [18]).

To see that the equations (6.27) indeed describe higher-depth shadow fields let us expand this system around the point X^+ = 1, X^− = x^a = 0. Gauge transformations generated by ¯□, S̄ and T̄ are enough to eliminate the dependence on X^−, P^− and assume T Φ = 0. The constraints U_−(t + 1) and S̄^† uniquely fix the dependence on X^+ and P^+. The remaining gauge transformation generated by (S^†)^t is precisely that for depth-t gauge fields. The rigorous proof can be given using the parent formulation based on the BRST operator for the above system which also gives a genuine gauge invariant and manifestly conformal description of the higher-depth shadow fields. This is spelled out in details in Appendix B.3.

Let us also present a concise constrained system describing a reducible multiplet of higher-depth shadow fields. It is directly related to the one of Section 4.4 for PM fields. More precisely, these fields are off-shell boundary values for the respective PM fields. As usual, the off-shell boundary values are obtained by replacing all the trace constraints by a gauge equivalence factoring out the same traces, i.e. by replacing □, T, S by ¯□, S̄, T̄ in the expressions of the constraints and reinterpreting them as gauge generators. In particular, applying this to (4.15) we arrive at

S̄^† Φ = (U_− − 2) Φ = 0 , Φ ∼ Φ + S^†χ

Φ ∼ Φ + ¯□^{ℓ1}S̄^{ℓ2}S̄^{ℓ3} λ_{ℓ1ℓ2ℓ3} + (S̄^2 − 4 ¯□T̄ )λ_0 , ℓ_1 + ℓ_2 + ℓ_3 = ℓ .

(6.28)

It is assumed that one first takes into account the equivalence relation of the second line. As before the operators in the first line are well-defined in the quotient. The only extra check is to observe that the equivalence relation associated to S̄^2 − 4 ¯□T̄ doesn’t spoil the consistency. This is clear as S̄^2 − 4 ¯□T̄ commutes with S^†, S̄^†, U_−.

6.5 Partially conserved currents

In addition to the ambient description of partially conserved currents as current-type boundary values of PM bulk fields (i.e. the constraints (5.13)) there is another one, which generalizes the ambient description [60] of the usual conserved currents: Starting with the constraints (4.2) let us apply the automorphism X → −∂_X , ∂_X → X and exchange the role of some constraints. The result is

T Φ = (S)^tΦ = S̄^†Φ = (U_+ − 3 − t) = 0 , Φ ∼ Φ + ¯□χ_1 + S̄χ_2 . (6.29)

6.6 Higher-depth conformal Killing tensors

The complete collection of standard conformal Killing tensors on conformally flat spaces is well known [61] and is generated via the symmetric products of the conformal Killing vectors. Some of their higher-depth generalization are also known. Both are elegantly captured as irreducible modules of the conformal group (see [62] and refs therein). We recall the latter facts and present a concise proof for them for the sake of completeness. Lemma 2. In terms of the ambient space R^{d,2} \{0}, all the conformal Killing tensor fields of spin s and depth t on the flat conformal space of dimension d > 2 can be obtained via pull-back from traceless ambient Killing tensor fields, i.e. ϵ(X, P ) satisfying S̄^†ϵ = (S^†)^tϵ = (N_X − s + 1)ϵ = (N_P − s + t)ϵ = □ϵ = Sϵ = T ϵ = 0 . (6.30)

The explicit form reads as

(X · ∂_P )ϵ = (P · ∂_X )^tϵ = (X · ∂_X − s + 1) ϵ = (P · ∂_P − s + t)ϵ = 0 , (∂_P · ∂_X )ϵ = 0 , (∂_X · ∂_X )ϵ = 0 , (∂_P · ∂_P )ϵ = 0 .

(6.31)

It follows the tensor is associated to a Young tableaux with two rows of length s − 1 and s − t respectively. Such tensors span the finite-dimensional o(d, 2)-module D(1 − s, s − t) discussed in Subsection 3.2. By comparing to (4.13) with the extra condition (N_X − s + 1)λ = 0, one can see that the above conformal Killing tensors are in one-to-one correspondence with the global reducibility parameters of the respective PM field.

Let us also give a different characterization of the generalized conformal Killing tensors.

Lemma 3. In ambient terms the spin s and depth t Killing tensors can be described by the following constrained system S̄^†ϵ = (S^†)^tϵ = (N_X − s + 1) ϵ = (N_P − s + t)ϵ = 0 ,

ϵ ∼ ϵ + ¯□χ_1 + S̄χ_2 + T̄ χ_3 .

(6.32)

It is understood as follows: one first implements the equivalence relation of the second line and then takes the kernel of the operators of the first line in the respective quotient space.

Note that all the operators present in the first line are well defined in the quotient as they preserve the ideal of elements generated by ¯□, S̄, T̄ .

By comparing with (6.27) one observes that these are exactly global reducibility parameters for depth t and spin s shadow fields. Hence, they are by definition the respective conformal Killing tensors. The equivalence of the above two descriptions is obvious if in (6.32) one can assume that ϵ and parameters χ_α are polynomial in X, P because in this case one can alway0s choose a tracless represenative of the equivalence class so that (6.32) reduces to (6.30) and hence prove both Lemmas. A more careful argument not assuming polynomiality is given in Appendix B.3.

7 Background fields for higher-order singletons

7.1 Maximal symmetry algebra of higher-order singletons

The corresponding algebra of higher symmetries is already known. It was recently found by Eastwood-Leistner (for ℓ = 2) [11] and Gover-Silhan (for any integer ℓ) [12] (even the star-product has been studied [63]) and is the generalization of the celebrated result of Eastwood on the maximal symmetry algebra of the d’Alembert equation (for ℓ = 1) [5].

The following lemma, which was obtained through the successive works [5, 11, 12], is important from the present perspective because it should be interpreted as a new candidate HS algebra. Along the lines of [6], we provide an independent concise proof of this important result in order to be self-contained and to prepare the ground for the analysis of the nonlinear system.

Consider the singleton of order 2ℓ defined as the conformal primary of weight Δ_− = ℓ − d/2 in the kernel of the polywave operator □^ℓ_0.The maximal algebra of its symmetries is the algebra of differential operators D on the flat conformal space X_d ∂ that preserve the polywave equation (in the sense that D□^ℓ_0 = □^ℓ_0C for some differential operator C) modulo the trivial symmetries (defined as D = B□^ℓ_0 for some differential operator B).

Lemma 4. [12] The maximal algebra of symmetries of the conformal ℓ-th power of the d’Alembertian decomposes, as an o(d, 2)-module, as A = ∞⨁ s=0 ℓ⨁ m=1 K^{2m−1}_s (7.1)

where K^t_s is the space of depth t and spin s conformal Killing tensors,which can be identified with the polynomials satisfying (6.30), i.e. the o(d, 2)-module D(1 − s, s − t).

A direct characterization of the space of higher symmetries is given by the following

Proposition 5. As an o(d, 2)-module the algebra of higher symmetries of □^ℓ_0 is isomorphic to the subspace of polynomials in X^A, P^A satisfying S̄^†ϵ = U_−ϵ = S^†ϵ = 0 ,

(S^2 − 4T □) ϵ = 0 , □^{ℓ1} S^{ℓ2} T^{ℓ3} ϵ = 0 ,

(7.2)

where ℓ_1 + ℓ_2 + ℓ_3 = ℓ.

In Appendix B.4 we give a new proof of Lemma 4 and the characterization of higher symmetries provided by Proposition 5. We use the first quantized BRST technique where the higher symmetries are identified with inequivalent observables of the quantized orderℓ singleton described by the BRST operator (6.5). The respective algebra is simply the algebra of its quantum observables.

Lemma 4 suggests the existence of a consistent nonabelian HS gauge theory based on the Eastwood-Leistner-Gover-Silhan algebra for any integer ℓ. The considerations of Subsection 6.6 then suggests that the corresponding AdS spectrum is a tower of PM fields of all spins and of odd depths from 1 to 2ℓ − 1.

A further heuristic evidence in favor of the proposal is the o(d, 1)-decomposition match between the 0-form and 1-form modules, that should respectively correspond to the “twisted adjoint” and “adjoint” modules of the corresponding HS algebra.

Decomposition of the adjoint module: As explained above, the irreducible o(d, 2)- module D(1 − s, s − t) of on-shell global reducibility parameters of a spin-s and depth-t (s ⩾ t ⩾ 1) PM field is labeled by a two-row Young diagram with first row of length s−1 and second row of length s − t, which decomposes as the direct sum of the irreducible o(d, 1)-modules labeled by all two-row Young diagrams with first row of length ℓ_1 and second row of length ℓ_2 such that

ℓ_2 ⩽ ℓ_1 , s − t ⩽ ℓ_1 ⩽ s − 1 , 0 ⩽ ℓ_2 ⩽ s − t . (7.3)

For fixed depth t but for spin s ranging over all integers (s ⩾ t are the only non-degenerate cases), one gets the whole collection of all two-row Young diagrams where each of them appears with multiplicity t. Indeed any two-row Young diagram Y = (ℓ_1, ℓ_2) can be completed to t Young diagrams Y_n = (ℓ_1 + n, ℓ_1 − t + n) where n = 0, 1, . . . , t − 1 which correspond to spins s = ℓ_1 + n + 1 ranging from ℓ_1 + 1 till ℓ_1 + t.

