arXiv:1305.0256v3 [hep-th] 19 May 2013

KUNS-2450 MISC-2013-04

Master equation for the Unruh-DeWitt detector and the universal relaxation time in de Sitter space

Masafumi Fukuma,^{1∗} Yuho Sakatani^{2†} and Sotaro Sugishita^{1‡}

1Department of Physics, Kyoto University Kyoto 606-8502, Japan

2Maskawa Institute for Science and Culture, Kyoto Sangyo University Kyoto 603-8555, Japan

Abstract de Sitter space is known to have a thermal character. This can be best seen by an Unruh-DeWitt detector which stays in the Poincaré patch and interacts with a scalar field in the Bunch-Davies vacuum. However, since the Bunch-Davies vacuum is the ground state only at the infinite past, if the scalar field starts in the ground state at a finite past, an Unruh-DeWitt detector then will feel as if it is in a medium that is not in thermodynamic equilibrium and that undergoes a relaxation to the equilibrium corresponding to the Bunch-Davies vacuum. In this paper, we first develop a general framework to treat such circumstances and write down the master equation which completely describes the finite time evolution of the density matrix of an Unruh-DeWitt detector in arbitrary background geometry. We then apply this framework to an ideal detector in de Sitter space which can get adjusted to its environment instantaneously, and show that the density distribution of the detector certainly exhibits a relaxation to the Gibbs distribution with the universal relaxation time of half the curvature radius of de Sitter space. This relaxation time gives the first example of such quantities that are related to nonequilibrium dynamics intrinsic to de Sitter space.

∗E-mail address: fukuma at gauge.scphys.kyoto-u.ac.jp †E-mail address: yuho at cc.kyoto-su.ac.jp ‡E-mail address: sotaro at gauge.scphys.kyoto-u.ac.jp

1. Introduction

The concept of particle is known to depend on observers. Even in the Poincaré-invariant Minkowski vacuum, an observer with constant acceleration sees a thermal particle spectrum [1]. The Unruh-DeWitt detector [1, 2] is invented as a tool of thought experiment to give an intuitive understanding of such thermal character of spacetime (see also [3, 4] and references therein). This is a detector weakly interacting with a matter quantum field in a certain vacuum state, and one can study the thermal character through the density distribution of the detector.

Various spacetimes have been examined with the Unruh-DeWitt detector, including de Sitter space. There are a family of de Sitter-invariant vacua (called the α-vacua) for a free scalar field in de Sitter space [5, 6]. Among them, the most natural vacuum, satisfying the Hadamard condition, is the Bunch-Davies vacuum (or the Euclidean vacuum) [7], which actually exhibits a thermal property. In fact, an Unruh-DeWitt detector staying at x = 0 in the Poincaré patch

ds^2 = ℓ^2

− dη^2 + dx^2 η^2 ( −∞ < η < 0 ) (1.1)

responds as if it is in a thermal bath with temperature T = 1/2πℓ , where ℓ is the curvature radius of de Sitter space [3, 8, 9] (see also [10, 11]).

In our previous paper [12], it is shown that the Bunch-Davies vacuum corresponds to the configuration where the scalar field starts in the ground state at the infinite past (η → −∞). If instead the scalar field starts in the ground state at a finite past (say, at η_0), then the de Sitter invariance should be broken explicitly, and we expect that an Unruh-DeWitt detector feels that the surrounding medium is not in thermodynamic equilibrium and undergoes a relaxation to the equilibrium corresponding to the Bunch-Davies vacuum.

The main purpose of this paper is to develop a machinery for describing such nonequilibrium dynamics and to calculate quantities directly related to the nonequilibrium properties intrinsic to de Sitter space. For this, we first develop a general framework to describe an Unruh-DeWitt detector in arbitrary background geometry and derive the master equation which completely determines the finite time evolution of the density matrix of the detector. We then apply this framework to an ideal detector in de Sitter space which can get adjusted to its environment instantaneously. We show that the density distribution of such detector exhibits a relaxation to the Gibbs distribution with the universal relaxation time ℓ/2 measured in the proper time of the detector. This relaxation time gives the first example of such quantities that are related to nonequilibrium dynamics intrinsic to de Sitter space.

This paper is organized as follows. In section 2, adopting the method of the projection operator [13], we first derive the master equation which describes the time evolution of the density matrix of the detector. Then, after justifying a Markovian approximation, we derive a simplified form of the master equation which enables us to analytically study the relaxation behavior of the density distribution. In section 3, we perform an analytical calculation of the transition rate matrix, expanding it around η_0 = −∞ . In section 4, we consider an ideal detector with two energy levels, and show that it is always thermalized with the relaxation time ℓ/2 . Section 5 is devoted to discussions and conclusion. We collect miscellaneous formulas in appendices.

2. Master equation for the density matrix of an Unruh- DeWitt detector

2.1. Setup

We consider an Unruh-DeWitt detector in d-dimensional spacetime with background metric ds^2 = g_{μν} (x) dx^μ dx^ν (μ, ν = 0, 1, . . . , d − 1), the detector being interacting with a scalar field ϕ(x) of mass m . We assume that the detector has a sufficiently large mass so that it moves along a classical trajectory^1 x^μ(τ) = ( t(τ), x(τ) ) , where τ is a proper time of the trajectory (see figure 1).

For a quantum mechanical description of the system, we introduce the Hilbert space H^{tot} which is the tensor product of those of the detector and the field,

H^{tot} = H^d ⊗ H^ϕ . (2.1)

The total Hamiltonian then takes the following form in the Schrödinger picture:

H^{tot}(t) = H^d dτ(t) dt ⊗ 1 + 1 ⊗ H^ϕ(t) + V (t) . (2.2)

Here, H^d is the Hamiltonian of the detector associated with its proper time, and we assume that H^d does not depend on τ (or on t), denoting its eigenstates and eigenvalues by |m⟩ and E_m , respectively: H^d|m⟩ = E_m|m⟩ . H^ϕ(t) is the Hamiltonian of the free scalar field

1 We also write the trajectory as x^μ(τ) = ( t, x(t) ) using the functional relation t = t(τ) or τ = τ(t) with dt/dτ > 0 .

Figure 1: The trajectory of an Unruh-DeWitt detector, which starts interacting with a scalar field ϕ(x) at time t_1 . The scalar field will be assumed to be in the ground state at an early time t_0 .

and may depend on time explicitly through an explicit time dependence of the metric. V (t) stands for the interaction between the detector and the field, and we assume that it suddenly starts at time t_1 in the form of monopole interaction,^2 V (t) = λ μ dτ(t) dt ⊗ ϕ ( x(t) ) θ(t − t_1) . (2.3) Here, λ is a dimensionless coupling constant, x(t) represents the position of the detector at time t (see footnote 1) , and μ is an operator acting on H^d , which we again assume to be time independent. The time evolution of the total density matrix ρ^{tot}(t) is given by ρ^{tot}(t) = U^{tot}(t, t^′) ρ^{tot}(t^′) [ U^{tot}(t, t^′) ]_{−1} , (2.4) where U^{tot}(t, t^′) is the time evolution operator in the Schrödinger picture,

U^{tot}(t, t^′) ≡ T exp ( −i ∫_t t^′ dt^′ H^{tot}(t^′) ) . (2.5)

We consider a situation where one can only measure observables associated with the detector, such as the matrix elements μ_{mn} = ⟨m|μ|n⟩. Then the maximum information one can get from the system is the reduced density matrix ρ(t) which is defined as the partial trace of the total density matrix ρ^{tot}(t) over H^ϕ ,^3 ρ(t) ≡ Tr_ϕ ρ^{tot}(t) . (2.6)

2 Recall that this is in the Schrödinger picture. We later shall take an average over the start-up time t_1 since one usually needs a certain period of time to specify the initial distribution of the system.

3 More precisely, Tr_ϕ is a linear map from an operator of the form O = ∑ α O^d_α ⊗ O^ϕ_α , which acts on H^{tot} , to the operator Tr_ϕ O = ∑ α O^d_α × ∑ ψ∈H^ϕ ⟨ψ|O^ϕ_α|ψ⟩ , which acts on H^d , where ∑ ψ∈H^ϕ |ψ⟩⟨ψ| = 1 .

Since the dynamics of ρ^{tot}(t) is completely fixed, the time evolution of ρ(t) should be uniquely determined once one specifies the form of interaction and the initial condition for ρ^{tot}(t) . Since we assume that there had been no interaction between the detector and the field before time t_1 , we may let the total density matrix take the following factorized form at t_1 :

ρ^{tot}(t_1) ≡ ρ^d(t_1) ⊗ ρ^ϕ(t_1) = ρ(t_1) ⊗ ρ^ϕ(t_1) . (2.7)

The latter equality can be easily seen by noting ρ(t_1) = Tr_ϕ ρ^{tot}(t_1) = ρ^d(t_1) .

2.2. Master equation

The time evolution of ρ(t) can be best analyzed if we go over to the interaction picture by decomposing the total Hamiltonian to

H^{tot}(t) = H^{tot}_0 (t) + V (t) , (2.8)

H^{tot}_0 (t) ≡ H^d dτ(t) dt ⊗ 1 + 1 ⊗ H^ϕ(t) (2.9)

and treat V (t) as a perturbation. The time evolution operator U^{tot}(t, t_1) is then decomposed to the unperturbed and perturbed parts as

U^{tot}(t, t_1) = U^{tot}_0 (t, t_1) U^{tot}_I (t, t_1) (2.10)

with

U^{tot}_0 (t, t_1) ≡ T exp ( −i ∫_t t_1

dt^′ H^{tot}_0 (t^′) ) = e^{−iHd· (τ −τ1)} ⊗ Te^{−i} ∫_t t1 dt^′H^ϕ(t^′) , (2.11)

U^{tot}_I (t, t_1) ≡ T exp ( −i ∫_t t_1

dt^′ V_I (t^′) ) . (2.12)

Here, V_I (t) is defined by V_I (t) ≡ [ U^{tot}_0 (t, t_1) ]_{−1} V (t) U^{tot}_0 (t, t_1) = λ dτ dt μ_I (τ) ⊗ ϕ_I ( x(τ) ) θ(t − t_1) , (2.13)

where μ_I (τ) is given by μ_I (τ) ≡ e^{iHd· (τ −τ1 )} μ e^{−iHd· (τ −τ1)} = ∑ m,n e^{i(Em−En)(τ −τ1 )} μ_{mn} |m⟩⟨n| , (2.14) and the operator ϕ_I ( x(τ) ) ≡ ϕ_I ( t, x(t) ) = [ Te^{−i} ∫_t t1 dt^′H^ϕ(t^′)]−1 ϕ(x(t)) Te−i ∫_t t1 dt^′ H^ϕ(t^′) (2.15)

satisfies the free Klein-Gordon equation associated with the metric ds^2 = g_{μν} (x) dx^μ dx^ν . Accordingly, the density matrix in the interaction picture is given by

ρ^{tot}_I (t) ≡ [ U^{tot}_0 (t, t_1) ]_{−1} ρ^{tot}(t) U^{tot}_0 (t, t_1) = U^{tot}_I (t, t_1) ρ^{tot}(t_1) [ U^{tot}_I (t, t_1) ]_{−1} , (2.16)

and satisfies the von Neumann equation d dt ρ^{tot}_I (t) = − i [V_I (t), ρ^{tot}_I (t)] ≡ −i ad_{VI (t)} ρ^{tot}_I (t) . (2.17)

The above von Neumann equation can be rewritten to an equation involving only ρ_I (t) ≡ Tr_ϕ ρ^{tot}_I (t) by adopting a well known procedure called the projection operator method (see, e.g., [13]). We first introduce a linear operator P : End H^{tot} → End H^{tot} which acts linearly on elements belonging to End H^{tot} (the set of linear operators acting on H^{tot}) and has the form P : O → PO ≡ (Tr_ϕ O) ⊗ X^ϕ ( O ∈ End H^{tot} ) . (2.18)

Here, X^ϕ ∈ End H^ϕ can be any operator acting on H^ϕ as long as it satisfies

Tr_ϕ X^ϕ = 1 (2.19)

and does not depend on time. From (2.19) one can easily see that P is a projection operator, P^2 = P. For O = ρ^{tot}_I (t), we obtain

Pρ^{tot}_I (t) = (Tr_ϕ ρ^{tot}_I (t)) ⊗ X^ϕ = ρ_I (t) ⊗ X^ϕ . (2.20)

We further introduce Q ≡ 1 − P , which is also a projection operator, Q^2 = Q , and satisfies PQ = 0 = QP. Since ρ^{tot}_I (t) satisfies the time evolution equation (2.17), Pρ^{tot}_I (t) and Qρ^{tot}_I (t) satisfy the differential equations (note that P + Q = 1) d dt Pρ^{tot}_I (t) = −iP ad_{VI (t)} Pρ^{tot}_I (t) − iP ad_{VI (t)} Q ρ^{tot}_I (t) , (2.21) d dt Qρ^{tot}_I (t) = −iQ ad_{VI (t)} Pρ^{tot}_I (t) − iQ ad_{VI (t)} Q ρ^{tot}_I (t) . (2.22)

