arXiv:1305.0419v2 [hep-ph] 21 May 2013

Prepared for submission to JHEP

On the predictivity of the non-renormalizable quantum field theories

R. Pittau

Departamento de Física Teórica y del Cosmos and CAFPE, Campus Fuentenueva s. n., Universidad de Granada E-18071 Granada, Spain

E-mail: pittau@ugr.es

Abstract: Following a recently introduced approach to ultraviolet divergences, I extend the concept of predictivity to non-renormalizable quantum field theories. The idea of topological renormalization is introduced, which allows to keep a finite value for the parameters of the theory. One additional measurement is then sufficient to systematically compute quantum corrections at any loop order.

Contents

1 Introduction 1

2 Classifying the UV divergences 2 2.1 Scalars 3 2.2 Tensors 4

3 Topological renormalization 7 3.1 Renormalizable theories 8 3.2 Non-renormalizable theories 9

4 Conclusions 10

1 Introduction

Renormalizability [1–3] provides a very powerful guideline in high-energy physics. The existence of intermediate vector bosons in the Electroweak Standard Model (SM) can be, for instance, directly inferred from the non-renormalizability of the low-energy four-fermion interaction. A second example is the pattern of the SM fermions, which is very strongly constrained by the need of cancelling the gauged axial anomaly. Renormalizable quantum field theories (QFT) are complete: after fixing their free parameters, any observable can be predicted at any perturbative order and scale. The ultraviolet (UV) infinities occurring in the intermediate steps of the calculation [4–7], being universal, are re-absorbed in the parameters of the theory and any UV cutoff disappears, leaving a dependence on the renormalization scale at perturbative orders higher than the computed one.

On the contrary, in non-renormalizable theories, new infinities are generated, order by order in the loop expansion, which cannot be re-absorbed into the original Lagrangian. Such theories are usually interpreted as effective ones [8], and the traditional renormalization program works untouched only if the original Lagrangian is modified/perturbated, at any given order, by adding a new set of interactions, where the new generated infinities can be accommodated. The ignorance of the UV completion coming from the true theory is parametrized by a change in the original Lagrangian.

The problem with this method is that the new interactions need to be fixed by experiment, which leads, in principle, to a lack of predictivity of the theory at arbitrarily large perturbative orders. In this work, I use the FDR technique presented in [9] to prove that the above approach is highly redundant. The basic idea is very simple, and can be enunciated in few lines: the type and number of UV infinities occurring at any order is highly reduced once they are classified in terms of their topology, rather than according to their occurrence in the interactions. Moreover, they are all linked in a calculable way, and can

– 1 – be subtracted from the physical spectrum without modifying the Lagrangian. The price to pay is the introduction of an arbitrary logarithmic parameter at the same perturbative level one is calculating, which can be interpreted as the scale at which the UV degrees of freedom are subtracted. To pull such a dependence back to higher perturbative orders one additional measurement is then necessary, which links it to the original parameters of the theory. Thus, the (unknown) high-energy UV behavior is completely decoupled from the low energy regime. The advantages are clear: even though non-renormalizabe theories remain -technically- effective, the original symmetries of the theory are kept, and finiteness and predictivity are restored.

The outline of the paper is as follows. Section 2 reviews the basic concepts of FDR, which are relevant to the present discussion. In particular, a classification of the UV infinities occurring in both scalar and tensor loop integrals is presented. In section 3, I introduce the notion of topological renormalization and discuss its role in renormalizable and non-renormalizable theories.