Decomposition of the twisted-adjoint module: As stated without proof in [44], the generalized Weyl tensor of a spin-s and depth-t (s ⩾ t ⩾ 1) partially massless field spans the irreducible o(d, 1)-module labeled by a two-row Young diagram with first row of length s and second row of length s − t. More generally, the Weyl-module spanned by all independent on-shell gauge-invariant derivatives of a spin-s and depth-t partially massless field should be described by the infinite collection of all two-row Young diagrams with first row of length ℓ_1 and second row of length ℓ_2 such that

ℓ_2 ⩽ ℓ_1 , s ⩽ ℓ_1 , s − t + 1 ⩽ ℓ_2 ⩽ s . (7.4)

For fixed depth t but for spin s ranging over all integers, one gets the whole collection of all two-row Young diagrams where each of them appears with multiplicity t.

7.2 Background fields for a given constrained system

Given a constrained system (usually a quantized spinning particle or string) there is a natural way to associate to it a set of gauge fields which, in general, are subject to nonlinear constraints and nonlinear gauge symmetries. These form a natural set of background fields to which the respective spinning particle or string couples minimally. This concept was discussed in the context of String Field Theory in [64] and in [29] for conformal HS fields. Here we mainly follow [31] where the case of general constrained system has been considered using BRST framework. In the context of not necessarily conformal HS fields the concept of background fields have been also employed in [31, 32, 65] (see also [30]).

Let us consider a quantum constrained system with constraints T_α(^x, ^p). Suppose the constraints are first class so that

[T_α, T_β ] = U^γ_{αβ} T_γ , (7.5)

for some given operators U^γ_{αβ} . Here and below we assume that the operators of spacetime coordinates ^x^μ and their conjugate momenta ^p_μ are represented in the coordinate representation while the remaining degrees of freedom are represented in terms of the intrinsic representation space H. In this way, the total represenation space is the space of H-valued wave functions, i.e. H-valued functions of x^μ. If e_A denotes a basis in H and e^B its dual, then in components we get T_α = T^A_{α B} (^x, ^p)e_A ⊗ e^B. Instead of working with differential operators in x^μ we choose to work in terms of their Weyl symbols depending on x, p and hence replace operator multiplication with the Weyl star product (tensored with the operator product in the internal space).

Given this data consider generating functions Θ_α(x, p) = Θ^A_{αB} (x, p)e_A ⊗ e^B for background fields and subject them to the following equations:

[Θ_α, Θ_β]_∗ − Υ^γ_{αβ} (x, p) ∗ Θ_γ = 0 (7.6)

along with the gauge symmetries

δΘ_α = [Θ_α, λ]_∗ + χ^γ_α ∗ Θ_γ . (7.7)

Here, Υ^γ_{αβ} are symbols of some operators and λ(x, p), χ(x, p) are gauge parameters. Note that (7.7) are natural gauge symmetries of (7.6).

The above relation and symmetry are nothing but the well-known defining relation for the first class constraints and the natural equivalence in the choice of constraints. Now these are interpreted as equations of motion and gauge symmetries of a field theory whose fields are encoded in Θ_α and whose gauge parameters are in λ, χ^α_β . These fields have a natural interpretation as background fields coupling minimally to the quantized “particle” described by T_α.

To make the relation of the above background fields to the starting point quantum constrained system more explicit, one observes that Θ_α = T_α is a particular solution to (7.6) for which Υ^γ_{αβ} = U^γ_{αβ} . Interpreting it as a vacuum solution it is instructive to linearize the system around. The linearized equations of motion take the form (here Ψ_α denotes the perturbation, i.e. Θ_α = T_α + Ψ_α)

[T_{[α}, Ψ_{β]}]_∗ − U^γ_{αβ} ∗ Ψ_γ − u^γ_{αβ} ∗ T_γ = 0 , (7.8) for some operators u^γ_{αβ}. For the linearized gauge tranformations one gets

δΨ_α = [T_α, λ]_∗ + χ^γ_α ∗ T_γ . (7.9)

Let us note that it is often possible to consistently truncate the gauge symmetries of the background fields by e.g. putting to zero the parameters χ^α_β in (7.9). For instance the nonlinear off-shell system proposed in [30] to describe off-shell higher spin fields on Minkowski space belongs to this class (see [31] for details on the relationship). Let us mention also the nonlinear off-shell systems [46] for (AdS) higher spin fields which also belong to this class.

7.3 Global symmetries and deformations

The linearized equations (7.8) and (7.9) can be given an alternative interpretation solely in terms of the starting point constrained system. Indeed, given a constrained system with the constraints T_α one naturally considers global symmetries of the equations of motion T_α(^x, ^p)Φ = 0. These are given by symbols λ satisfying

[T_α, λ]_∗ + χ^γ_α ∗ T_γ = 0 , λ ∼ λ + ρ^α ∗ T_α (7.10)

for some χ^γ_α, ρ^α.

At the same time taking δΨ = 0 in (7.9) one arrives at the equations for global reducibility parameters [T_α, λ]_∗ + χ^γ_α ∗ T_γ = 0 . Taking into account gauge equivalence of reducibility parameters it follows the global symmetries are in one-to-one correspondence with the global reducibility parameters for the linearized gauge transformation of the background fields. Furthermore, relations (7.10) are nothing but a definition of inequivalent observables of the quantum constrained system. To conclude, the following three spaces coincide: observables of the quantum constrained system, reducibility relations for the associated background fields, and global symmetries of the equations of motion T_αΦ = 0. As we are going to see all these three spaces are different interpretations of a single cohomology group.

For the constrained system with constraints T_α, one can study its consistent deformations, i.e. infinitesimal deformations of the consraints T_α such that they still form a closed algebra and hence still determine a consistent constrained system. Requiring T_α + Ψ_α to form a close algebra gives:

[T_{[α}, Ψ_{β]}]_∗ + U^γ_{αβ} ∗ Ψ_γ + u^γ_{αβ} ∗ T_γ = 0 (7.11)

where we have explicitly introduced first order deformation u of U. Comparing with (7.6) and taking into account gauge equivalence one finds that first order deformations of the constrained system are one-to-one with the configurations of the associated background fields.

7.4 Batalin-Fradkin-Vilkovisky description of background fields

The description of background fields can be performed in a very concise and mathematically clear form using the BFV-BRST language. Using ghost variables c^α and their conjugate momenta b_α one introduces nilpotent BRST operator

Ω = c^αT_α − 1 2 c^αc^βU^γ_{αβ} b_γ + . . . (7.12)

where dots denote terms of order 2 and higher in b_α. As before we work in terms of operator symbols. In particular for ghosts c, b we choose the “normal” ordering (more precisely, corresponding to c on the left and b on the right).

Equations (7.6) and (7.7) appear as component equations of respectively

[Ξ, Ξ]_∗ = 0 , δΞ = [Ξ, Λ]_∗ , gh(Ξ) = 1 , gh(Λ) = 0 . (7.13)

Here Ξ and Λ are general symbols of the above ghost degrees. The identification of components is as follows

Ξ = c^αΘ_α − 1 2 c^αc^βΥ^γ_{αβ} b_γ + . . . , Λ = λ + c^αχ^β_αb_β + . . . (7.14)

where dots denote terms of higher powers in ghosts. The system linearized around a background (vacuum) solution Ξ = Ω reads as

[Ω, Ψ]_∗ = 0 , δΨ = [Ω, Λ]_∗ , (7.15)

where Ψ = c^αΨ^α −^1_2 c^αc^βu^γ_{αβ}b_γ + . . .. These respectively contain equations (7.8) and (7.9) as component equations at lowest orders in ghosts.

In contrast to the discussion in the previous sections where only Θ_α were considered as the generating functions for background fields now all component fields entering Ξ (or Ψ for the linearized system) are at the same footing so that at first glance we have more fields. A similar remark applies to gauge parameters. However, all the higher components in Ξ and Λ turn out to be generalized auxiliary. Indeed, if Ω is proper (i.e. all reducibility relations are taken into account) they are uniquely determined by the lowest components Ψ_α modulo gauge equivalence. This is also the case if one considers a full nonlinear system around the vacuum Ω. Indeed, it is a standard statement in the theory of constrained systems that the BRST operator is uniquely determined by the constraints modulo natural gauge equivalence so that all the (higher) structure functions of the gauge algebra along with the higher components in Λ are auxiliary fields, Stückelberg fields and associated gauge parameters from the present perspective.