The solution of (2.22) is given by

Qρ^{tot}_I (t) = −i ∫_t t_1

dt^′ Te^{−i} ∫_t t′ dt^{′′} Q ad_{VI (t}′′_) Q ad V_I (t^′) Pρ tot I (t^′) + Te^{−i} ∫_t t1 dt^′Q ad_{VI (t}′_) Qρtot

I (t_1) ,

(2.23) and substituting this to (2.21) and using (d/dt)Pρ^{tot}_I (t) = (dρ_I (t)/dt) ⊗ X^ϕ , we obtain

dρ_I (t) dt ⊗ X^ϕ = − iP ad_{VI (t)} Pρ^{tot}_I (t) − iP ad_{VI (t)} Te^{−i} ∫_t t1 dt^′Q ad_{VI (t}′_) Q ρtot

I (t_1) − P ad_{VI (t)} ∫_t t_1

dt^′ Te^{−i} ∫_t t′ dt^{′′}Q ad_{VI (t}′′_) Q ad V_I (t^′) Pρ tot I (t^′) . (2.24)

This equation can be simplified by noticing that X^ϕ can be chosen arbitrarily without changing the time evolution of ρ_I (t) . We here set

X^ϕ ≡ ρ^ϕ_I (t_1) , (2.25)

which certainly satisfies the condition (2.19). Then, due to the initial condition (2.7), we have

Pρ^{tot}_I (t_1) = ρ^{tot}_I (t_1) , Qρ^{tot}_I (t_1) = 0 , (2.26)

and thus the second term on the right-hand side of (2.24) vanishes. Furthermore, since the interaction has the factorized form (2.13), we obtain

Tr_ϕ ( ad_{VI (t)} Pρ^{tot}_I (t) ) = λ dτ dt [ μ_I (τ), ρ_I (t) ] Tr_ϕ ( ϕ_I ( x(τ) ) ρ^ϕ_I (t_1) ) , (2.27)

which vanishes when (as we assume hereafter) the one-point function of the scalar field is zero,

Tr_ϕ ( ϕ_I ( x(τ) ) ρ^ϕ_I (t_1) ) = 0 . (2.28)

We thus find that the first term in (2.24) also vanishes,

P ad_{VI (t)} Pρ^{tot}_I (t) = Tr_ϕ ( ad_{VI (t)} Pρ^{tot}_I (t) ) ⊗ X^ϕ = 0 . (2.29)

The last equation (2.29) shows that Q ad_{VI (t)} Pρ^{tot}_I (t) = ad_{VI (t)} Pρ^{tot}_I (t) = ad_{VI (t)} ( ρ_I (t) ⊗ ρ^ϕ_I (t_1) ) , and thus, (2.24) becomes

dρ_I (t) dt ⊗ ρ^ϕ_I (t_1) = −P ad_{VI (t)} ∫_t t_1

dt^′ Te^{−i} ∫_t t′ dt^{′′} Q ad_{VI (t}′′_) ad V_I (t^′) ( ρ_I (t^′) ⊗ ρ^ϕ_I (t_1) ) . (2.30)

This is the master equation which with the initial condition (2.7) and the assumption (2.28) completely determines the time evolution of the reduced density matrix ρ_I (t) .

2.3. Approximation of the master equation

We expand the right-hand side of (2.30) to the second order of the perturbation theory to

obtain

dρ_I (t) dt = − Tr_ϕ ( ad_{VI (t)} ∫_t t_1

dt^′ ad_{VI (t}′_) ( ρ_I (t^′) ⊗ ρ^ϕ_I (t_1) )) + O(λ^3) . (2.31)

This can be further rewritten in terms of the proper time τ to the following form (denoting ρ ( t(τ) ) by ρ(τ) and derivatives with respect to τ by dots):

ρ̇_I (τ)

= − λ^2 ∫_τ τ_1

dτ^′ Tr_ϕ [ μ_I (τ) ⊗ ϕ_I ( x(τ) ) , [ μ_I (τ^′) ⊗ ϕ_I ( x(τ^′) ) , ρ_I (τ^′) ⊗ ρ^ϕ_I (τ_1) ]] + O(λ^3)

= λ^2 ∫_τ τ_1 dτ^′ ([ μ_I (τ), ρ_I (τ^′) μ_I (τ^′) ] G^+_X ( x(τ^′), x(τ) ) − [ μ_I (τ), μ_I (τ^′) ρ_I (τ^′) ] G^+_X ( x(τ), x(τ^′) ))

+ O(λ^3) , (2.32)

where

G^+_X (x, x^′) ≡ Tr_ϕ ( ϕ_I (x) ϕ_I (x^′) ρ^ϕ_I (τ_1) ) (2.33)

is the Wightman function of the free scalar field with the density matrix X^ϕ = ρ^ϕ_I (τ_1) .

Since the reduced density matrix in the interaction picture, ρ_I (t), is related to that in

the Schrödinger picture, ρ(t), as

ρ_I (τ) = e^{iHd· (τ −τ1)} ρ(τ) e^{−iHd· (τ −τ1)} , (2.34)

we can rewrite (2.32) to the following form in the Schrödinger picture:

ρ̇(τ) + i [H^d, ρ(τ)] = λ^2 ∫_τ τ_1 dτ^′ [ μ e^{−iHd· (τ −τ ′)} ρ(τ^′) μ e^{iHd· (τ −τ ′)} G^+_X ( x(τ^′), x(τ) )

+ e^{−iHd· (τ −τ ′)} μ ρ(τ^′) μ e^{iHd· (τ −τ ′)} G^+_X ( x(τ), x(τ^′) ) − e^{−iHd· (τ −τ ′)} ρ(τ^′) μ e^{iHd· (τ −τ ′)} μ G^+_X ( x(τ^′), x(τ) ) − μ e^{−iHd· (τ −τ ′)} μ ρ(τ^′) e^{iHd· (τ −τ ′)} G^+_X ( x(τ), x(τ^′) )] + O(λ^3) , (2.35) which has the following expression in terms of matrix elements:

ρ̇_{mn}(τ) + i(E_m − E_n)ρ_{mn}(τ)

= λ^2 ∑ k,l ∫_τ τ_1 dτ^′ [ e^{−i(En−Ek)(τ ′ −τ )}μ_{mk} μ_{ln} ρ_{kl}(τ^′) G^+_X ( x(τ^′), x(τ) )

+ e^{−i(Em−El)(τ −τ ′)}μ_{mk} μ_{ln} ρ_{kl}(τ^′) G^+_X ( x(τ), x(τ^′) ) − e^{−i(El−Em)(τ ′ −τ )}μ_{kl} μ_{ln} ρ_{mk}(τ^′) G^+_X ( x(τ^′), x(τ) ) − e^{−i(Ek−En)(τ −τ ′)}μ_{mk} μ_{kl} ρ_{ln}(τ^′) G^+_X ( x(τ), x(τ^′) ) ] + O(λ^3) . (2.36)

The integro-differential equation (2.36) can be further simplified as follows. Since the Wightman function G^+_X ( x(τ), x(τ^′) ) in the integral is singular at τ^′ = τ and decreases exponentially for the large separation of τ and τ^′ ,^4 the main contributions to the integral should come only from the region τ^′ ∼ τ . This implies that the memory effect in the equation is highly suppressed, and thus we may replace ρ_{kl}(τ^′) in the integral by its boundary values ρ_{kl}(τ) to a good accuracy, assuming that ρ(τ^′) slowly changes. We then have

ρ̇_{mn}(τ) + i(E_m − E_n)ρ_{mn}(τ) ≃ λ^2 ∑ k,l ∫_τ τ_1 dτ^′ [ e^{−i(En−Ek)(τ ′ −τ )}μ_{mk} μ_{ln} ρ_{kl}(τ) G^+_X ( x(τ^′), x(τ) )

+ e^{−i(Em−El)(τ −τ ′)}μ_{mk} μ_{ln} ρ_{kl}(τ) G^+_X ( x(τ), x(τ^′) ) − e^{−i(El−Em)(τ ′−τ )}μ_{kl} μ_{ln} ρ_{mk}(τ) G^+_X ( x(τ^′), x(τ) ) − e^{−i(Ek −En)(τ −τ ′)}μ_{mk} μ_{kl} ρ_{ln}(τ) G^+_X ( x(τ), x(τ^′) ) ] . (2.37)

If we further assume that the off-diagonal elements of ρ(τ) almost vanish in the region τ^′ ∼ τ,^5 then (2.37) becomes ρ̇_{mm}(τ) ≃ λ^2 ∑ k≠m |μ_{mk}|^2 ∫_τ τ_1 dτ^′ × [ e^{−i(Em−Ek)(τ ′−τ )}ρ_{kk}(τ) G^+_X ( x(τ^′), x(τ) ) + e^{−i(Em−Ek)(τ −τ ′)}ρ_{kk}(τ) G^+_X ( x(τ), x(τ^′) ) 4 We see in Appendix B that for a scalar field in de Sitter space the Wightman function certainly exhibits this property if the mass is large enough. In general, there can be a case where the Wightman function has a long tail and one needs to take account of memory effects carefully. We do not deal with such cases in the present paper.

5 This assumption may seem to be too strong, but we will see in section 4 that we can always set the off-diagonal elements to zero if the detector is a two-level system and μ is off-diagonal.

− e^{−i(Ek−Em)(τ ′ −τ )}ρ_{mm}(τ) G^+_X ( x(τ^′), x(τ) ) − e^{−i(Ek−Em)(τ −τ ′)}ρ_{mm}(τ) G^+_X ( x(τ), x(τ^′) ) ] = ∑ k≠m [ w_{mk}(τ, τ_1)ρ_{kk}(τ) − w_{km}(τ, τ_1)ρ_{mm}(τ) ] . (2.38)

Here, we have introduced the transition rate matrix

w_{mk}(τ, τ_1) ≡ λ^2 |μ_{mk}|^2 Ḟ(E_m − E_k; τ, τ_1) , (2.39)

where

Ḟ(ΔE; τ, τ_1) ≡ ∫_τ τ_1 dτ^′ [ e^{−iΔE(τ ′−τ )} G^+_X ( x(τ^′), x(τ) ) + e^{−iΔE(τ −τ ′)} G^+_X ( x(τ), x(τ^′) )] . (2.40)

Equation (2.38) has the standard form of the master equation. If, in particular, Ḟ^{eq}(ΔE) ≡ lim τ −τ_1→∞ Ḟ(ΔE; τ; τ_1) satisfies the relation6

Ḟ eq(ΔE) Ḟ eq(−ΔE) = e^{−βΔE} , (2.41)

the transition rate matrix satisfies the relation w_{mk}(τ; τ_1) w_{km}(τ; τ_1) τ −τ_1→∞ −−−−−→ e^{−β (Em−Ek)} . (2.42) Then, when the transition rate matrix w_{mk}(τ; τ_1) is irreducible (i.e., if μ does not take a block diagonal form with respect to the basis |m⟩), the distribution of the detector in equilibrium, ρ^{eq} , can be determined by the detailed balance condition lim_{τ −τ1→∞} w_{mk}(τ; τ_1) ρ^{eq}_{kk} = lim τ −τ_1→∞ w_{km}(τ; τ_1) ρ^{eq}_{mm}, and we obtain

ρ^{eq}_{mm} = e^{−βEm} Z ( Z = ∑ n e^{−βEn} ) , (2.43)

which is nothing but the Gibbs distribution at temperature 1/β.

We close this section by making a comment on the relationship between our formalism and the literature. One can easily show that the transition rate matrix w_{mk}, (2.39), is the derivative of the following expression with respect to the proper time τ:

λ^2 |μ_{mk}|^2 F(E_m − E_k; τ, τ_1) , (2.44)

F(ΔE; τ, τ_1) = ∫_τ τ_1 dτ^′ ∫_τ τ_1 dτ^{′′}e^{−iΔE(τ ′−τ ′′)} G^+_X ( x(τ^′), x(τ^{′′}) ) . (2.45)

6 We will see that this condition is indeed satisfied with β = 2πℓ when ρ^ϕ(t_1) corresponds to the Bunch- Davies vacuum in de Sitter space.

In the literature (e.g. [3]), one often considers a process starting from the initial state |k⟩⊗|α⟩ at time t_1 (usually taken to be the infinite past) to the final state |m⟩ ⊗ |β⟩ at time t , and sums over the final states of the field, |β⟩ . The transition probability has the same form as (2.44) if we set X^ϕ = ρ^ϕ(t_1) = |α⟩⟨α| for which the Wightman function becomes G^+_X (x, x^′) = ⟨α| ϕ_I (x) ϕ_I (x^′) |α⟩ . We thus again see that (2.39) represents the transition probability per unit proper time of the detector. F in (2.45) is often called the response function (see, e.g., [3]). As we have seen, F or its derivative Ḟ does not depend on details of the detector and can be thoroughly determined by the Wightman function of the free scalar field.