2 Classifying the UV divergences

I use the same notations of [9]: the integration momentum is denoted by q, in the one-loop case, or by q_i and q_{i...j} = q_i + . . . + q_j, at ℓ loops. Loop denominators, carrying an internal mass M_i and an external momentum p_i, are denoted by

D_i = (q + p_i)^2 − M^2_i ≡ q^2 − d_i , (2.1)

which also defines d_i. FDR loop functions require shifting the denominators by a vanishing amount μ^2. I denote shifted denominators and integration momenta squared with a bar. For example D̄_i = D_i − μ^2 , q̄^2 = q^2 − μ^2 , q̄^2_{ij} = q^2_{ij} − μ^2 . (2.2)

The starting point of the classification is an ℓ-loop integral regulated in Dimensional Regularization [10] (DR)^1 I^{DR}_{ℓ−loop} = μ^{−ℓϵ}_R ∫ ℓ∏ i=1 d^nq_i J({q^2}) , (2.3)

where {q^2} symbolically denotes the set of the loop-integration variables squared upon which the integrand J depends, and n = 4 + ϵ is the number of space-time dimensions. Since the integral is well defined, one can rewrite it as I^{DR}_{ℓ−loop} = lim_{μ→0} μ^{−ℓϵ}_R ∫_ℓ∏ i=1 d^nq_i J({q̄^2}) . (2.4)

UV infinities can then be extracted directly at the integrand level with a repeated use of the partial fraction identity 1 D̄_i = 1 q̄^2 ( 1 + d_i D̄_i ) , (2.5)

1The use of DR is not mandatory, but very convenient.

– 2 – from which it is evident that the shift {q^2} → {q̄^2} avoids the occurrence of infrared singularities due to the appearance of the inverse powers of q̄^2 created by the expansion^2. The rationale is using eq. (2.5) until all scalar or tensor integrands generating UV divergences appear with denominators depending only on the vanishing mass μ^2. This produces, in the limit μ → 0, a very limited set of possible divergent terms.

2.1 Scalars With no tensors, things are transparent: just one integrand is responsible, at the one-loop level, of all possible occurring UV infinities. Consider, in fact, the quadratically divergent integral^3 I_2 = lim_{μ→0} μ^{−ϵ}_R ∫ d^nq 1 D̄_0 . (2.6) The integrand can be expanded as follows 1 D̄_0 = [ 1 q̄^2 ] + d_0 [ 1 q̄^4 ] + d^2_0 D̄_0q̄4 , (2.7)

where I use the convention of writing divergent integrands within square brackets. The first term does not contribute because, upon integration, it is proportional to μ^2, which vanishes when the limit μ → 0 is taken in eq. (2.6). Thus, the divergence is generated by the integrand [ 1 q̄^4 ] , (2.8)

which is also responsible of the UV behavior of logarithmic divergent 2-point function

I_0 = lim_{μ→0} μ^{−ϵ}_R ∫ d^nq 1 D̄_0D̄_1 . (2.9)

In fact 1 D̄_0D̄_1 = [ 1 q̄^4 ] + d_1 q̄^4D̄_1 + d_0 q̄^2D̄_0D̄_1

. (2.10)

One then learns that the same type of infinity actually occurs in both I_0 and I_2. As a consequence, it can be shown [9] that renormalizing, in an independent way, tadpoles and bubbles in a λΦ^3 theory is redundant.

When the number of loops increases, nothing changes: only terms giving rise to logarithmic divergences matter in the expansion of the integrand. A two-loop example is

I = lim_{μ→0} μ^{−2ϵ}_R ∫ d^nq_1d^nq_2 1 D̄_1D̄_2D̄_{12} , (2.11)

with

D̄_1 = q̄^2_1 − m^2_1 , D̄_2 = q̄^2 − m^2 , D̄_{12} = q̄^2_{12} − m^2_{12} . (2.12)

2I assume that the original infrared/collinear singularities of I^{DR}_{ℓ−loop}, if present, have already been regulated._3

I take p0 = 0.

