arXiv:1305.0267v1 [hep-ph] 1 May 2013

TUM-HEP-886/13

The Kinematics of Cosmic Reheating

Marco Drewes^a, Jin U Kang^b

a Physik Department T70, Technische Universität München, James Franck Straße 1, D-85748 Garching, Germany b Department of Physics, Kim Il Sung University, RyongNam Dong, TaeSong District, Pyongyang, DPR Korea

Abstract

We calculate the relaxation rate of a scalar field in a plasma of other scalars and fermions with gauge interactions using thermal quantum field theory. It yields the rate of cosmic reheating and thereby determines the temperature of the “hot big bang” in inflationary cosmology. The total rate originates from various processes, including decays and inverse decays as well as Landau damping by scatterings. It involves quantum statistical effects and off-shell transport. Its temperature dependence can be highly nontrivial, making it impossible to express the reheating temperature in terms of the model parameters in a simple way. We pay special attention to the temperature dependence of the phase space due to the modified dispersion relations in the plasma. We find that it can have a drastic effect on the efficiency of perturbative reheating, which depends on the way particles in the primordial plasma interact. For some interactions thermal masses can effectively close the phase space for the dominant dissipative processes and thereby impose an upper bound on the reheating temperature. In other cases they open up new channels of dissipation, hence increase the reheating temperature. At high temperatures we find that the universe can even be heated through couplings to fermions, which are often assumed to be negligible due to Pauli-blocking. These effects may also be relevant for baryogenesis, dark matter production, the fate of moduli and in scenarios of warm inflation.

Contents

1 The big bang temperature 3 1.1 The origin of the hot big bang . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 The role of “thermal masses” . . . . . . . . . . . . . . . . . . . . . . . . . 4 2 Summary: The kinematics of cosmic reheating 6 3 Elements of thermal quantum field theory 8 4 Example I: blocking by thermal masses 12 4.1 Zero width approximation for quasiparticles . . . . . . . . . . . . . . . . . 13 4.2 Inclusion of thermal widths and off-shell transport . . . . . . . . . . . . . . 16 4.3 the kinematic regimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 5 Example II: no blocking by thermal masses 20 6 Example III: reheating by Landau damping 25 7 Example IV: production of fermions 29 7.1 Temperatures T < T_c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 7.2 Temperatures T > T_c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 8 Conclusions 35 A The χ_i self-energy 37

1 The big bang temperature

Many properties of the cosmos we observe today can be understood as the result of processes that occurred during the early, high temperature phase of its history [1]. This makes the maximal temperature in the early universe a crucial parameter in physical cosmology [2]. An important probe of the thermal history of the universe is given by the abundance of thermal relics. These include the light elements that we observe in the intergalactic medium. They were created in thermonuclear reactions in the primordial plasma, known as big bang nucleosynthesis (BBN). The good agreement between theoretical BBN calculations and observation allows to conclude that the universe in the past had a temperature T_{BBN} of at least a few MeV.

Observationally, only little is known about the thermal history of the universe beyond that. However, there are good reasons to believe that it has been exposed to much higher temperatures. If the observed dark matter (DM) is a thermally produced weakly interacting massive particle, then temperatures not too much below that particle’s mass are required for efficient thermal production Also other DM scenarios often require temperatures T ≫ T_{BBN} , for instance sterile neutrinos [3, 4] (see [5] for a recent review) or axions (see [6] for reviews). The observed baryon asymmetry of the universe (see [7] for a recent review) provides another hint for large temperatures. If the baryon number violation in the Standard Model of particle physics (SM) is the relevant source of the baryon asymmetry [8] (“electroweak baryogenesis”), the universe must have been exposed to temperatures T > T_{EW} ∼ 140 GeV. Many models of baryogenesis require a temperature that is even much higher than that, including GUT-baryogenesis, thermal leptogenesis [9], baryogenesis from neutrino oscillations [3, 10] or many variants of Affleck-Dine baryogenesis [11]. Hence, any upper bound on the temperature in the universe allows to rule out or constrain models of particle physics beyond the standard model (SM). A well-known example is the conflict between supersymmetry and thermal leptogenesis due to the gravitino problem [12]. A large temperature can also be related to the fate of moduli [13] and the be of great importance for the possible decompaticfication of extra dimensions [14].

1.1 The origin of the hot big bang

It is widely believed that the hot big bang initial conditions of the radiation dominated universe were created during reheating after a period of accelerated cosmic expansion (cosmic inflation) [15, 16]. Inflation made the universe homogeneous and flat, while creating the seeds for later structure formation from quantum fluctuations [17]. The accelerated expansion can easily be explained if one assumes that the energy density of the universe was dominated by the potential energy of a scalar field ϕ, the inflaton^1, which leads to a negative equation of state while ϕ is slowly rolling towards the potential minimum. At the end of the inflationary epoch, the universe was cold and empty, with all energy stored in the zero mode of ϕ. All other particles were then created and the universe was (re)heated

1For simplicity, we consider a single field model of inflation. However, the considerations in section 2 apply to any model of inflation that includes perturbative reheating.

[18, 19, 21, 22] by the dissipation during coherent oscillations of ϕ around its potential minimum. The early stage of reheating, sometimes referred to as preheating, most likely included complicated nonequilibrium processes such as particle production [19–22], turbulence [23] and non-thermal fixed points [24] or instabilities [25, 26], including explosive particle production by parametric resonance [19, 22, 27, 28]. Some of these effects have recently been discussed in [29]. However, the late phase of reheating, which determined the temperature at the onset of the radiation dominated epoch, in many scenarios can be treated perturbatively. Thus, the hot big bang initial conditions were set by perturbative processes involving individual inflaton quanta. In addition, the efficiency of perturbative processes is also of great interest in the context of preheating as they may delay the parametric resonance [30].

Sometimes the reheating temperature defined by assuming that a) the inflaton converts its entire potential energy into radiation instantaneously at the end of inflation and b) this radiation comes into thermal equilibrium instantaneously. In reality the inflaton dissipates its energy at a finite rate Γ, and the reheating process takes place over a time interval ∼ 1/Γ. As the universe expands during this period and the radiation cools down, the assumption of instantaneous conversion leads to an overestimate of the maximal temperature in the universe. The temperature dependence of Γ is crucial to understand the time evolution of the temperature. Indeed, the temperature decreases during much of the reheating process, and the temperature at the onset of the radiation dominated era may be considerably lower than the highest temperature the universe has been exposed to. The reheating temperature should be understood as the highest temperature in the radiation dominated universe [1, 31, 32].

The presence of the primordial plasma affects the rate Γ in various ways: Quantum statistical factors can enhance or suppress individual channels due to Bose enhancement or Pauli blocking. The modified dispersion relations of particles in the hot plasma make the phase space temperature dependent and new channels of dissipation can open up in addition to the decay of ϕ-quanta, such as Landau damping. As we will discuss in the following, this may greatly enhance or suppress Γ and have a strong effect on both, the maximal temperature the universe has been exposed to and the temperature at the beginning of the radiation dominated epoch.

1.2 The role of “thermal masses”

The inflaton mass m is thought to be much larger than the masses of known particles, and the SM is in the symmetric phase for T > T_{EW} . In vacuum the only perturbative mechanism by which ϕ dissipates its energy into other degrees of freedom is the decay of heavy ϕ quanta into lighter states. The particles found in the universe today are the end products of the subsequent decay chain. However, once ϕ has lost a significant fraction of its energy, the universe is filled with a medium formed by the hot plasma of its decay products. For the moment we collectively refer to these as X_i, without specification of the spin, charges or other quantum numbers of these fields. The X_i represent all degrees of freedom other than ϕ, including the SM fields. The inflaton relaxation time, characteristic for the duration of reheating, is given by τ = 1/Γ, where Γ is the ϕ relaxation rate in the medium. The coupling of ϕ to other fields should be very small in order not to spoil the flatness of its potential required for slow roll inflation [33]. This implies that τ is much longer than the typical time scale associated with the relaxation to thermal equilibrium for any other field in the plasma.^2 This suggests that it is reasonable to approximate perturbative reheating as an adiabatic process, during which the X_i are close to kinetic equilibrium at any time^3.

It is well-known that in quantum field theory the spectrum of propagating states (“quasiparticles”) and their dispersion relations are modified in a medium due to screening and collective phenomena. In the following we assume for simplicity that the X_i are in kinetic equilibrium and can be characterised by an effective temperature T^4. Then thermal corrections to the dispersion relations typically scale as ∼ α_iT . Here α_i are dimensionless numbers that characterise the strength of a typical interaction amongst the X_i. They can e.g. represent gauge or Yukawa coupling constants. In the simplest case, the system can be pictured as a gas of quasiparticles with momentum independent thermal masses M_i ∼ α_iT .

While ϕ should have very weak interactions, the α_i at T ≫ T_{EW} can be of order one. Thus, the thermal masses of the decay products X_i grow much faster with temperature than the effective ϕ mass. In [34] it has been concluded that due to this effect, the inflaton decay becomes kinematically forbidden at some critical temperature T_c, when the sum of the effective masses of the decay products exceeds the inflaton mass,

M(T_c) = ∑ daughter particles i

M_i(T_c) (1)

As a result, the universe could never be heated up to temperatures larger than T_c. Due to the very small couplings of ϕ, thermal corrections to the ϕ dispersion relations are tiny and the LHS of (1) can essentially be identified with the vacuum mass m.^5 Thus, T_c, defined by (1), in good approximation does not depend on the inflaton coupling. If T_c imposes an upper bound on the reheating temperature, this would have far reaching consequences as it would allow to constrain the temperature in the early universe without knowledge of the inflaton couplings.

In [37] it was shown for a simple toy model that Γ is non-vanishing in the limit T ≫ T_c. However, the analysis does not take into account the fact that Γ may be vanishing for intermediate temperatures T ∼ T_c; in this case T_c would pose an upper bound on T , as

2We do not make any other assumptions about the strength of the inflaton coupling. It may indeed be a non-trivial requirement that it is large enough to allow for efficient reheating and small enough not to spoil the flatness of the inflaton potential. We do not address this issue here. We express all contributions to Γ in units of their zero temperature value, in which case its dependence on the inflaton coupling cancels at leading order.

3It is well-known that the thermalisation process in bosonic toy models can be prolonged because most energy is stored in the infrared modes during preheating. However, in more realistic models involving fermions equilibration can occur considerably faster [35].

4We make this assumption for computational simplicity; the arguments brought forward in section 2 remain valid even if the background is far from equilibrium [36].

5The generation of an effective mass in the radiation dominated era has e.g. been studied in [39].

the universe could never pass this “forbidden regime” of temperatures. We indeed find that in the toy model used in [37] this is the case because Γ is strongly suppressed at T ∼ T_c. The problem was studied in more detail in [38], where a physical interpretation in terms of scatterings was given. In the present work we extend that study and perform a detailed analysis of the kinematics in a hot plasma and its effect on Γ. We show that the suppression of Γ at T_c due to thermal masses only occurs in special cases; in general they do not impose an upper limit on the reheating temperature. We also find that at high temperatures the dissipation into fermions can give a significant contribution to Γ.

In section 2 we argue on general grounds that the kinematics of reheating can often not be described correctly by simply replacing vacuum masses of particles by thermal masses. In sections 4-7 we illustrate this by calculating the inflaton relaxation rate Γ in a model of chaotic inflation for different interactions. We first study the dissipation into bosons. We chose three different examples to represent cases where thermal masses block the inflaton decay (section 4), do not block the decay (section 5) or Landau damping drives reheating (section 6). In section 7 we study the inflaton coupling to fermions with gauge interactions. At low temperatures the decay into fermions is suppressed due to Pauli blocking before thermal masses become relevant, but at large temperatures ϕ can efficiently dump its energy into fermions via Landau damping. In section 8 we discuss our results and conclude. The reader who is not interested in technical details may skip sections 4-7 and read sections 1, 2 and 8 as a short letter.

2 Summary: The kinematics of cosmic reheating

Due to the medium corrections to dispersion relations the phase space in a hot plasma is temperature dependent. This can have a strong effect on the efficiency of reheating. When the primordial plasma is modelled as a gas of quasiparticles, it is often assumed that their kinematics can be described by simply replacing vacuum masses of particles by momentum independent thermal masses ∼ α_iT . In the context of reheating, such approximation may fail even at the qualitative level, as the following effects need to be taken into account.

• Particle production - The inflaton field ⟨ϕ⟩ oscillates with a frequency ∼ m, which is higher than the mass of most other particles. In such a rapidly time-varying background it is not possible to define an appropriate vacuum state and particles [20]. In such a background dissipation is not due to perturbative processes, but to particle production from the background. In this regime the coupling to the ⟨ϕ⟩- background can give rise to the explosive particle production when it dominates during preheating, and arguments based on single particle kinematics certainly fail. A quantitative treatment of this preheating process goes beyond the scope of this work.