3. Unruh-DeWitt detector in de Sitter space

In this section we consider an Unruh-DeWitt detector in d-dimensional de Sitter space, which is weakly interacting with a massive scalar field ϕ(x) of mass m . We exclusively consider the Poincaré patch denoting the time variable by η ,

ds^2 = ℓ^2

− dη^2 + dx^2 η^2 ( −∞ < η < 0 ) , (3.1)

and set the classical trajectory of the detector to be the geodesic

x^μ(τ) = ( − ℓ e^{−τ /ℓ}, 0 ) . (3.2)

We denote by η_1 the time when the detector starts the interaction with the field ϕ(x) = ϕ(η, x), which has the following form in the interaction picture (see (2.13)):

V_I (η) = λ μ_I (τ) dτ(η) dη ⊗ ϕ_I ( x(τ) ) θ(η − η_1) . (3.3)

We assume that the scalar field is in the instantaneous ground state |0_{η0} , η_0⟩ at an early time η_0 (see figure. 2). We introduce the state |0_{η0} ⟩ ≡ |0_{η0} , η_1⟩ as an interaction picture state (or as a Heisenberg picture state of free field theory) which is obtained by applying the free-field time evolution operator from η_0 to η_1 : |0_{η0} ⟩ = T exp ( −i ∫_{η1} η_0 dη

′ H^ϕ(η^′) ) |0_{η0} , η_0⟩ .^7 We now set X^ϕ ≡ |0_{η0} ⟩⟨0_{η0} | . Note that the one-point function certainly vanishes, Tr_ϕ ϕ(x)X^ϕ = ⟨0_{η0} | ϕ(x) |0_{η0} ⟩ = 0 . Then, with the approximations made in subsection

7 See [12] for a detailed discussion on defining such time-dependent ground states for a free scalar field in a curved spacetime.

Figure 2: The trajectory of an Unruh-DeWitt detector in the Penrose diagram of de Sitter space. The shaded region corresponds to the Poincaré patch, and the dashed line represents the future event horizon for the detector. The scalar field is in the ground state at time η_0 .

2.3, we have the master equation of the form (see (2.38)–(2.40))

ρ̇_{mm}(τ) = ∑ k≠m [ w_{mk}(τ, τ_1; η_0)ρ_{kk}(τ) − w_{km}(τ, τ_1; η_0)ρ_{mm}(τ) ] (3.4)

with the transition rate matrix

w_{mk}(τ, τ_1; η_0) ≡ λ^2 |μ_{mk}|^2 Ḟ(E_m − E_k; τ, τ_1; η_0) . (3.5)

Here, the derivative of the response function takes the form

Ḟ(ΔE; τ, τ_1; η_0) ≡ ∫_τ τ_1 dτ^′ [ e^{−iΔE(τ ′−τ )} G^+ ( x(τ^′), x(τ); η_0 ) + e^{−iΔE(τ −τ ′)} G^+ ( x(τ), x(τ^′); η_0 )] (3.6)

with the Wightman function

G^+(x, x^′; η_0) ≡ ⟨0_{η0} |ϕ_I (x)ϕ_I (x^′)|0_{η0} ⟩ . (3.7)

In this section, we first give a brief review on how to obtain G^+(x, x^′; η_0) for finite η_0 closely following [12] and then calculate Ḟ(ΔE; τ, τ_1; η_0).^8

3.1. Wightman function

In the Poincaré patch, there is a translational invariance in the spatial directions, and we assume that all spatial directions are compactified with radius L/2π (which will be taken to infinity in the end). Then the wave vector k takes discrete values k = (2π/L) n with

8In the following, we set the curvature radius ℓ = 1.

n ∈ Z^{d−1} . We denote k > 0 (or k < 0) if the first nonvanishing element of the vector k = (k_1, k_2, · · · , k_{d−1}) is positive (or negative). Now, we consider the mode expansion ϕ(x) = ϕ(η, x) = ∑ k≥0 ∑ a ϕ_{k,a}(η) Y_{k, a}(x) , (3.8)

where the mode functions { Y_{k, a}(x) } are defined by

k = 0 : Y_{k=0, a=1} ≡ 1 √ V ( V ≡ L^{d−1} ) , (3.9)

k > 0 : Y_{k, a=1}(x) = √ 2 V cos(k · x) , Y_{k, a=2}(x) = √ 2 V sin(k · x) . (3.10)

Here, { Y_{k, a}(x) } is a complete set of (real-valued) eigenfunctions of the spatial Laplacian Δ_{d−1} = ∑_{d−1} i=1 ∂^2_i and satisfies the orthonormal relations ∫ d^{d−1}x Y_{k, a}(x) Y_k′_{, a}′ (x) = δ_{k,k}′ δ_{a,a}′ . (3.11) With the mode expansion (3.8), the Hamiltonian (in the Heisenberg picture of free field theory) is expressed as the sum of the Hamiltonians for independent harmonic oscillators: H(η) = ∑ k,a ω_k(η) a^†_{k,a}(η) a_{k,a}(η) + const. , (3.12)

a_{k,a}(η) ≡ √ ρ(η) ω_k(η) 2 ϕ_{k,a}(η) + i √ 1 2ρ(η) ω_k(η) π_{k,a}(η) , π_{k,a}(η) ≡ ρ(η) ϕ̇_{k,a}(η) , (3.13) ρ(η) ≡ (−η)^{−(d−2)} , ω_k(η) ≡ √ m^2 (−η)^{−2} + k^2 ( k ≡ |k| ) . (3.14)

The instantaneous ground state |0_{η0} ⟩ is then expressed as a_{k,a}(η_0) |0_{η0} ⟩ = 0 .

The free Klein-Gordon equation takes the form^9 η^2 ϕ̈_{k,a}(η) − (d − 2) ϕ̇_{k,a}(η) + ( k^2η^2 + m^2 ) ϕ_{k,a}(η) = 0 , (3.15)

and we denote a pair of independent c-number solutions by {f(η), g(η)} . One can easily check that their weighted Wronskian W_ρ[f, g] ≡ ρ(η) [f(η) ġ(η) − ḟ(η) g(η)] does not depend on η . By expanding the operator ϕ_{k,a}(η) using the annihilation and creation operators a_{k,a}(η_0) and a^†_{k,a}(η_0) as

ϕ_{k,a}(η) = φ_k(η; η_0) a_{k,a}(η_0) + φ^∗_k(η; η_0) a^†_{k,a}(η_0) , (3.16)

9 Note that, in calculating the in-in propagator in the Poincaré patch, we do not need to add −iε to m^2 because there is no subtlety in specifying the ground state wave function for this case, as can be seen from calculations performed in subsection 4.2.1 of [12].

the ground state wave function φ_k(η; η_0) at time η is obtained in the following form [12]:

φ_k(η; η_0) = 1 W_ρ[f, g] √ 2ρ(η_0) ω_k(η_0) [ v_0 f(η) − u_0 g(η) ] , (3.17)

u_0 ≡ ρ(η_0) [˙ f(η_0) + iω_k(η_0) f(η_0) ] , v_0 ≡ ρ(η_0) [ ġ(η_0) + iω_k(η_0) g(η_0) ] . (3.18)

The wave functions can be shown to be independent of the choice of the pair {f(η), g(η)} [12].

We now choose as a set of independent solutions

f(η) = (−η)^{d−12} J_ν (−k η) , g(η) = (−η)^{d−12} N_ν (−k η) , (3.19)

where J_ν (x) and N_ν (x) are the Bessel and Neumann functions, respectively, and

ν ≡ √( d − 1 2 )_2 − m^2 ( 0 < m < d − 1 2 )

i √ m^2 − (d − 1 2 )_2 ( m ≥ d − 1 2 ) . (3.20)

For this pair of solutions, the weighted Wronskian is given by W_ρ[f, g] = −2/π , and, u_0 and v_0 in (3.18) take the forms

u_0 = −(−η_0)^{− d−12} [(d − 1 2 + ν + iω_k(η_0) η_0 ) J_ν (−k η_0) + k η_0 J_{1+ν} (−k η_0) ] , (3.21)

v_0 = −(−η_0)^{− d−12} [(d − 1 2 + ν + iω_k(η_0) η_0 ) N_ν (−k η_0) + k η_0 N_{1+ν} (−k η_0) ] . (3.22)

The wave function is then given by

φ_k(η; η_0) = − π 2 √ 2ω_k(η_0)

(−η)^{d−1}2 (−η_0)^{− d−2}2 [ v_0 J_ν (−k η) − u_0 N_ν (−k η) ] , (3.23)

from which the Wightman function for each mode is given by

G^+_k (η, η^′; η_0) =

⟨0_{η0} | ϕ_{k, a}(η) ϕ_{k, a}(η^′) |0_{η0} ⟩ ⟨0_{η0} |0_{η0} ⟩

= φ_k(η; η_0) φ^∗_k(η^′; η_0) . (3.24)

Summing this over k , we obtain the Wightman function in spacetime as

G^+(x, x^′; η_0) = ∑ k≥0 G^+_k (η, η^′; η_0) ∑ a Y_{k,a}(x) Y_{k,a}(x^′)

= ∫ d^{d−1}k (2π)^{d−1} cos [ k · (x − x^′) ] φ_k(η; η_0) φ^∗_k(η^′; η_0) , (3.25) where we have taken the limit L → ∞ in the last equality. Integration over angular variables

can be easily performed [12], and we have the expression

G^+(x, x^′; η_0) = 1 (2π)^{d−1}2 |x − x^′|^{d−32} ∫_∞ 0 dk k^{d−12} J d−3_2 ( k |x − x^′| ) φ_k(η; η_0) φ^∗_k(η^′; η_0) .

(3.26)

It is shown in [12] that the Wightman function becomes that for the Bunch-Davies vacuum

in the limit η_0 → −∞ : lim η_0→−∞ G^+(x, x^′; η_0) = π 4 [(−η)(−η^′)]^{d−1}2 (2π)^{d−1}2 |x − x^′|^{d−32} ∫_∞ 0 dk k^{d−12} J d−3_2 ( k |x − x^′| ) H^{(1)}_ν (−k η) H^{(2)}_ν (−k η^′) . = Γ (_{d−1} 2 + ν ) Γ (_{d−1} 2 − ν ) (4π)^{d/2} Γ (_d 2 )_2F_1 (d − 1 2 + ν, d − 1 2 − ν ; d 2 ; 1 − u 2 )

≡ G^+_{BD}(x, x^′) , (3.27)

where u ≡ − [ (η − η^′ − i0)^2 − (x − x^′)^2 ] /(2 η η^′) and_2F_1(a, b; c; z) is the hypergeometric

function. In the next subsection, we expand the wave function φ_k(η; η_0) around η_0 = −∞

and calculate the sub-leading corrections to the Wightman function.

3.2. Higher order corrections to the Wightman function

By introducing z ≡ −k η_0 and θ(z) ≡ z − (π/4) (1 + 2ν), the Bessel and Neumann functions

are asymptotically expanded around z = ∞ (i.e., η_0 = −∞) in the form

J_ν (z) = √ 2 π z { cos θ(z) [ 1 − ( ν^2 −^1_4 ) ( ν^2 −^9_4 ) 8z^2 ] − sin θ(z) ν^2 −^1_4 2z + O(z^{−3}) } , (3.28)

N_ν (z) = √ 2 π z { sin θ(z) [ 1 − ( ν^2 −^1_4 ) ( ν^2 −^9_4 ) 8z^2 ] + cos θ(z) ν^2 −^1_4 2z + O(z^{−3}) } , (3.29)

J_{ν+1}(z) = √ 2 π z { sin θ(z) [ 1 − ( ν^2 −^1_4 ) ( ν^2 −^9_4 ) 8z^2 ] + cos θ(z) ν^2 −^1_4 2z − sin θ(z) ( ν^2 −^1_4 ) ( ν +^3_2 ) 2z^2

+ cos θ(z) ν +^1_2 z + O(z^{−3}) } , (3.30)

N_{ν+1}(z) = √ 2 π z { cos θ(z) [ 1 − ( ν^2 −^1_4 ) ( ν^2 −^9_4 ) 8z^2 ] − sin θ(z) ν^2 −^1_4 2z }

+ cos θ(z) ( ν^2 −^1_4 ) ( ν +^3_2 ) 2z^2

+ sin θ(z) ν +^1_2 z + O(z^{−3}) } . (3.31)

Then, u_0 has the expansion

u_0 ≡ −(−η_0)^{− d−22} [(d − 1 2 + ν + iω(η_0) η_0 ) J_ν (z) − z J_{1+ν} (z) ]

= i √ 2k π (−η_0)^{− d−12} { e^{−iθ(z)} [ 1 + i d−2 2 − ( ν^2 −^1_4 ) 2z − ( ν^2 −^1_4 ) ( ν^2 −^1_4 − (d − 2) − 2m^2 ) 8z^2 ]

+ e^{iθ(z)} [ −i d − 2 4z + ( ν^2 −^1_4 ) (d − 4) − 2m^2 8z^2 ] + O(z^{−3}) } . (3.32)

v_0 can be obtained from this expression by replacing θ(z) in (3.32) with θ(z) − π/2 (see

