arXiv:1305.0248v2 [hep-ph] 8 May 2013

MISC-2013-03

Is θ^{PMNS}_{13} correlated with θ^{PMNS}_{23} or not?

Takeshi Araki^a Maskawa Institute, Kyoto Sangyo University, Motoyama, Kamigamo, Kita-Ku, Kyoto 603-8555, Japan

Abstract

By postulating the relation θ_{23} ≃ 45^∘ + ηθ_{13}, we seek for preferable correction terms to the charged lepton and neutrino mass matrices starting from the Tri-Bi-Maximal mixing and discuss their origins. The global fits of neutrino oscillation parameters favor η = ±1/ √ 2; it ends up with the relation found by Edy, Frampton and Matsuzaki some years ago in the context of a T^′ flavor model. In contrast, the results of the ν_μ disappearance mode reported by the T2K and Super-Kamiokande collaborations seem to prefer η = 0, which turns out an almost maximal θ_{23}. We derive a general condition for obtaining θ_{23} ≃ 45^∘ + ηθ_{13}. The condition is complicated by the neutrino masses and CP violating phases, so that we focus on the cases of a specific neutrino mass spectrum and/or characteristic CP phases. Under such simplified environments, we find several correction terms that take very simple forms. It is also found that the obtained correction terms indeed arise from the spontaneous breaking of a flavor symmetry or one-loop radiative corrections.

a araki@cc.kyoto-su.ac.jp

I. INTRODUCTION

Now that θ_{13} of the PMNS mixing matrix has been measured very precisely by the reactor [1] and long-baseline [2] neutrino oscillation experiments, it may be said that we have succeeded in acquiring a clear picture of the neutrino mixing pattern. It is the Daya- Bay experiment that holds the record of a precise determination of θ_{13}: the vanishing θ_{13} is now excluded at the level of 7.7σ standard deviations with an unexpectedly large central value of θ^{DB}_{13} ≃ 8.7^∘ [3]. Such a large θ_{13} would offer a great opportunity for us to explore the ordering of neutrino masses, the octant of θ_{23} and leptonic CP violation.

From a theoretical side, the discovery of a large θ_{13} might make people depressed since that might signal the end of a paradigm of the Tri-Bi-Maximal (TBM) mixing [4], which predicts θ_{13} = 0^∘. Nevertheless, the TBM mixing may still be available as a leading order one in the presence of small corrections. In fact, various ways to complement the TBM mixing by perturbing the neutrino sector [5, 6], the charged lepton sector [7] or both [8], have recently been proposed. In the present study, we take the same stance while paying special attention to correlation between θ_{13} and θ_{23}.

Within a framework of the TBM mixing plus small corrections, the deviations of θ_{13} and θ_{23} from their TBM values are given by the same parameters as we shall show in Eqs. (10) and (11); thus it is likely that they are correlated with each other. Indeed, it often happens in some flavor models [9]. Given this fact, it is very intriguing to recall the relation θ_{13} = √ 2|45^∘ − θ_{23}| found by Edy, Frampton and Matsuzaki in the context of a T^′ flavor symmetry [10] (see also Ref. [11] for earlier works). We will hereafter refer to this relation as the EFM relation. Interestingly, the EFM relation is now in excellent agreement with the global fits of neutrino oscillation parameters as demonstrated in Tab. I. Such a simple relation is expected to help people have an insight for model-building, although it should not be exact^1.

In contrast, the results of the ν_μ disappearance mode reported by the T2K [14] and Super-Kamiokande [15] collaborations seem to still favor the maximal θ_{23}, indicating that only θ_{13} departs from the TBM value independently of θ_{23}. If this is the case, we would be forced to explain the stability of θ_{23} while inducing an appreciable deviation for θ_{13}.

1 At least, we do not find any underlying symmetry which guarantees the EFM relation. Thus, it should be affected by the running of RGEs for instance.

Data θ^{best}_{23} θ^{best}_{13} θ^{EFM}_{13} Ref. [12] 38.4^∘(38.7^∘) 8.9^∘(9.0^∘) 9.3^∘(8.9^∘) Ref. [13] 51.5^∘(50.8^∘) 9.0^∘(9.1^∘) 9.2^∘(8.2^∘)

TABLE I. A comparison of the EFM predictions with the global fits of neutrino oscillation parameters in the case of normal (inverted) mass ordering: θ^{best}_{13} and θ^{best}_{23} are the best fit values from Refs. [12] and [13], while θ^{EFM}_{13} is a prediction of the EFM relation when employing θ^{best}_{23} .

This requirement could be useful information when complementing the TBM mixing.

In view of these thoughts, we seek for preferable correction terms to the charged lepton and neutrino mass matrices with a guide of θ_{23} ≃ 45^∘ + ηθ_{13}, (1) where η = ±1/ √ 2 ends up with the EFM relation, while η = 0 corresponds to the case of an almost maximal θ_{23}. Note that we use ≃ in Eq. (1), because we do not believe this relation holds exactly and also some approximations are used in our calculations. After showing our definitions of mass and mixing matrices in Sec. II, we derive a general condition for deriving Eq. (1) in Sec. III. The obtained condition is somewhat complicated by the neutrino masses and CP violating phases, and it does not seem to provide a simple correction term realizable in flavor models. Thus, in Sec. IV, we restrict ourselves to the cases of a specific neutrino mass spectrum and/or characteristic CP violating phases and show several examples yielding Eq. (1). In Sec. V, we develop two possible ways to realize the correction terms obtained in Sec. IV by means of a flavor symmetry or radiative corrections. We summarize our discussions in Sec. VI.