• Quasiparticle description - When the produced particles start making up some fraction of the universe’s energy content, they form a thermal background, to which we assign an effective temperature T . The existence of well-defined quasiparticles in this plasma is related to the requirement that all dressed spectral densities (to be defined later) as a function of energy ω feature narrow peaks at energies ω = Ω_i, which define the dispersion relations of quasiparticles. These receive three contributions: intrinsic (vacuum) masses m_i, a time-dependent mass due to the coupling to the oscillating mean field ⟨ϕ⟩ and thermal masses due to forward scatterings in the plasma. A (quasi)particle description is appropriate if the typical energy ω of a X_i-mode does not change considerably during a scattering process [36]. This is the case if either the inflaton’s oscillation frequency is small compared to ω or the contribution to the particles’ effective masses from the slowly changing thermal background dominates over that from the rapidly oscillating ⟨ϕ⟩-condensate. This is possible even if the energy stored in ⟨ϕ⟩ exceeds the energy of the primordial plasma because the inflaton couples weakly: If g is the inflaton coupling and α_i ≫ g a typical coupling within the plasma, then thermal contributions ∼ α_iT can dominate over g⟨ϕ⟩ even if ⟨ϕ⟩ ≫ T . In this case reheating can be described in terms of perturbative processes involving individual quasiparticles and phase space arguments apply. This is the regime we focus on in this work. Since the ⟨ϕ⟩-amplitude decreases while T increases in the course of reheating, it becomes an increasingly good approximation at later times.

• Landau damping - In the regime where a quasiparticle description is appropriate, large thermal masses may kinematically block the inflaton decay. However, decay is not the only channel by which ϕ can dissipate energy into the plasma. ϕ-quanta can engage in scatterings with particles from the bath, leading to a dissipation mechanism similar to Landau damping [53]. At low temperatures, this mechanism is inefficient because the concentration of scattering partners is too low. At high temperatures it becomes the dominant channel of dissipation because processes involving several interactions in a given time unit become equally likely as those involving one or few when the density is high. Landau damping is the main reheating mechanism in the model discussed in section 6, but also appears in sections 4, 5 and 7.

• Quasiparticle dispersion relations - The dispersion relations for quasiparticles in most cases cannot be obtained by simply replacing bare masses with momentum independent thermal masses. In general, the quasiparticle energy Ω_i is a complicated function of momentum p. In spite of that, many transport phenomena can effectively be described by thermal masses M_i ∼ α_iT . The reason is that for hard momenta p ∼ T the dispersion relations usually asymptotically approach a form Ω_i ≃ (p^2 + M^2_i )^{1/2}. Since most particles in a plasma have momenta ∼ T , a description in terms of momentum independent thermal masses is appropriate for most microscopic processes. However, when the inflaton decays, the decay products have typical momenta ≲ m/2 (and not ∼ T ). For m < T these are ”soft” compared to typical energies ∼ T in the plasma. The dispersion Ω_i relations for soft modes strongly depend on the details of the interactions; they can be complicated functions of momentum (see sections 7 and 5). It is not necessarily true that these modes become ”thermally heavy” and kinematically block the inflaton decay, see section 5.

• Collective excitations - It is well-known [52] that for soft momenta there can be collective excitations in a plasma (holes/plasminos, plasmons...) that behave like quasiparticles in addition to the screened versions of particles known from vacuum [68, 69], see [70, 72] for a recent discussion. Decays into these and scatterings with them may give a contribution to Γ [54, 55], as we see in section 7.

• Off-shell transport - In quantum mechanics processes involving virtual (off-shell) particles contribute to transition amplitudes. These contribute to the energy transfer between the inflaton and other fields even if some of the intermediate states are too heavy to be produced as real (quasi)particles. In our setup the relevance of off-shell processes can be parametrized in terms of the thermal X_i-widths Γ_i. Though in principle suppressed by Γ_i/Ω_i, the off-shell transport can give a sizeable contribution to Γ due to collinear amplification or large occupation numbers [37, 38, 40, 48, 50].

These considerations are very general. In the following sections we illustrate them in a simple model of chaotic inflation. The reader who is not interested in technical details may skip them and read sections 1, 2 and 8 as a short letter.

3 Elements of thermal quantum field theory

The crucial quantity that determines how efficiently ϕ can reheat the universe is the relaxation rate Γ. It determines how much energy ϕ dissipates into the primordial plasma per unit time. The “in-out formalism” and S-matrix, commonly used in quantum field theory in vacuum, do not provide an appropriate tool to describe nonequilibrium phenomena in a dense plasma. The reason is that a nonequilibrium process is an initial value problem, in which the final state is not known a priori and memory effects can be important. Furthermore, the definition of asymptotic states is ambiguous in the omnipresent plasma when the density is large enough that particles always feel the presence of their neighbours. A consistent treatment is possible in the framework of nonequilibrium quantum field theory, where all properties of the system can be expressed in terms of correlation functions of quantum fields.^6 The approach we use in the following is known as Schwinger-Keldysh formalism [58], but sometimes also referred to as “closed time path” or “in-in formalism”. We use the notation of [38, 51, 57].

In the Schwinger-Keldysh formalism, the gain and loss rates Γ^<_q and Γ^>_q for the ϕ-mode q are related to self energies Π^<(x_1, x_2) and Π^>(x_1, x_2). Inflaton couplings that are linear in ϕ the interaction terms can be expressed as ϕO[X_i], where O[X_i] is represents operators that are composed of fields X_i other than ϕ. In the following sections we will use the model

6For a review see [56].

Lagrangian L = 1 2 ∂_μϕ∂^μϕ − 1 2 m^2ϕ^2 + Ψ̄ (i∂̸ − m) Ψ + 2∑ i=1 ( 1 2 ∂_μχ_i∂^μχ_i − 1 2 m^2_i χ^2_i )

−gϕχ_1χ_2 − Y ϕΨ̄Ψ − 2∑ i=1 h_i 4! ϕχ^3_i + L_X . (2)

The χ_i are scalar and Ψ is a fermionic field to which ϕ couples. L_X contains all other degrees of freedom (including the SM fields) and their couplings to the χ_i and Ψ. In this section we do not specify the interactions in L_X ; as before, we symbolically characterise their strength by dimensionless numbers α_i. It is assumed that m ≫ m_i, m and g/m, Y, h_i ≪ α_i. For (2) the operator O[X_i] is identified with

O[x] = gχ_1(x)χ_2(x) + Y Ψ̄(x)Ψ(x) + 2∑ i=1 h_i 4! χ^3_i (x). (3)

To leading order in the tiny inflaton couplings the self energies can be calculated as

Π^>(x_1, x_2) = ⟨O(x_1)O(x_2)⟩, Π^<(x_1, x_2) = ⟨O(x_2)O(x_1)⟩, (4)

The average ⟨. . .⟩ is defined in the usual way as ⟨A⟩ = Tr(ϱA), where ϱ is the density matrix of the thermodynamic ensemble under consideration. It includes the usual quantum average as well as a statistical average over initial conditions. It is convenient to define the spectral self energy, Π^−(x_1, x_2) = Π^>(x_1, x_2) − Π^<(x_1, x_2), (5)

which can be related to the usual retarded self energy by Π^R(x_1, x_2) = θ(t_1 − t_2)Π^−(x_1, x_2). It is sometimes also referred to as dissipative part of the self energy, as it determines the total relaxation rate for ϕ, including gain- and loss terms [53], cf. (15).

In the following we will for simplicity always assume that all fields other than ϕ are in thermal equilibrium with temperature T (they relax on time scales 1/Γ_i ≪ 1/Γ, while we are interested in the time scale 1/Γ, which is characteristic for the duration of reheating^7. Due to the homogeneity and isotropy of the universe, Π^− depends only on the relative spacial coordinate |x_1 − x_2|. To leading order in the tiny couplings g, h_i and Y , the self energy Π^− is computed from diagrams that have no internal ϕ-lines.^8 Since all other fields are in equilibrium, Π^− to this order is invariant under translations in time and depends only on the relative coordinate x_1 − x_2. In principle it is straightforward to generalise the

7In reality thermalisation is a highly non-trivial process. However, most of the following can be generalised in a straightforward way as long as Γ ≪ m [36].

8Diagrams involving the mean field (or one point function) ⟨ϕ⟩, as shown in figure 1, are of higher order in the tiny couplings g, h_i and Y . This suppression is, however, compensated when the amplitude of the ⟨ϕ⟩-oscillations is bigger than ∼ α_iT^2/g. We exclude this case, which may be realised during the early stage of reheating, as we are interested in the perturbative regime.

Figure 1: An example for a contribution to Π^− that involves the mean field; crosses represent the mean field ⟨ϕ⟩, lines represent propagators for ϕ (solid), χ_1 (dashed) and χ_2 (dotted).

following considerations to a time dependent background [36], but the computation of Γ in practice becomes much more difficult. Thus, we can define the Fourier transforms

Π^≷_q (ω) = ∫ d^4(x_1 − x_2) e^{iω(t1 −t2)}e^{−iq(x1−x2)}Π^≷(x_1 − x_2). (6)

Another quantity that we will need in the following is the spectral function Δ^−(x_1, x_2),

Δ^−(x_1, x_2) = i (⟨ϕ(x_1)ϕ(x_2)⟩ − ⟨ϕ(x_2)ϕ(x_1)⟩) . (7)

When Π^− is translation invariant, the same applies to Δ^− [57], and we can define the spectral density ρ_q(ω) as

ρ_q(ω) = −i ∫ d^4(x_1 − x_2) e^{iω(t1 −t2)}e^{−iq(x1−x2)}Δ^−(x_1 − x_2). (8)

It can be expressed as [57]

ρ_q(ω) =

−2ImΠ^R_q (ω) + 2ωϵ (ω^2 − ω^2_q − ReΠ^R_q (ω))^2 + (ImΠ^R_q (ω) + ωϵ)^2

. (9)

The pole structure of ρ_q(ω) in the complex ω plane determines the spectrum of propagating states in the plasma. Let Ω̂_q be a pole of ρ_q(ω) with Ω_q ≡ ReΩ̂_q and Γ_q ≡ 2ImΩ̂_q. Both are temperature dependent because Π^R_q (ω) depends on T . In weakly coupled theories one usually observes the hierarchy Γ_q ≪ Ω_q. (10)

It that case ρ_q(ω) features peaks of width ∼ Γ_q at energies ω ≃ ±Ω_q which can be interpreted as quasiparticle-resonances. They may correspond to screened particles or collective excitations of the plasma^9. It is clear from (9) that, if (10) is fulfilled, the quasiparticle dispersion relation (or “mass shell”) Ω_q is essentially fixed by ReΠ^R_q (ω) via the condition ω^2 − q^2 − m^2 − ReΠ^R_q (ω) = 0, (11)

9Some authors use the expressions “quasiparticle approximation” and “narrow width approximation” to refer to the limit Γ_q/Ω_q → 0, which corresponds to a spectral density (20). We use these terms in a broad sense to refer to the situation of a small, but finite width described by (12), corresponding to unstable, but long-lived quasiparticles.

while ImΠ^R_q (ω) gives the thermal width. The dispersion relation Ω_q in general has a complicated q-dependence. Only in special cases it can be parametrized by momentum independent “thermal masses”^{10}. ReΠ^R_q (ω) contains a zero temperature divergence that can be absorbed into the physical mass in the same way as in vacuum [57, 59]. In the following we interpret m as physical mass, with ReΠ^R_q (ω) finite. The physical properties of quasiparticles can be read off a Breit-Wigner fit to (9) near the pole, which is parametrized by Γ_q and Ω_q.

ρ^{BW}_q (ω) = 2Z_q ωΓ_q (ω^2 − Ω^2_q)^2 + (ωΓ_q)^2

+ ρ^{cont}_q (ω) (12)

ρ^{cont}_q (ω) is the continuous part of ρ_q(ω). To obtain the correct residue, we introduced the parameter

Z_q = [ 1 − 1 2Ω_q

∂ReΠ^R_q (ω) ∂ω ]_{−1} ω=Ω_q

. (13)

Using the relation Π^−_q (ω) = 2iImΠ^R_q (ω) (14)

we can express the thermal width as

Γ_q = Z_q i 2Ω_q

Π^−_q (Ω_q). (15)

For the ϕ width we can neglect the factor Z_q because of the small inflaton coupling. For the other fields X_i it should be kept, cf. (30). Γ_q yields the total relaxation rate (or damping rate) for ϕ [57], which plays the role of a production rate when the occupation of the mode q is below its equilibrium value and that of a dissipation rate in case it is above its equilibrium value, as in the case of reheating. Γ_q can be decomposed into gain- and loss rates Γ_q = Γ^>_q − Γ^<_q , with Γ^≷_q = iΠ^≷_q (Ω_q)/(2Ω_q). The relaxation for the coherent zero mode ⟨ϕ⟩ is given by Γ ≡ Γ_0, see e.g. [57, 59, 60, 62, 63]. We assume that due to the very weak inflaton coupling, thermal modifications of the ϕ dispersion relation are negligible. Then there exists only one type of ϕ quasiparticle with Ω_q ≃ ω_q = (q^2 + m^2)^{1/2}. On the other hand, corrections to the thermal ϕ-width Γ_q are important.

