arXiv:1305.0518v1 [cond-mat.str-el] 2 May 2013

Form factors in equilibrium and non-equilibrium mixed states of the Ising model

Yixiong Chen and Benjamin Doyon Department of Mathematics, King’s College London, Strand WC2R 2LS, UK

Using the “Liouville space” (the space of operators) of the massive Ising model of quantum field theory, there is a natural definition for form factors in any mixed state. These generalize the usual form factors, and are building blocks for mixed-state correlation functions. We study the cases of mixed states that are diagonal in the asymptotic particle basis, and obtain exact expressions for all mixed-state form factors of order and disorder fields. We use novel techniques based on deriving and solving a system of nonlinear functional differential equations. We then write down the full form factor expansion for mixed-state correlation functions of these fields. Under weak analytic conditions on the eigenvalues of the density matrix, this is an exact largedistance expansion. The form factors agree with the known finite-temperature form factors when the mixed state is specialized to a thermal Gibbs ensemble. Our results can be used to analyze correlation functions in generalized Gibbs ensembles (which occur after quantum quenches). They can also be used for non-equilibrium steady states where a constant energy flow exists, using the recently derived density matrix. We observe that non-equilibrium form factors have branch cuts in rapidity space, we verify that this is in agreement with a nonequilibrium generalization of the KMS relations, and we show that the leading large-distance behavior of order and disorder non-equilibrium correlation functions contains oscillations in the log of the distance between the fields.

May 2013

Contents

1 Introduction 2

2 Ising model and Liouville space 5 2.1 Ising and XY quantum chains in the scaling limit . . . . . . . . . . . . . . . . . . 5 2.2 Form factors and correlation functions . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 Liouville space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.4 Definition of mixed-state form factors . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Main results 13 3.1 Mixing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2 Exact mixed-state form factors for twist fields . . . . . . . . . . . . . . . . . . . . 15 3.3 Mixed-state correlation functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.3.1 Finite expansions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.3.2 Twist fields two-point functions . . . . . . . . . . . . . . . . . . . . . . . . 17

4 Applications 20 4.1 Quantum quenches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4.2 Non-equilibrium steady states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.2.1 Non-equilibrium form factors have branch cuts . . . . . . . . . . . . . . . 23 4.2.2 Expansion for two-point functions: oscillations in log(mx) . . . . . . . . . 23 4.2.3 “Non-equilibrium KMS relation” and analytic properties . . . . . . . . . . 25

5 Calculations 26 5.1 Mixing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 5.2 Mixed-state form factors of twist fields . . . . . . . . . . . . . . . . . . . . . . . . 29 5.2.1 Nonlinear functional differential system of equations . . . . . . . . . . . . 30 5.2.2 Unicity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 5.2.3 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 5.3 A thermodynamic argument . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 5.4 Analytic structure from non-equilibrium KMS relation . . . . . . . . . . . . . . . 34 5.5 General solution as integral-operator kernel . . . . . . . . . . . . . . . . . . . . . 35

6 Conclusion and discussion 37 6.1 Work done . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 6.2 Further developments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

A Simple properties in the Liouville space 39 A.1 Left- and right-actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 A.2 Hermitian conjugations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 A.3 Creation and annihilation operators . . . . . . . . . . . . . . . . . . . . . . . . . 39 A.4 Hamiltonian and momentum operators . . . . . . . . . . . . . . . . . . . . . . . . 40

B Reality of correlation function 40

C Non-equilibrium steady-state form factor expansion 41

1 Introduction

The exact evaluation of correlation functions of local fields is one of the main challenges of quantum field theory (QFT). Correlation functions are of crucial importance: they encode, in principle, all physical information, and they are immediately related to experimental results in condensed matter systems near criticality.

A particularly interesting family of models of QFT are 1+1-dimensional massive integrable models [1, 2, 3, 4] (see the book [5]). Their extended symmetries allow for exact evaluations of many quantities and give rise to a rich mathematical structure to build upon. They have also found a multitude of applications to modern condensed matter physics [6]. Much progress has been achieved in the past 40 years in evaluating vacuum correlation functions in integrable QFT, in particular via the factorized scattering theory and the associated theory of form factor expansions [1, 2, 3] (Källen-Lehmann expansions). The large-distance (or low-energy) structure of two-point functions is well understood via the analytic structure of form factors, and both their large-distance and short-distance behaviors are under good control (see for instance [7, 8]), giving agreement with expected general principles of QFT.