II. DEFINITIONS

We begin with the SM Lagrangian augmented by an effective Majorana-mass-term of the left-handed neutrinos:

L = L_{SM} + ν^†_LM_ν ν^∗_L + h.c. , (2) and consider circumstances under which θ_{13} and θ_{23} are enforced to be 0^∘ and 45^∘, respectively, by an underlying flavor physics at leading order. Until Sec. IV, we remain θ_{12} arbitrary in order to keep our discussions as general as possible. The leading-order PMNS matrix is defined as U^0 = (U^0_ℓ )^†U^0_ν = V^0P^0, where U^0_ℓ and U^0_ν stand for the leading-order diagonalizing-matrices of the charged leptons and neutrinos, respectively, P^0 = Diag(e^{iα/2}, e^{iβ/2}, 1) and

V^0 = c^0_{12} s^0_{12} 0 −s^0_{12}/ √ 2 c^0_{12}/ √ 2 −1/ √ 2 −s^0_{12}/ √ 2 c^0_{12}/ √ 2 1/ √ 2 . (3)

α and β are Majorana CP violating phases, and s^0_{12} (or c^0_{12}) denotes sin θ^0_{12} (or cos θ^0_{12}). We divide mass matrices into leading and correction terms in such a way that

M_ℓ = M^0_ℓ + δM_ℓ, M_ν = M^0_ν + δM_ν ,

where M_ℓ is a mass matrix of the charged leptons. In this definition, M^0_ℓ and M^0_ν are postulated to be diagonalized by U^0_ℓ and U^0_ν , respectively, and generate U^0, whereas δM_ℓ and δM_ν give rise to slight deviations from U^0. In what follows, we proceed with our analysis based on a premise that the correction terms are sufficiently smaller than the leading terms. Approximating the diagonalization of M_ℓ as

(U^0_ℓ + δU_ℓ)^†M_ℓM^†_ℓ (U^0_ℓ + δU_ℓ) ≃ Diag(m^2_e, m^2_μ, m^2_τ ),

we move on to the diagonal basis of M_ℓ and redefine M_ν as follows:

M_ν → M̄_ν = (U^0_ℓ + δU_ℓ)^†(M^0_ν + δM_ν )(U^0_ℓ + δU_ℓ)^∗ ≃ (U^0_ℓ )^†M^0_ν (U^0_ℓ )^∗ + δU^†_ℓ M^0_ν (U^0_ℓ )^∗ + (U^0_ℓ )^†M^0_ν δU^∗_ℓ + (U^0_ℓ )^†δM_ν (U^0_ℓ )^∗ ≡ M̄^0_ν + δM̄_ν , (4)

where M̄^0_ν = (U^0_ℓ )^†M^0_ν (U^0_ℓ )^∗ and we have dropped several terms in the second line. We stress that δM̄_ν includes corrections stemming from both the charged lepton and neutrino sectors.

One of purposes of this study is to derive δM̄_ν leading to θ_{23} ≃ 45^∘ +ηθ_{13}; so we go into more detail about δM̄_ν as well as M̄^0_ν . M̄^0_ν is diagonalized by V^0, i.e. (V^0)^†M̄^0_ν (V^0)^∗ = Diag(m^0_1e^{iα}, m^0_2e^{iβ} , m^0_3) ≡ D^0_ν , and expressed in terms of the leading-order mixing angles θ^0_{ij} and neutrino masses m^0_i :

(M̄^0_ν )_{11} = m^0_1e^{iα}(c^0_{12})^2 + m^0_2e^{iβ}(s^0_{12})^2, (M̄^0_ν )_{22} = (M^0_ν )_{33} = 1 2 [m^0_1e^{iα}(s^0_{12})^2 + m^0_2e^{iβ}(c^0_{12})^2 + m^0_3], (M̄^0_ν )_{12} = (M^0_ν )_{13} = 1 √ 2 (−m^0_1e^{iα} + m^0_2e^{iβ} )s^0_{12}c^0_{12},

(M̄^0_ν )_{23} = 1 2 [m^0_1e^{iα}(s^0_{12})^2 + m^0_2e^{iβ}(c^0_{12})^2 − m^0_3], (5)

where m^0_i are real and positive. Meanwhile, δM̄_ν is parametrized by six complex parameters, such that

δM̄_ν = a d e d b f e f c ,

yet only three of a · · · f are independent parameters of the system. In order to see that, let us consider the diagonal basis of M̄^0_ν , namely the basis of (V^0)^†[M̄^0_ν + δM̄_ν ](V^0)^∗ ≡ D^0_ν + δD_ν , and define δD_ν as

δD_ν = 0 X Y X 0 Z Y Z 0 , (6)

where X, Y and Z are complex parameters, and the diagonal entries are omitted since they can be absorbed into D^0_ν . In turn, going back to the basis of M̄^0_ν + δM̄_ν , one finds

a = 2s^0_{12}c^0_{12}X, b = −s^0_{12}c^0_{12}X + (s^0_{12}Y − c^0_{12}Z), c = −s^0_{12}c^0_{12}X − (s^0_{12}Y − c^0_{12}Z), d = 1 √ 2 { [(c^0_{12})^2 − (s^0_{12})^2]X − (c^0_{12}Y + s^0_{12}Z) } , e = 1 √ 2 { [(c^0_{12})^2 − (s^0_{12})^2]X + (c^0_{12}Y + s^0_{12}Z) } , f = −s^0_{12}c^0_{12}X. (7)

Thus, throughout this paper, we will express δM̄_ν in terms of X, Y and Z.

III. RELATING θ_{13} WITH θ_{23}

By considering M̄_νM̄^†_ν^2:

M̄_νM̄^†_ν ≃ M̄^0_ν (M̄^0_ν )^† + M̄^0_ν (δM̄_ν )^† + δM̄_ν (M̄^0_ν )^†,

and by regarding the second and third terms as small perturbations to M̄^0_ν (M̄^0_ν )^†, V^0_{ij} are perturbed to be

V_{e1} = c^0_{12} − m^0_1e^{−iα}X + m^0_2e^{iβ} X^∗ (m^0_2)^2 − (m^0_1)^2 s^0_{12},

V_{e2} = s^0_{12} + m^0_1e^{iα}X^∗ + m^0_2e^{−iβ} X (m^0_2)^2 − (m^0_1)^2 c^0_{12},