Assuming Ω proper, one concludes that inequivalent configurations for backgroubnd fields are one-to-one with the cohomology of the adjoint action of Ω at ghost degree 1. In this form it is obvious that these are the same as consistent deformations.

In BRST terms, global reducibility parameters of the linearized background fields are described by

[Ω, Λ]_∗ = 0 , Λ ∼ Λ + [Ω, Ξ]_∗ , gh(Λ) = 0 , gh(Ξ) = −1 , (7.16)

and hence coincide with adjoint cohomology at ghost degree 0. These are global symmetries of the equations encoded in ΩΦ = 0 with gh(Φ) = 0. Alternatively, from the first quantized point of view these are inequivalent observables.

In the same way inequivalent configurations of the linearized background fields are described by

[Ω, Ψ]_∗ = 0 , Ψ ∼ Ψ + [Ω, Λ]_∗ , gh(Ψ) = 1 , gh(Λ) = 0 , (7.17)

and hence are inequivalent consistent deformations of the constrained system described by Ω.

The following important comment is in order: with a given operator Ω one can associate a family of gauge invariant equations of motion. Indeed, consider equations of motion and gauge transofrmations

ΩΦ(x, c) = 0 , Φ ∼ Φ + Ωϵ(x, c) , gh(Φ) = k , gh(ϵ) = k − 1 (7.18)

where k is an integer and for definiteness we have represented ghost variabels in the coordinate representation so that ^c^α = c^α and ^b_α =^∂_{∂cα} . The same result can be achieved by choosing momenta representation for some of the ghost variables. In terms of the starting point constraints this means taking one or another subset of T_α to generate gauge transformations.

Although, gauge invariant equations encoded by Ω depend on k this is not the case for background fields, consistent deformations, and global symmetries. Indeed, these are determined by the adjoint action of Ω in the algebra of symbols and hence do not depend on the choice of representation. One then concludes that all these objects are actually associated to a family of gauge invariant equations.

The background fields encoded in Ξ can also be seen as background fields for free gauge field Φ determined by (7.18). Indeed the equations of motion and gauge symmetries for Φ over the background Ξ are obtained by replacing Ω with Ξ in (7.18), where e.g. ΞΦ is understood as the action of operator associated to symbol Ξ on state Φ. Note that global symmetries of gauge fields (7.18) are precisely the symmetries of the vacuum solution Ξ = Ω. If one restricts to hermitean Ξ the coupling of Φ to background fields encoded in Ξ is simply described by the action S =^1_2 ⟨Φ, ΞΦ⟩. In the later case the ghost degree of Φ should be compatible with that of the inner product.

Let us finally comment on the unfolded formulation for the background fields. According to [19, 20] the fields of the unfolded formulation is the cohomology of the starting point BRST operator in the formal space where x variables have been replaced with the formal y-variables. More precisley, basis elements of the BRST cohomology at ghost degree p give rise to p-form fields. In partiuclar, the sector of 0-forms originates from inequivalent solutions to equatiosn of motion in the space of formal power series in y. For the BRST operator D = [Ω, ·]_∗ determimng the linearized theory of background fields these are describe by cohomology at ghost degree 1 because we use the convention gh(Ψ) = 1 (in the more conventional case fields are found in 0 degree component). Furthermore, 1-form sector (gauge module) is associated to ghost number 0 cohomology and hence are one-to-one with observables of the starting point quntum constrained system (which are, in turn, one-to-one with global symmetries of the associated linear system ΩΦ = 0). Of course, the sector of 1-forms is also one-to-one with global reducibility relations for linearized background fields.

7.5 Background fields for the higher-order singleton

We now consider a concrete quntum constrained system, namely the higher-order singleton. The Weyl symbol of the respective BRST operator is given in (6.5). Its adjoint action has the following structure:

D = [Ω, ·]_∗ = c_1[T̄^ℓ, ·]_∗ + c_0U_− + c_{−1}S̄^† + T̄^ℓ ∂ ∂b_1 + S̄ ∂ ∂b_0 + ¯□ ∂ ∂b_{−1} + . . . (7.19)

It is clear that for ℓ = 1 this is precisely the BRST operator describing a multiplet of shadow fields (strictly speaking there are terms of higher order in derivatives but they do not change the result).

To see what does this system describe for ℓ > 1 let us analyze the cohomology at ghost degree 0. This is precisely the higher symmetries of order ℓ singleton. This suggests that D describes a reducible multiplet of higher-depth shadow fields given by (6.28). Indeed, the global reduciblity parameters of this multiplet precisely match the spectrum of higher symmetries. To put it differently, these background fields are boundary values of the reducible multiplet of the bulk PM fields described in Subsection 4.4. We do not have an exhaustive proof of this statement for generic ℓ but the given evidences strongly support this proposal.

Note that according to the general discussion of background fields (7.19) describes the linearization of a nonlinear off-shell system of shadow fields whose field content matches the multiplet of the higher symmetry algebra. One should also expect that in d = 2m these fields admit nonlinear gauge invariant equations based on the higher symmetry algebra.

8 Conclusion

As a conclusion, let us summarize our main results and then present some speculations on which they are based.

A gauge and o(d, 2) covariant relation between bulk and boundary values of partially massless fields has been developped. The approach was based on identifying AdS or conformal gauge fields as those associated to a suitable first-quantized constrained system defined in the ambient space. More technically, we employed the first-quantized BFV- BRST method along with its parent extension and homological tools.

The leading boundary behaviour of a partially massless field determines a higherdepth shadow field on the boundary while the subleading data determines a partially conserved current. When the dimension of the boundary is even, an obstruction appears to the extension of the asymptotic solution in the bulk via power series of the radial variable. This obstruction can be removed if some generalized Fradkin–Tseytlin equations, suitable for higher-depth conformal gravity, are imposed on the shadow fields. This situation is the precise analogue of the standard situation for scalar singletons (of any order). As a byproduct of our approach, manifestly conformal descriptions of higher-order singletons, partially conserved currents, higher-depth shadow fields and Fradkin-Tseytlin equations, have been presented.

In the special case of AdS_5 we observe that the boundary values of low spin s = 1, 2 and maximal depth (t = s) partially massless fields are shadow fields subject to the higher-depth Fradkin-Tseytlin equations which in this case are second order and are those identified by Deser and Nepomechie [9]. These can again be see as PM fields of maximal depth in AdS_4. This correspondence should extend to higher spins, as in d = 4 they are known [55] to be conformal.

Via purely group-theoretical techniques, the tensor product of two singletons of order ℓ has been shown to decompose into the direct sum of partially conserved currents of all ranks and of odd depth from 1 till 2ℓ − 1. This decomposition is in agreement with the higher symmetries of the polywave equation (1.1)which have been shown to be in one-to-one correspondence with the global symmetries of the corresponding partially massless fields and higher-depth shadow fields. This algebra of higher-order singleton symmetries defines a candidate higher-spin algebra, which is a quotient of the off-shell bosonic HS algebra. Therefore the Vasiliev equations of bosonic HS gravity in any dimension based on this algebra should remain consistent by construction. For instance, the decomposition of the adjoint and twisted-adjoint representations HS appear to match in the usual way.

All these results support the following generalization of the conjectures in [3]: the large-N limit of the O(N) vector model in d dimensions at a multicritical isotropic Lifshitz point^6 of order 2ℓ (in the derivative expansion) might be dual to a HS theory around AdS_{d+1} with an infinite tower of partially massless symmetric tensor fields of spins 0, 2, 4, ... and of depths 1, 3, ..., 2ℓ − 1. More precisely, the N fundamental scalar fields fit in a N-vector ⃗ϕ whose scaling dimension is Δ_− =^d_2 − ℓ in dimension d, which is nothing but the engineering dimension consistent with the higher-derivative kinetic term ∫ ⃗ ϕ · (□_0)^ℓ ⃗ϕ d^dx . The composite field driving the double trace deformation (⃗ϕ^2)^2 is the “spin-0 current” ⃗ϕ^2 whose scaling dimension is equal to: its engineering dimension Δfree = 2Δ_− = d − 2ℓ at the multicritical Gaussian fixed point, its conjugate dimension Δint = d − Δfree = 2ℓ at the multicritical isotropic Lifshitz point in the large-N limit.^7 The unbroken HS theory, for the Δ = Δfree boundary condition on the bulk scalar field, described by the Vasiliev equations [6] based on the higher-order singleton symmetry algebra should be dual to the multicritical Gaussian fixed point. The Δ = Δint boundary condition on the bulk scalar field breaks the HS symmetries at finite N and should correspond to the multicritical interacting fixed point.

The dS/CFT version of the above proposal should be also of interest. Remember that, though partially massless fields are not unitary on AdS, their dS analogues are. Following the conjecture of [68], one might further speculate that the Euclidean Sp(N) vector model with anticommuting scalars at multicritical isotropic Lifshitz points might be dual to (unitary) HS theories of partially massless tensor fields around de Sitter spacetime.