(3.28)–(3.31)):

v_0 ≡ −(−η_0)^{− d−22} [(d − 1 2 + ν + iω(η_0) η_0 ) N_ν (z) − z N_{1+ν} (z) ]

= − √ 2k π (−η_0)^{− d−12} { e^{−iθ(z)} [ 1 + i d−2 2 − ( ν^2 −^1_4 ) 2z − ( ν^2 −^1_4 ) ( ν^2 −^1_4 − (d − 2) − 2m^2 ) 8z^2 ]

− e^{iθ(z)} [ −i d − 2 4z + ( ν^2 −^1_4 ) (d − 4) − 2m^2 8z^2 ] + O(z^{−3}) } . (3.33)

With the u_0 and v_0 given above, the wave function (3.23) can be calculated as

φ_k(η; η_0) = √ π 2 (−η)^{d−12} × { e^{−iθ(z)} [ 1 + i d−2 2 − ( ν^2 −^1_4 ) 2z − ( ν^2 −^1_4 ) ( ν^2 −^1_4 − (d − 2) ) 8z^2 ] H^{(1)}_ν (−k η) − e^{iθ(z)} [ −i d − 2 4z + ( ν^2 −^1_4 ) (d − 4) − 2m^2 8z^2 ] H^{(2)}_ν (−k η) + O(z^{−3}) } , (3.34)

from which the Wightman function for each mode is obtained as

G^+_k (η, η^′; η_0) = π 4 [ (−η) (−η^′) ] d−1_2 { H^{(1)}_ν (−k η) H^{(2)}_ν (−k η^′) + [ H^{(1)}_ν (−k η) H^{(2)}_ν (−k η^′) + H^{(2)}_ν (−k η) H^{(1)}_ν (−k η^′) ] (d − 2 4 )_2 1

z^2

+ H^{(1)}_ν (−k η) H^{(1)}_ν (−k η^′) e^{−2iθ(z)} [ i d − 2 4z + ( ν^2 −^1_4 ) (d − 3) − (_{d−2} 2 )_2 − m^2 4z^2 ]

+ H^{(2)}_ν (−k η) H^{(2)}_ν (−k η^′) e^{2iθ(z)} [ −i d − 2 4z + ( ν^2 −^1_4 ) (d − 3) − (_{d−2} 2 )_2 − m^2 4z^2 ] + O(z^{−3}) } . (3.35)

Here, the last two terms include a rapidly oscillating factor e^{±2iθ(z)} ∝ e^{∓2ik η0} , so that they

can be dropped from the expression because they do not contribute to the integral (3.26)

for a sufficiently large |η_0| .

We thus find that the Wightman function has the expansion of the form

G^+(x, x^′; η_0) = ∞∑ n=0 ∑ σ=±1 ∑ σ^′=±1 c^{(n)}_{σ,σ}′ G^{(n)}_{σ,σ}′ (x, x^′; η_0) , (3.36)

where G^{(n)}_{σ,σ}′ ≡ π 4 [ (−η) (−η^′) ] d−1_2 (2π)^{d−1}2 (−η_0)^n |x − x^′|^{d−32} × ∫_∞ 0 dk k^{d−12 −n} J d−3_2 (k|x − x^′|) H^{( 3+σ2 )}ν (−k η) H^{( 3+σ} ′ 2 ) ν (−k η^′) , (3.37)

c^{(0)}_{−1,1} = 1 , c^{(0)}_{−1,−1} = c^{(0)}_{1,±1} = 0 , c^{(1)}_{σ,σ}′ = 0 , c^{(2)}_{−1,1} = c^{(2)}_{1,−1} = (d − 2 4 )_2

, c^{(2)}_{1,1} = c^{(2)}_{−1,−1} = 0 . (3.38)

Note that the n = 1 terms totally disappear as a consequence of ignoring the highly oscillating terms. As shown in Appendix B, the integral (3.37) can be performed analytically for arbitrary n . In the next subsection, we consider the expansion to the order n = 2 , which is the first nonvanishing sub-leading contribution. We then only need to take care of terms with σ^′ = −σ since terms with σ^′ = σ do not contribute to the Wightman function at least for n ≤ 2 (see (3.38)).

We close this subsection with a comment that the state |0_{η0} ⟩ must break de Sitter invariance since it introduces an extra scale η_0 as a cutoff. This can be seen from the fact that the n^{th}-order corrections to the Wightman function, G^{(n)}_{σ,−σ}(x, x^′) , are not de Sitter invariant for n > 0 . In fact, the factor [(−η)(−η^′) ] n_2 /(−η_0)^n in (B.7) breaks de Sitter invariance although u_{σ,−σ} is invariant.

3.3. Calculation of Ḟ

According to the expansion (3.36) of the Wightman function, the derivative of the response function, (3.6), has the expansion

Ḟ(ΔE, τ, τ_1; τ_0) ≡^∞ ∑ n=0 e^{−n (τ −τ0)} Ḟ^{(n)}(ΔE, τ, τ_1)

= Ḟ^{(0)}_{−1,1}(ΔE, τ, τ_1) + e^{−2 (τ −τ0 )} (d − 2 4 )_2 ∑ σ=±1 Ḟ^{(2)}_{σ,−σ}(ΔE, τ, τ_1)

+ O(e^{−4 (τ −τ0 )}) , (3.39) where τ_0 ≡ − log(−η_0) and

Ḟ^{(n)}(ΔE, τ, τ_1; η_0) ≡ ∑ σ=±1 c^{(n)}_{σ,−σ} Ḟ^{(n)}_{σ,−σ}(ΔE, τ, τ_1; η_0) , (3.40)

Ḟ^{(n)}_{σ,−σ}(ΔE, τ, τ_1; η_0) ≡ e^{n (τ −τ}0^)

∫_0 −(τ −τ_1) ds e^{−iΔE s} G^{(n)}_{σ,−σ}(x(τ + s), x(τ); η_0) + e^{n (τ −τ0)} ∫_{(τ −τ1)} 0 ds e^{−iΔE s} G^{(n)}_{σ,−σ}(x(τ), x(τ − s); η_0) . (3.41) The integration can be analytically performed as is shown in Appendix C, and we obtain Ḟ^{(n)}_{σ,−σ} = − iσ 2^{3+n} π^{d−1}2 Γ (_{d−1} 2 )

× [ G^{2,2}_{3,3} ( e^{−σ i π} | |−^{d−3−n}2 , − d−5 2 −ν−n−iΔE 2 , −^{d−3−n}_2 + ν 0, ν, −^{d−12 −ν−n−iΔE}_2 )

− iσ G^{2,3}_{4,4} ( e^{−σ i π} | | −^{d−3−n}_2 , −^{d−3−n}_2 + ν, −^{d−52 −ν−n−iΔE}_2 , −^{d−4−n}_2 + ν 0, ν, −^{d−4−n}_2 + ν, −^{d−12 −ν−n−iΔE}_2 )

− G^{2,2}_{3,3} ( e^{σ i π} | | −^{d−3−n}_2 , −^{d−52 −ν−n+iΔE}_2 , −^{d−3−n}_2 + ν 0, ν, −^{d−12 −ν−n+iΔE}_2 )

− iσ G^{2,3}_{4,4} ( e^{σ i π} | | | −^{d−3−n}_2 , −^{d−3−n}_2 + ν, −^{d−52 −ν−n+iΔE}_2 , −^{d−4−n}_2 + ν 0, ν, −^{d−4−n}_2 + ν, −^{d−12 −ν−n+iΔE}_2 )

− e^{−(τ −τ1 ) ( d−12 −ν−n−iΔE)} { G^{2,2}_{3,3} ( e^{−σ i π} e^{−2(τ −τ1 )} | | | −^{d−3−n}_2 , −^{d−52 −ν−n−iΔE}_2 , −^{d−3−n}_2 + ν 0, ν, −^{d−12 −ν−n−iΔE}_2 )

− iσ G^{2,3}_{4,4} ( e^{−σ i π} e^{−2(τ −τ1)} | | | −^{d−3−n}_2 , −^{d−3−n}_2 + ν, −^{d−52 −ν−n−iΔE}_2 , −^{d−4−n}_2 + ν 0, ν, −^{d−4−n}_2 + ν, −^{d−12 −ν−n−iΔE}_2 )}

− e^{−(τ −τ1 ) ( d−12 −ν−n+iΔE)} { −G^{2,2}_{3,3} ( e^{σ i π} e^{−2(τ −τ1 )} | | | −^{d−3−n}_2 , −^{d−52 −ν−n+iΔE}_2 , −^{d−3−n}_2 + ν 0, ν, −^{d−12 −ν−n+iΔE}_2 )

− iσ G^{2,3}_{4,4} ( e^{σ i π} e^{−2(τ −τ1)} | |−^{d−3−n}2 , −^{d−3−n}2 + ν, − d−5 2 −ν−n+iΔE 2 , −^{d−4−n}_2 + ν 0, ν, −^{d−4−n}_2 + ν, −^{d−12 −ν−n+iΔE}_2 )}] , (3.42) where G^{m,n}_{p,q} is Meijer’s G-function (see Appendix A). As is also shown in Appendix C, this has another expression in terms of the generalized hypergeometric function: Ḟ^{(n)}_{σ,−σ}(ΔE, τ, τ_1; η_0)

= e^{σ π (ΔE+ i n}2^) Γ (_{d−12 +ν−n+iΔE} 2 ) Γ (_{d−12 −ν−n+iΔE} 2 ) Γ (_{d−12 +ν−iΔE} 2 ) Γ (_{d−12 −ν−iΔE} 2 ) 2^{3+n} π^{d+1}2 Γ (_{d−1} 2 )

+ 1 2^{3+n} π^{d−1}2 Γ (_{d−1} 2 )

× [ − e^{−σ iπ d−1−n}2 e^{−σ iπ ν} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n−iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n−iΔE}_2

; e^{σ i0} )

− e^{−σ iπ d−1−n}2 e^{σ iπ ν} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n−iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n−iΔE}_2 ; e^{σ i0} )

+ e^{−σ iπ d−1−n}2 e^{−σ iπ ν} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−iΔE}_2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−iΔE}_2

; e^{σ i0} )

+ e^{−σ iπ d−1−n}2 e^{σ iπ ν} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−iΔE}_2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−iΔE}_2 ; e^{σ i0} )

+ e^{−σ iπ d−1−n}2 e^{−σ iπ ν} e^{−( d−1}2^{+ν−n−iΔE) (τ −τ1)} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n−iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n−iΔE}_2 ; e^{−2(τ −τ1 )} )

+ e^{−σ iπ d−1−n}2 e^{σ iπ ν} e^{−( d−1}2^{−ν−n−iΔE) (τ −τ1)} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n−iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n−iΔE}_2 ; e^{−2(τ −τ1 )} )

+ e^{σ iπ d−1−n}2 e^{σ iπ ν} e^{−( d−1}2^{+ν−n+iΔE) (τ −τ1)} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n+iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n+iΔE}_2 ; e^{−2(τ −τ1)} )

+ e^{σ iπ d−1−n}2 e^{−σ iπ ν} e^{−( d−1}2^{−ν−n+iΔE) (τ −τ1)} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n+iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n+iΔE}_2 ; e^{−2(τ −τ1 )} )] . (3.43)

Here,_3 ^F_2 is defined from the generalized hypergeometric function_3F_2 (see Appendix A) as

3 ^F_2

(a_1, a_2, a_3

b_1, b_2 ; z ) ≡ Γ(a_1) Γ(a_2) Γ(a_3) Γ(b_1) Γ(b_2)^3

F_2

(a_1, a_2, a_3 b_1, b_2 ; z ) . (3.44)

For the case of n = 0 (then we only need to take σ = −1), we obtain

Ḟ^{(0)}_{−1,1} = e^{−π ΔE} Γ (_{d−12 +ν+iΔE} 2 ) Γ (_{d−12 −ν+iΔE} 2 ) Γ (_{d−12 +ν−iΔE} 2 ) Γ (_{d−12 −ν−iΔE} 2 ) 8 π^{d+1}2 Γ (_{d−1} 2 )

+ e^{iπ d−1}2 e^{iπ ν} e^{−( d−1}2^{+ν−iΔE) (τ −τ1)} 8 π^{d−1}2 Γ (_{d−1} 2 ) sin(π ν)^3 ^F_2 (_{d−1} 2 ,^{d−12 +ν−iΔE}_2 ,^{d−1}_2 + ν 1 + ν,^{d+32 +ν−iΔE}_2 ; e^{−2(τ −τ1)} )

+ e^{iπ d−1}2 e^{−iπ ν} e^{−( d−1}2^{−ν−iΔE) (τ −τ1)} 8 π^{d−1}2 Γ (_{d−1} 2 ) sin(−π ν)^3 ^F_2 (_{d−1} 2 ,^{d−12 −ν−iΔE}_2 ,^{d−1}_2 − ν 1 − ν,^{d+32 −ν−iΔE}_2 ; e^{−2(τ −τ1 )} )