– 3 –

The expansion of the integrand gives 1 D̄_1D̄_2D̄_{12} = [ 1 q̄^2_1q̄^2q̄^2_{12} ]

+ m^2_1 [ 1 q̄^4_1q̄^2q̄^2_{12} ] + m^4_1 (D̄_1q̄^4_1) [ 1 q̄^4_2 ] − m^4_1 q^2_1 + 2(q_1 · q_2) (D̄_1q̄^4_1 )q̄^4_2q̄^2_{12}

+ m^2 [ 1 q̄^2_1q̄^4_2q̄^2_{12} ] + m^4_2 (D̄_2q̄^4_2) [ 1 q̄^4_1 ] − m^4_2 q^2 + 2(q_1 · q_2) q̄^4_1 (D̄_2q̄^4_2)q̄^2_{12}

+ m^2_{12} [ 1 q̄^2_1q̄^2q̄^4_{12} ] + m^4_{12} (D̄_{12}q̄^4_{12}) [ 1 q̄^4_1 ] − m^4_{12} q^2_{12} − 2(q_1 · q_{12}) q̄^4_1q̄^2 (D̄_{12}q̄^4_{12}) + m^2_1m^2 (D̄_1q̄^2_1 )(D̄_2q̄^2)q̄^2_{12} + m^2_1m^2_{12} (D̄_1q̄^2_1)q̄^2 (D̄_{12}q̄^2_{12}) + m^2m^2_{12} q̄^2_1(D̄_2q̄^2 )(D̄_{12}q̄^2_{12}) + m^2_1m^2m^2_{12} (D̄_1q̄^2_1 )(D̄_2q̄^2)(D̄_{12}q̄^2_{12})

, (2.13)

and since the first term in the r.h.s. is quadratically divergent, the only possible new type of infinity appearing at two loops is [ 1 q̄^4_1q̄^2q̄^2_{12} ] . (2.14)

At three loops, one has five additional logarithmic divergent integrands [9] [ 1 q̄^2_1q̄^2q̄^2_3q̄^2_{12}q̄^2_{13}((q_2 − q_3)^2 − μ^2) ] , [ 1 q̄^2_1q̄^2_3q̄^4_2q̄^2_{12}q̄^2_3 ] , [ 1 q̄^4_1q̄^2q̄^2_3q̄^2_{12}q̄^2_{123} ] , [ 1 q̄^4_1q̄^4_2q̄^2_3q̄^2_{123} ] , [ 1 q̄^6_1q̄^2q̄^2_3q̄^2_{123} ] . (2.15)

2.2 Tensors The problem is better illustrated with the help of a simple one-loop example. The expansion for the rank-two three-point function

I^{μν}_0 = lim_{μ→0} μ^{−ϵ}_R ∫ d^nq q^μq^ν D̄_0D̄_1D̄_2 (2.16) is q^μq^ν D̄_0D̄_1D̄_2 = [ q^μq^ν q̄^6 ] + q^μq^ν ( d_2 q̄^6D̄_2 + d_1 q̄^4D̄_1D̄_2 + d_0 q̄^2D̄_0D̄_1D̄_2 ) . (2.17)

Thus, a potentially new kind of divergence is encountered: [ q^μq^ν q̄^6 ] , (2.18)

which could give rise to a constant. However, by direct insertion in eq. (2.16), one realizes that it can be replaced by g_{μν} 4 [ 1 q̄^4 ] , (2.19)

– 4 – so that only the universal one-loop divergent integrand in eq. (2.8) appears again. This property is a consequence of the one-loop gauge preserving conditions of [11], and holds for any logarithmically divergent one-loop integral, for instance ∫ d^nq [ q^μq^ν q^ρq^σ q̄^8 ] = (g^{μν} g^{ρσ} + g^{μρ}g^{νσ} + g^{μσ}g^{νρ}) 24 ∫ d^nq [ 1 q̄^4 ] . (2.20)