In the models discussed in the following sections ϕ couples to other scalars χ_i and fermions Ψ described by (2). The spectral densities for χ_i and Ψ_i are defined in analogy to (7) and (8),

ρ_{ip}(p_0) = ∫ d^4(x_1 − x_2)e^{ip0(t1 −t2)}e^{−ip(x1−x2)} (⟨χ_i(x_1)χ_i(x_2)⟩ − ⟨χ_i(x_2)χ_i(x_1)⟩) (16)

(ρ_p(p_0))_{αβ} = ∫ d^4(x_1 − x_2)e^{ip0(t1 −t2)}e^{−ip(x1−x2)} ( ⟨Ψ_α(x_1)Ψ̄_β(x_2)⟩ + ⟨Ψ̄_β(x_2)Ψ_α(x_1)⟩ ) , (17)

10Such a parametrization can be a good approximation if only a certain range of momentum modes is relevant. For very soft modes one may use the plasma frequency, i.e. the solution to (11) for q = 0, for hard modes q ∼ T one often uses the asymptotic mass.

Figure 2: Relevant Feynman diagrams, solid lines represent ϕ, dashed lines χ_1, dotted lines χ_2, solid lines with arrow Ψ.

where_α and_β are spinor indices, which we suppress in the following. The different sign in the fermionic spectral density originates from the Grassmann nature of the fields. Self energies Π^−_i and Σ^− for the χ_i and Ψ can be defined in analogy to Π^±, but of course involve all interactions of the field under consideration.

In scalar theories at high temperature, there is usually only one type of quasiparticle that is relevant for transport [52]. This justifies the (one) pole approximation

ρ^{pole}_{ip} (p_0) = Z_{ip} iZ_iΠ^−_{ip}(p_0) (p^2_0 − Ω^2_{ip})^2 − (^{Zi}_{2p0} Π^−_{ip}(p_0))^2

. (18)

In the simplest case the χ_i dispersion relations can be parametrised as Ω_{ip} = (p^2 + M^2_i (T ))^{1/2}, with momentum independent thermal masses M_i(T ). We will also use the Breit-Wigner approximation

ρ^{BW}_{ip} (p_0) = 2Z_{ip} p_0Γ_{ip} (p^2_0 − Ω^2_{ip})^2 + (p_0Γ_{ip})^2

+ ρ^{cont}_{ip} (p_0) (19)

and its “zero width limit”,

ρ^0_{ip}(p_0) = 2πZ_{ip}sign(p_0)δ(p^2 − Ω^2_{ip}) + ρ^{cont}_{ip} (p_0). (20)

Here Ω_{ip} = ReΩ̂_{ip} and Γ_{ip} = 2ImΩ̂_{ip} are the quasiparticle energy and thermal width for χ_i excitations with spacial momentum p. The continuous contribution due to multiparticle states is often suppressed in weakly coupled theories, see [59, 63] for some discussion. Therefore it is often neglected. The fermionic spectral density ρ_p(p_0) is more complicated, we discuss it in section 7.

4 Example I: blocking by thermal masses

We first discuss the dissipation into bosons. We consider a situation where the interactions of ϕ can effectively be described by the following model L = 1 2 ∂_μϕ∂^μϕ − 1 2 m^2ϕ^2 + 2∑ i=1 ( 1 2 ∂_μχ_i∂^μχ_i − 1 2 m^2_i χ^2_i − λ_i 4! χ^4_i ) − gϕχ_1χ_2 + L_{bath}.

(21)

Here ϕ is the inflaton, χ_i are two other scalars with m_i ≪ m and L_{bath} represents all other fields in the primordial plasma. Using the real time formalism of thermal field theory (see e.g. [52]), the contribution to Γ from the diagram shown in figure 2a) is obtained from^{11}

Π^−_q (ω) = −ig^2 ∫ d^4p (2π)^4

(1 + f_B(p_0) + f_B(ω − p_0)) ρ_{1p}(p_0)ρ_{2q−p}(ω − p_0). (22)

Here f_B (ω) = (e^{ω/T} − 1)^{−1} is the Bose-Einstein distribution. We will use different approximations to the spectral densities ρ_i.

4.1 Zero width approximation for quasiparticles

The structure of (22) is general for leading order diagrams. The product of spectral densities for the internal lines sorts out the kinematics of contributing processes, while the distribution functions account for the stochastic weight in the ensemble. When plugging in (20) for the spectral density, (22) is only non-zero when both of the particles in the loop can be on-shell simultaneously. This is the case when the submanifolds defined by the δ-functions in (20) intersect somewhere in the integration volume. It is in full analogy to the optical theorem and cutting rules at zero temperature [61]. In vacuum, the total decay rate of a particle can be computed by cutting the self energy in all possible ways and requiring that all cut lines must be on-shell. The different cuts are then interpreted as physical processes contributing to the decay rate, with the cut propagators as outgoing particles (decay products). The difference at finite temperature is that the cut propagators can also act as incoming particles, cf. figures 3 and 4. The physical reason is that the medium provides scattering partners for ϕ. In the Schwinger-Keldysh formalism, these processes are automatically taken into account in the calculation of Π^−. Integration of (22) with (20) for q = 0 yields the known expression

Π^−_0 (ω) = −ig^2 ∫ d^3p (2π)^2 1 4Ω_2Ω_1 × [( ( f_1 + 1 )( f_2 + 1 ) − f_1f_2 )( δ(ω − Ω_1 − Ω_2) − δ(ω + Ω_1 + Ω_2) )

+ (( f_1 + 1 ) f_2 − ( f_2 + 1 ) f_1 )( δ(ω − Ω_1 + Ω_2) − δ(ω + Ω_1 − Ω_2 )] , (23)

with Ω_i = Ω_{pi} and f_i = f_B (Ω_i). We have neglected the continuum part in (20). The different δ-functions in (23) arise from different cuts through the self energy shown in figure 2a) [53]. They are displayed in figure 4. The term proportional to δ(ω − Ω_1 − Ω_2) in the first line describes decays and inverse decays ϕ ↔ χ_1χ_2, see figure 4a). The two terms in the prefactor can be identified with the thermodynamic probabilities (f_1 + 1)(f_2 + 1) for a decay (the f_i are due to Bose enhancement as the χ_i are bosons) and f_1f_2 for an inverse decay; they obey the detailed balance relation. The δ(ω + Ω_1 + Ω_2) term comes with the

11See e.g. [38].

Figure 3: The self-energy Π^− = −2iImΠ^R can be calculated from the sum of all cuts at a given order. At finite temperature, cut propagators can correspond to incoming or outgoing lines [61]. For real scalar fields, a cut propagator that acts as incoming particle carries a factor f_B (representing the abundance of scattering partners in the plasma), one that acts as outgoing particle has a factor 1 + f_B (leading to Bose enhancement). The cut shown in this figure, for instance, includes 2 ↔ 3 scatterings. Solid lines represent ϕ, dashed lines χ_1, dotted lines χ_2.

Figure 4: Different cuts through the leading order contribution to Π^− from the trilinear interaction; solid lines represent ϕ, dashed lines χ_1, dotted lines χ_2.

same prefactor, but only contributes for ω < 0; it represents the generation of ϕχ_1χ_2 from the vacuum and the inverse process, which give no on-shell contribution. The terms in the second line can be interpreted correspondingly: they represent processes χ_2 ↔ ϕχ_1 and χ_1 ↔ ϕχ_2, see figure 4c) and d).

For the quartic χ_i-self interaction in (21) the χ_i-dispersion relations in the plasma can at leading order in λ_i be parametrized as Ω_i = (p^2 +M^2_i )^{(1/2)}, with momentum independent effective thermal masses that are generated by diagram shown in figure 5a)^{12}

M^2_i = m^2_i + λ_i ∫ d^3p (2π)^3 f_B(ω_i) 2ω_i ≈ m^2_i + λ_i 24 T^2. (24)

Here we have suppressed the explicit temperature dependence of M_i(T )^{13}. We assumed

12The thermal mass correction here is ∼ λ^{1/2}T rather than ∼ λT because it arises from a local (tadpole) diagram.

13In the following we always use capital letters for effective masses and small letters for vacuum masses, often without making the dependence on T explicit.

Figure 5: Diagrams contributing to the χ_i self energy to order λ^2_i .

that the zero temperature part of the tadpole diagram has already been absorbed into m_i by an appropriate renormalization procedure^{14}. The momentum independence of the diagram in in figure 5a) also implies Z_i = 1 at leading order in λ_i.

Then the integral (23) can be evaluated analytically [57, 59] as

Π^−_0 (ω) = 2i ( D^{[g]}_0 (ω) + S^{[g]}_0 (ω) − D^{[g]}_0 (−ω) − S^{[g]}_0 (−ω) ) (25)

with

D^{[g]}_0 (ω) = − g^2 8π √ w^2_1 − M^2_1 w_2 + w_1 ( 1 + f_B (w_1) + f_B (w_2) ) θ(ω − M_1 − M_2)θ(ω) (26)

S^{[g]}_0 (ω) = − g^2 8π √ w^2_1 − M^2_1 w_2 − w_1 ( f_B (w_2) − f_B (w_1) ) θ(−ω − M_1 + M_2)θ(ω), (27)

where we have used the abbreviations

w_1 = ω^2 + M^2_1 − M^2_2 2ω , w_2 = ω^2 − M^2_1 + M^2_2 2ω . (28)

The terms have clear physical interpretations. D^{[g]}q (ω) is the total contribution from the decays and inverse decays ϕ ↔ χ_1χ_2. The θ-function shows that such processes are only allowed if M ⩾ M_1 + M_2, as suggested by on-shell quasiparticle kinematics. S_q(ω) is the contribution from processes χ_iϕ ↔ χ_j, which give rise to Landau damping. It comes with a θ-function that requires |M_1 − M_2| ⩾ M. In between there is a kinematic region in which neither of these processes is kinematically allowed.

Let us summarize this behaviour on more general grounds. Let us assume that there is an interaction that gives thermal masses M_i ∼ α_iT to the decay products, where α_i is a dimensionless small parameter that we use symbolically to indicate scales in a weakly coupled system. For a particular interaction it has to be related to the coupling constant. For instance, to parametrize the thermal mass (24) as α_iT , we have to identify α_i ≡ (λ_i/24)^{1/2}, see (24).^{15}. Since thermal corrections to the inflaton dispersion relation are

14The dispersive part of the self energy can only be absorbed into m_i at a particular T and appears explicitly for all other temperatures. It is common to impose renormalization conditions at T = 0. Then m_i has the meaning of a physical mass in vacuum. The T -dependent part of the dispersive self energy is finite and no counter terms in addition to the T = 0 case are needed [52].

15The unusual square-root scaling is due to the tadpole diagram in figure 5. For fermions with hard momenta one has to identify α_i ≡ α/2, see (62).

negligible and its width is small, we can set M ≃ m. The χ_i vacuum masses m_i are much smaller than M ≃ m. However, due to α_i ≫ g/m, they grow much faster with T and we can define critical temperatures

m^2 = (M_1(T_c) + M_2(T_c))^2 , m^2 = (M_1(T̃_c) − M_2(T̃_c))^2 . (29)

We can estimate the critical temperatures as T_c ∼^m_{α1+α2} and T̃_c ∼^m_{|α1−α2|} . For T < T_c, ϕ can reheat the plasma by decay, for T > T̃_c by Landau damping. If it can be justified to use (25) to compute the total relaxation rate Γ, T_c indeed poses an upper bound on the temperature because the primordial plasma can never reach temperatures T > T̃_c, where Landau damping would be efficient. However, with the χ_i self-interactions (21), the trilinear coupling gϕχ_1χ_2 allows for scatterings ϕχ_i ↔ χ_jχ_j χ_j , see figure 3. These require the exchange of an intermediate χ_j quantum^{16}. In the region T_c < T < T̃_c, this intermediate state must be off-shell. In addition, there is a suppression by the coupling constant. In spite of that they can be relevant at high temperature because both of these suppressions may be compensated by the large occupation numbers in the plasma. Whether or not the approximation (25) is justified has to be decided on a case by case basis.

4.2 Inclusion of thermal widths and off-shell transport

In the Schwinger-Keldysh formalism, all contributions are taken into account consistently when the ϕ-self energy Π^−_q (ω) is calculated at higher order in the couplings α_i. A consistent computation of Π^−_q (ω) to a given order in all couplings automatically includes all processes that contribute to Γ at that order. This may require resummation [64] to fix the so-called breakdown of perturbation theory^{17} at high temperature [52]. The need for resummation is usually related to infrared or collinear divergences. Infrared problems at finite temperature mathematically are related to the divergent behaviour of the Bose-Einstein distribution function f_B for small arguments. Physically, they can be understood easily: At high temperatures, the density of potential scattering partners in the plasma becomes so large that the probability for multiple scatterings within some time unit is of the same order of magnitude as that for a single interaction. Collinear enhancement in thermal field theory [50, 75] can occur when the decaying particle is relativistic and the decay products move parallel for a long time in the rest frame of the bath, giving them enough time for multiple exchange of force carriers.