It is worth mentioning that the constructions in the present paper should generalize smoothly to general mixed symmetry fields on AdS using the formulation developped in [21, 47]. Indeed, all the basic structures are exactly the same so that the generalization is of purely technical nature. In particular, it is natural to expect that the match between AdS gauge fields and their (off-shell or on-shell) boundary values extends to the mixed symmetry case and moreover provides a manifestly o(d, 2) and gauge covariant description for generic conformal gauge fields.

Acknowledgments

We are grateful to G. Barnich, E. Joung, O. Shaynkman, E. Skvortsov, I. Tipunin for discussions. X. B. is thankful to C. Bervillier, N. Boulanger and C. Lecouvey while M. G. thanks K. Alkalaev, R. Metsaev, K. Mkrtchyan and M. A. Vasiliev.

6A seminal study of the large-N limit of Lifshitz points was provided in the paper [66] (see also [67] and references therein to recent works).

7The scaling dimension at the interacting fixed point is anomalous (Δint ≠ Δfree) except when d = 4ℓ. The latter exception should indicate the “triviality” (merging of the Gaussian and interacting fixed points) of the theory in d = 4ℓ dimensions. Notice that for d < 4ℓ one gets Δint > Δfree thus, inside the multicritical surface, the Gaussian and interacting fixed points are respectively repulsive and attractive in the infrared.

X.B. gratefully acknowledges the Dynasty Foundation (Russia) for the support of his visit to the Lebedev Institute (Moscow) where this work was initiated. We thank the Galileo Galilei Institute for Theoretical Physics (Florence) for the hospitality during the completion of this work and acknowledge the partial support from INFN (Italy) and the Dynasty Foundation (Russia).

A Proof of the generalized Flato–Fronsdal theorem

In order to prove the generalization of the Flato–Fronsdal theorem for higher-order singletons, some further representation technology is convenient. The idea of the proof is to show that the characters of both sides of the equation in Proposition 1 are equal. This strategy was also adopted in the original paper of Flato and Fronsdal [1] and in its extensive generalization [69] for various unitary o(d, 2)-modules. Actually, the explicit formulae for the character χ (Δ, Y ) of the module D (Δ, Y ) will only be provided in the simplest case d = 3 as concrete illustrations of our proof. Technically speaking, we will circumvent the explicit computation of characters for d > 3 by making use of the decomposition into finite-dimensional o(2) ⊕ o(d)-modules. This strategy is equivalent to the computation of characters because the decomposition of the Verma modules considered in Proposition 1 only involves finite multiplicities (thus this decomposition is exactly equivalent to the character and it therefore characterizes uniquely the o(d, 2)-module). Such a strategy was followed in the early generalization [70] of the Flato–Fronsdal theorem to the case d = 4.

The notation Y (Δ, Y ) for irreducible finite-dimensional o(2) ⊕ o(d)-modules can be extended to (possibly) reducible finite-dimensional modules with the following rules for the direct sum and the tensor product:

Y (Δ, Y_1) ⊕ Y (Δ, Y_2) = Y (Δ, Y_1 ⊕ Y_2) Y (Δ_1, Y_1) ⊗ Y (Δ_2, Y_2) = Y (Δ_1 + Δ_2, Y_1 ⊗ Y_2) (A.1)

For instance, these rules can be used to show the

Lemma 6. The decomposition of the Verma o(d, 2)-module V (Δ, Y ) into an (infinite) sum of finite-dimensional o(2) ⊕ o(d)-modules is

V (Δ, Y ) = ∞⨁ p,q=0 Y (Δ + p + 2q, p ⊗ Y ) . (A.2)

Proof. The raising ladder operators J^+_i in the definition (3.2) of the Verma o(d, 2)-module V (Δ, Y ) raise by one unit the energy o(2) and carry the fundamental representation of o(d). In other words, the algebra R^d =span{J^+_i } of raising ladder operators is as a finitedimensional o(d, 2)-module isomorphic to Y (1, 1). The Poincaré-Birkhoff-Witt basis of the universal enveloping algebra U ( R^d ) are the (symmetric) powers J^+_{i1} . . . J^+_{ir} of the

(commuting) ladder operators. As an o(d, 2)-module, the algebra U ( R^d ) on V (Δ, Y ) can be decomposed as the (infinite) sum of finite-dimensional o(2) ⊕ o(d)-modules U ( R^d ) ∼=^∞ ⨁ p,q=0 Y (p + 2q, p) where r = p+2q corresponds the total number of ladder operators, p to the number of free indices and q corresponds to the number of contractions of indices via the o(d)-metric δ^{ij}. In the definition (3.2) of the Verma module V (Δ, Y ), the action of U ( R^d ) on V (Δ, Y ) is identical to a tensor multiplication, thus V (Δ, Y ) ∼= ∞⨁ p,q=0 Y (p + 2q, p) ⊗ Y (Δ, Y ) The lemma is obtained by applying the rule (A.1).

In CFT language, the index p would correspond to the number of traceless partial derivatives of the conformal primary corresponding to Y (Δ, Y ) while the index q corresponds to the power of the wave operator.

Example: In order to present some explicit character formulae in the particular case d = 3, let us introduce the variables α = exp(i E/2) and β = exp(i L_{12}/2), following the notations of [1]. From lemma 6, one computes the character of the Verma o(3, 2)-module and finds the rational function

χ (V (Δ, s)) = ∞⨁ p,q=0 α^{2(Δ+p+2q)}χ_p(β)χ_s(β)

= − α^{2Δ−3}χ_s(β) (α − α^{−1}) ( αβ − (αβ)^{−1} )(_α β −^β_α ) (A.3)

where the character of the spin-s irreducible o(3)-module is given by

χ_s(β) = β^{2s+1} − β^{−(2s+1)} β − β^{−1} . (A.4)

The tensor product of finite-dimensional irreducible o(d)-modules can be evaluated through the Littlewood-Richardson and branching rules^8 in order to decompose the quotients D (Δ, Y ) as a sum of irreducible o(2) ⊕ o(d)-modules. The following two lemmas perform this decomposition for the (higher-order) singletons and the (partially) conserved conformal currents.

8For a concise and self-contained review on the Young diagrammatic technology for computing products and decompositions of irreducible representations of the general linear and orthogonal groups, see e.g. Section 4 of [71].

Lemma 7. The irreducible o(d, 2)-module D (_d 2 − ℓ, 0 ) of the higher-order scalar singleton of order 2ℓ decomposes as the infinite sum of finite-dimensional o(2) ⊕ o(d)-modules D ( d 2 − ℓ, 0 ) = ∞⨁ p=0 ℓ−1⨁ q=0 Y ( d 2 − ℓ + p + 2q, p )

Proof. The respective decomposition of the Verma modules V ( d 2 ± ℓ, 0 ) = ∞⨁ p,q=0 Y ( d 2 ± ℓ + p + 2q, p )

follows from the formula (A.2). The decomposition of the higher-order singleton (3.4) is obtained via the substraction of all the o(2) ⊕ o(d)-modules in the Verma module V (_d 2 − ℓ, 0 ) that also appear in the Verma module V (_d 2 + ℓ, 0 ) . This is readily seen by the equalities V ( d 2 − ℓ, 0 ) = ∞⨁ p,q=0 Y ( d 2 − ℓ + p + 2q, p )

= ∞⨁ p=0 (_{ℓ−1} ⨁ q=0 Y ( d 2 − ℓ + p + 2q, p ) ⊕ ∞⨁ q=ℓ Y ( d 2 − ℓ + p + 2q, p ) )

= ∞⨁ p=0 (_{ℓ−1} ⨁ q=0 Y ( d 2 − ℓ + p + 2q, p ) ⊕ ∞⨁ q^′=0 Y ( d 2 + ℓ + p + 2q^′, p ) )

= (_∞ ⨁ p=0 ℓ−1⨁ q=0 Y ( d 2 − ℓ + p + 2q, p ) ) ⊕ V ( d 2 − ℓ, 0 )

Example: From Lemma 7, one computes that the irreducible o(3, 2)-module D

(_3 2 − ℓ, 0 ) of the d = 3 singleton of order 2ℓ has character given by the rational function χ ( D ( 3 2 − ℓ, 0 )) = ∞∑ p=0 ℓ−1∑ q=0 α^{2( 32 −ℓ+p+2q)}χ_p(β) = (A.5)

(α^{2ℓ} − α^{−2ℓ}) (α − α^{−1}) ( αβ − (αβ)^{−1} )(_α β −^β_α ) = χ ( Y ( 3 2 − ℓ, 0 )) − χ ( Y ( 3 2 + ℓ, 0 ))

where the last equality is the character translation of (3.4) and follows from (A.3).

The tensor product of finite-dimensional irreducible o(d)-modules can be evaluated through the Littlewood-Richardson rule together with the branching rule from gl(d) to o(d) modules. In order to formulate the next lemma, one needs the following notation: Y_1 ⊗^′ Y_2 stands for the sum of Young diagrams obtained by applying the Littlewood- Richardson rule only.