At ℓ loops, with ℓ > 1, the situation is more complicated since divergent tensors produce constants, which have to be kept under control. All depends on the given definition of tensor integral. In DR it involves the full integrand; for example

lim_{μ→0} μ^{−2ϵ}_R ∫ d^nq_1d^nq_2 q_{1μ}q_{1ν} D̄3_1D̄_2D̄_{12} , (2.21)

is constructed from the entire integrand expansion q_{1μ}q_{1ν} D̄3_1D̄_2D̄_{12} = q^{1μ}q^{1ν} {[ 1 q̄^6_1q̄^2q̄^2_{12} ] + ( 1 D̄3_1 − 1 q̄^6_1 ) ([ 1 q̄^4_2 ] − q^2_1 + 2(q_1 · q_2)

q̄^4_2q̄^2_{12} )

+ 1 q̄^2D̄_{12}D̄^3_1 ( m^2 D̄_2 + m^2_{12} q̄^2_{12} )} , (2.22)

with D̄_{1,2,12} given in eq. (2.12). On the contrary, the corresponding FDR tensor ∫ [d^4q_1][d^4q_2] q_{1μ}q_{1ν} D̄3_1D̄_2D̄_{12} ≡ lim_{μ→0} ∫ d^4q_1d^4q_2 q_{1μ}q_{1ν} {( 1 q̄^6_1 − 1 D̄3_1 ) q^2_1 + 2(q_1 · q_2) q̄^4_2q̄^2_{12} + 1 q̄^2D̄_{12}D̄^3_1 ( m^2 D̄_2 + m^2_{12} q̄^2_{12} )}| | |_{μ=μR} , (2.23)

only uses the finite part of eq. (2.22), and does not depend on any regulator. Because of these differences, I discuss the two cases separately.

In DR, a rank r ℓ-loop logarithmically divergent tensor integrand corresponds to an integral of the form I^{μ1...μr} = lim_{μ→0} μ^{−ℓϵ}_R ∫ ℓ∏ i=1 d^nq_i [q_{1μ1} . . . q_{ℓμr} · · · ] , (2.24)

where the dots in the denominator stand for combinations of propagators. By Lorentz invariance I^{μ1...μr} = lim_{μ→0} μ^{−ℓϵ}_R g^{μ1 ...μr} N(n) ∫ ℓ∏ i=1 d^nq_i [ f({q^2}, {q_a · q_b}) · · · ] , (2.25)

where g^{μ1 ...μr} is a completely symmetric tensor made of metric tensors, N(n) a function of n, generated by contractions g_{μν} g^{μν} = n, and f a function of scalar products among loop variables. Since there are no external momenta, f can always be expressed in terms of denominators, giving I^{μ1...μr} = lim_{μ→0} μ^{−ℓϵ}_R g^{μ1 ...μr} N(n) {∫_ℓ ∏ i=1 d^nq_i ∑ s [ a_s · · · ] s + C_1 } . (2.26)

– 5 –

In the above expression ∑ s is a sum over scalar, logarithmically divergent integrands (with coefficients a_s) and C_1 an a-dimensional constant due to the mismatch between the reconstructed q^2_i and the denominators q̄^2_i . For example, in the case of eq. (2.16), the expansion in eq. (2.17) produces

lim_{μ→0} μ^{−ϵ}_R g^{μν} n lim_{μ→0} ∫ d^nq [ q^2 q̄^6 ] = lim_{μ→0} μ^{−ϵ}_R g^{μν} n ∫ d^nq ([ 1 q̄^4 ] + μ^2 q̄^6 ) , (2.27)

and the second integral gives C_1 = −^{iπ2}_2 . One can now study the r.h.s. of eq. (2.26) around n = 4: expanding N(n) gives I^{μ1...μr} = lim_{μ→0} μ^{−ℓϵ}_R g^{μ1 ...μr} N(4) {∫_ℓ ∏ i=1 d^nq_i ∑ s [ a^′_s · · · ] s + C_1 + C_2 } + O(ϵ) , (2.28)

where C_2 is produced by (^ϵ )^k terms. As already noticed, at one-loop the situation is very simple, since C_2 = −C_1, but an order-by-order iterative subtraction of the previously determined divergences is needed, at higher perturbative orders, to avoid the occurrence of spurious constants violating unitarity [12] when [q_{1μ1} . . . q_{ℓμr} · · · ] → g^{μ1 ...μr} N(4) ∑ s [ a_s · · · ] s (2.29)

is replaced at the integrand level.