V_{e3} = m^0_1e^{iα}Y^∗ + m^0_3Y (m^0_3)^2 − (m^0_1)^2 c^0_{12} + m^0_2e^{iβ}Z^∗ + m^0_3Z (m^0_3)^2 − (m^0_2)^2 s^0_{12},

V_{μ3} = − 1 √ 2 [ 1 + m^0_1e^{iα}Y^∗ + m^0_3Y (m^0_3)^2 − (m^0_1)^2 s^0_{12} − m^0_2e^{iβ} Z^∗ + m^0_3Z (m^0_3)^2 − (m^0_2)^2 c^0_{12} ] , V_{τ 3} = 1 √ 2 [ 1 − { m^0_1e^{iα}Y^∗ + m^0_3Y (m^0_3)^2 − (m^0_1)^2 s^0_{12} − m^0_2e^{iβ}Z^∗ + m^0_3Z (m^0_3)^2 − (m^0_2)^2 c^0_{12} }] , (8)

whereas there are no corrections to the eigenvalues upto the first order expansion. From these elements, the perturbed tan θ_{12}, tan θ_{23} and sin θ_{13} are found to be

tan θ_{12} = | | | V_{e2} V_{e1} | | | ≃ t^012 [ 1 + 1 s^0_{12}c^0_{12} Re m^0_1e^{iα}X^∗ + m^0_2e^{−iβ}X (m^0_2)^2 − (m^0_1)^2 ] , (9)

tan θ_{23} = | | | | V_{μ3} V_{τ 3} | | | | ≃ 1 + 2Re [ m^0_1e^{iα}Y^∗ + m^0_3Y (m^0_3)^2 − (m^0_1)^2 s^0_{12} − m^0_2e^{iβ}Z^∗ + m^0_3Z (m^0_3)^2 − (m^0_2)^2 c^0_{12} ] , (10)

sin θ_{13} = |V_{e3}| = | | | m^0_1e^{iα}Y^∗ + m^0_3Y (m^0_3)^2 − (m^0_1)^2 c^0_{12} + m^0_2e^{iβ}Z^∗ + m^0_3Z (m^0_3)^2 − (m^0_2)^2 s^0_{12} | | | , (11)

respectively, and it can be seen that X is mainly responsible for the deviations of θ_{12} while the deviations of θ_{23} and θ_{13} are controlled by Y and Z.

As for θ_{13} and θ_{23}, we are particularly interested in the relation θ_{23} ≃ 45^∘ + ηθ_{13} with η = { ±1/ √ 2 0 . In view of cos θ_{13} ≃ 1, this relation may be translated into

sin θ_{23} = sin[45^∘ + ηθ_{13}] ≃ 1 √ 2 (1 + η sin θ_{13}),

2 In the first paper of Ref. [6], a perturbation method is also adopted, but for M̄_ν in view of V^∗_{ij} ≃ V_{ij} .

As we shall show in Sec. IV-B, we will arrive at the same conclusion.

leading to |V_{μ3}| ≃ 1 √ 2 [ 1 + η|V_{e3}| ].

Then, by substituting V_{e3} and V_{μ3} derived above, one arrives at η | | | m^0_1e^{iα}Y^∗ + m^0_3Y (m^0_3)^2 − (m^0_1)^2 c^0_{12} + m^0_2e^{iβ}Z^∗ + m^0_3Z (m^0_3)^2 − (m^0_2)^2 s^0_{12} | | | = Re [ m^0_1e^{iα}Y^∗ + m^0_3Y (m^0_3)^2 − (m^0_1)^2 s^0_{12} − m^0_2e^{iβ}Z^∗ + m^0_3Z (m^0_3)^2 − (m^0_2)^2 c^0_{12} ] . (12)

This is the condition for obtaining θ_{23} ≃ 45^∘+ηθ_{13} and one of our main results in this study. From this condition, one may be able to extract a relational expression between Y and Z, which enables us to know the form of δM̄_ν . Unfortunately, without any simplification, it does not seem the condition provide a simple δM̄_ν realizable in flavor models. Hence, in the next section, we will deal with the condition under simplified environments, e.g. vanishing Majorana phases, quasi-degenerate neutrino masses, etc..

IV. DEVIATIONS FROM TBM MIXING

From now on, we concentrate on the case of s^0_{12} = 1/ √ 3; namely V^0 in Eq. (3) takes the form of the TBM mixing pattern. Moreover, we will postulate (m^0_3)^2 − (m^0_1)^2 = (m^0_3)^2 − (m^0_2)^2 in Eq. (12). As mentioned just below Eq. (8), the eigenvalues are only moderately corrected; it may be a good approximation to identify m^0_i with the real neutrino masses m_i. Therefore, in the light of Δm^2_{12} ≪ Δm^2_3, postulating (m^0_3)^2 − (m^0_1)^2 = (m^0_3)^2 − (m^0_2)^2 is expected to be reasonable. Even with this simplification, however, Eq. (12) remains complicated. Thus, in the following subsections, we will restrict ourselves to the cases of a specific neutrino mass spectrum and/or characteristic CP violating phases. For the purpose of reference, we depict the running of neutrino masses as a function of the lightest neutrino mass in Fig. 1. In all of our numerical calculations, the following best fit values and 1σ errors from Ref. [12] are used:

Δm^2_3 =

(2.43^{+0.06}_{−0.10}) × 10^{−3} for Normal ordering (2.42^{+0.07}_{−0.11}) × 10^{−3} for Inverted ordering , Δm^2_{12} = (7.54^{+0.26}_{−0.22}) × 10^{−5}, sin^2 θ_{12} = 0.307^{+0.018}_{−0.016} . (13)

FIG. 1. The masses of neutrinos as a function of the lightest neutrino mass for the normal (left panel) and inverted (right panel) ordering cases. The best fit values are input for Δm^2_{12} and Δm^2_3. The black, red and blue curves correspond to m_1, m_2 and m_3, respectively.