Lemma 8. The irreducible o(d, 2)-module D (d + s − t − 1, s) of the partially conserved current of rank s and depth t decomposes as the infinite sum of finite-dimensional o(2) ⊕ o(d)-modules D (d + s − t − 1, s) = ∞⨁ l,m=0 s⨁ n=max{0,s−t+1} Y ( d + 2(s + l) − t − 1 + m − n, m ⊗^′ n )

Proof. The decomposition of the partially conserved current (3.7) follows the same procedure but the substraction of the o(2) ⊕ o(d)-modules appearing in I (d + s − 1, s − t) from the decomposition of V (d + s − t − 1, s) is more involved because they correspond to contractions in the tensor product of Young diagrams (i.e. divergences in CFT language).

The following fact should be used in the proof: the decomposition of the tensor product r_1 ⊗ r_2 of two o(d)-modules labeled by single rows of respective lengths r_1 ⩾ r_2 reduces to the application of the Littlewood-Richardson rule for each term in the sum

r_1 ⊗ r_2 =

r_2⨁

c=0 (r_1 − c) ⊗^′ (r_2 − c)

where c corresponds to the number of contractions between the symmetric traceless tensors.

For the sake of conciseness, we simply explain in CFT language the idea of the proof: the summation index l in the lemma corresponds to the number of d’Alembertian, the index m to the number of traceless partial derivatives which are not contracted with the current while the index n corresponds to the number of remaining free indices of the current. Therefore s − n is equal to the number of divergences, hence n cannot be higher than s nor smaller than s − t + 1 (since the t-th divergences of the current vanishes). Example: In the particular case d = 3, the lemma 8 and the equality (3.7) imply that the irreducible o(3, 2)-module D (2 + s − t, s) of the d = 3 partially conserved current of spin s ⩽ t and depth t decomposes as D (2 + s − t, s) = t−1⨁ k=0 ∞⨁ m=0 ∞⨁ p=s+1−t+k Y ( m + p + t − 2k, p ) = V (2 + s − t, s) V (2 + s, s − t) (A.6)

and thus has character given by the rational function

χ (D (2 + s − t, s)) = t−1∑ k=0 ∞∑ m=0 ∞∑ p=s+1−t+k α^{2(m+p+t−2k)}χ_p(β)

= 1 (α − α^{−1})(β − β^{−1}) [ (αβ)^{2(s−t)+1} ( (αβ)^{2t} − 1 ) αβ − (αβ)^{−1} − (α/β)^{2(s−t)+1} ( (α/β)^{2t} − 1 ) α β −^β_α ]

= χ (V (2 + s − t, s)) − χ (V (2 + s, s − t))

Endowed with the lemmas 7 and 8, the generalized Flato–Fronsdal theorem follows by direct computation: On one hand, the lemma 7 together with the rules (A.1) imply that the tensor product of two conformal scalars of order 2ℓ is equal to D ( d − 2ℓ 2 , 0 ) ⊗ D ( d − 2ℓ 2 , 0 ) = = ∞⨁ m,n=0 ℓ−1⨁ q,r=0 Y (d − 2ℓ + m + n + 2q + 2r, m ⊗ n)

= ∞⨁ l,m,n=0 ℓ−1⨁ q,r=0 Y (d − 2ℓ + 2l + m + n + 2q + 2r, m ⊗^′ n) . (A.7)

On the other hand, the right-hand-side of the generalized Flato–Fronsdal theorem is equal to ∞⨁ s=0 ℓ⨁ k=1 D(d + s − 2k, s) = (A.8)

= ∞⨁ s=0 ℓ⨁ k=1 ∞⨁ l^′,m=0 s⨁ n=max{0,s−2k+2} Y(d + 2s + 2l^′ − 2k + m − n, m ⊗^′ n) .

Notice that the multiplicites are finite in the decompositions (A.7) and (A.8) (indeed the conformal weight grows with respect to all summation indices with infinite ranges). The equality between (A.7) and (A.8) follows by exchanging the three summation indices s, k and l^′ for the three indices l, q and r via the relation l = l^′ − k + ℓ, q + r = s − n and |q − r| = 2k − 2. The index l must then ranges from zero to infinity (since k ⩽ ℓ and l^′ ranges from zero to infinity) and the indices q and r must range from 0 to ℓ − 1 (since s − n and 2k − 2 range from 0 to 2ℓ − 2) as they should.

Example: For d = 3, one should simply check the following algebraic equality of rational functions: ( χ ( D( 3 2 − ℓ, 0) ) )_2 = ∞∑ s=0 ℓ∑ k=1 χ (D(3 + s − 2k, s))

= ℓ∑ k=1 [_∞ ∑ s=0 χ (V(3 + s − 2k, s)) − ∞∑ s=2k−1 χ (V(2 + s, s + 1 − 2k)) ] , (A.9)

where (A.7) has been used. The o(3, 2) character formulae (A.3) and (A.5) should be further used to verify the equality.

B Boundary values and global symmetries

B.1 Boundary values in terms of gauge-invariant quantities: an example

The free spin s field on constant curvature space can be described either in terms of the potentials (Fronsdal fields) or in terms of the curvatures. Strictly speaking these two formulations are not completely equivalent as local gauge theories because in one case there is a genuine gauge invariance while in the other there is not. It is instructive to perform the near-boundary analysis for the equations of motion in terms of the curvatures.

For simplicity we restrict ourselves to the first nontrivial case of s = 1. In this case it is useful to encode the curvature in terms of the ambient generating function depending on auxiliary anti-commuting variables θ^A which can be identified with basis De Rham differentials dX^A. Consider the algebra osp(2|2) formed by □ = 1 2 ∂_X · ∂_X , ¯□ = 1 2 X · X , D = Θ · ∂_X , D̄ = Θ · X , Δ = ∂_Θ · ∂_X , Δ̄ = X · ∂_Θ

H_+ = d + 2 + X · ∂_X − Θ · ∂_Θ , H_− = X · ∂_X + Θ · ∂_Θ

(B.1)

The AdS Maxwell equations df = 0 and ∇_μf^{μν} = 0 on AdS can be written in terms of the ambient space 2-form F = F_{AB}(X)Θ^AΘ^B as

DF = 0 , ΔF = 0 , □F = 0 , X · ∂_ΘF = 0 , H_−F = 0 . (B.2)

Note that the last equation implies that the homogeneity degree is −2 which suggests that this formulation is adapted to describing shadow-type boundary values. Indeed, the analysis of [18] can be applied to the system (B.1) almost without alternations and shows that the boundary value is given by closed 2-form in d -dimensions. It is unconstrained and in case of even d is subject to FT equations written in terms of F . More precisely, repeating the analysis of [18] in this case (this is almost straightforward) one finds that the boundary value f = f_{ab}θ^aθ^b is subject to (∂_x ·∂_x)^{d−4}2 (∂_θ ·∂_x)f = 0 along with θ ·∂_xf = 0, i.e. the spin 1 conformal equations in terms of the curvature.

To make contact with the formulation in terms of the potential let us write the Maxwell system in terms of A = ϕ_BΘ^B using the ambient space. The relevant system of constraints is the same but the only difference is that the constraint D is now a gauge generator. More precisley,

□A = ΔA = X · ∂_ΘA = H_−A = 0 , A ∼ A + Dλ (B.3)

where λ satisfies the same constraints as A. This system is just a rewriting of (4.4) with t = 1 and s = 1. It is clear that constraints (B.2) for F can be simply obtained from the above ones by taking F = DA.

Let us now turn to the formulation adapted to the current type asymptotic conditions. Let us recall first how this is done in terms of potentials. The system is determined by the constraints proposed in [18], which we here write for s = 1 case and in terms of A = ϕ_AΘ^A. The system reads

□A = ΔA = (H_+ − 2)A = 0 , A ∼ A + Dλ + (X · Θ) ϵ , (B.4)

where λ and ϵ satisfy the gauge parameter version of the first 3 constraints. Namely,

□ϵ = (H_+ − 2)ϵ = 0 , □λ + ϵ = (H_+ − 4)λ = 0 . (B.5)

Note that Δλ = Δϵ = 0 identically because λ, ϵ are Θ-independent. It was shown in [18] that this system determines the current-type boundary value.