+ e^{−iπ d−1}2 e^{−iπ ν} e^{−( d−1}2^{+ν+iΔE) (τ −τ1)} 8 π^{d−1}2 Γ (_{d−1} 2 ) sin(π ν)^3 ^F_2 (_{d−1} 2 ,^{d−12 +ν+iΔE}_2 ,^{d−1}_2 + ν 1 + ν,^{d+32 +ν+iΔE}_2 ; e^{−2(τ −τ1)} )

+ e^{−iπ d−1}2 e^{iπ ν} e^{−( d−1}2^{−ν+iΔE) (τ −τ1)} 8 π^{d−1}2 Γ (_{d−1} 2 ) sin(−π ν)^3 ^F_2 (_{d−1} 2 ,^{d−12 −ν+iΔE}_2 ,^{d−1}_2 − ν 1 − ν,^{d+32 −ν+iΔE}_2 ; e^{−2(τ −τ1 )} )] . (3.45)

If we here set d = 4 and ν = 1/2 in (3.45), the result obtained in section IV-D of [14] is correctly reproduced. Moreover, in the limit τ − τ_1 → ∞, (3.45) gives the known result which is applicable to arbitrary dimensionality [14, 15]:

Ḟ^{eq}(ΔE) = e^{−πℓ ΔE} Γ (_{d−12 +ν+iℓΔE} 2 ) Γ (_{d−12 −ν+iℓΔE} 2 ) Γ (_{d−12 +ν−iℓΔE} 2 ) Γ (_{d−12 −ν−iℓΔE} 2 ) 8 π^{d+1}2 Γ (_{d−1} 2 ) , (3.46) where we have restored the curvature radius ℓ temporarily. Note that this function satisfies Ḟ eq(ΔE) Ḟ eq(−ΔE) = e^{−2πℓΔE} . (3.47)

For later convenience, we here give the large |ΔE| limit of the function

A(ΔE) ≡ Ḟ^{eq}(ΔE) + Ḟ^{eq}(−ΔE) . (3.48)

This can be calculated by using the asymptotic form of the Gamma function (8.328-1 of [16]) lim_{|y|→∞} |Γ(x + iy)| ∼ √ 2π e^{− π2 |y|} |y|^{x− 12} (x, y ∈ R) , (3.49) and we obtain A(ΔE) ∼ |ΔE|^{d−3} 2^{d−2} π^{d−3}2 Γ (_{d−1} 2 ) ( |ΔE| → ∞ ) . (3.50)

4. Thermalization of a two-level detector in de Sitter space

4.1. Two-level detector

We first summarize the assumptions we have set in deriving equations (3.4)–(3.7):

1. The scalar field ϕ(η, x) is in the ground state at an early time η_0 .

2. The detector starts interacting with the field at a later time η_1 (η_1 > η_0), when the total density matrix takes the form ρ^{tot}(τ_1) = ρ(τ_1) ⊗ | 0_{η0} ⟩⟨ 0_{η0} | . (4.1)

3. ρ(τ^′) in the integral of (2.36) can be replaced by ρ(τ) due to the singular behavior of the Wightman function around τ^′ = τ .

In this section, we consider the case where the detector is a two-level system with energy eigenvalues E_1 and E_2 with ΔE ≡ E_2 − E_1 > 0 . We make the following additional assumptions:

4. The energy difference is much larger than the natural energy scale of de Sitter space, ΔE ≫ ℓ^{−1} = 1 .

5. The initial distribution of the detector, ρ(τ_1), is averaged over the initial proper time τ_1 for the duration Δτ ≳ 1/ΔE in order to describe distributions at different energy levels to a good accuracy. As a consequence, the off-diagonal elements of ρ(τ_1) can be effectively set to zero because they are oscillatory during the time.

6. The operator μ is off-diagonal with respect to the basis |m⟩ (m = 1, 2), μ = ( ⟨m|μ|n⟩ ) = ( 0 μ_{12} μ^∗_{12} 0 ) . (4.2)

7. The detector is an ideal detector, in the sense that it gets adjusted to its environment very quickly. We see below that this condition is expressed as the inequality λ^2 |μ_{12}|^2 (ΔE)^{d−3} ℓ ≫ 1 .

4.2. Relaxation to the Gibbs distribution

Under assumption 6 for a two-level system, one can easily show that (2.37) decomposes into the diagonal and off-diagonal parts. The off-diagonal part is given by the linear differential equations ( ρ̇_{12}(τ) ρ̇_{21}(τ) ) = ( iΔE − |μ_{12}|^2 Ḟ(0; τ, τ_1; η_0) μ^2_{12} Ḟ(0; τ, τ_1; η_0) μ^{∗ 2}_{12} Ḟ(0; τ, τ_1; η_0) − iΔE − |μ_{12}|^2 Ḟ(0; τ, τ_1; η_0) ) ( ρ_{12}(τ) ρ_{21}(τ) )

≡ M(τ, τ_1) ( ρ_{12}(τ) ρ_{21}(τ) ) , (4.3) which are integrated to ( ρ_{12}(τ) ρ_{21}(τ) ) = T exp (∫ τ τ_1

dτ^′ M(τ^′, τ_1) ) ( ρ_{12}(τ_1) ρ_{21}(τ_1) ) . (4.4)

Since we can effectively set ρ_{12}(τ_1) = ρ_{21}(τ_1) = 0 due to assumption 5, we can also set ρ_{12}(τ) = ρ_{21}(τ) = 0 (assuming that M(τ^′, τ_1) changes slowly when taking the average over τ_1).

As for the diagonal part, using (3.42) together with assumptions 4 and 5, one can easily show that those terms in Ḟ which explicitly depend on τ_1 disappear after taking an average over τ_1 , and Ḟ comes to take the form 1 Δτ ∫_{τ1+Δτ} τ_1

dτ^′_1 Ḟ(ΔE; τ, τ^′_1; τ_0) = Ḟ^{eq}(ΔE) + e^{−2(τ −τ0)} Ḟ^{(2)}(ΔE) + O(e^{−4(τ −τ0)}) , (4.5)

where Ḟ^{eq}(ΔE) is given by (3.46) and

Ḟ^{(2)}(ΔE) = (d − 2 4 )_2 1 2^{3+n} π^{d−1}2 Γ (_{d−1} 2 )

× [ iG^{2,2}_{3,3} ( e^{i π} | | | −^{d−3−n}_2 , −^{d−52 −ν−n−iΔE}_2 , −^{d−3−n}_2 + ν 0, ν, −^{d−12 −ν−n−iΔE}_2 )

− iG^{2,2}_{3,3} ( e^{−i π} | |−^{d−3−n}2 , − d−5 2 −ν−n−iΔE 2 , −^{d−3−n}_2 + ν 0, ν, −^{d−12 −ν−n−iΔE}_2 )

− G^{2,3}_{4,4} ( e^{i π} | |−^{d−3−n}2 , −^{d−3−n}2 + ν, − d−5 2 −ν−n−iΔE 2 , −^{d−4−n}_2 + ν 0, ν, −^{d−4−n}_2 + ν, −^{d−12 −ν−n−iΔE}_2 )

− G^{2,3}_{4,4} ( e^{−i π} | | −^{d−3−n}_2 , −^{d−3−n}_2 + ν, −^{d−52 −ν−n−iΔE}_2 , −^{d−4−n}_2 + ν 0, ν, −^{d−4−n}_2 + ν, −^{d−12 −ν−n−iΔE}_2 )]

+ (ΔE → −ΔE) . (4.6)

We thus find that the master equation for the diagonal elements takes the form ( ρ̇_{11}(τ) ρ̇_{22}(τ) ) = ( −w_+(τ; τ_0) w_−(τ; τ_0) w_+(τ; τ_0) −w_−(τ; τ_0) ) ( ρ_{11}(τ) ρ_{22}(τ) ) , (4.7)

where

w_±(τ; τ_0) ≡ λ^2 |μ_{12}|^2 [˙ F^{eq}(±ΔE) + e^{−2(τ −τ0 )} Ḟ^{(2)}(±ΔE) ] . (4.8)

From (3.47) we see that, as τ becomes large, the density distribution ρ_{mm}(τ) approaches the Gibbs distribution at temperature 1/2πℓ (see (2.43)),

ρ^{eq}_{mm} = e^{−2πℓEm} Z ( Z = e^{−2πℓE1} + e^{−2πℓE2} ) . (4.9)

In order to investigate how the detector relaxes to this equilibrium, we expand ρ_{mm}(τ) as ρ_{mm}(τ) ≡ ρ^{eq}_{mm} + Δρ_{mm}(τ) (4.10)

and keep small quantities to the first order, assuming Δρ_{mm}/ρ^{eq}_{mm} ≪ 1 and e^{−2(τ −τ0 )} ≪ 1 . Then (4.7) becomes d dτ Δρ_{11}(τ) = λ^2 |μ_{12}|^2 [ −e^{−2(τ −τ0 )} Ḟ^{(2)}(ΔE) ρ^{eq}_{11} − Ḟ^{eq}(ΔE) Δρ_{11}(τ) + e^{−2(τ −τ0 )} Ḟ^{(2)}(−ΔE) ρ^{eq}_{22} + Ḟ^{eq}(−ΔE) Δρ_{22}(τ) ] . (4.11)

Noting that Ḟ^{(2)}(ΔE) is an even function of ΔE (see (4.6)) and that Δρ_{11} = −Δρ_{22} , we can rewrite (4.11) to the form d dτ Δρ_{11}(τ) = −λ^2 |μ_{12}|^2 [ e^{−2(τ −τ0 )} Ḟ^{(2)}(ΔE) tanh(πΔE) + (˙ F^{eq}(ΔE) + Ḟ^{eq}(−ΔE) ) Δρ_{11}(τ) ] . (4.12)

The general solution to this equation is given by

Δρ_{11}(τ) = e^{−λ2 |μ12|2 A(ΔE) (τ −τ2)}Δρ_{11}(τ_2) − λ^2 |μ_{12}|^2 Ḟ^{(2)}(ΔE) λ^2 |μ_{12}|^2 A(ΔE) − 2 tanh(πΔE) ( e^{−2(τ −τ2)} − e^{−λ2 |μ12 |2 A(ΔE) (τ −τ2)−2(τ2 −τ0)} ) , (4.13) where A(ΔE) = Ḟ^{eq}(ΔE) + Ḟ^{eq}(−ΔE) (see (3.48)) and τ_2 is an arbitrary proper time after τ_1 (τ_2 > τ_1). We see that Δρ(τ) certainly approaches zero as τ increases.

Moreover, since A(ΔE) ∼ |ΔE|^{d−3} as ΔE ℓ ≫ 1 (see (3.50)) and λ^2 |μ_{12}|^2 (ΔE)^{d−3} ℓ ≫ 1 as stated in assumption 7, the damping terms proportional to e^{−λ2 |μ12|2 A(ΔE) (τ −τ2 )} rapidly disappear from the expression, leaving the term proportional to e^{−2(τ −τ2 )} ,

Δρ_{11}(τ) ∼ −

Ḟ (2)(ΔE) A(ΔE) tanh(πℓΔE) e^{−2(τ −τ2)/ℓ} , (4.14)

where we have restored the curvature radius ℓ . Note that the coefficient Ḟ^{(2)}(ΔE)/A(ΔE) does not depend on details of the detector (such as λ μ_{12}). Since only those rapidly disappearing terms depend on such details, one may say that the detector under consideration is an ideal detector, in the sense that it quickly looses its own nonequilibrium properties and gets adjusted to its environment. Then, the remaining damping term in (4.14) is interpreted as representing the relaxation process of the media surrounding the detector to the equilibrium at temperature 1/2πℓ with the universal relaxation time ℓ/2 . Note that the reason why the relaxation time is given by ℓ/2 (not by ℓ) is the vanishing of the n = 1 terms in (3.36). This means that the relaxation time is still given by ℓ/2 for any ideal detector which is not necessarily a two-level system.

5. Conclusion and discussions

In this paper, we have considered an Unruh-DeWitt detector staying in the Poincaré patch of de Sitter space. The main difference of our setup from that given in the literature is in that the scalar field (weakly interacting with the detector) is not in the Bunch-Davies vacuum (nor in the α-vacuum), but in the instantaneous ground state |0_{η0} ⟩ at finite time η_0 . In order to deal with such circumstances, we first derived the master equation which describes a finite time evolution of the density matrix of an Unruh-DeWitt detector in arbitrary geometry. We then applied the framework to de Sitter space and showed that there always exists a relaxation mode with the universal relaxation time ℓ/2 , irrespective of details of the detector.

We here should stress again that we are not considering just the thermalization process of a detector dipped in a thermal bath. In fact, the state |0_{η0} ⟩ is different from the Bunch- Davies vacuum, and thus, the detector initially should behave as if it is in a medium which is not in thermal equilibrium. As time goes on, the detector comes to behave as if it is in a thermal bath, since the difference of the state |0_{η0} ⟩ from the Bunch-Davies vacuum becomes irrelevant at later times.