A. η = ±1/ √ 2 • Case A-I: Y = Y^∗, Z = Z^∗ and α = β = 0 or π.

Assuming that Y and Z are real parameters and that α = β = 0 or π, Eq. (12) is solved to be Z ≃ κ − η √ 2 η + √ 2κ Y (14)

with [Y − √ 2Z]/η > 0 (< 0) for the case of normal (inverted^3) mass ordering. In deriving Eq. (14), we have assumed ±m^0_1 + m^0_3 = ±m^0_2 + m^0_3. A validity of this approximation is subject to a neutrino mass spectrum. When m_1 ≃ m_2, it should be applicable. Furthermore, the approximation appears to be valid in a mass region where m_1 is much smaller than m_2 in the case of normal ordering because m_3 ≫ m_{1,2} in that region. Nevertheless, as we shall see below, the difference between m_1 and m_2 gives rise to slight errors making the EFM relation somewhat hazed. κ = ±1 stems from a sign ambiguity originating in the left-handed side of Eq. (12) and provides us with two possible solutions. For η = 1/ √ 2 (−1/ √ 2), Eq. (14) results

3 Note that a minus sign appears in the right-handed side of Eq. (12) in the case of inverted mass ordering.

FIG. 2. θ_{13} as a function of θ_{23} for Z = 0 (left panel) and Z = 2 √ 2Y (right panel) in the case of normal mass ordering for Case A-I. Δm^2_{12}, Δm^2_3 and θ_{12} are restricted to be within the 1σ bounds.

in Z = 0 with Y > 0 (Y < 0) and Z = 2 √ 2Y with Y < 0 (Y > 0) in the case of normal mass ordering, yielding

δM̄_ν = X 3 √ 2 4 1 1 1 −2 −2 1 −2 −2 + Y √ 3 0 −1 1 −1 1 0 1 0 −1 for Z = 0, (15)

δM̄_ν = X 3 √ 2 4 1 1 1 −2 −2 1 −2 −2 + √ 3Y 0 −1 1 −1 −1 0

1 0 1 for Z = 2 √ 2Y, (16)

where X is responsible for the deviations of θ_{12} and in general complex. The sign of Y is flipped for the inverted ordering case. Note that in the case of Z = 0, the dependence of Eq. (12) on the Majorana phase β disappears; therefore, β can actually take any value in this case.

In Fig. 2, we numerically diagonalize the neutrino mass matrix Eq. (4) with Eqs. (15) and (16) and compute θ_{13} as a function of θ_{23} for the case of normal mass ordering. m^0_1 and |Y | are varied within 0 ∼ 0.1 eV and 0 ∼ 0.003 eV (0 ∼ 0.001 eV) for Z = 0 (Z = 2 √ 2Y ), while m^0_2, m^0_3 and X are suitably tuned to be consistent with the 1σ constraints of Δm^2_{12}, Δm^2_3 and θ_{12}. In the case of Z = 2 √ 2Y , the EFM relation is slightly hazed due to the errors of an approximation of ±m^0_1 + m^0_3 =

±m^0_2 + m^0_3 when m^0_1 is small. In contrast, the Z = 0 case does not suffer from the errors since it does not rely on the approximation. Almost the same figures are obtained for the inverted ordering case, but such a haze does not show up since m_1 is always close to m_2.

• Case A-II: α = β = 0 in the case of quasi-degenerate neutrino mass spectrum.

Eqs. (14), (15) and (16) are actually valid even for complex Y and Z in the case of quasi-degenerate neutrino mass spectrum when α = β = 0. This is because the imaginary parts inside | · · · | and Re[· · · ] in the left- and right-handed sides of Eq. (12) are cancelled out, and only the real parts are constrained as

ReZ = κ − η √ 2 η + √ 2κ ReY (17)

with [ReY − √ 2ReZ]/η > 0 (< 0) for the case of normal (inverted) mass ordering.

Then, it is observed that Eq. (17) is automatically satisfied once Eq. (14) is imposed for complex Y and Z.

In Figs. 3 and 4, the scatter plots of θ_{13} vs θ_{23} are shown for the normal and inverted ordering cases. The black, red and green dots correspond to the cases of m^0_{1(3)} = 0, 0.03 and 0.1 eV, respectively, in the case of normal (inverted) ordering. X and Y are treated as complex parameters with arbitrary phases, while α and β are fixed at zero. It can be seen that the EFM relation becomes clear as the scale of neutrino masses increases.

• Case A-III: Y = Y^∗ and Z = Z^∗ in the case of m_1, m_2 ≪ m_3.

Suppose m^0_1 and m^0_2 are negligibly small in comparison with m^0_3, the dependences of Eq. (12) on the Majorana phases α and β would be obscured. In this case, Eqs. (14), (15) and (16) are again valid for real Y and Z without assuming specific values for α and β.

In Fig. 5, θ_{13} and θ_{23} are numerically computed for the normal ordering case while fixing m^0_1 at zero. α and β run from 0 to 2π, and |Y | is varied from 0 to 0.01 eV (0.003 eV) for the Z = 0 (Z = 2 √ 2Y ) case. In the case of Z = 2 √ 2Y , the EFM relation is hazed like Fig. 2, but it is more significant in the present case since

FIG. 3. θ_{13} as a function of θ_{23} for Z = 0 (left panel) and Z = 2 √ 2Y (right panel) in the case of normal mass ordering for Case A-II. Δm^2_{12}, Δm^2_3 and θ_{12} are restricted to be within the 1σ bounds. The black, red and green dots correspond to m^0_1 = 0, 0.03 and 0.1 eV, respectively.

FIG. 4. Legend is the same as Fig. 3, but for the inverted ordering case.

we are looking at a neutrino mass region where the errors of an approximation of ±m^0_1 + m^0_3 = ±m^0_2 + m^0_3 is maximized.

B. η = 0

• Case B-I: α = β in the case of m_1 ≃ m_2 ≷ m^0_3.