In FDR, the behavior of the loop tensors is determined solely by the finite part of the integrand, which makes things much easier. For instance, eq. (2.23) gives ∫ [d^4q_1][d^4q_2] q^μ_1 q^ν_1 D̄3_1D̄_2D̄_{12} = g^{μν} 4 {∫ [d^4q_1][d^4q_2] 1 D̄2_1D̄_2D̄_{12} + m^{21} ∫ [d^4q_1][d^4q_2] 1 D̄3_1D̄_2D̄_{12} + ∫ [d^4q_1][d^4q_2] μ^2 D̄3_1D̄_2D̄_{12} } , (2.30)

and the logarithmically divergent scalar integrands subtracted from the first two terms in the r.h.s. are directly read by differentiating eq. (2.13) with respect to m^2_1. The last integral produces, instead, a finite constant ∫ [d^4q_1][d^4q_2] μ^2 D̄3_1D̄_2D̄_{12} = lim_{μ→0} μ^2 ∫ d^4q_1d^4q_2 q^2_1 + 2(q_1 · q_2) q̄^6_1q̄^4_2q̄^2_{12}

, (2.31)

completely determined by the substitution

q_{1μ}q_{1ν} → g_{μν} 4 q^2_1 (2.32)

in the finite integral of eq. (2.23). This is the needed extra piece which ensures the symmetry preserving cancellations between numerators and denominators in the divergent loop integral, as can be verified by multiplying eq. (2.30) by g_{μν} . Differently stated, being subtracted from the very beginning, the divergent tensors never generate spurious constants in FDR.

– 6 –

Figure 1. One-, two- and three-loop topologies of the universal logarithmically divergent scalar vacuum integrands. One dot denotes propagator squared; two dots mean propagator to the third power.

Summarizing, both in DR and FDR the UV behavior of any QFT is completely and uniquely parametrized in terms of a well defined set of logarithmically divergent scalar integrands. However, the DR definition of tensor integral gives rise to constants of the kind C_1 and C_2, which should be controlled with an order-by-order subtraction, where new infinities and lower order counterterms are consistently combined. On the contrary, in FDR the constants produced by the tensors are completely driven by the finite part of the integrals, so that there is no need to introduce counterterms in the Lagrangian^4. Since the latter approach is very appealing, I assume it throughout the rest of the paper.

3 Topological renormalization

The classification of infinities given in the previous section can be rephrased in terms of topologies. The one-, two- and three-loop integrands in eqs. (2.8), (2.14) and (2.15) are nothing but the vacuum diagrams represented in figure 1. In this section, I show that one can consistently renormalize a QFT by simply subtracting the logarithmically divergent scalar integrands/topologies from the loop integrals. A natural physical interpretation is that they represent unphysical vacuum configurations, which do not take part in the scattering process [9]. Differently stated, this procedure, which I dub topological renormalization, is an operative way to choose, order by order in the perturbative expansion, the right vacuum. There are a few subtleties, though, which I discuss in the following. The guideline is the analysis of what happens in the case of polynomial divergent integrands. As already observed, they naturally decouple, without any observable effect, in the limit μ → 0, which can also be interpreted as the large loop momenta regime. The reason why this is not the case for the logarithmic divergent integrands has an infrared origin: subtracting them for

4An example of calculation performed in FDR is presented in [13].