In reality, there can be many relaxation processes for such a detector, some of which are simply the processes where the detector becomes adjusted to its environment. However, these processes usually depend on details of the detector, and thus can be neglected by assuming that it is an ideal detector which quickly responds to changes in its environment. The terms proportional to e^{−λ2 |μ12 |2 A(ΔE) (τ −τ2)} in (4.13) actually represent such processes. On the other hand, the damping terms proportional to e^{−2(τ −τ2)/ℓ} in (4.14) necessarily survive even for an ideal detector, and thus describe the nonequilibrium dynamics of the surrounding medium relaxing to the thermal equilibrium corresponding to the Bunch-Davies vacuum. We thus can conclude that the relaxation time ℓ/2 is a quantity representing the nonequilibrium properties intrinsic to de Sitter space.

In the previous studies, thermal properties of de Sitter space have been investigated only in the context of equilibrium thermodynamics, and its nonequilibrium properties have not been studied well. The relaxation time calculated in this paper may serve as the first example related to the nonequilibrium dynamics intrinsic to de Sitter space.

Acknowledgments

We thank Y. Hamada, H. Ishimori, T. Kameyama, H. Kawai, K. Murase, K. Oda and A. Ogasahara for useful discussions on the Unruh-DeWitt detector. This work was supported by the Grant-in-Aid for the Global COE program “The Next Generation of Physics, Spun from Universality and Emergence” from the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan. This work was also supported by MEXT (Grant No. 23540304).

A. Meijer’s G-function and generalized hypergeometric function

Meijer’s G-function G^{m,n}_{p,q} (0 ≤ m ≤ q, 0 ≤ n ≤ p) is defined by (see 9.302 of [16] for details on the choice of the contour C) G^{m,n}_{p,q} ( z | | a_1, . . . , a_p b_1, . . . , b_q ) = ∫ C ds 2πi ∏_m j=1 Γ(b_j − s) ∏_n j=1 Γ(1 − a_j + s) ∏_q j=m+1 Γ(1 − bj + s) ∏_p j=n+1 Γ(aj − s) z^s . (A.1)

This function is invariant under arbitrary permutation of a set {a_1, . . . , a_n}, {a_{n+1}, . . . , a_p}, {b_1, . . . , b_m}, or {b_{m+1}, . . . , b_q}. As a special case of the G-function, the generalized hypergeometric function is defined by (9.34-8 of [16]) pF_q (a_1, . . . , a_p b_1, . . . , b_q ; z ) ≡ ∏_q i=1 Γ(b_i) ∏_p i=1 Γ(a_i) G^{1,p}_{p,q+1} ( −z | | | 1 − a_1, . . . , 1 − a_p 0, 1 − b_1, . . . , 1 − b_q )

= ∏_q i=1 Γ(b_i) ∏_p i=1 Γ(a_i) ∫ C ds 2πi Γ(−s) ∏_p i=1 Γ(a_i + s) ∏_q i=1 Γ(b_i + s)

(−z)^s . (A.2)

For convenience, we define the following functions using the generalized hypergeometric functions: p ^F_q (a_1, . . . , a_p b_1, . . . , b_q ; z ) ≡ ∏_p i=1 Γ(a_i) ∏_q i=1 Γ(b_i)^p F_q (a_1, . . . , a_p b_1, . . . , b_q ; z ) . (A.3)

If no two b_i (1 ≤ i ≤ m) differ by an integer, Meijer’s G-function G^{m,n}_{p,q} with p < q, or p = q and m + n > p, or p = q and m + n = p and |z| < 1, can be expanded by using the generalized hypergeometric functions [17], G^{m,n}_{p,q} ( z | | | a_1, . . . , a_p b_1, . . . , b_q ) = m∑ k=1 ∏_m i=1,i≠k Γ(bi − bk) ∏_n i=1 Γ(1 − a_i + b_k) ∏_p i=n+1 Γ(ai − bk) ∏_q i=m+1 Γ(1 − bi + bk) z^{bk} ×_pF_{q−1} ( 1 − a_1 + b_k, . . . , 1 − a_p + b_k 1 − b_1 + b_k, . . . , ∗, . . . , 1 − b_q + b_k ; (−1)^{p−m−n}z ) , (A.4)

where ∗ means that the k^{th} term has been omitted. In particular, G^{2,2}_{3,3} is expanded as

G^{2,2}_{3,3} ( z | | a_1, a_2, a_3 b_1, b_2, b_3 )

= z^{b1}

Γ(b_2 − b_1) Γ(1 − b_2 + b_1) Γ(a_3 − b_1) Γ(1 − a_3 + b_1)^3 ^F_2 (1 − a_1 + b_1, 1 − a_2 + b_1, 1 − a_3 + b_1

1 − b_2 + b_1, 1 − b_3 + b_1 ; −z )

+ z^{b2}

Γ(b_1 − b_2) Γ(1 − b_1 + b_2) Γ(a_3 − b_2) Γ(1 − a_3 + b_2)^3 ^F_2 (1 − a_1 + b_2, 1 − a_2 + b_2, 1 − a_3 + b_2 1 − b_1 + b_2, 1 − b_3 + b_2 ; −z ) . (A.5)

Furthermore, we can show

G^{2,3}_{4,4} ( z | | a_1, a_2, a_3, a_4 b_1, b_2, b_3, a_4 )

= z^{b1}

Γ(b_2 − b_1) Γ(1 − b_2 + b_1) Γ(a_4 − b_1) Γ(1 − a_4 + b_1)^4 ^F_3 (1 − a_1 + b_1, 1 − a_2 + b_1, 1 − a_3 + b_1, 1 − a_4 + b_1 1 − b_2 + b_1, 1 − b_3 + b_1, 1 − a_4 + b_1 ; −z )

+ z^{b2}

Γ(b_1 − b_2) Γ(1 − b_1 + b_2) Γ(a_4 − b_2) Γ(1 − a_4 + b_2)^4 ^F_3 (1 − a_1 + b_2, 1 − a_2 + b_2, 1 − a_3 + b_2, 1 − a_4 + b_2 1 − b_1 + b_2, 1 − b_3 + b_2, 1 − a_4 + b_2 ; −z )

= z^{b1}

Γ(b_2 − b_1) Γ(1 − b_2 + b_1) Γ(a_4 − b_1) Γ(1 − a_4 + b_1)^3 ^F_2 (1 − a_1 + b_1, 1 − a_2 + b_1, 1 − a_3 + b_1

1 − b_2 + b_1, 1 − b_3 + b_1 ; −z )

+ z^{b2}

Γ(b_1 − b_2) Γ(1 − b_1 + b_2) Γ(a_4 − b_2) Γ(1 − a_4 + b_2)^3 ^F_2 (1 − a_1 + b_2, 1 − a_2 + b_2, 1 − a_3 + b_2

1 − b_1 + b_2, 1 − b_3 + b_2 ; −z ) , (A.6)

where the following identity (which can be shown from (A.2)) has been used:

4F_3

(a_1, a_2, a_3, a_4 b_1, b_2, a_4 ; z ) =_3F_2

(a_1, a_2, a_3

b_1, b_2 ; z ) . (A.7)

From the above identities, we can show the following relations for σ = ±1 :

G^{2,2}_{3,3} ( e^{−σ iπ} x | | | | | −^{d−n−3}_2 ,^{n− d−52 +ν+iΔE}_2 , ν −^{d−n−3}_2 ν, 0,^{n− d−12 +ν+iΔE} 2 )

= − e^{−σ iπ ν} x^ν sin ( π^{d−1−n}_2 ) sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 + ν,^{d−12 +ν−n−iΔE}_2 1 + ν,^{d+32 +ν−n−iΔE}_2

; e^{σ i0} x )

− sin ( π^{d−1−n−2ν}_2 ) sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 − ν,^{d−12 −ν−n−iΔE}_2 1 − ν,^{d+32 −ν−n−iΔE}_2 ; e^{σ i0} x ) , (A.8)

G^{2,3}_{4,4} ( e^{−σ iπ} x | | | | −^{d−n−3}_2 ,^{n− d−52 +ν+iΔE}_2 , ν −^{d−n−3}_2 , ν −^{d−n−4}_2 ν, 0,^{n− d−12 +ν+iΔE} 2 , ν −^{d−n−4}_2 )

= e^{−σ iπ ν} x^ν cos(π^{d−1−n}_2 )

sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 + ν,^{d−12 +ν−n−iΔE}_2 1 + ν ,^{d+32 +ν−n−iΔE}_2

; e^{σ i0} x )

+ cos ( π^{d−1−n−2ν}_2 ) sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 − ν,^{d−12 −ν−n−iΔE}_2 1 − ν ,^{d+32 −ν−n−iΔE}_2 ; e^{σ i0} x ) , (A.9)

from which we obtain the formula

G^{2,2}_{3,3} ( e^{−σ iπ} x | | | | −^{d−n−3}_2 , ν −^{d−n−3}_2 ,^{n− d−52 +iΔE+ν}_2 ν, 0,^{n− d−52 +iΔE+ν} 2 − 1 )

− iσ G^{2,3}_{4,4} ( e^{−σ iπ} x | | | | −^{d−n−3}_2 , ν −^{d−n−3}_2 ,^{n− d−52 +ν+iΔE}_2 , ν −^{d−n−4}_2 ν, 0,^{n− d−52 +ν+iΔE} 2 − 1, ν −^{d−n−4}_2 )

= e^{−σ iπ d−n2} [ e^{−σ iπ ν} x^ν sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 + ν,^{d−12 +ν−n−iΔE}_2 1 + ν,^{d+32 +ν−n−iΔE}_2

; e^{σ i0} x )

+ e^{σ iπ ν} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 − ν,^{d−12 −ν−n−iΔE}_2 1 − ν,^{d+32 −ν−n−iΔE}_2 ; e^{σ i0} x )] . (A.10)

Another useful formula can be obtained by using the formulas [18]

3 ^F_2

(a_1, a_2, a_3 b_1, b_2 ; z )

= (−z)^{−a1} Γ(a_1) Γ(a_2 − a_1) Γ(a_3 − a_1) Γ(b_1 − a_1) Γ(b_2 − a_1)^3

F_2

(a_1, a_1 − b_1 + 1, a_1 − b_2 + 1 a_1 − a_2 + 1, a_1 − a_3 + 1

; z^{−1} )

+ (−z)^{−a2} Γ(a_2) Γ(a_1 − a_2) Γ(a_3 − a_2) Γ(b_1 − a_2) Γ(b_2 − a_2)^3

F_2

(a_2, a_2 − b_1 + 1, a_2 − b_2 + 1 a_2 − a_1 + 1, a_2 − a_3 + 1

; z^{−1} )

+ (−z)^{−a3} Γ(a_3) Γ(a_1 − a_3) Γ(a_2 − a_3) Γ(b_1 − a_3) Γ(b_2 − a_3)^3

F_2

(a_3, a_3 − b_1 + 1, a_3 − b_2 + 1 a_3 − a_1 + 1, a_3 − a_2 + 1

; z^{−1} ) [ a_1 − a_2 ∉ Z, a_1 − a_3 ∉ Z, a_2 − a_3 ∉ Z, and z ∉ (0, 1) ] , (A.11)

3F_2

(a_1, a_2, 0

b_1, b_2 ; z ) = 1 , (A.12)

from which we can show

3 ^F_2 (_{d−1−n} 2 ,^{d−12 ±ν−n+iΔE} 2 ,^{d−1−n}_2 ± ν 1 ± ν,^{d+32 ±ν−n+iΔE}_2 ; z )

= (−z)^{− 12} (_{d−1} 2 ±ν−n+iΔE ) sin ( π d−1 2 ∓ ν − n + iΔE 2 )

× Γ ( d−1_{2 +ν−n+iΔE} 2 ) Γ ( d−1_{2 −ν−n+iΔE} 2 ) Γ ( d−1_{2 +ν−iΔE} 2 ) Γ ( d−1_{2 −ν−iΔE} 2 ) π + (−z)^{− d−1−n2} sin ( π^{d−1−n∓2ν}_2 ) sin(∓πν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 ∓ ν,^{d−12 ∓ν−iΔE}_2 1 ∓ ν,^{d+32 ∓ν−iΔE}_2 ; z^{−1} )

+ (−z)^{− d−1−n±2ν2} sin ( π^{d−1−n}_2 ) sin(±πν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 ± ν,^{d−12 ±ν−iΔE}_2 1 ± ν,^{d+32 ±ν−iΔE}_2 ; z^{−1} ) . (A.13)

Using this equality, the following formula can be shown for x > 0:

− e^{σ iπ ( d−1−n}2^{+ν)} x^{12} (_{d−1} 2 +ν−n+iΔE ) sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 + ν,^{d−12 +ν−n+iΔE}_2 1 + ν,^{d+32 +ν−n+iΔE}_2

; e^{−σ i0}x )

− e^{σ iπ ( d−1−n}2^{−ν)} x^{12} (_{d−1} 2 −ν−n+iΔE ) sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 − ν,^{d−12 −ν−n+iΔE}_2 1 − ν,^{d+32 −ν−n+iΔE}_2 ; e^{−σ i0}x )