In recent years, due to developments in various areas of theoretical physics and to new experimental results, interest has grown for an accurate evaluation of correlation functions in general mixed states. Besides thermal Gibbs states, these also include generalized Gibbs ensembles believed to occur after quantum quenches in integrable models [9, 10] (see the review [11] and the analytical results confirming this in the Ising model [12, 13]), non-equilibrium energy-carrying quantum steady states [14, 15, 16, 17]), and others. In most of the physical applications of current interest, the density matrix is diagonal in the basis of asymptotic states and multiplicative on the particles (we will refer to these as diagonal mixed states). There is still relatively little known about the structure of two-point functions in such general situations, and how this structure depends on the mixed state. Correlation functions in thermal states (or on the cylinder) have been widely studied in general QFT (see for instance the books [18]), and with more precision in massive integrable QFT [6, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40]. The structure is relatively well understood, although still much work needs to be done in integrable QFT in order to get as powerful large-distance or large-time expansions as for vacuum two-point functions. The study of correlation functions in generalized Gibbs ensembles is however much more recent, analytic leading-asymptotic results being available in the Ising model [12, 41]; similarly for correlation functions in non-equilibrium energy-carrying steady states, there are few results besides a leading-decay result at large distances in the XY spin chain [42]. Hence, exact QFT expansions for general diagonal mixed states would shed much light onto the structure of correlation functions.

In the present paper, we obtain for the first time exact, complete large-distance (space-like) expansions for real-time correlation functions of order and disorder fields in the Ising model of QFT, in general diagonal mixed states. The Ising model is a paradigmatic model of integrable QFT, and provides a tool to benchmark many new exact method or new physical context. It describes the scaling limit of the anisotropic XY quantum spin chain (including the Ising quantum chain) near the critical value h_c of the external transverse magnetic field h. Order and disorder fields in the QFT model describe the scaling limit of the order parameter in the ordered (h > h_c) and disordered (h < h_c) regimes, respectively, asymptotically closed to the critical value. Although the QFT model has trivial asymptotic particle theory – it is a free massive relativistic Majorana fermion theory – the order and disorder fields are non-local with respect to the asymptotic particles, whence are truly interacting fields. Hence, their two-point function should already contain part of the non-trivial structure of two-point functions in (integrable) models of interacting particles. Our complete large-distance expansion can be used to analyze correlation functions in generalized Gibbs ensembles, where in particular we find agreement with the main features of some results of [41], and also in non-equilibrium steady states, where in particular we find agreement with the results of [42].

We use the method of form factor expansion with respect to the mixed-state “vacuum” in the Liouville space (essentially the space of operators on the Hilbert space). The Liouville space construct is an old idea [43, 44, 45, 46, 47, 48] which found applications in thermal and nonequilibrium physics, and which is ultimately based on the even older GNS construction [49, 50] of C^∗-algebras (see for instance the book [51]). However, to our knowledge, it was for the first time applied to massive integrable models of QFT in [28]. In the present paper, generalizing the thermal situation of [28, 33], we define the notion of form factors in general diagonal mixed states, we calculate them explicitly in the Ising model, and we explain how they can be used to obtain large-distance expansions of two-point functions.

In order to evaluate the usual form factors in the vacuum, the most commonly used method in integrable QFT is that by which one solves a Riemann-Hilbert problem in the (analytically continued) rapidities of the asymptotic particles [3]. A similar Riemann-Hilbert problem was derived in [28, 33] for thermal form factors in the Ising model, in particular putting in a Liouvillespace set-up a derivation for form factors on the circle in [27]. In the present case of general mixed states, however, these techniques cannot be applied, because we cannot assume any strong analytic properties of the density matrix. Further, as explained in [28] (see also [29]), thermal form factors are “analytic continuation” of vacuum form factors in the quantization on the circle, and thermal form factor expansions give the real-time version of form factor expansions on the circle (compactified imaginary time). Form factors on the circle in the Ising model were first evaluated from lattice form factors in free-fermion models on the cylinder [52, 53, 54, 55, 56, 57, 58], and can be evaluated directly in the Ising field theory [26, 27]. Again in the present case of general mixed states, these techniques cannot be applied because there is (yet) no clear geometric picture behind general density matrices that would lead to alternative quantization schemes (but see Subsection 6.2 for ideas concerning a relation with the analytic structure of the eigenvalues of the density matrix).

Instead, our calculation uses novel methods, to our knowledge not used before in the context of integrable QFT: we derive and solve a system of bilinear first-order functional differential equations for mixed-state form factors. We observe that our mixed-state form factors have in general a reduced analyticity region in rapidity space as compared to vacuum form factors of integrable models. In particular, in the case of the non-equilibrium energy-carrying steady states, the form factors have branch points at zero rapidity.