In a case where m^0_1 = m^0_2 and α = β, the right-handed side of Eq. (12) turns out

FIG. 5. Legend is the same as Fig. 2, but for Case A-III.

to be

Re[m^0_1e^{iα}(Y^∗ − √ 2Z^∗) + m^0_3(Y − √ 2Z)], and one finds that Z = Y √ 2 (18)

satisfies Eq. (12) for η = 0, resulting in

δM̄_ν = X 3 √ 2 4 1 1 1 −2 −2 1 −2 −2 + √ 3Y 2 0 −1 1 −1 0 0 1 0 0

. (19)

The results of numerical calculations for the case of normal mass ordering are displayed in Fig. 6. In the left panel, m^0_1 is varied within 0.05 ∼ 0.1 eV in which m^0_1 = m^0_2 is expected to be reasonable, while m^0_1 is fixed at zero in the right panel in order to see how the stability of θ_{23} is affected by m^0_1 < m^0_2. X and Y are treated as complex parameters, and |Y | and α = β run from 0 to 0.007 eV and 0 to 2π, respectively, in both cases. It can be seen that θ_{23} scarcely departs from 45^∘ in the left panel, whereas θ_{23} can be 45^∘ ± 1^∘ in the right panel. As for the inverted ordering case, the assumption m^0_1 = m^0_2 is always valid, yielding the almost the same figure as that in the left panel of Fig. 6. Hence, we refrain from showing it.

FIG. 6. θ_{13} as a function of θ_{23} in the cases of normal mass ordering for Case B-I. Δm^2_{12}, Δm^2_3 and θ_{12} are restricted to be within the 1σ bounds. In the left panel, m^0_1 is varied within 0.05 ∼ 0.1 eV, while it is fixed at zero in the right panel.

We add a remark that Eq. (18) is equivalent to the condition found in Ref. [6]. It can be seen from Eq. (7) that Z = Y/ √ 2 (with s^0_{13} = 1/ √ 3) results in b = c; this is what observed in Ref. [6].

• Case B-II: −Y = Y^∗, −Z = Z^∗, α = 0 or π and β = 0 or π.

Suppose that Y and Z are pure imaginary and that α and β are equal to 0 or π, the right-handed side of Eq. (12) turns out pure imaginary, and thus Eq. (12) is satisfied for η = 0.

In Fig. 7, we plot θ_{13} as a function of θ_{23} (left panel) in the case of normal mass ordering for |Y | = 0 ∼ 0.013 eV, |Z| = 0 ∼ 0.001 eV and m^0_1 = 0 ∼ 0.1 eV. This case prefers a somewhat small X. In the right panel, we show the dependence of θ_{23} on |X|; one can see that the deviations of θ_{23} from 45^∘ become large as |X| increases. The red line in the left panel corresponds to the case of X = 0. Figures for the inverted ordering case are almost the same as Fig. 7, so we refrain from showing them.

FIG. 7. θ_{13} as a function of θ_{23} (left panel) and θ_{23} as a function of |X| (right panel) in the case of normal mass ordering for Case B-II. Δm^2_{12}, Δm^2_3 and θ_{12} are restricted to be within the 1σ bounds. In the left panel, |X| is varied within 0 ∼ 0.001 eV, and the red line corresponds to the case of X = 0.

We mention about the ambiguity of a form of δM̄_ν : one can subtract terms proportional to M̄^0_ν and/or the unit matrix from δM̄_ν without any modification to mixing. For example,

X 3 √ 2 4 1 1 1 −2 −2 1 −2 −2

can be divided into

X 3 √ 2 3 2 2 2 −3 −1 2 −1 −3 + 2 0 0 0 2 0 0 0 2 − 1 1 1 1 1 1 1 1 1 .

The second term does not affect the mixing, and the third term can be embedded into M̄ 0_ν . In this sense

X 3 √ 2 4 1 1 1 −2 −2 1 −2 −2 and X 3 √ 2 3 2 2 2 −3 −1 2 −1 −3

are equivalent and result in the same mixing. The difference between them is the parametrization of δM̄_ν , and it is visible in the basis of δD_ν in Eq. (6). On one hand, the original form is translated as

(V^0)^† X 3 √ 2 4 1 1 1 −2 −2 1 −2 −2

(V^0)^∗ = X

0 1 0 1 0 0 0 0 0

as we defined. On the other hand, the subtracted version turns out

(V^0)^† X 3 √ 2 3 2 2 2 −3 −1 2 −1 −3

(V^0)^∗ = X

−^{√2}_3 1 0 1^1_3^√_2 0 0 0 −^{√2}_3 ,

and non-zero values are entered in the diagonal elements. Namely, only the eigenvalues are altered by this change.

V. POSSIBLE REALIZATIONS OF δM̄_ν

We here describe two types of procedures for realizing Eqs. (15), (16) and (19). The first one utilizes a flavor symmetry, while the second one is based on radiative corrections. As for Case B-II, it may be interesting to invoke the timeon mechanism [16], which is a mechanism of spontaneous CP violation triggered by the VEV of a pseudo-scalar.

A. Flavor symmetry approach

We adopt the S_4 symmetry as our flavor symmetry following the definitions given in Ref. [17] and suppose that the three generations of the left- and right-handed leptons belong to 3_1 of S_4. Besides, in order for the S_4 flavor symmetry to be spontaneously broken, the following scalar fields and vacuum expectation values (VEVs) are introduced:

⟨ϕ^ν_{31} ⟩ = (V^ν_a , V^ν_a , V^ν_a ) + (t^ν_1 , t^ν_2 , t^ν_3 ), ⟨ϕ^ν_2 ⟩ = (V^ν_b , V^ν_b ) + (d^ν_1 , d^ν_2), ⟨ϕ^ν_{11} ⟩ = V^ν_c (20) for the neutrino sector, and