For the Lagrangian (21) the full relaxation rate Γ can be calculated from (22) by using dressed spectral densities instead of (20). This is always justified when diagrams as shown

16The h_iϕχ^3_i /4! interaction in (2) also allows for scatterings without intermediate state, which we will discuss in the following section 6.

17This terminology is somewhat misleading; what breaks down here is only the loop expansion, which is not identical to the perturbative expansion and not controlled by a small parameter. Perturbation theory still works if all quantities are consistently calculated at a given order in a small parameter, which may require resummation [52]. The fact that such calculations are often referred to as “non-perturbative” is similarly misleading, as they are still based on a (resummed) perturbative expansion in a small parameter. This is e.g. in contrast to lattice computations in strongly coupled systems, where no small expansion parameter exists.

Figure 6: Diagrammatic representation of (30), i.e. (22) evaluated with the full (resummed) spectral density; solid lines represent ϕ, dashed lines χ_1, dotted lines χ_2, the gray blobs symbolise self energy insertions.

in figure 6 dominate over vertex corrections and “ladder diagrams” that contribute to Π^−_q (ω), which are not included in (22). For simplicity, we have constructed the Lagrangian (21) to suppress corrections to the g vertex and ladder diagrams. In this case the effect of scattering processes encoded in the diagrams shown in figure 7 can be parametrised by the thermal widths Γ_i of he χ_i.

We adopt the Breit-Wigner approximation (19) for one of the spectral densities in (15) to perform the p_0 integration. For the other spectral density we need to keep the full ω dependence of Π^− in the numerator to account for ρ^{cont}_{ip} (p_0), especially near the regions where the arguments of the Bose-Einstein distributions vanish. This corresponds to the approximation (18). Then Π^−_q (ω) for q = 0 reads

Π^−_0 (ω) = g^2 2 ∫ d|p| (2π)^2 p^2Z_1Z_2 × [ ( Z_2Π^−_2 (ω − Ω_1) − ϵ2i(ω − Ω_1) ) (1 + f_B(Ω_1) + f_B (ω − Ω_1))

Ω̂_1 (( (ω − Ω̂_1)^2 − Ω^2

)_2 + (_i 2 Z_2Π^−_2 (ω − Ω̂_1) + ϵ(ω − Ω_1)

)_2)

− ( Z_2Π^−_2 (ω + Ω_1) − ϵ2i(ω + Ω_1) ) (f_B(ω + Ω_1) − f_B (Ω_1))

Ω̂∗_1 (( (ω + Ω̂^∗_1)^2 − Ω^2

)_2 + (_i 2 Z_2Π^−_2 (ω + Ω̂^∗_1) + ϵ(ω + Ω_1)

)_2)

− ( Z_1Π^−_1 (ω + Ω_2) − ϵ2i(ω + Ω_2) ) (f_B(ω + Ω_2) − f_B (Ω_2))

Ω̂_2 (( (ω + Ω̂_2)^2 − Ω^2_1

)_2 + (_i 2 Z_1Π^−_1 (ω + Ω̂_2) + ϵ(ω + Ω_2)

)_2)

+ ( Z_1Π^−_1 (ω − Ω_2) − ϵ2i(ω − Ω_2) ) (1 + f_B (Ω_2) + f_B (ω − Ω_2))

Ω̂∗_2 (( (ω − Ω̂^∗_2)^2 − Ω^2_1

)_2 + (_i 2 Z_1Π^−_1 (ω − Ω̂^∗_2) + ϵ(ω − Ω_2)

)_2) ] . (30)

Here we have again suppressed the spacial momentum index, Ω_i ≡ Ω_{ip} and Γ_i ≡ Γ_{ip}. The χ_i self energies Π^−_i are all evaluated for spacial momenta p. The infinitesimal parameter ϵ has to be kept to regularize the integrand in case a pole lies outside the support of the

Figure 7: Finite Γ_i contributions to (30) for χ_i interactions as in (21) in diagram a) and for χ_i interactions as in (32) in diagram b). Solid lines represent ϕ, dashed lines χ_1, dotted lines χ_2, double lines ξ.

Π^−_i in the numerator^{18}. We kept the factors Z_i, which are in good approximation unity for the quartic self-interaction in (21), because we will need them in the following section. The result holds to first order in Γ_i/Ω_j. In the limit Γ_i/Ω_i → 0 it reproduces the analytic formula (25). In contrast to (25), it does not vanish for T_c < T < T̃_c because it includes processes in which the χ_i are off-shell. Mathematically it is easy to see that the RHS of (30) does not vanish: The integrand is positive semidefinite, certainly non-vanishing in some regions and integrated over the entire positive |p|-axis. Physically this means that there exists no strictly stable (quasi)particles at finite temperature because even those particles that would be stable in vacuum can be annihilated in a scattering with quanta from the bath.^{19}

4.3 the kinematic regimes

We consider the case λ_2 ≫ λ_1 to study the temperature regime T > T_c. This e.g. qualitatively resembles a situation in which one of the fields is charged under some gauge group while the other one is not. In the SM a similar situation is realised for the Higgs coupling to electrons and neutrinos. It also resembles a coupling to active and sterile neutrinos. Then off-shell transport due to the tiny χ_1-width is negligible (while we keep the χ_2 width) and we can use the functions D^{[g]}q , S^{[g]}q introduced in (25) to approximate (30) by

Π^−_0 (M) = g^2 2 ∫ d|p| (2π)^2 p^2 Ω_1 ( Π^−_2 (M − Ω_1) (1 + f_B(Ω_1) + f_B (M − Ω_1)) ((M − Ω_1)^2 − Ω^2)^2 + (Γ_2Ω_2)^2 − Π^−_2 (M + Ω_1) (f_B (M + Ω_1) − f_B(Ω_1)) ((M + Ω_1)^2 − Ω^2)^2 + (Γ_2Ω_2)^2 )

+i ( D^{[g]}_0 (M) + S^{[g]}_0 (M) − D^{[g]}_0 (−M) − S^{[g]}_0 (−M) ) , (31)

18The support of the full spectral self energy covers the entire energy axis at T ≠ 0 because it contains cuts corresponding to scattering processes without kinematic branchcut. However, at a given order in perturbation theory, the support may be limited due to such branchcuts, cf. (25), (33) and (65).

19Similar behaviour has been found in the thermal production rate of right handed neutrinos at high temperature [50], which is relevant for a consistent treatment of leptogenesis, and chemical equilibration in hot plasmas [48].

The integral in (31) has to be evaluated numerically. This requires knowledge of the self energy Π^−_2 for arbitrary momenta and off-shell energies. We obtain these by creating a numerical table, based on the equations given in appendix A, which we then insert into (31). The result for Γ obtained from (31) is shown and compared to the on-shell result from (25) in figure 8.

The behaviour of (25) can be understood easily. For T < T_c ϕ dissipates its energy via decays and inverse decays. The temperature T_{max} at which this is most efficient is determined by the competition between amplification by Bose enhancement and the decreasing phase space at increasing temperature. For T > T_c the decay is kinematically forbidden and (25) is zero. For negligible vacuum masses, T_c can be estimated as T_c ≃ m √ 24/( √ λ_1+ √ λ_2).

At T̃_c ≃ m √ 24/| √ λ_1 − √ λ_2| the processes ϕχ_1 ↔ χ_2 become kinematically allowed and give rise to Landau damping.

The full relaxation rate, calculated from (31), shows a very similar behaviour. It also increases linearly with T due to the effect of Bose enhancement between T and a temperature T^′_{max} ∼ T_{max}, where (31) has a local maximum. Beyond T^′_{max} the relaxation rate again decreases with T , as the shrinking phase space overpowers the effect of Bose enhancement. In the region T_c < T < T̃_c, where at least one of the intermediate states in any process contributing to the relaxation, we observe Γ ≠ 0 due to off-shell transport. Γ receives contributions from scatterings encoded in the loop diagram shown in figure 3. As an example we show one scattering process (ϕχ_1 ↔ χ_2χ_2χ_2) obtained from the cut in figure 3, but the loop also contains scatterings ϕχ_2 ↔ χ_1χ_2χ_2, ϕχ_2χ_2 ↔ χ_1χ_2 and ϕχ_1χ_2 ↔ χ_2χ_2 as well as (if kinematically allowed) decays and inverse decays such as ϕ ↔ χ_1χ_2χ_2χ_2 or χ_1 ↔ ϕχ_2χ_2χ_2. These are suppressed by an additional coupling λ_2, the virtuality of the intermediate χ_2 quasiparticle and the required phase space. They are not included in (25). On the other hand, they are amplified by the infrared behaviour of the f_B due to Bose enhancement. The resulting overall suppression is very efficient not only compared to Γ(T_{max}), but even relative to the decay width in vacuum. Thus, if this scenario is realized in nature, perturbative reheating indeed effectively stopped at T_c, as claimed in [34] (the plasma would, however, be heated much faster than calculated in that article as the authors neglected the enhancement by Bose enhancement for T < T_c).

The effective suppression is a consequence of the interaction Lagrangian (21). The suppression in the regime T_c < T < T̃_c is particularly strong for the interaction Lagrangian (21) for three reasons. First, it does not contain any interaction that couples χ_1 and χ_2 to each other.^{20} If χ_1 and χ_2 were e.g. charged under the same gauge group, Γ would receive contributions from “ladder diagrams” similar to the one for fermions shown in figure 16. We avoided such terms to obtain the transparent expression (30), which is analytic up to a one-dimensional integral. It is known from other examples that such contributions can qualitatively change the behaviour. For instance, the production rate of right handed neutrinos from a thermal plasma at tree level exhibits a kinematically forbidden temperature region similar to the interval T_c < T < T̃_c discussed here [49].

20We indirectly assumed that they communicate in some way via L_{bath} by assigning the same temperature T to both. The results in this section remain valid as long as the kinetic equilibration between χ_1 and χ_2 happens faster than 1/Γ.

There ladder diagrams do contribute, and in [50] it has been found that their resummation can almost entirely overcome the suppression in the “forbidden region”. For a choice of L_X that yields contributions to Γ from ladder diagrams during reheating we expect a similar effect, though it is probably less pronounced than in the neutrino production rate due to the absence of the collinear kinematics that is crucial to the result found in [50] (cf. caption of figure 16). Second, the quartic self interaction in (21) leads to a contribution to the dispersive part of the χ_i-self energy at order λ_i, cf. figure 5a), giving rise to a thermal mass ∝ √ λ_iT . In contrast to that, the lowest order contribution to the dissipative self energy Π^−_i is of order λ^2_i , cf. figure 5b). This disfavours off-shell transport if λ_i is a small parameter: Π^−_i appears in the numerator of (30) and scales as ∝ λ^2_i . The critical temperature T_c, on the other hand, depends on the coupling as λ^{−1/2}_i because M_i ∝ λ^{1/2}_i . The factors f_B in the numerator of (30) enhance Γ in the “forbidden region” more efficiently for a large T_c, thus small λ_i. This effect competes with the λ^2_i suppression from Π^−_i in the numerator. For a gauge or Yukawa coupling the dispersive and dissipative part of the self energy appear at the same order, and the thermal mass is proportional to the coupling (rather than its square root). This allows the effect of Bose enhancement to be more efficient at T_c. Furthermore, the fact that the lowest order contribution to Π^−_i comes from a two loop diagram leads to an additional suppression, which e.g. can be noticed in the small numerical prefactor in (40). This furthermore suppresses Γ in the forbidden region via the Π^− in the denominator of (30)^{21}. Finally, the momentum independence of the thermal mass (24) implies that even soft modes become very thermally heavy. For these reasons the upper bound on the reheating temperature found in this section is a rather special case.

5 Example II: no blocking by thermal masses

We now consider a situation in which the coupling between ϕ and χ_i is the same as in (21), but the χ_i have different interactions. This illustrates how strongly the behaviour of Γ depends on the interactions within the primordial plasma even if the inflaton coupling is the same. We use the following model L = 1 2 ∂_μϕ∂^μϕ − 1 2 m^2ϕ^2 − gϕχ_1χ_2 (32) + 2∑ i=1 ( 1 2 ∂_μχ_i∂^μχ_i − 1 2 m^2_i χ^2_i + 1 2 ∂_μξ∂^μξ − g_iχ_iξ^2 ) + L_{bath}.

Here ξ is another real scalar field. We can again use (22) to calculate Γ, but in this case the dissipative and dispersive parts of the χ_i self energies are both calculated from the one

21A small Π^−_i does not suppress Γ in the regions where on-shell transport is kinematically allowed because in this case the integration volume includes narrow pole regions where the denominator of the integrand in (30) is of order 1/(Π^−_i )^2 and the integral is of order one.

Figure 8: The rate Γ in the model defined by (21) as a function of T , normalized to its zero temperature value. We set λ_1 = 0.01, λ_2 = 1, m_1 = m_2 = 0.001m. The solid line is calculated from (25), it takes into account thermal mass corrections for χ_i, but neglects the thermal widths. The dashed light blue is the result one obtains when also neglecting thermal masses. The dark blue dots are numerical evaluations of (31), which also take into account thermal χ_i-widths.