– 7 – any value of the integration momentum is too much, because infrared divergences appear, in the limit μ → 0, in the rest of the integral, which one interprets as the physical part of the interaction. To keep things finite, one is then forced to introduce an (arbitrary) separation scale between the UV regime and the physical sector. This can be easily understood in the context of the one-loop example in eq. (2.9), regularized with a momentum cutoff Λ. The integral over the divergent contribution can be split as follows

lim_{μ→0} ∫ Λ d^4q [ 1 q̄^4 ] = lim_{μ→0} 2iπ^2 (∫_{μR} 0 dq + ∫_Λ μ_R dq ) q^3 (q^2 + μ^2)^2

, (3.1)

where μ_R represents the separation scale. Only the second term is discarded, while the first one gives

− iπ^2(1 + 2 ln(μ/μ_R)) . (3.2)

Since the l.h.s. of eq. (2.9) does not depend on μ, this compensates an infrared ln(μ) obtained when integrating the last two terms in eq. (2.10). One can then move this contribution to the physical part, so that its original dependence on the cutoff μ is replaced by a dependence on an arbitrary scale μ_R, which plays the role of renormalization scale. The DR version of eq. (3.1) is

lim_{μ→0} μ^{−ϵ}_R ∫ d^nq [ 1 q̄^4 ] = −iπ^2(Δ + 2 ln(μ/μ_R)) , (3.3)

where Δ contains the^1_ϵ pole and the same logarithm appears.

With all of that in mind, one can then drop the divergent integrands, compute the physical part in the limit μ → 0, to get its logarithmic dependence, and evaluate the result in μ = μ_R, which corresponds to the definition of FDR loop integral^5. The proof that topological renormalization reproduces the known results is given in the following subsection.

3.1 Renormalizable theories

Consider a renormalizable QFT described by a Lagrangian

L(p_1, . . . , p_m) (3.4)

dependent on m parameters p_i, with i = 1 : m. Before an observable O^{TH}_{m+1} can be calculated, the parameters in L must be fixed by means of m measurements of the kind

O^{TH}_i (p_1, . . . , p_m) = O^{EXP}_i (i = 1 : m), (3.5)

which, when inverted, fix all p_i in terms of measured observables O^{EXP}_i and corrections computed at the loop level ℓ one is working:

p_i = p^{ℓ−loop}_i (O^{EXP}_1 , . . . , O^{EXP}_m ) ≡ p̄_i (i = 1 : m) . (3.6)

5It is therefore not surprising the fact that FDR respects gauge and shift invariance.

– 8 –

After this is done

O^{TH}_{m+1}(p̄_1, . . . , p̄_m) , (3.7)

computed at ℓ loops, is a finite prediction of the theory, accurate at the ℓ^{th} perturbative order, where the divergent scalar integrands, being linearly independent, have to cancel out separately. For instance, the general structure of the integrand in any two-loop FDR calculation up two two loops is^6

J(q_1, q_2) = a_0(q_1, q_2) + a_1(q_1) [ 1 q̄^4_2 ] + a_2 [ 1 q̄^4_1 ] [ 1 q̄^4_2 ] + a_3 [ 1 q̄^4_1q̄^2q̄^2_{12} ] , (3.8)

and the coefficients a_1, a_2, a_3 should vanish independently^7. One does not even need to compute a regulated version of the corresponding integrals: a subtraction before integration is all one has to do. As a consequence, the parameters p_1, . . . , p_m remain finite and, since the μ_R dependence of the divergent contribution also drops at the perturbative order one is working, the same happens in the physical contribution

O^{TH}_{m+1}(p̄_1, . . . , p̄_m) = ∫ d^4q_1d^4q_2 a_0(q_1, q_2) . (3.9)

One can interpret this by imagining that the infinities are directly put into the vacuum, rather than in the parameter of the Lagrangian. The vacuum back-reacts by trading the original cut off μ for an arbitrary scale μ_R, which, however, drops in the final result.

In renormalizable theories, this procedure is equivalent to the standard renormalization program. However, it provides an extra handle when interpreting the non-renormalizable case, as described in the next subsection: the vacuum is by far more efficient in accommodating infinities than the Lagrangian.