⟨ϕ^ℓ_{31} ⟩ = (V^ℓ_a , 0, 0) + (t^ℓ_1, t^ℓ_2, t^ℓ_3), ⟨ϕ^ℓ_{32} ⟩ = (V^ℓ_b , 0, 0) + (u^ℓ_1, u^ℓ_2, u^ℓ_3), ⟨ϕ^ℓ_2⟩ = (d^ℓ_1, d^ℓ_2), ⟨ϕ^ℓ_{11} ⟩ = V^ℓ_c (21)

for the charged lepton sector. The subscripts beside ϕ^{ν,ℓ} indicate representations under the S_4 symmetry, but we do not specify their representations under the gauge symmetries. Here, we are only interested in how the S_4 symmetry is broken by each representation and what sort of breaking terms are arisen, so that we mention nothing about the gauge structures and consider the effective Yukawa interactions L = ∑ A Y^ν_A ν^†_Lν^∗_Lϕ^ν_A + ∑ A Y^ℓ_Ae_Le_Rϕ^ℓ_A + h.c. , (22) where ν_L is the left-handed neutrino, e_L and e_R are the left- and right-handed charged leptons, respectively, and Y^{ν,ℓ}_A stands for a Yukawa coupling. For example, one can imagine Y^ℓ_{31} Lϕ^ℓ_{31} e_R if ϕ^ℓ_{31} is SU(2)_L doublet. Meanwhile, (f/Λ^3)LLHH(ϕ^ν_{31} ϕ^ν_{31} )_2 could be invented if ϕ^ν_{31} is a gauge singlet scalar, where L is the left-handed doublet lepton, H is the SM Higgs, f is a dimension-less coupling and Λ denotes a cut-off scale. In this case, (ϕ^ν_{31} ϕ^ν_{31} )_2/Λ corresponds to ϕ^ν_2 and f⟨H⟩^2/Λ^2 = Y^ν_2 in Eq. (22).

Note that, in the neutrino sector, we have omitted ϕ^ν_{12} and ϕ^ν_{32} since 1_2 and 3_2 are not produced from ν^†_L(3_1) ⊗ ν^∗_L(3_1). Similarly, ϕ^ℓ_{12} have been omitted in the charged lepton sector.

We presume that V^ν_{a,b,c} and V^ℓ_{a,b,c} are sufficiently larger than the other VEVs and that they constitute the leading-order mass matrices:

M^0_ν =

2V^ν_a + V^ν_c −V^ν_a + V^ν_b −V^ν_a + V^ν_b −V^ν_a + V^ν_b 2V^ν_a + V^ν_b −V^ν_a + V^ν_c −V^ν_a + V^ν_b −V^ν_a + V^ν_c 2V^ν_a + V^ν_b

(23)

and

M^0_ℓ =

2V^ℓ_a + V^ℓ_c 0 0 0 0 −V^ℓ_a + V^ℓ_b + V^ℓ_c 0 −V^ℓ_a − V^ℓ_b + V^ℓ_c 0

, (24) where the Yukawa couplings Y^ν_A and Y^ℓ_A are embedded into the VEVs. The same shall apply in the following discussions. On one hand, M^0_ℓ is diagonalized by rotations of the right-handed fields, resulting in m^0_e = 2V^ℓ_a + V^ℓ_c , m^0_μ = −V^ℓ_a + V^ℓ_b + V^ℓ_c and m^0_τ = −V^ℓ_a − V^ℓ_b + V^ℓ_c as well as U^0_ℓ = 1. On the other hand, by comparing M^0_ν with Eq. (5), one immediately observes that M^0_ν takes the same form as M̄^0_ν for s^0_{12} = 1/ √ 3, i.e.

V^ν_a =^1_6 [m^0_1e^{iα} +m^0_3], V^ν_b =^1_6 [−m^0_1e^{iα} +2m^0_2e^{iβ} +m^0_3] and V^ν_c =^1_3 [m^0_1e^{iα} +m^0_2e^{iβ} −m^0_3]. Thus, these mass matrices lead to the TBM mixing, and we identify the above M^0_ν with M̄^0_ν . As it is well known [18], the mass matrices possess residual Z_2 × Z^′_2 and Z_3 symmetries in the neutrino and charged lepton sectors, respectively. They are the symmetries ensuring the TBM mixing.

The other VEVs break the residual symmetries and yield the correction term δM̄_ν . In the charged lepton sector, we have

δM_ℓ = 0 d^ℓ_1 d^ℓ_2 d^ℓ_1 d^ℓ_2 0 d^ℓ_2 0 d^ℓ_1 + 2t^ℓ_1 −t^ℓ_3 −t^ℓ_2 −t^ℓ_3 2t^ℓ_2 −t^ℓ_1 −t^ℓ_2 −t^ℓ_1 2t^ℓ_3 + 0 u^ℓ_3 −u^ℓ_2 −u^ℓ_3 0 u^ℓ_1 u^ℓ_2 −u^ℓ_1 0

. (25)

Let us convert them from the charged lepton sector into the neutrino sector along the procedure outlined in Sec. II. In the limit of m^0_e = 0 and |δM_ℓ|^2 = 0, M_ℓM^†_ℓ is given by

M_ℓM^†_ℓ =

0 0 0 0 |m^0_μ|^2 0 0 0 |m^0_τ |^2

+ 0 (m^0_μ)^∗(d^ℓ_2 − t^ℓ_2 − u^ℓ_2) 0 m^0_μ(d^ℓ_2 − t^ℓ_2 − u^ℓ_2)^∗ −2Re[m^0_μ(t^ℓ_1)^∗] + 2Re[m^0_μ(u^ℓ_1)^∗] m^0_μ(d^ℓ_1 + 2t^ℓ_3)^∗ 0 (m^0_μ)^∗(d^ℓ_1 + 2t^ℓ_3) 0

+ 0 0 (m^0_τ )^∗(d^ℓ_1 − t^ℓ_3 + u^ℓ_3) 0 0 (m^0_τ )^∗(d^ℓ_2 + 2t^ℓ_2) m^0_τ (d^ℓ_1 − t^ℓ_3 + u^ℓ_3)^∗ m^0_τ (d^ℓ_2 + 2t^ℓ_2)^∗ −2Re[m^0_τ (t^ℓ_1)^∗] − 2Re[m^0_τ (u^ℓ_1)^∗] .