For the present purposes it is useful to identify the following partial gauge of the above system. Namely, the gauge where X · ∂_ΘA = 0. The residual gauge transformations are

A ∼ A + (d − 2)(X · Θ) ϵ + D((X · X) ϵ) (B.6)

so that only one independent parameter remains. Notice the system can be seen to become Stüeckelberg on the hypercone. Indeed, when X^2 = 0 only vanishing ϵ generates trivial gauge transformations so that the space of reducibilities is empty and one concludes there are no genuine (non-Stüeckelberg) gauge symmetries. Let us finally spell out explicitly the complete set of constraints which now involves partial gauge condition:

□A = ΔA = (H_+ − 2)A = X · ∂_ΘA = 0 (B.7)

Starting from this partially gauge fixed formulation it is easy to construct the formulation in terms of curvature. Indeed, introducing F = DA one arrives at the following system DF = □F = ΔF = H_+F = 0 , F ∼ F + (X · Θ) λ (B.8) where λ is related to the above epsilon as λ =^1_{d−2} Dϵ and is subject to the same constraints as F . This gives the description of the Maxwell equations in the form adapted to studying boundary values with current-type asymptotic. It is easy to get back the description in terms of the partially gauge fixed potential by introducing A = X · ∂_ΘF . One then finds that constraints (B.7) and gauge transformations (B.6) immediately follow from those for F . Finally, it was shown in [18] that the boundary value of such A can be identified with the conserved boundary current. In terms of F the boundary conserved current is directly related to the pullback of a 1-form X^AF_{AB} to the hypercone.

Note that taking into account the constraints and the gauge symmetries the map relating F and A is one-to-one. The relation is more subtle as far as gauge parameters are concerned because strictly speaking the formulation in terms of A is a genuine gauge theory (when considered on AdS) while that based on F is not because the gauge equivalence for F is of Stüeckelberg nature.

B.2 Boundary values of the Minkowski scalar field: a toy model

As an example of different kind let us apply the parent technique to identify boundary data for the scalar field on Minkowski space, with the boundary being the space if initial data x^0 ≡ t = const. The parent form of the Klein–Gordon field in Minkowski spacetime is described by the BRST operator [19] Ω = dx^a ∂ ∂x^a − dx a ∂ ∂y^a + c ( ∂ ∂y^a ∂ ∂y_a − m 2 ) (B.9)

acting on the space of “states” Ψ(x, dx|y, c) where dx^A and c are anticommuting ghosts.

Let us separate, say, the time variable x^0 ≡ t and pullback the system to a spatial slice t = const. It just ammounts to dropping t, dx^0. The BRST operator is then given by

Ω_0 = dx^i ∂ ∂x^i − dx i ∂ ∂y^i + c ( ∂ ∂y^i ∂ ∂y_i − ( ∂ ∂y^0 )_2 − m^2 ) . (B.10)

where the space components of y^a have been denoted by y^i ≡ ⃗y (i = 1, 2, . . . , d − 1).

For this toy model the analysis is very simple because there is no gauge symmetries. Equations of motion read as ( ∂ ∂x^i − ∂ ∂y^i )Ψ(x|y) = 0 , ( ∂ ∂y^i ∂ ∂y_i − ( ∂ ∂y^0 )_2 − m^2 ) Ψ(x|y) = 0 . (B.11)

The general solution of the second constraint is parametrized in terms of two y^0-independent functions q_y(x, ⃗y) and p_y(x, ⃗y). Indeed, in the space of formal series in y-variables q_y(⃗y) + y^0p_y(⃗y) can be uniquley completed to ϕ(⃗y, y^0) = q_y + y^0 p_y + O ( (y^0)^2 ) satisfying the second constraint. Finally, taking into account the first equation one conculdes that the general solution of both constraints is parametrized by two smooth functions q(x^i) and p(x^i). So that the boundary theory is a theory of two unconsrained fields q(x^i) and p(x^i).

This theory describes precisely the Hamiltonian phase space of the Klein-Gordon field. This is in agreement with the general statement that the parent formulation of a gauge theory naturally induces the Hamiltonian formulation when reduced to the initial data surface [72, 73] (see also [56]). Of course the procedure of [72, 73] also keeps track of the action and the symplectic structure it induces while in the above toy model we have only concentrated on the equations of motion.

B.3 Higher depth shadows and Killing tensors: equivalent descriptions

We now use parent formulation in order to define higher depth shadow fields as fields on a conformal space in a manifest way. To this end we construct a parent BRST formulation based on the constrained system (6.27). The BRST operator is given by

Ω^P = ∇ + Ω̄ , (B.12)

and it acts on the states Ψ = Ψ(x^a|θ^a, Y, P, ghosts) which are defined on the conformal space with coordinates x^a. Here ∇ is a flat covariant derivative given by the same fomula (4.9) as in the AdS case but constructed using the flat conformal connection and the conformal version of the compensator field (i.e. with V^2 = 0) and Ω̄ is the BRST operator implementing the fiber version of the constraints (6.27). More precisely,

Ω̄ = ¯□ ∂

∂b_{−1} + S̄ ∂ ∂b_0 + T̄ ∂ ∂b_1 + (S †)^t ∂ ∂b + c_0U_− + c_{−1}S̄^† + . . . (B.13)

where dots denote ghost terms involving also the structure operators of the gauge algebra (for t = 1 these are structure constants). Here the constraints act on functions in Y and P in the “twisted” realization i.e. X^A and^∂_{∂XA} are represented as Y^A + V^A and^∂_{∂Y A} with the conformal choice of the compensator V , i.e. V^2 = 0.

In order to see that the above system is indeed just a parent reformulation of the constrained system (6.27) we note that taking as a degree minus the homogeneity in ghosts b_{−1}, b_0, b_1 the first three terms in Ω̄ form the lowest degree −1 part of Ω^P . Its cohomology can be chosen b-idependent and can be identified with the quotient space of all elements modulo the ideal generated by ¯□, T̄ , S̄. Reducing to the cohomology gives precisely the parent version of the constrained system (6.27).

Let us show that Ω^P indeed describes higher-depth shadow fields on the conformal space. To this end we work in the frame where V^+ = 1, V^− = V^a = 0 and take as a degree homogeneity in b_{−1}, b_0, Y^+, P^+. The lowest degree term in Ω_P is

Ω^P_{−1} = (p_ay^a + P^−) ∂ ∂b_0 + (y

ay_a + 2Y^−) ∂ ∂b_{−1} + c^0 ∂ ∂Y^+ + c^{−1} ∂ ∂P^+ . (B.14)

Its cohomology can be identified with b_0, b_{−1}, c_0, c_{−1} and Y^+, Y^−, P^+, P^−-independent elements. Because the cohomology is vanishing in nonzero degree the reduced system is simply described by Ω^P restricted to the cohomology. Using a Cartesian coordinates x^a and the adapted local frame the reduced operator takes the form

Ω^P_{red} = θ^a( ∂ ∂x^a − ∂ ∂y^a ) + (p · ∂^y) t ∂ ∂b + p^2 ∂ ∂b_1 . (B.15)

In its turn, this is a straitforward parent rewriting of the BRST operator Ω_{red} = (p · ∂_x)^{t ∂}_{∂b} + p^{2 ∂}_{∂b1} defined on Ψ(x, p, b, b_1). It obviosuly encodes trivial equations and the following gauge transformations

δϕ = Ω_{red}Λ = (p · ∂_x)^tλ + p^2χ , Λ = bλ + b_1χ (B.16)

One concludes that the reduced system precisely describes higher-depth shadow fields. Furthermore, (higher-depth) Killing tensors are 1:1 with global reducibility parameters which are in turn 1:1 with BRST-cohomology elements at ghost degree −1. Cohomology elements of Ω_{red} at degree −1 are by definition higher-depth Killing tensors. Because cohomology does not depend on the formulation, this gives the ambient characterization of higher-depth Killing tensors given in (6.32).

Our next aim is to show that higher depth conformall Killing tensors can be equivalently described by (6.30). To this end we compute the cohomology of the BRST operator Ω^P at ghost degree −1. Taking as a degree homogeneity in b_{−1}, b_0, b_1 the lowest degree term in Ω^P is a sum of first three terms in Ω̄. Its cohomology can be assumed b_{−1}, b_0, b_1-independent and hence a representative of Ω^P -cohomology can also be assumed b_{−1}, b_0, b_1-independent. Such a representative ε of ghost degree −1 is necesarily linear in b and θ^a, c_{−1}, c_0-independent so that ε = bϵ(x|p, y). The cocycle condition then implies S̄^†ϵ = (S^†)^tϵ = 0 and hence ϵ is polynomial in Y . By adding a coboundary a polynomial cocycle ε can always be assumed totally traceless i.e. T ε = Sε = □ε. Indeed, in the space of polynomials the cohomology of the sum of first three terms in Ω̄ can be identified with totaly traceless b_{−1}, b_0, b_1-elements. Furthermore, a direct analysys show that such ϵ can not become trivial in the space of formal series. Finally, beeing polynomial such ϵ are one-to-one with x-independent ones because x-dependence is uniquely detremined by ∇ϵ = 0. The later relation is implied by Ω^P ε = 0 because ε is θ-independent. In this way we have shown that higher-depth Killing tensors can equivalently be represented by (6.30).