= e^{σ π} (_{ΔE+i n} 2 ) Γ(^{d−1}_2 +ν−n+iΔE 2 ) Γ ( d−1_{2 −ν−n+iΔE} 2 ) Γ ( d−1_{2 +ν−iΔE} 2 ) Γ ( d−1_{2 −ν−iΔE} 2 ) π + x^{− 1}2^{( d−1}2^{+ν−iΔE)} e^{−σ iπ ( d−1−n}2^{+ν)} sin(πν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 + ν,^{d−12 +ν−iΔE}_2 1 + ν,^{d+32 +ν−iΔE}_2

; e^{σ i0} x^{−1} )

+ x^{− 1}2^{( d−1}2^{−ν−iΔE)} e^{−σ iπ ( d−1−n}2^{−ν)} sin(−πν)^3 ^F_2 (_{d−1−n} 2 ,^{d−1−n}_2 − ν,^{d−12 −ν−iΔE}_2 1 − ν,^{d+32 −ν−iΔE}_2 ; e^{σ i0} x^{−1} ) . (A.14)

B. Wightman function

In this appendix, we show an analytic expression for the integral given in (3.37). By using the identity K_ν (e^{iσ π}2 z) = − (iσ π/2) H^{( 3+σ2 )}ν (z) with σ = ±1 , we first obtain the relation ∫_∞ 0 dk k^{d−32 +1−n} J d−3_2 (k |x − x^′|) H^{( 3+σ2 )}ν (−k η) H^{( 3+σ} ′ 2 ) ν (−k η^′)

= − 4 σ σ^′ π^2 e^{(σ+σ′ ) i πν2} ∫_∞ 0 dk k^{d−32 +1−n} J d−3_2 (k |x − x^′|) K_ν (−e^{iσ π2} k η) K_ν (−e^{iσ′ π2} k η^′) . (B.1)

Then, by using the formula [19] ∫_∞ 0 dk k^{μ+1−n} K_ν (a k) K_ν(b k) J_μ(c k) = 2^{μ−1−n} Γ(μ + 1) c^μ b^{2ξ} × [ (a/b)^ν Γ(ξ) Γ(ξ + ν) Γ(−ν) F_4 ( ξ, ξ + ν; 1 + μ, 1 + ν; −c^2/b^2; a^2/b^2 ) + (a/b)^{−ν} Γ(ξ) Γ(ξ − ν) Γ(ν) F_4 ( ξ, ξ − ν; 1 + μ, 1 − ν; −c^2/b^2; a^2/b^2 )] [ ξ ≡ μ + 1 − (n/2) , ν ∉ Z ] . (B.2)

we obtain the following expression for G^{(n)}_{σ,σ}′ (x, x^′; η_0) :

G^{(n)}_{σ,σ}′ (x, x^′; η_0) = (−σ σ^′) e^{(σ+σ′ ) i πν}2 2^{2+n} π^{d+1}2 e^{iπ σ′ d−1−n}2 Γ (_{d−1} 2 ) ( −η −η^′ ) d−1_2 ( −η′ −η_0 )_n

× [( −η −η^′ )_ν e^{(σ−σ′ ) i π ν2} Γ (d − 1 − n 2 + ν ) Γ (d − 1 − n 2 ) Γ(−ν) × F_4 (d − 1 − n 2 + ν, d − 1 − n 2 ; d − 1 2 , 1 + ν; e^{iσ′ 0} |x − x^′|^2 (−η^′)^2 ; e^{iσ π} (−η)^2 e^{iσ′ π} (−η^′)^2 )

+ (ν → −ν) ] . (B.3)

Here, F_4(a, b; c, d; x, y) is Appell’s hypergeometric function given by F_4(a, b; c, d; x, y) ≡ ∞∑ m=0 ∞∑ n=0 (a)_{m+n} (b)_{m+n} m! n! (c)_m (d)_n x^m y^n [ |x|^{1/2} + |y|^{1/2} < 1 ] , (B.4)

(x)_n ≡ Γ(x + n)/Γ(x) . (B.5) For Z(x, x^′) ≡ [ η^2 +η^{′2} −(x−x^′)^2 ] /(2ηη^′) < 1, the series in (B.4) does not converge and the analytic continuation should be performed (see 9.185 of [16] for the integral representation of the Mellin-Barnes type).

In the limit |x − x^′| → 0, one can show, by using the identity F_4(a, b; c, d; 0, y) = ∞∑ n=0 (a)_n (b)_n n! (d)_n y^n =_2F_1 (a, b d ; y ) , (B.6) that the Wightman function takes the form lim |x−x^′|→0 G^{(n)}_{σ,σ}′ (x, x^′) = − (−σ σ^′) e^{(σ+σ′ ) i πν}2 2^{2+n} π^{d−1}2 e^{iπ σ′ d−1−n}2 Γ (_{d−1} 2 ) ( −η −η^′ ) d−1_2 ( −η′ −η_0 )_n

× [( −η −η^′ )_ν e(σ−σ^′ )^{i π ν}_2

sin(π ν)^2 ^F_1 (_{d−1−n} 2 + ν,^{d−1−n}_2 1 + ν ; e^{iσ π} (−η)^2 e^{iσ′ π} (−η^′)^2 )

+ ( −η −η^′ )_{−ν} e−(σ−σ^′ )^{i π ν}_2 sin(−π ν)^2 ^F_1 (_{d−1−n} 2 − ν,^{d−1−n}_2 1 − ν ; e^{iσ π} (−η)^2 e^{iσ′ π} (−η^′)^2 )]

= (−σ σ^′) e^{− i π}2^{(σ+σ′ ) ( d−1−n}2^{−ν)} Γ(^{d−1−n}_2 )

(4π)^d2 Γ(^{d−1}_2 ) [ (−η)(−η^′) ] n_2 (−η_0)^{n 2} ^F_1 (_{d−1−n} 2 + ν,^{d−1−n}_2 − ν d−n 2 ; 1 − u_{σσ}′ 2 )

(B.7) with u_{σσ}′ ≡ e^{iσ (π−0)} (−η)^2 + e^{iσ′ (π−0)} (−η^′)^2

2 e^{i(σ+σ′ ) (π−0)} (−η) (−η^′)

. (B.8)

Here, in the last equality, we have used the following formulas (see 9.132-2 and 9.134-3 of [16]):

2F_1 (α, β γ ; z ) = Γ(γ) Γ(β − α) Γ(β) Γ(γ − α)

(−z)^{−α}_2F_1 (α, α + 1 − γ α + 1 − β ; z^{−1} )

+ Γ(γ) Γ(α − β) Γ(α) Γ(γ − β)

(−z)^{−β}_2F_1 (β, β + 1 − γ β + 1 − α ; z^{−1} ) [ |arg z| < π , α − β ≠ ±m , m = 0, 1, 2, · · · ] , (B.9)

2F_1 (α, α + 1_2 − β β +^1_2

; z^2 ) = (1 + z)^{−2α}_2F_1 (α, β 2β ; 4z (1 + z)^2 ) . (B.10)

In order to understand the behavior of the Wightman function^{10}

G^+ ( x(τ), x(τ − s); η_0 ) 10 The Wightman function has the following asymptotic form for large s :

G^+ ( x(τ), x(τ − s); η_0 ) ∼ e^{−iπ ( d−12 −ν)} Γ (_{d−1} 2 − ν ) Γ(ν) 4 π^{d+1}2 e^− (_{d−1} 2 −ν )_s

+ e^{−iπ ( d−12 +ν)} Γ (_{d−1} 2 + ν ) Γ(−ν) 4 π^{d+1}2 e^− (_{d−1} 2 +ν )_s , which becomes oscillatory for the heavy mass case m > (d − 1)/2 . The behavior for small s is given by

G^+ ( x(τ), x(τ − s); η_0 ) ∼ e^{−iπ d−22} Γ (_{d−2} 2 ) 4π^d2 s^{−(d−2)} .

≃ G^{(0)}_{−1,1} ( x(τ), x(τ − s) ) + (d − 2 4 )_2 ∑ σ=±1 G^{(2)}_{σ,−σ} ( x(τ), x(τ − s); η_0 ) , (B.11)

we give plots of the Wightman function for a few typical cases of d = 4 with ν = 20 i (heavy mass case), ν = 0, and ν = 1.4 (light mass case). It is clear from these examples that, for the cases other than the light mass case (i.e., for the cases described in figures 3 and 4), the Wightman function G^+ ( x(τ), x(τ − s); η_0 ) takes significant values only around the coincident point s = 0. On the other hand, as can be seen in figure 5, the Wightman function has a correlation with a longer range as the mass m decreases. Thus, in the light mass case, we may not be able to neglect memory effects and the Markovian approximation used in (2.37) may not be valid.

Figure 3: The real part (left) and the imaginary part (right) of the Wightman function G^+ ( x(τ), x(τ − s); η_0 ) for d = 4, ν = 20i (heavy mass case), and τ − τ_0 = 50.

Figure 4: The real part (left) and the imaginary part (right) of the Wightman function G^+ ( x(τ), x(τ − s); η_0 ) for d = 4, ν = 0, and τ − τ_0 = 50.

Figure 5: The real part (left) and the imaginary part (right) of the Wightman function G^+ ( x(τ), x(τ − s); η_0 ) for d = 4, ν = 1.4 (light mass case), and τ − τ_0 = 50. C. Derivation of (3.42) and (3.43)

In order to calculate Ḟ^{(n)}_{σ,−σ} for the trajectory (3.2), we should consider the limit |x − x^′| → 0 in the Wightman function G^+(x, x^′). In this limit, the n^{th}-order Wightman function (3.37) takes the form

G^{(n)}_{σ,−σ}(x, x^′; η_0) = π 2 [ (−η) (−η^′) ] d−1_2 (4π)^{d−1}2 Γ (_{d−1} 2 ) (−η_0)^n ∫_∞ 0 dk k^{d−2−n} H^{( 3+σ2 )}ν (−k η) H^{( 3−σ2 )}ν (−k η^′) .

(C.1)

Then, the first term in (3.41) is rewritten to e^{n (τ −τ0)} ∫_0 −(τ −τ_1) ds e^{−iΔE s} G^{(n)}_{σ,−σ}(x(τ + s), x(τ)) = π 2 1 (4π)^{d−1}2 Γ (_{d−1} 2 ) ∫_0

−(τ −τ_1 ) ds ∫_∞ 0 dk k (x/y)^{iΔE} x^{d−12} y^{d−12 −n} H^{( 3+σ2 )}ν (x) H^{( 3−σ2 )}ν (y)

= π 2 1 (4π)^{d−1}2 Γ (_{d−1} 2 ) ∫_∞ 0 dy y^{d−32 −n−iΔE} H^{( 3−σ2 )}ν (y)

∫_e(τ −τ_1)_y y dx x^{d−32 +iΔE} H^{( 3+σ2 )}ν (x) = π 2 1 (4π)^{d−1}2 Γ (_{d−1} 2 ) ∫_∞ 0 dx x^{d−32 +iΔE} H^{( 3+σ2 )}ν (x)

∫_x

e^{−(τ −τ}1^) x

dy y^{d−32 −n−iΔE} H^{( 3−σ2 )}ν (y) . (C.2)

Here, in the first equality, we have defined new variables x ≡ k e^{−(τ +s)} and y ≡ k e^{−τ} , and in the third equality, the order of integration has been changed. In a similar way, the second term in (3.41) is rewritten to e^{n (τ −τ0)} ∫_{τ −τ1} 0 ds e^{−iΔE s} G^{(n)}_{σ,−σ}(x(τ), x(τ − s)) = π 2 1 (4π)^{d−1}2 Γ (_{d−1} 2 ) ∫_{τ −τ1} 0 ds ∫_∞ 0 dk k (x/y)^{−iΔE} y^{d−12 −n} x^{d−12} H^{( 3+σ2 )}ν (y) H^{( 3−σ2 )}ν (x)

= π 2 1 (4π)^{d−1}2 Γ (_{d−1} 2 ) ∫_∞ 0 dy y^{d−32 −n+iΔE} H^{( 3+σ2 )}ν (y)

∫_e(τ −τ_1)_y y dx x^{d−32 −iΔE} H^{( 3−σ2 )}ν (x) = π 2 1 (4π)^{d−1}2 Γ (_{d−1} 2 ) ∫_∞ 0 dx x^{d−32 −iΔE} H^{( 3−σ2 )}ν (x)

∫_x

e^{−(τ −τ}1^) x

dy y^{d−32 −n+iΔE} H^{( 3+σ2 )}ν (y) , (C.3)

where we have defined x ≡ k e^{−(τ −s)} and y ≡ k e^{−τ} , and again the order of integration has been changed in the third equality.