Figure 9: Leading order contributions to the χ_i-self-energies in the model (32); we use the same notation as in figure 7.

loop diagrams shown in figure 9. The dissipative part can be found analytically and reads

Π^−_{ip}(p_0) = − ig_i 8π T |p| log [ f_B (ω^−) f_B (ω^+) f_B (ω^+ − p_0) f_B (ω^− − p_0) ] θ ( p^2 − (2m_ξ)^2 ) − [ p_0 ↔ −p_0] (33)

with

ω^± = p_0 2 ± |p| 2 √ 1 − (2m_ξ)^2 p^2

(34)

Since the dissipative and dispersive self energies can be identified with real and imaginary part of the function Π^R_i , one can use (11) and the Kramers-Kronig relations to find the following equation for Ω_i^{22}

Ω^2_i − p^2 − m^2_i − P ∫ dω 2πi Π^−_i (ω) ω − Ω_i = 0. (35)

The dispersive part is plotted in figure 10. The most prominent feature of the function ReΠ^R_p (p_0) is the spike, which appears around p^2_0 = p^2 + (2m_ξ)^2 because the pole in the last term in (35) passes the threshold of (33). The momentum dependence implies that the solution to (35) in this regime can in general not be parametrized by a momentum independent thermal mass. It is sometimes argued that one can simply use an effective thermal mass that is determined by fixing the momentum to T , as most particles in a thermal plasma at T ≫ m_i have momenta ∼ T . This argument fails in our case because the integral in (30) is not always dominated by the region around |p| ∼ T that maximizes p^2f_B (|p|), but by the regions around the poles. The momentum scale in ϕ → χ_iχ_j decays is set by the ϕ mass, the maximal momentum the decay products can have is |p| = m/2. For T ≫ m this corresponds to “soft momenta”. That means that, for sufficiently high T , Γ is sensitive to the shape of the χ_i spectral densities in the infrared regime, where the principal value in (35) dominates over p^2 + m^2_i . In this regime the pole structure can be rather complicated. Physically this happens because particles with soft momenta can strongly affected by the medium.

The non-monotonic behaviour shown in figure 10 makes it possible that (35) has more than one positive solution. The additional solutions could be interpreted as a collective excitation. On the other hand, there is no guarantee that (35) has a solution at all because the principal value tends to be negative for small p. This suggests that for some parameter choices there exists a minimum momentum for quasiparticles. For smaller momenta the spectral density (9) is smooth, with no poles or narrow Breit-Wigner peaks, and there is no propagating excitation with a quasiparticle interpretation. Physically this would mean that the thermal damping in the plasma prevents excitations with small momenta from propagating; the resonances are so broad that their lifetime is comparable or shorter than

22When evaluating (35) we drop the T = 0 part of (33), which would give rise to an infinite contribution that has to be removed by mass renormalization. As for (24), we assume that this term has already been absorbed into m_i.

their frequency^{23}. Whether or not a well-defined resonance can be identified depends on the value of the RHS at its minimum.^{24} We restrict the analysis to the case where (35) has exactly one solution, for which the hierarchy Γ_i ≪ Ω_i holds and allows to define a (possibly finite width) quasiparticle. Then (30) can be used to calculate Γ. As a cross-check for the validity of (30), we evaluated the sum rule ∫ p_0 2π ρ_i(p_0) = 1 (36)

for each point in the integration volume for each temperature. It directly follows from the commutation relations [χ(x_1), χ̇(x_2)]|_{t1=t2} = iδ(x_1 − x_2) for a scalar field. Using the sum rule we find that the approximations (19) and/or (18) can fail at high temperature (T ≫ m_i, m) for very hard (|p| ≫ m_i) and very soft (|p| ≪ m_i) momenta. This can easily be understood qualitatively. For soft momenta the principal value dominates (35). As discussed before, in this regime the pole structure can be complicated and (18), (19) may not provide useful approximations. For hard momenta one can in good approximation neglect all vacuum masses. The thermal correction is smaller than g_iT , hence the pole of ρ_i and the spike-feature in ReΠ^− (cf. figure 10) approach each other near p_0 ∼ |p|. The underlying assumption of the Breit-Wigner approximation is that Π^R does not change considerably across the quasiparticle peak and can be replaced by its value at Ω_i in loop integrals. But near the spike, ReΠ^R_i as a function of p_0 is steep and the factor Z_i is considerably different from zero. Physically this means that the p_0-integral in (36) is not strongly dominated by the peak region and the continuum part of ρ_i cannot be neglected. In this case (18) may still hold, but (19) fails . In the numerical results plotted in figure 11 we chose parameters such that the deviation from (36) is less than 15% in the regions that contribute significantly to the integral in (30).

The thermal mass shift depends on both, temperature and momentum. It can have either sign, dependent on the choice of m_i, T , g_i and p. It is therefore impossible to define a unique temperature T_c at which the decay ϕ → χ_1χ_2 becomes kinematically forbidden. It can be forbidden for some χ_i-modes, which have received a sufficiently large positive “thermal mass” at a given temperature, but is still allowed for other modes if these have received a smaller (possibly even negative) correction to the dispersion relation. We therefore always have to insert the full dispersion relation into (30)^{25}. Figure 11 shows

23Of course, the non-existence of a solution for (35) for a given mode p does not necessarily imply that there can be no quasiparticle with that momentum: (9) also exhibits a pronounced peak if the LHS is sufficiently small for a p_0 > 2m_ξ, i.e. above the χ_i → ξξ threshold. There appears to be no quasiparticle if the LHS of (35) is small, but non-zero, for |p_0| < 2m_ξ because in this region only exact zeros of the denominator give a finite contribution to the spectral density (9) in the limit ϵ → 0. However, this statement has to be taken with care because the resummed Π^−_i in the denominator of ρ_i is non-zero and may be unsuppressed in the regime where the decay χ_i → ξξ is forbidden, in the same way as we illustrate it in this section for Π^−. In our numerical analysis we used the one-loop result (33) for simplicity.

24Note that in this case (35) and (15) cannot be used to compute the width and precise dispersion relation, but the denominator of (9) has to be evaluated in detail.

25Strictly speaking we cannot even apply (30) because in its derivation we assumed^{∂Ωi}_{∂|p|} =^{|p|}_{Ωi} , but it

should still hold as long as^{∂δi}_{∂|p|} ≪^{|p|}_{Ωi} .

Figure 10: The dispersive part of the self energy Π̂^R_i (p_0) = Π^R_i (p_0)/g^2_i at T = m for |p| = 0.1T (solid line) and |p| = T (dashed line) as a function of energy, with negligible ξ-masses m_ξ/T = 10^{−5}.

the temperature dependence of Γ as a function of T . For simplicity, we neglected thermal corrections to m_ξ. We checked that for the parameters we plot, a generic thermal mass does not change the results qualitatively. There is clearly no suppression due to thermal masses even for T ≫ m, m_i. This is relatively generic if one chooses m_i and g_i less than an order of magnitude smaller than m. The reason is that the decay products have momenta ≲ m/2. For m_i ≪ m ≪ T , these are soft, i.e. much smaller than the typical momentum ∼ T in the plasma. For soft momenta the correction to the χ_i dispersion relations are small or even negative. That means the dispersion relations for very soft χ_i-modes are almost free of thermal corrections and for these modes there are no large thermal masses even at high temperature.^{26} The high sensitivity of the reheating rate to the dispersion relations at soft momenta is due to the fact that the inflaton decays at rest, hence the momenta of the decay products are determined by m and not of the scale T . This is in contrast to most other transport phenomena in thermal equilibrium, where most of the energy is stored in modes with hard momenta ∼ T which receive thermal mass corrections of order αT .

26The possibility of a vanishing thermal mass has been studied in a different context in [72], where indications were found that the thermal mass may vanish in strongly coupled gauge theories.

Figure 11: The rate Γ in the model (32) as a function of T , normalized to its zero temperature value. We set g_1 = g_2 = 0.1m, m_1 = m_2 = 0.2m. The dashed light blue is the result one obtains when also neglecting thermal masses. The dark blue dots are numerical evaluations of (30), using the dispersion relations obtained from (35).

6 Example III: reheating by Landau damping

We now consider the case that the χ_i self interactions are the same as in (21), but their coupling to ϕ is different. We use the following model L = 1 2 ∂_μϕ∂^μϕ − 1 2 m^2ϕ^2 + 2∑ i=1 ( 1 2 ∂_μχ_i∂^μχ_i − 1 2 m^2_i χ^2_i − λ_i 4! χ^4_i − h_i 4! ϕχ^3_i ) + L_{bath}.

(37)

The leading order contributions from the quartic interactions to Π^− come from diagrams of the type shown in figure 2b) and c). In analogy to (22), they can be calculated from

Π^−_q (ω) = 2i ∑ i h^2_i 6 ∫ d^4p (2π)^4 d^4k (2π)^4 d^4l (2π)^4

(2π)^4δ^{(4)}(q − p − k − l)ρ_{ip}(p_0)ρ_{ik}(k_0)ρ_{il}(l_0) × [( 1 + f_B (p_0) )( 1 + f_B(k_0) )( 1 + f_B(l_0) ) − f_B (p_0)f_B (k_0)f_B (l_0) ] . (38)

The integrand is again given by a product of spectral densities, weighted with distribution functions. In the on-shell limit (20) it reads

Π^−_q (ω) = i h^2_i 3 ∫ d^3pd^3kd^3l (2π)^9

(2π)^3δ^{(3)}(p + k + l − q) π 8Ω_{ip}Ω_{ik}Ω_{il} × [( (1 + f_p) (1 + f_k) (1 + f_l) − f_pf_kf_l ) (δ(ω − Ω_{ip} − Ω_{ik} − Ω_{il}) − δ(ω + Ω_{ip} + Ω_{ik} + Ω_{il})) +3 ( f_p (1 + f_k) (1 + f_l) − (1 + f_p) f_kf_l) ) (δ(ω + Ω_{ip} − Ω_{ik} − Ω_{il}) − δ(ω − Ω_{ip} + Ω_{ik} + Ω_{il})) ] , (39)

with f_p = f_B(Ω_{ip}) etc. Again the integral is only non-vanishing when the submanifolds defined by the on-shell δ-functions intersect somewhere in the integration volume. In vacuum, this would only be possible as long as the decay ϕ → χ_iχ_iχ_i is kinematically allowed, i.e. for M > 3M_i. However, at finite temperature (38) also includes terms that can be interpreted as scatterings ϕχ_i ↔ χ_iχ_i. They give a contribution to Γ that allows to reheat the plasma when the decay ϕ → χ_iχ_iχ_i is forbidden. In contrast to the trilinear interaction discussed in the previous section, these processes do not require an intermediate particle. This is a generic feature of vertices that connect more than three propagators.

However, since scatterings require χ_i quanta in the initial state, they are suppressed at low temperatures, when there are not sufficiently many scattering partners. In the high temperature regime (39) can be calculated analytically. For our purpose, the most relevant case is T ∼ T_c. In [65–67] an analytic expression has been obtained for M = M_i,^{27} Γ ≃ ∑ i h^2_i T^2 768πM for M = M_i. (40)

This result should be approximately correct in the regime T ≃ T_c, where ω = M = 2M_i. It is also interesting to consider the case M_i ≫ M. In this regime we find, to leading order in M/M_i, Γ ≃ h^2_i M 6(2π)^4

T^2 M^2_i ( 1 + log ( 81 8 M_i M )) for M ≪ M_i. (41)

In figure 12 we plot Γ as a function of T from numerical evaluation of (39). The analytic results (40) and (41) provide rather accurate approximations in some temperature regimes. (39) only takes into account tree level processes ϕ ↔ χ_iχ_iχ_i and ϕχ_i ↔ χ_iχ_i with all involved quasiparticles on-shell. In order to incorporate processes with more particles in the initial and final state as well as intermediate off-shell quasiparticles, one would have to include the finite widths, which are neglected in (20), and use resummed vertices.

Let us combine the models (21) and (37). We assume that ϕ and χ_i couple by the trilinear gϕχ_1χ_2 as well as the quartic h_i/(4!)ϕχ^3_i interactions. We compare the efficiency of decays ϕ ↔ χ_1χ_2 to Landau damping by scatterings ϕχ_i ↔ χ_iχ_i in the regime T < T_c,

27Note that the definition of Γ varies by a factor 2 in different articles.