By regarding the second and third terms as small perturbations to the first term, δU_ℓ is found to be

δU_ℓ ≃ 0^{dℓ2−tℓ2−uℓ2}_{m0μ}^{dℓ1−tℓ3+uℓ3}_{m0τ} − (_{dℓ2−tℓ2−uℓ2} m^0_μ )_∗ 0^{dℓ2+2tℓ2}_{m0τ} − (_{dℓ1−tℓ3+uℓ3} m^0_τ )_∗ − (_{dℓ2+2tℓ2} m^0_τ )_∗ 0 ,

where we have dropped terms proportional to m^0_μ/(m^0_τ )^2 in the 23 and 32 elements. Now we are ready to calculate δU^†_ℓ M^0_ν (U^0_ℓ )^∗ + (U^0_ℓ )^†M^0_ν δU^∗_ℓ , but the expression is long and very complicated. Hence, we here suppose CP invariance in the charged lepton sector; then it is simplified to be

δU^†_ℓ M^0_ν (U^0_ℓ )^∗ + (U^0_ℓ )^†M^0_ν δU^∗_ℓ =

V^ℓ_{12} m^0_μ

−2(−V^ν_a + V^ν_b ) ∗ ∗ (−V^ν_a + V^ν_c ) − (−V^ν_a + V^ν_b ) 2(−V^ν_a + V^ν_b ) ∗ −(−V^ν_a + V^ν_c ) (−V^ν_a + V^ν_b ) 0

+ V^ℓ_{23} m^0_τ 0 ∗ ∗ −(−V^ν_a + V^ν_b ) −2(−V^ν_a + V^ν_c ) ∗ (−V^ν_a + V^ν_b ) 0 2(−V^ν_a + V^ν_c )

+ V^ℓ_{13} m^0_τ

−2(−V^ν_a + V^ν_b ) ∗ ∗ −(−V^ν_a + V^ν_c ) 0 ∗ (−V^ν_a + V^ν_c ) − (−V^ν_a + V^ν_b ) (−V^ν_a + V^ν_b ) 2(−V^ν_a + V^ν_b )

, (26)

where V^ℓ_{12} = d^ℓ_2 − t^ℓ_2 − u^ℓ_2, V^ℓ_{23} = d^ℓ_2 + 2t^ℓ_2 and V^ℓ_{13} = d^ℓ_1 − t^ℓ_3 + u^ℓ_3. (t^ℓ_1 and u^ℓ_1 only contribute to the charged lepton masses.)

Corrections from the neutrino sector are simply given by

(U^0_ℓ )^†δM_ν (U^0_ℓ )^∗ =

0 d^ν_1 d^ν_2 d^ν_1 d^ν_2 0 d^ν_2 0 d^ν_1 + 2t^ν_1 −t^ν_3 −t^ν_2 −t^ν_3 2t^ν_2 −t^ν_1 −t^ν_2 −t^ν_1 2t^ν_3

. (27)

In summary, δM̄_ν consists of Eqs. (26) and (27) in this scenario. For instance, in a case where α = β, the first term of Eq. (26) turns out to be the second term of Eq. (19) since −V^ν_a + V^ν_b is much smaller than −V^ν_a + V^ν_c in this case. Similarly, the second term of Eq. (16) can be obtained by combining the second and third terms of Eq. (26) when V^ℓ_{13} = 2V^ℓ_{23}. As for Eq. (27), (t^ν_1 , t^ν_2 , t^ν_3 ) ∝ (2, −1, −1) and (d^ν_1 , d^ν_2 ) ∝ (1, −1) yield the first and second terms of Eq. (15), respectively.

B. Radiative corrections

We consider the combination of tree-level and one-loop neutrino masses. The treelevel neutrino mass matrix is assumed to take the form of M̄^0_ν in the diagonal basis of the charged lepton mass matrix, leading to the TBM mixing at tree level. For this setup, we insert two types of one-loop radiative corrections and show that they may be useful to realize a preferable δM̄_ν .

The first example is proposed in Ref. [19], in which we have

δM̄_ν =

M̄ 0_ν D2_ℓ + D2_ℓ M̄ 0_ν v^2_{ew}

× I^{loop} (28)

at one-loop level, where D_ℓ = Diag(m_e, m_μ, m_τ ), v_{ew} = 174 GeV and I^{loop} is a dimensionless parameter including some loop factors. The details of I^{loop} depend on model details, so we remain it arbitrary in this study. If α = 0 and β = π in the case of quasi-degenerate mass spectrum, Eq. (28) turns out to be

δM̄_ν ≃ m^0_ν 3 m^2_μ

0 −2 0 −2 2 −2 0 −2 0

+ m^2_τ

0 0 −2 0 0 −2 −2 −2 2

, (29)

where m^0_ν ≡ m^0_1 ≃ m^0_2 ≃ m^0_3, and we have omitted the term proportional to m^2_e. Then, by adding

− m^0_ν 3 (m^2_μ + m^2_τ )

0 −1 −1 −1 1 −2 −1 −2 1

which can be absorbed into M̄^0_ν , one obtains the second term of Eq. (15):

δM̄_ν = m^0_ν 3 (m^2_μ − m^2_τ )

0 −1 1 −1 1 0 1 0 −1

. (30)

This example may be applicable to Case A-II^4.

4 Recall that there is no constraint on β in the case of Z = 0.

The second example is the so-called Zee-model given in Ref. [20], which induces

δM̄_ν =

0 f_{eμ}(m^2_μ − m^2_e) f_{eτ} (m^2_τ − m^2_e) f_{eμ}(m^2_μ − m^2_e) 0 f_{μτ} (m^2_τ − m^2_μ) f_{eτ} (m^2_τ − m^2_e) f_{μτ} (m^2_τ − m^2_μ) 0 1 Γ

≡ 0 a b a 0 c b c 0 at one-loop level. f_{αβ} are Yukawa couplings, and Γ contains loop factors and possesses mass-dimension one. Similar to the first example, by adding and subtracting terms proportional to 0 1 1 1 0 1 1 1 0 , 0 0 0 0 1 −1 0 −1 1 , 1 0 0 0 1 0 0 0 1 ,

one arrives at Eq. (19):

δM̄_ν = X 4 1 1 1 −2 −2 1 −2 −2 + Y 0 1 −1 1 0 0 −1 0 0

(31)

with X = (a + b − 2c)/18 and Y = (a − b)/2.