3.2 Non-renormalizable theories

In this case, the coefficient of each subtracted divergent integrand does not necessarily vanish, after fixing the theory, so that the computation of the (m + 1)^{th} observable gives

O^{TH}_{m+1}(p̄_1, . . . , p̄_m) = ∫ d^nq_1d^nq_2 { a_0(q_1, q_2) + a_1(q_1) [ 1 q̄^4_2 ] + a_2 [ 1 q̄^4_1 ] [ 1 q̄^4_2 ]

+a_3 [ 1 q̄^4_1q̄^2q̄^2_{12} ] + . . . } . (3.10)

The way to proceed is to accommodate the infinities directly into the vacuum. However, one is not allowed to simply drop the divergent integrands, as in the renormalizable case. The reason is that -even if the total logarithmic dependence on μ_R produced by the divergent sector always matches, by construction, the infrared behavior of the physical parteach divergent integral contributes with a different constant, after a common UV cutoff is

6The lower order contributions to a0 and a1 are proportional to δ functions of the integration momenta. 7Possibly after integrating over q1, in the case of a1.

– 9 – subtracted. For instance, at two loops, after regulating dimensionally: ∫ d^nq_1d^nq_2 a_1(q_1) [ 1 q̄^4_2 ] = β^{(1)}_1 1 ϵ + γ^{(1)}

a_2 ∫ d^nq_1d^nq_2 [ 1 q̄^4_1 ] [ 1 q̄^4_2 ] = β^{(2)}_2 1 ϵ^2

+ β^{(2)}_1 1 ϵ + γ^{(2)}

a_3 ∫ d^nq_1d^nq_2 [ 1 q̄^4_1q̄^2q̄^2_{12} ] = β^{(3)}_2 1 ϵ^2

+ β^{(3)}_1 1 ϵ + γ^{(3)} , (3.11)

so that one is forced to compute the divergent integrals in order to include the constants γ^{(k)} into the physical sector:

O^{TH}_{m+1}(p̄_1, . . . , p̄_m) = ∫ d^4q_1d^4q_2 a_0(q_1, q_2) + ∑ k γ^{(k)} . (3.12)

In this way, the left-over dependence on μ_R in eq. (3.12) correctly parametrizes the global response of the vacuum when re-absorbing the common divergent part coming from the different divergent topologies. As already discussed, since the dependence on μ_R does not get compensated by any renormalization, eq. (3.12) do depend on μ_R at the same perturbative order one is calculating. Since μ_R is not calculable in the framework of the theory itself, the QFT has to be considered as an effective one. However, μ_R can be fixed by means of an additional measurement

O^{TH}_{m+2}(p̄_1, . . . , p̄_m) = ∫ d^4q_1d^4q_2 a^′_0(q_1, q_2) + ∑ k γ^{′(k)} = O^{EXP}_{m+2} , (3.13)

where O^{TH}_{m+2} is obtained with the same subtraction procedure leading to eq. (3.12). Eq. (3.13) allows one to compute μ_R, which, inserted into eq. (3.12), renders the calculation of O^{TH}_{m+1} predictive at any loop order^8. The physical meaning of the extra measurement in eq. (3.13) is disconnecting any UV effect from the physical world, without the need of changing the original form of the interaction: it is the order-by-order redefinition of the vacuum which makes the QFT finite.

Notice that the described procedure is also automatically accomplished by a standard dimensional regularization, worked out after integration. To obtain a predictive nonrenormalizable theory in MS or MS, one simply has to throw away the^1_ϵ poles and to fix the arbitrary μ_R scale with an additional measurement, as also observed -in the context of the nonlinear sigma model [14] and of the massive Yang-Mills theory [15]- by Bettinelli, Ferrari and Quadri [16]. Differently stated, re-absorbing UV divergences into the vacuum is equivalent to a standard renormalization procedure, in which all finite parts of the counterterms are put to zero, so that no extra measurement is needed, after fixing μ_R.