It is worth mentioning that, like in [28, 33], our mixed-state form factor method does not require any re-summation of partition-function divergencies, involving or not finite-volume regularization. These re-summations are required when using the standard vacuum form factors in order to evaluate, for instance, thermal averages in integrable QFT by explicitly performing traces (there is a quite developed technology on this subject [19, 22, 23, 24, 25, 35, 36, 37, 38, 39, 40]). In our framework, re-summations are automatically and unambiguously performed in the definition of mixed-state form factors (up to their overall normalization), and in the resulting form-factor expansion. It is also worth mentioning that our method is a real-time method, something which is necessary since as we mentioned, by opposition to thermal Gibbs states, it is not expected that there be any clear geometric principle in imaginary time for general diagonal mixed state. Our mixed-state form factor method is, in principle, generalizable to interacting integrable QFT (although explicit form-factor calculations need more developments).

Our main observations concerning two-point functions are as follows. Let m be the mass of the Majorana fermion, and e^{−W (θ)} be the eigenvalue of the density matrix on the one-particle state with rapidity θ (the normalization is such that the vacuum has eigenvalue 1). If W (θ) is analytic on the real line, then the equal-time two-point function at separation x > 0 in the disordered regime is proportional, in the one-particle approximation, to e^{−xE} ∫ dθ 2π v(θ) e^{imx sinh θ}. (1)

There is a decaying factor where E is given explicitly in terms of W (θ) (see (55)), which generalizes the thermal-state situation. Further, the amplitude v(θ) is: v(θ) = e^{−X−(θ)} 1 − e^{−W (θ)} − e^{X+(−θ)} 1 − e^{W (−θ)} , X_±(θ) := ∫_{∞±i0} −∞±i0 dθ^′ iπ 1 sinh(θ − θ^′) log ( tanh

W (θ^′) 2 ) . (2)

The rapidity contour in (1) can be shifted depending on the analytic properties of W (θ). Then, the two-point function decays proportionally, up to algebraic or other non-exponential factors, to e^{−x(E+m sin |θ⋆| cosh α)} as x → ∞, where α + iθ^⋆ is essentially the singularity of ( 1 − e^{±W (θ)} )_{−1} making the exponential least decaying. Also, the presence and type of extra factors is determined by the type of singularity (pole, branch point, etc.). Similar statements hold for higher number of particles, giving the complete expansion, and for any local field.

If the density matrix represents a non-equilibrium steady state with energy current due to left and right asymptotic reservoirs at temperatures T_l and T_r respectively, then W (θ) is not analytic on the real line [14, 16, 17]. In this case, our analysis suggests that the two-point functions have oscillatory terms in log(mx) with frequencies that are integer multiples of ν = 1 π log ( coth m 2T_r tanh m 2T_l ) . (3)

In particular, in the disordered regime, the equal-time two-point function should be proportional, at lowest frequency, to e^{−xEness} mx cos(ν log(mx) + B) (4)

where (in agreement with [42]) E_{ness} =^1_2 (E_{Tl} + E_{Tr} ) is the average of the leading thermal decays at temperatures T_l and T_r, and B is some constant.

The paper is organized as follows. In Section 2 we review the Ising model (scaling limit and field theory), we introduce basic notions concerning the Liouville space and we define mixedstate form factors. In Section 3 we present our main results, including the mixing phenomenon for normal-ordered product of fermion fields, the exact mixed-state form factors of order and disorder fields, and the form factor expansion for mixed-state correlation functions. In Section 4 we discuss some possible applications of our results: quantum quenches and non-equilibrium thermal-flow steady states. In Section 5 we present calculations showing and explaining the main results. Finally we conclude in Section 6. Appendices give technical details on various aspects.

2 Ising model and Liouville space

2.1 Ising and XY quantum chains in the scaling limit

Consider the infinite-length quantum chain described by the hamiltonian (the generic XY model [59, 60])

H_{chain} = − J 2 ∑ n [ 1 + κ 2 σ^x_nσ^x_{n+1} + 1 − κ 2 σ^y_nσ^y_{n+1} + hσ^z_n ] (5) where σ^i_n are Pauli matrices at site n, κ ∈ [−1, 1] is the anisotropy parameter (in the following we will exclude the value κ = 0), h is the (dimensionless) external transverse magnetic field and J > 0 is an energy coupling constant. The automorphism (σ^x, σ^y, σ^z) → (σ^y, σ^x, −σ^z) corresponds to (κ, h) → (−κ, −h), hence it is sufficient to consider the region h ≥ 0. At the special values κ = ±1 this is the quantum Ising model in a transverse field. This model is in general integrable: it is equivalent to a free-fermion model via the standard Jordan-Wigner transformation [59, 60, 61]. Its phase diagram and critical behavior have been described exactly [62, 63, 64].