Figure 12: The contribution to Γ from a h_i/(4!)ϕχ^3_i -interaction for λ_i = 0.1. The solid line is a numerical evaluation of (39), the dashed line the approximation (40) and the dotted line the approximation (41). All contributions are normalized to the value at T = 0. For larger temperatures than plotted here our numerical evaluation is not reliable, but Γ may decrease again due to the shrinking phase space for ϕχ_i ↔ χ_iχ_i scatterings. Note also that (39) does not take into account finite widths or resummed vertices.

both on-shell.^{28} We consider the simplest case, with m_1 = m_2 = m_χ, h_1 = h_2 = h and λ_1 = λ_2 = λ. The rate (25) then reduces to

Γ_{decay} = g^2 16πM [ 1 − ( 2M_χ M )_2]1/2 ( 1 + 2f_B (M/2) ) θ(ω − 2M_χ), (42)

The rate for ϕχ_i ↔ χ_iχ_i scatterings can be estimated by (40). At T_c ≈ (6(m^2 − 4m^2_χ)/λ)^{1/2} it takes the value Γ_{scatter}(T_c) ≈ 2 h^2m 128πλ ( 1 − (2m_χ m )_2) . (43)

This can be compared to the decay rate (42) at the temperature where it is maximal and at T = 0. The temperature dependence of (42) is plotted in figure 13, below T_c it is very similar to the M_1 ≠ M_2 case discussed in section 4.3. For 0 ≤ T ≤ T_c ϕ dissipates its energy via the decay ϕ → χ_1χ_2. Since both final states are bosonic, Bose enhancement causes Γ to increase as a function of T . At the same time, the phase space for this process shrinks due to the large thermal χ_i masses. Competition between these two effects determines the temperature T_{max}, at which Γ is maximal. The value of T_{max} can be found using the requirement ∂Γ_{decay} /∂T = 0 at T = T_{max}, which allows to formulate the condition m ( 6((2m_χ)^2 − m^2) + T^2_{max}λ ) + T^3_{max}λsinh(m/T_{max}) = 0. (44)

28The discussion closely follows [38].

Figure 13: The decay rate (42) for m_1 = m_2 = 0.1m and λ_1 = λ_2 = 0.1.

For T_{max} ≫ m the sinh can be Taylor expanded to obtain T_{max} ≈ ( 3 λ ( m^2 − (2m_χ)^2 ))^{1/2} . (45)

With M^2_χ(T_{max}) ≈ (m^2_χ + (m/2)^2)/2 this allows to estimate

Γ_{decay}(T_{max}) ≈ g^2 8πm √ 6 λ ( 1 − (2m_χ m )_2)

, (46)

where T_{max} ≫ m allowed to expand f_B (m) in m/T . Comparison yields

Γ_{decay}(T_{max}) Γ_{decay}(T = 0) = √ 24 λ ( 1 − (2m_χ m )_2)1/2 (47)

Γ_{scatter}(T_c) Γ_{decay}(T = 0) = ( h 2 m g )_2 1 λ ( 1 − (2m_χ m )_2)1/2 (48)

Γ_{scatter}(T_c) Γ_{decay}(T_{max}) = ( h 2 m g )_2 √ 1 24λ = √ λ 24 Γ_{scatter}(T_c) Γ_{decay}(T = 0) | | m_χ=0

. (49)

Remarkably (49) does not depend on m_χ. In the interesting case m_χ ≪ m also the other ratios are very simple. The parameter that governs the maximal amount of amplification of the decay rate by Bose enhancement is ∼ (24/λ)^{1/2}. The parameter that determines whether relaxation via scatterings is efficient at T_c is (h^2/λ) · (m/g)^2. For g/m ∼ h the rate Γ_{scatter}(T_c) can easily be bigger than Γ_{decay}(T = 0) or even Γ_{decay}(T_{max}).

7 Example IV: production of fermions

Matter in the real world is composed of fermions with gauge interactions. So far we have only considered the case that ϕ first dumps its energy into other bosons and assumed that fermions get created in the subsequent decay chain or inelastic scatterings in the plasma. This is justified because the transition into bosonic final states is usually Bose-enhanced, while those into fermionic final states are Pauli suppressed. In this last example we study Γ in a model where ϕ directly couples to fermions, L = 1 2 ∂_μϕ∂^μϕ − 1 2 m^2ϕ^2 + Ψ̄ (i∂̸ − m) Ψ − Y ϕΨ̄Ψ − αΨ̄γ^μA_μΨ − 1 4 F_{μν} F^{μν} + L_{bath}.

. (50)

Here A_μ is a gauge field and F_{μν} is the field strength tensor. The rate Γ calculated from the diagram shown in figure 2d) is given by

Π^−_q (ω) = −iY^2 ∫ d^4p (2π)^4 tr (ρ_p(p_0)ρ_{p−q}(p_0 − ω)) (51) × (( 1 − f_F (p_0) )( 1 − f_F (ω − p_0) ) − f_F (p_0)f_F (ω − p_0) ) , where f_F (ω) = (e^{ω/T} + 1)^{−1} is the Fermi-Dirac distribution.

7.1 Temperatures T < T_c

For T < m thermal corrections to the fermion properties are negligible and we can use the bare fermion spectral density to evaluate (51)

ρ^{free}_p (p_0) = 2πsign(p_0)(p̸ + m)δ(p^2 − m^2). (52)

The result is Γ = Y^2 8π m [ 1 − ( 2m m )_2]3/2 [1 − 2f_F (m/2)] θ(m − 2m) for T < m (53)

In the more interesting regime T ≫ m (we neglect m in the following) we again have to use resummed spectral densities as in the scalar case. In the hard thermal loop (HTL) approximation one obtains [69]

ρ_p(p_0) = 1 2 ((γ_0 − p̂γ)ρ_+ + (γ_0 + p̂γ)ρ_−) . (54)

Here p̂γ = p_iγ_i/|p|. The functions

ρ_±(p) ≃ 2π[ρ^{pole}_± (p) + ρ^{cont}_± (p)] (55) are the sum of singular contributions ρ^{pole}_± and continua ρ^{cont}_± . The poles of the singular parts define quasiparticles with energies Ω_±,

ρ^{pole}_± (p) = Z_±δ(p_0 − Ω_±) + Z_∓δ(p_0 + Ω_∓), (56)

the continuous part is given by

ρ^{cont}_± (p) = θ(1 − x^2) y^2 |p| (1 ∓ x) × [( 1 ∓ x ± y^2 ( (1 ∓ x) ln | | | | x + 1 x − 1 | | | | ± 2 ) )2 + π^2y^4(1 ∓ x)^2 ]_{−1} . (57)

We used the notations x = p_0/|p| and y^2 = M^2_f /(2p)^2. The thermal mass reads M_f = αT/2. M_f is sometimes referred to as asymptotic mass, it differs by a factor √ 2 from the plasma frequency ω_f at |p| = 0. The residues are

Z_± =

Ω^2_± − p^2 4y^2p^2

. (58)

The dispersion relations Ω_+ and −Ω_− are the solutions to

0 = p_0 − |p| [ 1 + y^2 ( (1 − x) ln x + 1 x − 1 + 2 )] . (59)

There are two types of quasiparticles, with dispersion relations Ω_+ and Ω_−. The former can be interpreted as one-particle states that are screened by the plasma, the latter are collective resonances often dubbed “holes” or “plasminos”. This complicated structure makes it obvious that correct results for fermions cannot be obtained when simply replacing intrinsic by thermal masses. The dispersion relations Ω_± can be expressed in terms of the Lambert W -function as [55]

Ω_+ = |p|

W_{−1}(s) − 1 W_{−1}(s) + 1 , Ω_− = −|p| W_0(s) − 1 W_0(s) + 1

(60)

with s = e^{−(y+1)}. They are plotted in figure 14.

At temperatures T ≪ M/α we can approximate (51) by neglecting ρ^{cont}_± . Since m ≫ m, the daughter particles have hard momenta |p| ≫ m, M_f . In this regime^{29} one can approximate

Z_+ ≃ 1 + y^2 (1 + 2 ln(y)) Z_− ≃ α^{−1}y^{−2} exp (−y^{−2}) (61) and Ω_+ ≃ |p|(1 + 2y^2) ≃ ( p^2 + M^2_f )_{1/2} Ω_− ≃ |p|(1 + 2α^{−1} exp(−y^{−2})) (62)

29In principal the HTL approximation only holds for soft momenta |p| ≪ T . We here use it for arbitrarily hard momenta, assuming that medium related modifications of the spectral density play no role for |p| ≳ T .

Figure 14: The fermionic dispersion relations Ω_+ (red line) and Ω_− (blue line) in units of the plasma frequency ω_f = M_f / √ 2. The dashed line shows the approximation (p^2 + M^2_f )^{1/2} for hard momenta. For simplicity we assumed in (50) that Ψ_i have electromagnetic interactions; the behaviour in a QCD plasma is similar.

The dispersion relation Ω_+ for the screened particle approaches that of a particle with mass ∼ M_f = αT/2. This thermal mass only appears in the dispersion relation and does not break the chiral symmetry [69], as one can see from (54). The holes effectively become massless for hard momenta ≫ M_f . However, the residue Z_− is exponentially suppressed for large momenta. The physical reason is that holes are collective phenomena. Such excitations appear at length scales which are associated with soft momentum modes ∼ αT and longer than the typical inter-particle distance ∼ 1/T . The occupation numbers of soft modes ∼ αT in a thermal plasma are small compared to the hard modes ∼ T . Therefore it is usually argued that processes involving holes do not contribute significantly to the damping unless other channels are forbidden or they are resonantly amplified^{30}. Thus, the spectral density can be approximated as

ρ_p(p_0) ≃ π ((γ_0 − p̂γ)δ(p_0 − Ω_+) + (γ_0 + p̂γ)δ(p_0 + Ω_+)) . (63)

Insertion of (63) into (51) yields for |q| = 0

Γ = Y^2 8π M [ 1 − ( 2M_f M )_2]1/2 (1 − 2f_F (M/2)) θ(M − 2M_f ) for m ≪ M_f < M (64)

where we approximate Ω_+ ≈ (p^2 + M^2_f )^{1/2}. The analytic formula (64) for small α is in good agreement with the numerical results found in [54] and our own results shown in

30Similar arguments apply to hydrodynamic and ultrasoft modes studied in [70].

Figure 15: Cuts through the ϕ self energy with resummed fermion propagators.

figure 17. Note that it cannot be obtained from (64) by simply replacing the bare mass m with the thermal mass M_f . We can draw two important conclusions in the regime M_f < m < T . First, if the ϕ-couplings to fermions and bosons are of comparable strength, then comparison with (42) shows that the contributions to Γ from decay into fermions is suppressed due to Pauli blocking. Second, the effect of the thermal mass M_f on Γ is relevant only for T ≳ m/α, while Pauli suppression is effective already at T ≳ m.

7.2 Temperatures T > T_c

It is, however, not clear that the above conclusions hold at higher temperature. The reason for the Pauli suppression for T > m is that the energy of the Ψ-quasiparticles in ϕ → ΨΨ decays is ∼ m/2, independently of the temperature. Cuts through the resummed propagators as shown in figure 15 include scatterings ϕΨ ↔ Ψγ. In these Landau-damping processes, the fermions can have hard momenta and energies ∼ T , hence there is no Pauli blocking. The continuous parts ρ^{cont}_± of the fermion spectral densities consistently incorporate the leading order contribution from Landau damping in the resummed propagators. They do, however, not include contributions from “ladder diagrams” as shown in figure 16. Inclusion of these would require not only resummed propagators, but also resummed vertices. In [73] it was argued that corrections to the decay rate of a scalar into fermions with gauge interactions from resummation of vertices are of higher order, see also [74]^{31}. This implies that evaluation of (51) with the full resummed spectral densities (54) is sufficient to include all processes at leading order in α. We split the product of spectral densities in (51) in three parts.

The first part is related to the red cut in figure 15 and contains only contributions from

31Note that there is no Ward-Takahashi identity for the Yukawa vertex [74], as there would be for gauge interactions.