B.4 Global symmetries of higher-order singletons: the proof

The proof can be given in the first quantized terms following the ideas and the technique of [22]. The global symmetries of the equation □^l_0ϕ = 0 can be seen as observbles of the constrained system with the only constraint □^l_0. These are conveniently represented as the ghost degree zero BRST cohomology of the adjoin action D = [Ω, ·]_∗ of the BRST operator Ω = c(p^2)^l (B.17)

where we have switched to the star-product conventions. Indeed, the cocycle condition can be written as [(p^2)^l, A]_∗ + B ∗ (p^2)^l = 0 (B.18)

And the co-boundary condition amounts to

A ∼ A + C ∗ (p^2)^l . (B.19)

As we have already seen using the ambient space this constrained system can be equivalently represented through the BRST operator implementing the following constraints

(X^2)^l , X · P , P · P (B.20)

More precisely, the Weyl symbol of the BRST operator is given in (6.5). Its adjoint action reads as D = 1 2 ( 1 2 P^2 )_l ∂ ∂b_1 + (X · P ) ∂ ∂b_0 + 1 2 X^2 ∂ ∂b_{−1} +

+ c_1[( 1 2 P^2)^l, ·]_∗ + c_0U_− + c_{−1}S̄^† + . . . , (B.21)

where dots denote terms of higher order in ghosts and ghost derivatives.

Using a suitable degree the terms in the first line form a lowest degree term δ and one can reduce the cohomology problem to its cohomology. It is enough to compute δ cohomology in an irreducible component of sp(4) module of polynomials in X, P (tensored with ghosts). According to [19] such a module is a generalized Weyl module freely generated by X^2, P^2, X · P from some irreducible sp(2)-module. In this component one can treat ¯□ =^1_2 X^2, S̄ = XP , T̄ =^1_2 P^2 as formal commuting variables. It follows the δ-cohomology can be identified with b_α-independent elements of the form ψ = ψ_0 + T̄ ψ_1 + . . . T̄^{l−1}ψ_{l−1} and hence a cocycle ψ can be assumed to have this form. The reduced cohomology problem says that (Dψ)|¯_T l_= ¯_{□=}¯_{S=0} = 0. As ψ is ghost independent (thanks to gh(ψ) = 0) this gives

S̄^†ψ_k = 0 , U_−ψ_k = −2k (B.22)

for a homogeneous ψ = T̄^kψ_k.

Consider an irreducible sp(2) submodule in the module of degree k polynomials in ¯□, S̄, T̄ , which grows from highets weight vector T̄^k. It is clearly 2k + 1-dimensional and as a basis it is useful to take A_α α = 0 . . . 2k such that A_0 = T̄^k and S^†A^α = A^{α−1}. Note that A^{2k} is proportional to ¯□^k. Element T̄^kψ_k has a completion Φ by ¯□, S̄-dependent elements of total (in ¯□, S̄, T̄ ) degree k such that S^†Φ = 0. Indeed, taking Φ = 2k∑ α=0 (−1)^αA^α(S^†)^αψ_k (B.23)

one finds that S^†Φ = 0. Indeed, S^†A^0 = 0 by consruction and (S^†)^{2k+1}ψ_k = 0 thanks to U_−ψ_k = 2k. The completion is unique if in addition the space has been quotient with respect to (S̄)^2 − 4 ¯□T̄ . The constructed Φ is of degree k in ¯□, S̄, T̄ and satisfies U_−Φ = S̄^†Φ = 0 so that S^†Φ = 0 as well. One then concludes that the cohomlogy is one-to-one with rectangular and ℓ-traceless elements which are in addition anihilated by S^2 − 4T □.

References

[1] M. Flato and C. Fronsdal, “One Massless Particle Equals Two Dirac Singletons:

Elementary Particles in a Curved Space. 6,” Lett. Math. Phys. 2 (1978) 421.

[2] S. Konstein, M. Vasiliev, and V. Zaikin, “Conformal higher spin currents in any dimension and AdS/CFT correspondence,” JHEP 0012 (2000) 018, hep-th/0010239; A. Mikhailov, “Notes on higher spin symmetries,” hep-th/0201019.

[3] E. Sezgin and P. Sundell, “Massless higher spins and holography,” Nucl.Phys. B644 (2002) 303,hep-th/0205131;

I. Klebanov and A. Polyakov, “AdS dual of the critical O(N) vector model,” Phys.Lett. B550 (2002) 213,hep-th/0210114.

[4] M. A. Vasiliev, “Higher spin superalgebras in any dimension and their representations,” JHEP 12 (2004) 046, hep-th/0404124.

[5] M. G. Eastwood, “Higher symmetries of the Laplacian,” Annals Math. 161 (2005) 1645,hep-th/0206233.

[6] M. A. Vasiliev, “Nonlinear equations for symmetric massless higher spin fields in (A)dS(d),” Phys. Lett. B567 (2003) 139,hep-th/0304049.

[7] C. Fronsdal, “Singletons and Massless, Integral Spin Fields on de Sitter Space (Elementary Particles in a Curved Space. 7,” Phys. Rev. D20 (1979) 848.

[8] S. Deser and R. I. Nepomechie, “Anomalous propagation of gauge fields in conformally flat spaces,” Phys. Lett. B132 (1983) 321.

[9] S. Deser and R. I. Nepomechie, “Gauge invariance versus masslessness in de Sitter space,” Ann. Phys. 154 (1984) 396.

[10] S. Deser and A. Waldron, “Gauge invariances and phases of massive higher spins in (A)dS,” Phys. Rev. Lett. 87 (2001) 031601, hep-th/0102166; “Partial masslessness of higher spins in (A)dS,” Nucl. Phys. B607 (2001) 577,hep-th/0103198; “Null propagation of partially massless higher spins in (A)dS and cosmological constant speculations,” Phys. Lett. B513 (2001) 137,hep-th/0105181.

[11] M. Eastwood and T. Leistner, “Higher symmetries of the square of the Laplacian,” in Symmetries and Overdetermined Systems of Partial Differential Equations (Florida, USA, July 2000), IMA, Mathematics and Its Applications Vol. 144 (Springer, New York, 2008) p. 319.

[12] A. R. Gover and J. Silhan, “Higher symmetries of the conformal powers of the Laplacian on conformally flat manifolds,” 0911.5265.

[13] X. Bekaert, S. Cnockaert, C. Iazeolla, and M. A. Vasiliev, “Nonlinear higher spin theories in various dimensions,” in the proceedings of the First Solvay Workshop on Higher-Spin Gauge Theories (Brussels, Belgium, May 2004) hep-th/0503128.

[14] K. B. Alkalaev, “On manifestly sp(2) invariant formulation of quadratic higher spin Lagrangians,” JHEP 06 (2008) 081, 0711.3639.

[15] A. Babich, S. Berezovsky, L. Kitcenko, and V. Klepikov, “Critical phenomena and critical dimensions in anisotropic nonlinear systems,” Problems Atomic Sc. Tech. 77 (2012) 268.

[16] H. W. Diehl, “Critical behavior at m-axial lifshitz points,” Acta Physica Slovaca 52 (2002) 271,cond-mat/0205284.

[17] R. R. Metsaev, “Shadows, currents and AdS,” Phys. Rev. D78 (2008) 106010, 0805.3472; “Gauge invariant two-point vertices of shadow fields, AdS/CFT, and conformal fields,” Phys. Rev. D81 (2010) 106002, 0907.4678.

[18] X. Bekaert and M. Grigoriev, “Notes on the ambient approach to boundary values of AdS gauge fields,” 1207.3439.

[19] G. Barnich, M. Grigoriev, A. Semikhatov, and I. Tipunin, “Parent field theory and unfolding in BRST first-quantized terms,” Commun. Math. Phys. 260 (2005) 147,hep-th/0406192.

[20] G. Barnich and M. Grigoriev, “Parent form for higher spin fields on anti-de Sitter space,” JHEP 08 (2006) 013, hep-th/0602166.

[21] K. B. Alkalaev and M. Grigoriev, “Unified BRST description of AdS gauge fields,” Nucl.

Phys. B835 (2010) 197,0910.2690.

[22] X. Bekaert and M. Grigoriev, “Manifestly Conformal Descriptions and Higher Symmetries of Bosonic Singletons,” SIGMA 6 (2010) 038, 0907.3195.

[23] C. Fefferman and C. Graham, “Conformal invariants,” Astérisque, Numero Hors Série (1985) 95;

A. R. Gover and A. Waldron, “Boundary calculus for conformally compact manifolds,”

1104.2991.

[24] M. A. Vasiliev, “Equations of motion of interacting massless fields of all spins as a free differential algebra,” Phys. Lett. B209 (1988) 491.

[25] O. Shaynkman, I. Y. Tipunin, and M. Vasiliev, “Unfolded form of conformal equations in M dimensions and o(M + 2) modules,” Rev.Math.Phys. 18 (2006) 823,hep-th/0401086.

[26] M. A. Vasiliev, “Bosonic conformal higher–spin fields of any symmetry,” Nucl. Phys. B829 (2010) 176,0909.5226.

[27] M. A. Vasiliev, “Holography, Unfolding and Higher-Spin Theory,” 1203.5554.