The y integration in (C.2) and (C.3) can be performed as follows: ∫_{a x} b x dy y^{d−32 −n∓iΔE} H^{( 3∓σ2 )}ν (y) = ∓ 2iσ π e^{∓σ i πν2} ∫_{a x} b x dy y^{d−32 −n∓iΔE} K_ν ( e^{∓σ i π2} y )

= ∓ iσ π e^{∓σ i πν2} [∫_{(a x)}2 0 − ∫_{(b x)}2 0 ] dY Y d−5 2 −n∓ i ΔE 2 K_ν ( e^{∓σ i π2} √ Y ) ( y ≡ √ Y )

= ∓ iσ π e^{∓σ i πν2} ∫_1 0 d~Y [ (a x)^{d−12 −n∓iΔE} ~Y d−5 2 −n∓ i ΔE 2 K_ν ( e^{∓σ i π2} a x √ ~Y ) − ( a → b )]

= ∓ 2^{ν−1} iσ π [ (a x)^{d−12 −ν−n∓iΔE} G^{2,1}_{1,3} ( e^{∓σ iπ} (a x)^2 4 | | | | | ν−^{d−5}_2 +n±iΔE 2 ν, 0,^{ν− d−12 +n±iΔE} 2 ) − (a → b) ] . (C.4)

In the last equality, we have used the following formula (see 6.592-2 of [16]):

∫_1 0 dx x^λ K_ν (a √ x) = 2^{ν−1} a^{−ν} G^{2,1}_{1,3} (a2 4 | | ν 2 − λ ν, 0,^ν_2 − λ − 1 )

= 2^{ν−1} a^{−ν} Γ(ν) Γ(1 − ν)_1 ^F_2

( λ + 1 − ν_2 1 − ν, λ + 2 −^ν_2 ; a^2 4 )

− 2^{−ν−1} a^ν Γ(−ν) Γ(1 + ν)_1 ^F_2

( λ + 1 + ν_2

1 + ν, λ + 2 +^ν_2 ; a^2 4 ) [ Re λ > −1 + |Re ν| 2 ] . (C.5)

If b ≠ 0, the condition Re λ > −1 + (|Re ν|/2) [ ⇔ (d − 1)/2 > |Re ν| + n ] is not necessary.

In order to perform the x integral in (C.2) and (C.3), we use formulas 7.821-1 and 7.821-2 of [16], ∫_∞ 0 dx x^{α−1} J_ν (x) G^{2,1}_{1,3} (ω x2 4 | | a_1 b_1, b_2, b_3 ) = 2^{α−1} G^{2,2}_{3,3} ( ω | | | −^{α+ν−2}_2 , a_1, −^{α−ν−2}_2

b_1, b_2, b_3 ) , (C.6) ∫_∞ 0 dx x^{α−1} N_ν (x) G^{2,1}_{1,3} (ω x2 4 | | | a_1 b_1, b_2, b_3 ) = 2^{α−1} G^{2,3}_{4,4} ( ω | | | | −^{α+ν−2}_2 , −^{α−ν−2}_2 , a_1, −^{α−ν−3}_2 b_1, b_2, b_3, −^{α−ν−3}_2 ) , (C.7) from which we obtain the formula ∫_∞ 0 dx x^{α−1} H^{( 3±σ2 )}ν (x) G^{2,1}_{1,3} (ω x2 4 | | a_1 b_1, b_2, b_3 )

= 2^{α−1} [ G^{2,2}_{3,3} ( ω | | |−^{α+ν−2}2 , a^1, −^{α−ν−2}2 b_1, b_2, b_3 ) ∓ iσ G^{2,3}_{4,4} ( ω | | |−^{α+ν−22} , −^{α−ν−22} , a^1, −^{α−ν−32} b_1, b_2, b_3, −^{α−ν−3}_2 )] . (C.8)

Using this, we obtain the formulas π 2 1 (4π)^{d−1}2 Γ (_{d−1} 2 ) ∫_∞ 0 dx x^{d−32 ±iΔE}H^{( 3±σ2 )}ν (x)

∫_x

e^{−(τ −τ}1^) x

dy y^{d−32 −n∓iΔE} H^{( 3∓σ2 )}ν (y) = − ±iσ 2^{3+n} π^{d−1}2 Γ (_{d−1} 2 )

× [ G^{2,2}_{3,3} ( e^{∓σ i π} | | | −^{d−3−n}_2 , −^{d−52 −ν−n∓iΔE}_2 , −^{d−3−n}_2 + ν 0, ν, −^{d−12 −ν−n∓iΔE}_2 )

∓ iσ G^{2,3}_{4,4} ( e^{∓σ i π} | |−^{d−3−n}2 , −^{d−3−n}2 + ν, − d−5 2 −ν−n∓iΔE 2 , −^{d−4−n}_2 + ν 0, ν, −^{d−4−n}_2 + ν, −^{d−12 −ν−n∓iΔE}_2 )

− e^{−(τ −τ1)} (_{d−1} 2 −ν−n∓iΔE ) { G^{2,2}_{3,3} ( e^{∓σ i π} e^{−2(τ −τ1 )} | |−^{d−3−n}2 , − d−5 2 −ν−n∓iΔE 2 , −^{d−3−n}_2 + ν 0, ν, −^{d−12 −ν−n∓iΔE}_2 )

∓ iσ G^{2,3}_{4,4} ( e^{∓σ i π} e^{−2(τ −τ1)} | | −^{d−3−n}_2 , −^{d−3−n}_2 + ν, −^{d−52 −ν−n∓iΔE}_2 , −^{d−4−n}_2 + ν 0, ν, −^{d−4−n}_2 + ν, −^{d−12 −ν−n∓iΔE}_2 )}] . (C.9)

Finally, by adding (C.9) with different signs, equation (3.42) can be derived.

By using identity (A.10), equation (3.42) can also be written as follows: Ḟ^{(n)}_{σ,−σ} = 1 2^{3+n} π^{d−1}2 Γ (_{d−1} 2 )

× [ − e^{−σ iπ d−1−n}2 e^{−σ iπ ν} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n−iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n−iΔE}_2

; e^{σ i0} )

− e^{−σ iπ d−1−n}2 e^{σ iπ ν} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n−iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n−iΔE}_2 ; e^{σ i0} )

− e^{σ iπ d−1−n}2 e^{σ iπ ν} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n+iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n+iΔE}_2

; e^{−σ i0} )

− e^{σ iπ d−1−n}2 e^{−σ iπ ν} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n+iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n+iΔE}_2 ; e^{−σ i0} )

+ e^{−σ iπ d−1−n}2 e^{−σ iπ ν} e^{−( d−1}2^{+ν−n−iΔE) (τ −τ1)} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n−iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n−iΔE}_2

; e^{σ i0} e^{−2(τ −τ1 )} )

+ e^{−σ iπ d−1−n}2 e^{σ iπ ν} e^{−( d−1}2^{−ν−n−iΔE) (τ −τ1)} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n−iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n−iΔE}_2 ; e^{σ i0} e^{−2(τ −τ1 )} )

+ e^{σ iπ d−1−n}2 e^{σ iπ ν} e^{−( d−1}2^{+ν−n+iΔE) (τ −τ1)} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n+iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n+iΔE}_2

; e^{−σ i0} e^{−2(τ −τ1 )} )

+ e^{σ iπ d−1−n}2 e^{−σ iπ ν} e^{−( d−1}2^{−ν−n+iΔE) (τ −τ1)} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n+iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n+iΔE}_2 ; e^{−σ i0} e^{−2(τ −τ1 )} )] . (C.10)

Furthermore, this can be rewritten to the following form by using (A.14) with x = 1: Ḟ^{(n)}_{σ,−σ}

= e^{σ π (ΔE+ i n}2^) Γ (_{d−12 +ν−n+iΔE} 2 ) Γ (_{d−12 −ν−n+iΔE} 2 ) Γ (_{d−12 +ν−iΔE} 2 ) Γ (_{d−12 −ν−iΔE} 2 ) 2^{3+n} π^{d+1}2 Γ (_{d−1} 2 ) + 1 2^{3+n} π^{d−1}2 Γ (_{d−1} 2 )

× [ − e^{−σ iπ d−1−n}2 e^{−σ iπ ν} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n−iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n−iΔE}_2

; e^{σ i0} )

− e^{−σ iπ d−1−n}2 e^{σ iπ ν} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n−iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n−iΔE}_2 ; e^{σ i0} )

+ e^{−σ iπ d−1−n}2 e^{−σ iπ ν} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−iΔE}_2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−iΔE}_2

; e^{σ i0} )

+ e^{−σ iπ d−1−n}2 e^{σ iπ ν} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−iΔE}_2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−iΔE}_2 ; e^{σ i0} )

+ e^{−σ iπ d−1−n}2 e^{−σ iπ ν} e^{−( d−1}2^{+ν−n−iΔE) (τ −τ1)} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n−iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n−iΔE}_2

; e^{σ i0} e^{−2(τ −τ1 )} )

+ e^{−σ iπ d−1−n}2 e^{σ iπ ν} e^{−( d−1}2^{−ν−n−iΔE) (τ −τ1)} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n−iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n−iΔE}_2 ; e^{σ i0} e^{−2(τ −τ1 )} )

+ e^{σ iπ d−1−n}2 e^{σ iπ ν} e^{−( d−1}2^{+ν−n+iΔE) (τ −τ1)} sin(π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 +ν−n+iΔE} 2 ,^{d−1−n}_2 + ν 1 + ν,^{d+32 +ν−n+iΔE}_2

; e^{−σ i0} e^{−2(τ −τ1 )} )

+ e^{σ iπ d−1−n}2 e^{−σ iπ ν} e^{−( d−1}2^{−ν−n+iΔE) (τ −τ1)} sin(−π ν)^3 ^F_2 (_{d−1−n} 2 ,^{d−12 −ν−n+iΔE} 2 ,^{d−1−n}_2 − ν 1 − ν,^{d+32 −ν−n+iΔE}_2 ; e^{−σ i0} e^{−2(τ −τ1 )} )] . (C.11)

The last four terms have e^{−σ i0} e^{−2(τ −τ1 )} as the argument of_3F_2. This can be replaced simply by e^{−2(τ −τ1)} , and we obtain (3.43). On the other hand, e^{−σ i0} for the first four terms cannot always be replaced by 1, since_3F_2 of argument unity is singular if d − 3 − n ≥ 0.

References

[1] W. G. Unruh, “Notes on black hole evaporation,” Phys. Rev. D 14, 870 (1976). [2] B. S. DeWitt, “Quantum gravity: the new synthesis” in General Relativity an Einstein centenary survey, ed. S. W. Hawking, W. Israel, Cambridge University Press (Cambridge, 1979).

[3] N. D. Birrell and P. C. W. Davies, “Quantum Fields In Curved Space,” Cambridge, Uk: Univ. Pr. (1982) 340p [4] S. Takagi, “Vacuum noise and stress induced by uniform accelerator: Hawking-Unruh effect in Rindler manifold of arbitrary dimensions,” Prog. Theor. Phys. Suppl. 88, 1 (1986).

[5] E. Mottola, “Particle Creation in de Sitter Space,” Phys. Rev. D 31, 754 (1985). [6] B. Allen, “Vacuum States in de Sitter Space,” Phys. Rev. D 32, 3136 (1985). [7] T. S. Bunch and P. C. W. Davies, “Quantum Field Theory in de Sitter Space: Renormalization by Point Splitting,” Proc. Roy. Soc. Lond. A 360, 117 (1978).

[8] M. Spradlin, A. Strominger and A. Volovich, “Les Houches lectures on de Sitter space,” hep-th/0110007.

[9] R. Bousso, A. Maloney and A. Strominger, “Conformal vacua and entropy in de Sitter space,” Phys. Rev. D 65, 104039 (2002) [hep-th/0112218].

[10] R. Figari, R. Hoegh-Krohn and C. R. Nappi, “Interacting Relativistic Boson Fields in the de Sitter Universe with Two Space-Time Dimensions,” Commun. Math. Phys. 44, 265 (1975).

[11] G. W. Gibbons and S. W. Hawking, “Cosmological Event Horizons, Thermodynamics, and Particle Creation,” Phys. Rev. D 15, 2738 (1977).

[12] M. Fukuma, Y. Sakatani and S. Sugishita, “On propagators in de Sitter space,” arXiv:1301.7352 [hep-th].

[13] R. Kubo, M. Toda, and N. Hashitsume, “Statistical Physics II, Springer,” Berlin, (1985).

[14] B. Garbrecht and T. Prokopec, “Unruh response functions for scalar fields in de Sitter space,” Class. Quant. Grav. 21, 4993 (2004) [gr-qc/0404058].

[15] A. Higuchi, “Quantization Of Scalar And Vector Fields Inside The Cosmological Event Horizon And Its Application To Hawking Effect,” Class. Quant. Grav. 4, 721 (1987).

[16] I. S. Gradshteyn and I. M. Ryzhik, “Table of Integrals, Series, and Products,” Alan Jeffrey and Daniel Zwillinger (eds.), Seventh edition (2007).

[17] The Wolfram Functions Site, http://functions.wolfram.com/07.34.26.0004.01 [18] The Wolfram Functions Site, http://functions.wolfram.com/07.27.17.0026.01 [19] Trigui, I. Affes, S. Stephenne, A., “A Useful Integral for Wireless Communication Theory and Its Application in Amplify-And-Forward Multihop Relaying,” Global Telecommunications Conference (GLOBECOM 2010), 2010 IEEE, vol., no., pp.1,5, 6-10 Dec. 2010.