Figure 16: A ladder diagram with one rung. For the Yukawa coupling considered here vertex corrections from such diagrams are sub-dominant [74]. It has been found in [50] that resummation of ladder diagrams can give a large contribution to relaxation rates, cf. also [75] in that context. However, in that work the momenta of typical external particles is ∼ T . Therefore the particles have collinear momenta in the rest frame of the bath and propagate parallel for a sufficiently long time to exchange several gauge bosons. It is precisely this collinear enhancement that leads to the large contribution. Furthermore, one of the internal lines in that calculation is a boson. We therefore expect that the effect of ladder diagrams is smaller in the case of reheating and does not change our findings qualitatively.

the on-shell parts ρ^{pole}_± of the spectral densities. It reads

Π^−_0 (m)|_{p×p} = −iY^2 2 π ∫ d|p|p^2 [ Z^2_+ [ 1 − f_F (Ω_+) − f_F (m − Ω_+) ] δ(m − 2Ω_+)

+ Z_+Z_− [ 1 − f_F (Ω_+) − f_F (m − Ω_+ + f_F (Ω_−) − f_F (Ω_− + m) ] δ(m + Ω_− − Ω_+)

+ Z^2_− [ 1 − f_F (Ω_−) − f_F (m − Ω_−) ] δ(m − 2Ω_−) ] (65)

Since the finite widths are neglected in (56) just as in (20) for the scalar case, evaluation of (51) with (56) leads to a qualitatively similar behaviour as in (25); in particular, temperatures T_c and T̃_c can be defined. The δ-function allows to evaluate the integral analytically, but the zeros of their arguments have to be found numerically. The contribution to Γ from (65) is shown as red line in figure 17. The term (65) contains three types of contributions. The terms ∝ δ(m − 2Ω_+) describe ϕ-decays into dressed Ψ particles. They clearly dominate at T < T_c ∼ m/α, where (64) provides an excellent approximation. Terms ∝ δ(m − 2Ω_−) describe the decay into two collective fermionic excitations. Since Z_− is suppressed for hard momenta, they only contribute significantly near T_c, where the decay products’ momenta are soft. Their main effect, visible in figure 17, is that (65) is non-zero for temperatures slightly above T_c, where the decay into dressed particles is already kinematically forbidden (2Ω_+ > m), but the decay into collective excitations is still allowed (2Ω_− < m). However, they also become kinematically forbidden at only slightly higher temperatures. Both of these contributions are suppressed by Pauli blocking at T > m. The contribution ∝ δ(m + Ω_− − Ω_+) comes from processes in which a ϕ particle and a collective Ψ excitation form a Ψ particle. These become kinematically allowed above a second critical temperature T̃_c, where Ω_+ > m + Ω_−.^{32} The contribution from such processes is generally small, only near the threshold at T̃_c it is amplified by a van Hove singularity. This

32While for scalars it was necessary that there are two fields χ_i with M_1 ≠ M_2 for the similar processes

singularity originates from the infinite density of states (dp)/(dΩ_−) at the local minimum of Ω_− for |p| ≠ 0 visible in figure 14. For most parameter choices physical observables are not affected by the singularity because the density of states only diverges in one point and gives a finite contribution when convolved with smooth functions. Only if the mass shell defined by the zero of δ(m + Ω_− − Ω_+) happens to coincide with the van Hove singularity Γ is divergent. This happens at T̃_c. The divergence is, however, not physical and can be removed by taking into account the finite width of the quasiparticles, which is neglected in the hard thermal loop approximation (56). This simply means that we cannot trust our approximations in a small temperature interval around T̃_c, which we exclude from the following considerations. Similar behaviour was found for the dilepton production rate in a quark-gluon plasma [79].

The second term comes from cuts through the ϕ-self energy that cut through one Ψ-self energy (blue in figure 15) and reads

Π^−_0 (m)|_{p×c} = −iY^2 4 π ∫ d|p|p^2 [ Z_+ [ ( 1 − f_F (Ω_+) − f_F (m − Ω_+) ) ρ^{cont}_− (Ω_+ − m) + ( f_F (Ω_+) − f_F (Ω_+ + m) ) ρ^{cont}_− (Ω_+ + m) ]

+ Z_− [ ( 1 − f_F (Ω_−) − f_F (m − Ω_−) ) ρ^{cont}_+ (Ω_− − m) + ( f_F (Ω_−) − f_F (Ω_− + m) ) ρ^{cont}_+ (Ω_− + m) ]] (66)

The continuum parts ρ^{cont}_± originate from the imaginary parts of the Ψ-self energies, hence including them means that we take into account dissipative effects for Ψ though the thermal width is neglected in (56). It includes processes such as ϕΨ ↔ γΨ, with intermediate Ψ. These are kinematically always allowed, hence (66) is nonzero for arbitrary temperatures there is no equivalent to T_c. However, they always contain fermions in the initial and final state. Since the momentum of the outgoing fermion kinematically must be smaller than that of the incoming one (because the ϕ is at rest), they tend to be Pauli suppressed. Indeed this contribution never exceeds the vacuum Γ in figure 17.

The last term reads

Π^−_0 (m)|_{c×c} = −iY^2 2 π ∫ d|p|dp_0p^2 [ 1 − f_F (p_0) − f_F (m − p_0) ] × [ ρ^{cont}_+ (p_0)ρ^{cont}_− (p_0 − m) + ρ^{cont}_− (p_0)ρ^{cont}_+ (p_0 − m) ] (67)

It contains the contributions from cuts through the ϕ-self energy that cut through both Ψ_i self energies (green cut in figure 15). They can have more particles in the final state. This increased flexibility in the phase space leaves more room for the fermions to have

ϕχ_i ↔ χ_j to be kinematically allowed, they are always possible for fermions because the hole provides a second particle with different “mass”.

hard momenta and avoid Pauli suppression. At the same time, transitions with bosonic final states with soft momenta are enhanced. At low temperatures such processes are negligible because they are of higher order in the coupling, but at high temperature this suppression is cancelled by the high density of scattering partners (formally the Bose- Einstein distribution). At temperatures T ≫ T̃_c the term (67) becomes the dominant source of dissipation; it continues to grow with T and can exceed the vacuum decay rate by orders of magnitude.

While it is usually assumed that fermionic channels are not important for reheating because they are Pauli suppressed, our result suggests that they can give a huge (possibly dominant) contribution to Γ at very large temperatures. If the Yukawa coupling is the only interaction that ϕ has, then the universe will never reach this temperature regime because of the suppression of Γ around T ≲ m/α. But if some other interaction is efficient in this regime, then processes involving fermions can be crucial at higher temperatures.

8 Conclusions

We calculated the relaxation rate Γ of a scalar field ϕ in a plasma of scalars with trilinear and quartic couplings and fermions with gauge interaction using resummed perturbation theory. We focussed on the regime where a quasiparticle description applies and the dissipation is dominated by perturbative processes involving individual quanta rather than particle production from the time varying background field ⟨ϕ⟩. We paid particular attention to the temperature dependence of the phase space, caused by the modified quasiparticle dispersion relations in the plasma, and to quantum statistical effects.

Many transport phenomena can in good approximation be understood in the description of a hot plasma as a collection of quasiparticles with momentum independent thermal masses. The reason is that for weakly coupled theories at temperature T in an adiabatically changing background, the dispersion relations for quasiparticles with hard momenta p ∼ T asymptotically approach ω ≃ (p^2 + M^2_i )^{1/2}, where M_i ∼ αT is a momentum independent thermal mass. Since most particles in a thermal plasma have momenta ∼ T , this description is appropriate for most microphysical processes.

This is, however, not the case for the decay of heavy particles with mass m at rest or the dissipation of the oscillating zero mode of a field, such as the inflaton. The reason is that in such a decay the typical momentum of the decay products is not ∼ T , but of order m/2 or smaller. For T ≫ m such momenta are soft compared to typical energies ∼ T in the plasma. This makes Γ sensitive to the dispersion relations for soft modes. They can be complicated functions of momentum that differ for different interactions.

Γ is of crucial importance to understand the thermal history of the universe after inflation, as it yields the rate of perturbative reheating. Our results allowed to investigate the possibility that thermal masses impose an upper bound on the temperature in the early universe by kinematically blocking the inflaton decay into the corresponding particles. We conclude that thermal masses may have a considerable effect on the efficiency of perturbative reheating. However, a strict bound on the reheating temperature from kinematic

Figure 17: The black line shows the total Γ in the model (50) calculated from (51) and normalized to its T = 0 value. The colourful lines show the contributions from the individual terms (65)-(67). They can be identified with the cuts in figure 15 as indicated by the colour coding. The red line is the contribution from term (65). In the regime T < T_c ∼ 10m it comes from the on-shell decays of ϕ-particles into two Ψ-particles. The non-zero contribution for temperatures slightly above T_c originates from on-shell decays of ϕ-particles into two collective fermionic excitations. The contribution for T > T̃_c ∼ 60m originates from annihilations of a ϕ-particle by a collective Ψ-excitations to form a Ψ-particle. The contributions from processes involving collective excitations are divergent near the thresholds due to a van Hove singularity in the density of states, see discussion in the text. In these regions the finite widths of the quasiparticles have to be taken into account to obtain a physically meaningful and finite result, which goes beyond the HTL approximation (54). We do not do that in this work and indicate the corresponding regions by dotted lines. The blue line is the contribution from term (66), which includes ϕΨ → Ψγ scatterings and is non-vanishing in the regime T_c < T < T̃_c. The green line is the contribution from term (67), which includes various scattering processes involving fermions and photons. They are not Pauli suppressed. At low temperature they are negligible because they contribute at higher order in α. At high temperatures, however, this suppression is overcome by the high density of scattering partners and the Bose-enhancement for photons.

blocking of inflaton decay can only be obtained in very special setups. In general, other mechanisms allow the inflaton to dissipate its energy into the primordial plasma at high temperature. These in particular include Landau damping by scattering. Even when large thermal masses require some intermediate particle to be off-shell, these can be relevant due to Bose or collinear enhancement.A main conclusion of our study is that it is usually not possible to express the reheating temperature in terms of the parameters appearing in the Lagrangian in a simple way even if one is only concerned with perturbative reheating. The reason is that reheating is not an instantaneous process, but takes place over a time interval ∼ 1/Γ during which the universe expands. Hence, the temperature dependence of Γ is crucial to determine the time evolution of the effective temperature. It strongly depends on the interactions within the primordial plasma, and not only on the couplings of the inflaton.

Our results may also be important for other phenomena in cosmology where thermal effects have been found to be relevant, including leptogenesis [3, 10, 49–51, 55, 75–78], the production of dark matter [40, 41], dissipation during warm inflation [44], axion production [43] or the evolution of flat directions [13, 42, 45, 60]. The effects we find can also be relevant in situations where perturbative and non-perturbative processes work together, such as combined reheating [30], curvaton decay [46] or during Affleck Dine baryogenesis [47].

Acknoledgements - We thank Fernando Quevedo and the ICTP for their hospitality

during final phase of work on this article. MD would also like to thank Markus Thoma for enlightening discussion on hard thermal loop resummation. This work was supported by the Gottfried Wilhelm Leibniz program of the Deutsche Forschungsgemeinschaft and the the Project of Knowledge Innovation Program of the Chinese Academy of Sciences grant KJCX2.YW.W10.

A The χ_i self-energy

In order to evaluate (30) we need Π^−_{pi}(p_0) for off-shell energies and arbitrary momenta. The mass correction is dominated by the tadpole diagram shown in figure 5a) and can be estimated by (24). The self energy Π^− for χ_i is given by the diagram shown in figure 5a). It can be obtained from (39) with the replacement h_i → λ_i.This integral can be conveniently rewritten in the form

Π^−_{pi}(p_0) = 2i ( D^{[i]}_p (p_0) + S^{[i]}_p (p_0) − D^{[i]}_p (−p_0) − S^{[i]}_p (−p_0) ) (68)

with

D^{[i]}_p (p_0) = π λ^2_i 24(2π)^5 θ(p_0) ∫_{p0−2Mi} M_i dΩ_k

∫_Ω− M_i dΩ_lF_d(Ω_k, Ω_l, p_0, A)I(Z)

S^{[i]}_p (p_0) = 3π λ^2_i 24(2π)^5 θ(p_0) ∫_∞ M_i dΩ_k ∫_∞ Ω^+

dΩ_lF_s(Ω_k, Ω_l, p_0, −A)I(Z) with

F_d(Ω_k, Ω_l, A) = ( 1 + f_B (Ω_l) )( 1 + f_B (Ω_k) )( 1 + f_B (A) ) − f_B(Ω_l)f_B (Ω_k)f_B(A) F_s(Ω_k, Ω_l, A) = ( 1 + f_B (Ω_l) )( 1 + f_B (Ω_k) ) f_B (A) − f_B (Ω_l)f_B (Ω_k) ( 1 + f_B (A) ) I(Z) = ∫_1 −1 dx ∫_1 −1 dy θ(I(x, y, Z)) √ I(x, y, Z) I(x, y, Z) = (1 − x^2)(1 − y^2) − (Z − xy)^2

A = p_0 − Ω_k − Ω_l , B^2 = p^2 + k^2 + l^2 + M^2_i

Ω^± = max [ p_0 − Ω_k ± M_i, M_i ] , Z = A^2 − B^2 + 2y|p||k| + 2x|p||l| 2|k||l| The variables x nd y are the cosines of the two nontrivial integration angles. Note that the integration limits imply that D^{[i]}p (p_0) vanishes for p_0 < 3M_i, as expected from energy and momentum conservation in the decay and inverse decay processes χ_i ↔ χ_iχ_iχ_i.

References

[1] E. W. Kolb and M. S. Turner, Front. Phys. 69 (1990) 1.

[2] W. Buchmuller, Acta Phys. Polon. B 43 (2012) 2153 [arXiv:1212.3554 [hep-ph]].

[3] T. Asaka and M. Shaposhnikov, Phys. Lett. B 620 (2005) 17 [hep-ph/0505013]; A. Boyarsky, O. Ruchayskiy and M. Shaposhnikov, Ann. Rev. Nucl. Part. Sci. 59 (2009) 191 [arXiv:0901.0011 [hep-ph]]; L. Canetti, M. Drewes and M. Shaposhnikov, Phys. Rev. Lett. 110 (2013) 061801 [arXiv:1204.3902 [hep-ph]].

[4] S. Dodelson and L. M. Widrow, Phys. Rev. Lett. 72 (1994) 17 [hep-ph/9303287];

X. -D. Shi and G. M. Fuller, Phys. Rev. Lett. 82 (1999) 2832 [astro-ph/9810076].

[5] M. Drewes, arXiv:1303.6912 [hep-ph].