4 Conclusions

Based on a general classification of the UV infinities in terms of their topology, a new interpretation of the renormalization procedure can be formulated. Topological renormalization

8Subtracting^1_ϵ + constant instead of^1_ϵ in eq. (3.12) is equivalent to a change in μR, which, however, is compensated back when μR is determined from eq. (3.13)

– 10 – is introduced as an operative procedure to subtract the divergences directly at the level of the integrand of the loop functions, which, in turn, can be thought as an order by order re-definition of the perturbative vacuum.

This formulation is equivalent to the standard renormalization procedure for renormalizable theories -although technically much simpler- and, in the case of non-renormalizable theories, allows one to compute the constants produced by the UV subtraction. The net effect is that one additional measurement completely fixes the theory, which becomes predictive without modifying the original Lagrangian. The focus is therefore moved from the problem of the occurrence of the UV infinities to the consistency of the theory at hand.

Acknowledgments

I thank the organizers of “AMPLITUDES 2013” for the invitation to the Workshop, where part of this work was written. I acknowledge many discussions which took place there, in particular with Mohab Abou Zeid, David Kosower, Stefan Weinzierl, Einan Gardi, Simon Badger, Claude Duhr, Thomas Hahn, Pierpaolo Mastrolia, Francesco Tramonano and Edoardo Mirabella. This work was performed in the framework of the ERC grant 291377, “LHCtheory: Theoretical predictions and analyses of LHC physics: advancing the precision frontier”. I also thank the support of the MICINN project FPA2011-22398 (LHC@NLO) and the Junta de Andalucia project P10-FQM-6552.

References

[1] N. Bogoliubov and O. a. Parasiuk, On the Multiplication of the causal function in the quantum theory of fields, Acta Math. 97 (1957) 227–266.

[2] K. Hepp, Proof of the Bogolyubov-Parasiuk theorem on renormalization,

Commun.Math.Phys. 2 (1966) 301–326.

[3] W. Zimmermann, Convergence of Bogolyubov’s method of renormalization in momentum space, Commun.Math.Phys. 15 (1969) 208–234.

[4] F. Dyson, The S matrix in quantum electrodynamics, Phys.Rev. 75 (1949) 1736–1755. [5] F. Dyson, The Radiation theories of Tomonaga, Schwinger, and Feynman, Phys.Rev. 75 (1949) 486–502.

[6] A. Salam, Overlapping divergences and the S matrix, Phys.Rev. 82 (1951) 217–227. [7] A. Salam, Divergent integrals in renormalizable field theories, Phys.Rev. 84 (1951) 426–431. [8] J. F. Donoghue, General relativity as an effective field theory: The leading quantum corrections, Phys.Rev. D50 (1994) 3874–3888, [gr-qc/9405057].

[9] R. Pittau, A four-dimensional approach to quantum field theories, JHEP 1211 (2012) 151, [arXiv:1208.5457].

[10] G. ’t Hooft and M. Veltman, Regularization and Renormalization of Gauge Fields, Nucl.Phys. B44 (1972) 189–213.

[11] Y.-L. Wu, Symmetry preserving loop regularization and renormalization of QFTs, Mod.Phys.Lett. A19 (2004) 2191–2204, [hep-th/0311082].

– 11 –

[12] G. ’t Hooft and M. Veltman, DIAGRAMMAR, NATO Adv.Study Inst.Ser.B Phys. 4 (1974) 177–322.

[13] A. Donati and R. Pittau, Gauge invariance at work in FDR: H → γγ, arXiv:1302.5668. [14] R. Ferrari, Endowing the nonlinear sigma model with a flat connection structure: A Way to renormalization, JHEP 0508 (2005) 048, [hep-th/0504023].

[15] D. Bettinelli, R. Ferrari, and A. Quadri, A Massive Yang-Mills Theory based on the Nonlinearly Realized Gauge Group, Phys.Rev. D77 (2008) 045021, [arXiv:0705.2339].

[16] R. Ferrari, D. Bettinelli, and A. Quadri, A new approach to nonrenormalizable theories, Proceedings of 21st Les Rencontres de Physique de la Vallee d’Aoste (2007) 551–572.

– 12 –