VI. SUMMARY

The TBM mixing may still be applicable as a leading order one in the presence of small corrections, although the exact TBM mixing was ruled out by the discovery of a non-zero θ_{13}. If this direction is adopted, one immediately faces with a difficult challenge of revealing structures and origins of the corrections. In this work, employing Eq. (1) as a guide, we seek for preferable correction terms to the charged lepton and neutrino mass matrices and discuss their origins. The latest global fits of neutrino oscillation parameters point to η = ±1/ √ 2, whereas the results of the ν_μ disappearance mode seem to prefer η = 0. We have succeeded in deriving the general condition Eq. (12) for obtaining Eq. (1), but it has also been found that the condition is complicated by the neutrino masses and

CP violating phases. Hence, in order to find out simple and realizable correction terms, we concentrate on a specific neutrino mass spectrum, e.g. the quasi-degenerate spectrum, and/or characteristic CP violating phases, e.g. vanishing Majorana phases. Under such simplified environments, we arrive at Eqs. (15) and (16) for the case of η = ±1/ √ 2, while Eq. (19) for η = 0. Furthermore, we develop several ways to realize the obtained correction terms by utilizing the spontaneous breaking of an S_4 flavor symmetry or oneloop radiative corrections.

[1] KamLAND Collaboration, Phys. Rev. D83, 052002 (2011); DOUBLE-CHOOZ Collaboration, Phys. Rev. Lett. 108, 131801 (2012); DAYA-BAY Collaboration, Phys. Rev. Lett. 108, 171803 (2012); RENO collaboration, Phys. Rev. Lett. 108, 191802 (2012).

[2] T2K Collaboration, Phys. Rev. Lett. 107, 041801 (2011); MINOS Collaboration, Phys.

Rev. Lett. 107, 181802 (2011).

[3] DAYA-BAY Collaboration, Chin. Phys. C37, 011001 (2013).

[4] P. F. Harrison, D. H. Perkins, and W. G. Scott, Phys. Lett. B 530, 167 (2002); Z. Z. Xing, Phys. Lett. B 533, 85 (2002); P. F. Harrison and W. G. Scott, Phys. Lett. B 535, 163 (2002).

[5] A. Damanik, Int. J. Mod. Phys. A 27, 1250091 (2012); B. Grinstein and M. Trott, JHEP 1209, 005 (2012); J. Liao, D. Marfatia, and K. Whisnant, Phys. Rev. D 87, 013003 (2013); D. Aristizabal Sierra, I. de Medeiros Varzielas, and E. Houet, arXiv:1302.6499 [hep-ph]; R. Dutta, U. Ch, A. K. Giri, and N. Sahu, arXiv:1303.3357 [hep-ph]; L. J. Hall and G. G. Ross, arXiv:1303.6962 [hep-ph].

[6] T. Araki, Phys. Rev. D 84, 037301 (2011); B. Brahmachari and A. Raychaudhuri, Phys.

Rev. D 86, 051302 (2012).

[7] A. Datta, L. Everett, and P. Ramond, Phys. Lett. B 620, 42 (2005); L. Everett, Phys. Rev.

D 73, 013011 (2006); S. F. King, Phys. Lett. B 718, 136 (2012); S. Antusch, C. Gross, V. Maurer, and C. Sluka, Nucl. Phys. B 866, 255 (2013); S. Gollu, K. N. Deepthi, and R. Mohanta, arXiv:1303.3393 [hep-ph].

[8] S. Goswami, S. Petcov, S. Ray, and W. Rodejohann, Phys. Rev. D 80, 053013 (2009); A.

Rashed and A. Datta, Phys. Rev. D 85, 035019 (2012).

[9] S. F. Ge, D. A. Dicus, and W. W. Repko, Phys. Lett. B 702, 220 (2011); Phys. Rev. Lett.

108, 041801 (2012); N. Haba and R. Takahashi, Phys. Lett. B 702, 388 (2011); X. Chu, M. Dhen, and T. Hambye, JHEP 1111, 106 (2011).

[10] D. A. Eby, P. H. Frampton, and S. Matsuzaki, Phys. Lett. B 671, 386 (2009); D. A. Eby and P. H. Frampton, Phys. Rev. D 86, 117304 (2012).

[11] P. H. Frampton and S. Matsuzaki, arXiv:0806.4592 [hep-ph]; P. H. Frampton, T. W.

Kephart, and S. Matsuzaki, Phys. Rev. D 78, 073004 (2008). [12] G. L. Fogli et al, Phys. Rev. D86, 013012 (2012).

[13] D. V. Forero, M. Tortola, and J. W. F. Valle, Phys. Rev. D 86, 073012 (2012). [14] M. Ikeda’s talk given at Rencontres de Moriond EW 2013, Italy, March 2013, website:

https://indico.in2p3.fr/conferenceDisplay.py?confId=7411.

[15] Y. Itow’s talk given at Neutrino 2012, Japan, June 2012, website: neu2012.kek.jp. [16] R. Friedberg and T. D. Lee, arXiv:0809.3633 [hep-ph]; T. Araki and C. Q. Geng, Phys.

Rev. D79, 077301 (2009).

[17] F. Bazzocchi, L. Merlo and S. Morisi, Nucl. Phys. B 816, 204 (2009). [18] C. S. Lam, Phys. Lett. B 656, 193 (2007); Phys. Rev. Lett. 101, 121602 (2008); Phys.

Rev. D 78, 073015 (2008); W. Grimus, L. Lavoura and P. O. Ludl, J. Phys. G 36, 115007 (2009).

[19] T. Araki, C. Q. Geng and Z. Z. Xing, Phys. Lett. B 699, 276 (2011); T. Araki and C. Q.

Geng, JHEP 1109, 139 (2011).

[20] A. Zee, Phys. Lett. B 93, 389 (1980); L. Wolfenstein, Nucl. Phys. B 175, 93 (1980).