[28] V. E. Didenko and E. D. Skvortsov, “Towards higher-spin holography in ambient space of any dimension,” 1207.6786.

[29] A. Y. Segal, “Conformal higher spin theory,” Nucl. Phys. B664 (2003)

59,hep-th/0207212.

[30] M. A. Vasiliev, “Actions, charges and off-shell fields in the unfolded dynamics approach,” Int. J. Geom. Meth. Mod. Phys. 3 (2006) 37,hep-th/0504090.

[31] M. Grigoriev, “Off-shell gauge fields from BRST quantization,” hep-th/0605089.

[32] X. Bekaert, E. Joung, and J. Mourad, “On higher spin interactions with matter,” JHEP 05 (2009) 126, 0903.3338.

[33] K. Skenderis, “Lecture notes on holographic renormalization,” Class. Quant. Grav. 19 (2002) 5849,hep-th/0209067.

[34] E. Alvarez, J. Conde, and L. Hernandez, “Rudiments of holography,” Int.J.Mod.Phys. D12 (2003) 543,hep-th/0205075.

[35] P. Dirac, “The Electron Wave Equation in de Sitter Space,” Annals Math. 36 (1935) 657;“Wave equations in conformal space,” Annals Math. 37 (1936) 429.

[36] C. Iazeolla and P. Sundell, “A Fiber Approach to Harmonic Analysis of Unfolded Higher-Spin Field Equations,” JHEP 0810 (2008) 022, 0806.1942.

[37] M. Flato and C. Fronsdal, “Quantum Field Theory of Singletons: the Rac,” J.Math.Phys. 22 (1981) 1100.

[38] L. Dolan, C. R. Nappi, and E. Witten, “Conformal operators for partially massless states,” JHEP 0110 (2001) 016, hep-th/0109096.

[39] S. Deser and A. Waldron, “Null propagation of partially massless higher spins in (A)dS and cosmological constant speculations,” Phys. Lett. B513 (2001) 137,hep-th/0105181.

[40] R. R. Metsaev, “Light cone form of field dynamics in anti-de Sitter spacetime and AdS/CFT correspondence,” Nucl. Phys. B563 (1999) 295,hep-th/9906217.

[41] A. G. Nikitin, “Generalized killing tensors of arbitrary rank and order,” Ukr. Math. J. 43 (1991) 734;

A. G. Nikitin and O. I. Prylypko, “Generalized Killing Tensors and Symmetry of Klein-Gordon-Fock Equations,” 0506002.

[42] A. Higuchi, “Symmetric tensor spherical harmonics on the n sphere and their application to the de Sitter group SO(n,1),” J.Math.Phys. 28 (1987) 1553.

[43] Y. M. Zinoviev, “On massive high spin particles in (A)dS,” hep-th/0108192;

P. de Medeiros, “Massive gauge invariant field theories on spaces of constant curvature,” Class.Quant.Grav. 21 (2004) 2571,hep-th/0311254;

K. Hallowell and A. Waldron, “Constant curvature algebras and higher spin action generating functions,” Nucl. Phys. B724 (2005) 453,hep-th/0505255; D. Francia, J. Mourad, and A. Sagnotti, “(A)dS exchanges and partially-massless higher spins,” Nucl.Phys. B804 (2008) 383,0803.3832;

A. R. Gover, A. Shaukat, and A. Waldron, “Tractors, Mass and Weyl Invariance,” Nucl. Phys. B812 (2009) 424,0810.2867.

[44] E. D. Skvortsov and M. A. Vasiliev, “Geometric formulation for partially massless fields,” Nucl. Phys. B756 (2006) 117,hep-th/0601095.

[45] Y. M. Zinoviev, “Frame-like gauge invariant formulation for massive high spin particles,” Nucl. Phys. B808 (2009) 185,0808.1778;

N. Boulanger, C. Iazeolla, and P. Sundell, “Unfolding Mixed-Symmetry Fields in AdS and the BMV Conjecture,” JHEP 07 (2009) 013, 0812.3615; JHEP 07 (2009) 014,

0812.4438;

E. D. Skvortsov, “Gauge fields in (anti)-de Sitter space and Connections of its symmetry algebra,” J. Phys. A42 (2009) 385401, 0904.2919; “Gauge fields in (A)dS within the unfolded approach: algebraic aspects,” JHEP 01 (2010) 106, 0910.3334.

[46] M. Grigoriev and A. Waldron, “Massive Higher Spins from BRST and Tractors,” Nucl.

Phys. B853 (2011) 291,1104.4994.

[47] K. Alkalaev and M. Grigoriev, “Unified BRST approach to (partially) massless and massive AdS fields of arbitrary symmetry type,” Nucl. Phys. B853 (2011) 663,1105.6111.

[48] E. Joung, L. Lopez, and M. Taronna, “On the cubic interactions of massive and partially-massless higher spins in (A)dS,” JHEP 1207 (2012) 041, 1203.6578.

[49] E. Joung, L. Lopez, and M. Taronna, “Generating functions of (partially-)massless higher-spin cubic interactions,” 1211.5912.

[50] N. Boulanger, D. Ponomarev, and E. Skvortsov, “Non-abelian cubic vertices for higher-spin fields in anti-de Sitter space,” 1211.6979.

[51] S. Deser and A. Waldron, “Arbitrary spin representations in de Sitter from dS/CFT with applications to dS supergravity,” Nucl. Phys. B662 (2003) 379,hep-th/0301068.

[52] G. Barnich and F. Brandt, “Covariant theory of asymptotic symmetries, conservation laws and central charges,” Nucl. Phys. B633 (2002) 3,hep-th/0111246.

[53] G. Barnich, N. Bouatta, and M. Grigoriev, “Surface charges and dynamical killing tensors for higher spin gauge fields in constant curvature spaces,” JHEP 10 (2005) 010,

hep-th/0507138.

[54] M. A. Vasiliev, “Cubic interactions of bosonic higher spin gauge fields in AdS(5),” Nucl.

Phys. B616 (2001) 106,hep-th/0106200.

[55] S. Deser and A. Waldron, “Conformal invariance of partially massless higher spins,” Phys.Lett. B603 (2004) 30, hep-th/0408155.

[56] G. Barnich and M. Grigoriev, “First order parent formulation for generic gauge field theories,” JHEP 01 (2011) 122, 1009.0190.

[57] R. Marnelius, “Manifestly conformal covariant description of spinning and charged particles,” Phys. Rev. D20 (1979) 2091.

[58] I. Bars, “Survey of two-time physics,” Class. Quant. Grav. 18 (2001)

3113,hep-th/0008164.

[59] D. Francia, “Generalised connections and higher-spin equations,” Class. Quant. Grav. 29 (2012) 245003, 1209.4885;

E. Joung and K. Mkrtchyan, “A note on higher-derivative actions for free higher-spin fields,” JHEP 1211 (2012) 153, 1209.4864.

[60] M. S. Costa, J. Penedones, D. Poland, and S. Rychkov, “Spinning Conformal Correlators,” JHEP 1111 (2011) 071, 1107.3554.

[61] R. Geroch, “Multiple moments: I. flat space,” J. Math. Phys. 11 (1969) 1955.

[62] M. Eastwood, “Notes on conformal differential geometry,” Suppl. Rendi. Circ. Mat.

Palermo 43 (1996) 57.

[63] J.-P. Michel, “Higher Symmetries of the Laplacian via Quantization,” 1107.5840.

[64] G. T. Horowitz, J. D. Lykken, R. Rohm, and A. Strominger, “A Purely Cubic Action for String Field Theory,” Phys. Rev. Lett. 57 (1986) 283.

[65] X. Bekaert, E. Joung, and J. Mourad, “Effective action in a higher-spin background,” JHEP 02 (2011) 048, 1012.2103.

[66] R. M. Hornreich, M. Luban, and S. Shtrikman, “Critical exponents at a lifshitz point to o(1/n),” Physics Letters A 55 (1975) 269.

[67] M. Shpot and Y. Pis’mak, “Lifshitz-point correlation length exponents from the large-n expansion,” Nucl.Phys. B862 (2012) 75,1202.2464.

[68] D. Anninos, T. Hartman, and A. Strominger, “Higher Spin Realization of the dS/CFT Correspondence,” 1108.5735.

[69] F. Dolan, “Character formulae and partition functions in higher dimensional conformal field theory,” J.Math.Phys. 47 (2006) 062303, hep-th/0508031.

[70] W. Heidenreich, “Tensor products of positive energy representations of SO(3,2) and SO(4,2),” J.Math.Phys. 22 (1981) 1566.

[71] X. Bekaert and N. Boulanger, “The unitary representations of the Poincaré group in any spacetime dimension,” hep-th/0611263.

[72] M. Grigoriev, “Parent formulation at the Lagrangian level,” JHEP 07 (2011) 061,

1012.1903.

[73] M. Grigoriev, “Parent formulations, frame-like Lagrangians, and generalized auxiliary fields,” JHEP 1212 (2012) 048, 1204.1793.