[6] J. E. Kim and G. Carosi, Rev. Mod. Phys. 82 (2010) 557 [arXiv:0807.3125 [hep-ph]];

P. Sikivie, Lect. Notes Phys. 741 (2008) 19 [astro-ph/0610440].

[7] L. Canetti, M. Drewes and M. Shaposhnikov, New J. Phys. 14 (2012) 095012 [arXiv:1204.4186 [hep-ph]].

[8] V. A. Kuzmin, V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B 155 (1985) 36.

[9] M. Fukugita and T. Yanagida, Phys. Lett. B 174 (1986) 45.

[10] E. K. Akhmedov, V. A. Rubakov and A. Y. .Smirnov, Phys. Rev. Lett. 81 (1998) 1359 [hep-ph/9803255]; L. Canetti and M. Shaposhnikov, JCAP 1009 (2010) 001 [arXiv:1006.0133 [hep-ph]]; M. Drewes and B. Garbrecht, JHEP 1303 (2013) 096 [arXiv:1206.5537 [hep-ph]].

[11] I. Affleck and M. Dine, Nucl. Phys. B 249 (1985) 361. [12] H. Pagels and J. R. Primack, Phys. Rev. Lett. 48 (1982) 223.

[13] Jun’ichi Yokoyama, Phys. Rev. Lett. 96 (2006) 171301 [hep-ph/0601067]; D. Bodeker, JCAP 0606 (2006) 027 [hep-ph/0605030].

[14] W. Buchmuller, K. Hamaguchi, O. Lebedev and M. Ratz, Nucl. Phys. B 699 (2004) 292 [hep-th/0404168].

[15] A. A. Starobinsky, Phys. Lett. B 91 (1980) 99.

[16] A. H. Guth, Phys. Rev. D 23 (1981) 347; A. H. Guth and S. Y. Pi, Phys. Rev. Lett.

49 (1982) 1110.

[17] V. F. Mukhanov and G. V. Chibisov, JETP Lett. 33 (1981) 532 [Pisma Zh. Eksp.

Teor. Fiz. 33 (1981) 549].

[18] A. D. Dolgov and A. D. Linde, Phys. Lett. B 116 (1982) 329; L. F. Abbott, E. Farhi and M. B. Wise, Phys. Lett. B 117 (1982) 29.

[19] L. Kofman, A. D. Linde and A. A. Starobinsky, Phys. Rev. Lett. 73 (1994) 3195 [hepth/9405187]; L. Kofman, A. D. Linde and A. A. Starobinsky, Phys. Rev. D 56 (1997) 3258 [hep-ph/9704452].

[20] E. Schrödinger, Physica, 6, issue 7-12, pp. 899-912. (1939) [21] D. Boyanovsky, H. J. de Vega, R. Holman, D. S. Lee and A. Singh, Phys. Rev. D 51 (1995) 4419 [hep-ph/9408214].

[22] J. H. Traschen and R. H. Brandenberger, Phys. Rev. D 42 (1990) 2491. [23] R. Micha and I. I. Tkachev, Phys. Rev. D 70 (2004) 043538 [hep-ph/0403101]. [24] J. Berges, A. .Rothkopf and J. Schmidt, Phys. Rev. Lett. 101, 041603 (2008) [arXiv:0803.0131 [hep-ph]].

[25] J. Garcia-Bellido and A. D. Linde, Phys. Rev. D 57 (1998) 6075 [arXiv:hepph/9711360].

[26] G. N. Felder, J. Garcia-Bellido, P. B. Greene, L. Kofman, A. D. Linde and I. Tkachev, Phys. Rev. Lett. 87, 011601 (2001) [arXiv:hep-ph/0012142].

[27] S. Y. .Khlebnikov and I. I. Tkachev, Phys. Rev. Lett. 77 (1996) 219 [hep-ph/9603378].

[28] J. Berges and J. Serreau, Phys. Rev. Lett. 91 (2003) 111601 [hep-ph/0208070]. [29] K. Mukaida and K. Nakayama, JCAP 1301 (2013) 017 [JCAP 1301 (2013) 017] [arXiv:1208.3399 [hep-ph]]; K. Mukaida and K. Nakayama, JCAP 1303 (2013) 002 [arXiv:1212.4985 [hep-ph]].

[30] J. Garcia-Bellido, D. G. Figueroa and J. Rubio, Phys. Rev. D 79 (2009) 063531 [arXiv:0812.4624 [hep-ph]].

[31] R. J. Scherrer and M. S. Turner, Phys. Rev. D 31 (1985) 681.

[32] D. J. H. Chung, E. W. Kolb and A. Riotto, Phys. Rev. D 60 (1999) 063504 [hepph/9809453]; G. F. Giudice, E. W. Kolb and A. Riotto, Phys. Rev. D 64 (2001) 023508 [hep-ph/0005123].

[33] F. Finelli, J. Hamann, S. M. Leach and J. Lesgourgues, JCAP 1004 (2010) 011 [arXiv:0912.0522 [astro-ph.CO]].

[34] E. W. Kolb, A. Notari and A. Riotto, Phys. Rev. D 68 (2003) 123505 [hepph/0307241].

[35] J. Berges, D. Gelfand and J. Pruschke, Phys. Rev. Lett. 107 (2011) 061301 [arXiv:1012.4632 [hep-ph]].

[36] M. Drewes, S. Mendizabal and C. Weniger, Phys. Lett. B 718 (2013) 1119 [arXiv:1202.1301 [hep-ph]].

[37] Jun’ichi Yokoyama, Phys. Lett. B 635 (2006) 66 [hep-ph/0510091]. [38] M. Drewes, arXiv:1012.5380 [hep-th].

[39] M. Kawasaki and T. Takesako, Phys. Lett. B 711 (2012) 173 [arXiv:1112.5823 [hepph]].

[40] K. Hamaguchi, T. Moroi and K. Mukaida, JHEP 1201, 083 (2012) [arXiv:1111.4594 [hep-ph]].

[41] Ken’ichi Saikawa and M. Yamaguchi, arXiv:1210.7080 [hep-ph]. [42] J. C. B. Sanchez and K. Enqvist, JCAP 1303 (2013) 029 [arXiv:1210.7007 [astroph.CO]].

[43] E. Masso, F. Rota and G. Zsembinszki, Phys. Rev. D 66 (2002) 023004 [hepph/0203221]; P. Graf and F. D. Steffen, Phys. Rev. D 83 (2011) 075011 [arXiv:1008.4528 [hep-ph]].

[44] A. Berera, I. G. Moss and R. O. Ramos, Rept. Prog. Phys. 72 (2009) 026901 [arXiv:0808.1855 [hep-ph]].

[45] K. Enqvist, D. G. Figueroa and G. Rigopoulos, JCAP 1201, 053 (2012) [arXiv:1109.3024 [astro-ph.CO]].

[46] K. Enqvist, D. G. Figueroa and R. N. Lerner, JCAP 1301 (2013) 040 [arXiv:1211.5028 [astro-ph.CO]].

[47] R. Allahverdi, B. A. Campbell and J. R. Ellis, Nucl. Phys. B 579 (2000) 355 [hep-ph/0001122]; A. Anisimov and M. Dine, Nucl. Phys. B 619 (2001) 729 [hepph/0008058]; M. Kawasaki and K. Nakayama, Phys. Rev. D 74 (2006) 123508 [hepph/0608335].

[48] B. Garbrecht and T. Konstandin, Phys. Rev. D 79 (2009) 085003 [arXiv:0810.4016 [hep-ph]].

[49] G. F. Giudice, A. Notari, M. Raidal, A. Riotto and A. Strumia, Nucl. Phys. B 685 (2004) 89 [hep-ph/0310123].

[50] A. Anisimov, D. Besak and D. Bodeker, JCAP 1103 (2011) 042 [arXiv:1012.3784 [hep-ph]]; D. Besak and D. Bodeker, JCAP 1203 (2012) 029 [arXiv:1202.1288 [hepph]].

[51] A. Anisimov, W. Buchmuller, M. Drewes and S. Mendizabal, Phys. Rev. Lett. 104 (2010) 121102 [arXiv:1001.3856 [hep-ph]]; A. Anisimov, W. Buchmuller, M. Drewes and S. Mendizabal, Annals Phys. 326 (2011) 1998 [arXiv:1012.5821 [hep-ph]].

[52] M. Le Bellac, Thermal Field Theory, Cambridge University Press 1996

[53] H. A. Weldon, Phys. Rev. D 28 (1983) 2007.

[54] K. Enqvist and J. Hogdahl, JCAP 0409 (2004) 013 [hep-ph/0405299].

[55] C. P. Kiessig, M. Plumacher and M. H. Thoma, Phys. Rev. D 82 (2010) 036007 [arXiv:1003.3016 [hep-ph]]; C. Kiessig and M. Plumacher, arXiv:1111.1231 [hep-ph]; C. Kiessig and M. Plumacher, arXiv:1111.1235 [hep-ph].

[56] J. Berges, AIP Conf. Proc. 739 (2005) 3 [hep-ph/0409233].

[57] A. Anisimov, W. Buchmuller, M. Drewes and S. Mendizabal, Annals Phys. 324 (2009) 1234 [arXiv:0812.1934 [hep-th]].

[58] J. S. Schwinger, J. Math. Phys. 2 (1961) 407; P. M. Bakshi and K. T. Mahanthappa, J. Math. Phys. 4 (1963) 1 and 4 (1963) 12; L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47 (1964) 1515 [Sov. Phys. JETP 20 (1965) 1018];

[59] D. Boyanovsky, K. Davey and C. M. Ho, Phys. Rev. D 71 (2005) 023523 [hepph/0411042].

[60] Jun’ichi Yokoyama, Phys. Rev. D 70 (2004) 103511 [hep-ph/0406072].

[61] P. F. Bedaque, A. K. Das and S. Naik, Mod. Phys. Lett. A 12 (1997) 2481 [hepph/9603325]; P. V. Landshoff, Phys. Lett. B 386 (1996) 291 [hep-ph/9606426].

[62] C. Greiner and S. Leupold, Annals Phys. 270 (1998) 328 [hep-ph/9802312]. [63] F. Gautier and J. Serreau, Phys. Rev. D 86 (2012) 125002 [arXiv:1209.1827 [hep-th]]. [64] E. Braaten and R. D. Pisarski, Nucl. Phys. B 337 (1990) 569.

[65] R. R. Parwani, Phys. Rev. D 45 (1992) 4695 [Erratum-ibid. D 48 (1993) 5965] [hepph/9204216].

[66] W. Buchmuller and A. Jakovac, Phys. Lett. B 407 (1997) 39 [hep-ph/9705452]. [67] G. Aarts and J. Smit, Phys. Lett. B 393 (1997) 395 [hep-ph/9610415]. [68] V. V. Klimov, Sov. J. Nucl. Phys. 33 (1981) 934 [Yad. Fiz. 33 (1981) 1734]. [69] H. A. Weldon, Phys. Rev. D 26 (1982) 2789.

[70] Y. Hidaka, D. Satow and T. Kunihiro, Nucl. Phys. A 876 (2012) 93 [arXiv:1111.5015 [hep-ph]].

[71] H. Nakkagawa, H. Yokota and K. Yoshida, Phys. Rev. D 86 (2012) 096007 [arXiv:1208.6386 [hep-ph]].

[72] H. Nakkagawa, H. Yokota and K. Yoshida, Phys. Rev. D 85 (2012) 031902 [arXiv:1111.0117 [hep-ph]].

[73] F. Karsch, M. G. Mustafa and M. H. Thoma, Phys. Lett. B 497 (2001) 249 [hepph/0007093].

[74] M. H. Thoma, Z. Phys. C 66 (1995) 491 [hep-ph/9406242].

[75] B. Garbrecht, F. Glowna and M. Herranen, JHEP 1304 (2013) 099 [arXiv:1302.0743 [hep-ph]]; B. Garbrecht, F. Glowna and P. Schwaller, arXiv:1303.5498 [hep-ph].

[76] T. Frossard, M. Garny, A. Hohenegger, A. Kartavtsev and D. Mitrouskas, Phys. Rev.

D 87 (2013) 085009 [arXiv:1211.2140 [hep-ph]]; M. Garny, A. Kartavtsev and A. Hohenegger, Annals Phys. 328 (2013) 26 [arXiv:1112.6428 [hep-ph]].

[77] M. Laine and Y. Schroder, JHEP 1202 (2012) 068 [arXiv:1112.1205 [hep-ph]]. [78] B. Garbrecht and M. Herranen, Nucl. Phys. B 861 (2012) 17 [arXiv:1112.5954 [hepph]]; M. Beneke, B. Garbrecht, C. Fidler, M. Herranen and P. Schwaller, Nucl. Phys. B 843 (2011) 177 [arXiv:1007.4783 [hep-ph]]; B. Garbrecht, Nucl. Phys. B 847 (2011) 350 [arXiv:1011.3122 [hep-ph]]; M. Beneke, B. Garbrecht, M. Herranen and P. Schwaller, Nucl. Phys. B 838 (2010) 1 [arXiv:1002.1326 [hep-ph]].

[79] E. Braaten, R. D. Pisarski and T. -C. Yuan, Phys. Rev. Lett. 64 (1990) 2242.