The spectrum is described by fermionic excitation modes of energies

ϵ_q = J √ (1 − κ^2) cos^2 q − 2h cos q + κ^2 + h^2

for q ∈ [−π, π). We see that the model is gapless at the critical value h = 1. This critical point is in the Ising universality class for every κ ≠ 0, hence it is described by the Ising model of conformal field theory with central charge c = 1/2 [65]: the free field theory of massless Majorana fermions^1. When h approaches the critical value 1, the correlation length ξ = |κ|/|h − 1| (asymptotically, in numbers of sites) diverges. The low-energy excitations are then slowly varying over the chain and are correctly described, in the limit, by arbitrary numbers of modes with a relativistic dispersion relation (that is, it is consistent to take an arbitrary number of modes and yet take the low-q form of ϵ_q). One can then construct smooth relativistic fields from which the low-energy and large-distance universal behaviors can be predicted. This gives the massive Majorana relativistic field theory (see for instance [66]), with Hamiltonian H = ∫ dx : [ − v_F 2 iψ(x)∂_xψ(x) + v_F 2 iψ̄(x)∂_xψ̄(x) + m iψ(x)ψ̄(x) ] : (6)

1Often, one only takes a particular locality sector of this theory, which excludes the Majorana fermions themselves.

formed out of mutually anti-commutating fields ψ(x) and ψ̄(x) satisfying the anti-commutation relations {ψ(x), ψ(x^′)} = {ψ̄(x), ψ̄(x^′)} = δ(x − x^′). (7) As usual, in (6) the normal ordering corresponds to the energy of the vacuum state |vac⟩ being set to zero. Here v_F = |κ|Ja is the velocity of the excitations and m = J|h − 1|/v^2_F is their mass; the constant a is the lattice spacing, a length scale over which ψ(x) is expected to be essentially constant.

This field theory will describe correctly physical quantities at energy scales T ≲ mv^2_F = J|h − 1| and dimensionful length scales ℓ ≳ aξ = a|κ|/|h − 1|, in the limit where h → 1 (for instance, the energy scale T may be the temperature, and the length scale ℓ the distance between local fields in a correlation function). The full relation is obtained by identifying appropriate fields in the Majorana theory with observables in the quantum chain. This identification depends on the regime considered: either h < 1 or h > 1, and either κ > 0 or κ < 0. For simplicity, in the following we will restrict ourselves to the region

κ ∈ (0, 1]

and to the observables σ^x_n and σ^z_n.

These observables are related to three fields in the Majorana theory: two primary twist fields σ and μ associated to the Z_2 symmetry (ψ, ψ̄) → (−ψ, −ψ̄), (8) and the field ε = i : ψ̄ψ : . (9)

The twist field σ, the “order” field, only generates (couples with) even numbers of particles, while the twist field μ, the “disorder” field, only generates odd numbers of particles; the former has a nonzero expectation value, contrary to the latter. These are fields representing the endpoint of cuts through which other fields are affected by the symmetry transformation (8). There are two directions the cut can go on the chain: towards the right, or towards the left. With the information of the direction of the cut, we will denote the associated fields by σ_± and μ_±, as in [28]. We will provide more detail below.

The identification in the case of the Ising model, at κ = 1, is as follows:

h → 1^+ h → 1^− σ^z_n − ⟨vac|σ^z_n|vac⟩ 2ε(x) −2ε(x) σ^x_n μ_+(x) σ_+(x)

(10)

Here we have chosen a direction for the cut; this choice is arbitrary, but must be kept the same for all fields in a correlation function. Note that in the low-h regime h → 1^−, σ^x takes a nonzero expectation value (there is “order”), while in the large-h regime h → 1^+, its expectation value is zero. In fact, the relation between the chain observables and the quantum fields do not depend on the value of κ; hence the above holds as well in the general case κ ∈ (0, 1]. The identification implies that, for instance, if O_n is a quantum-chain observable identified with the field O(x) of scaling dimension d, then, in a state (say translation invariant) of characteristic energy scale T ,

lim_{h→1}(mξ)^{2d}⟨O_nO_n′ ⟩_T ∝ ⟨O(x, 0)O(y, 0)⟩_T (11)

where the limit is taken with x = an, y = an^′, n − n^′ = δξ and T = γmv^2_F for some fixed constants δ, γ. Here the QFT fields are evaluated at equal time t = 0, but a similar relation is often expected to hold for time-evolved operators. Besides an overall dimensionful factor m^{2d}, the QFT correlation function only depends on dimensionless combinations that do not involve the microscopic energy scale J; these turn out to be finite, (x−y)T/v_F = δγ and (x−y)mv_F = δ: ⟨O(x)O(y)⟩_T = m^{2d}f(γ, δ). (12) The mass m does not vanish in the limit h → 1 as it is a dimensionful quantity: the limit simply indicates that its scale is infinitely far from that of J. In particular, the actual value of m in the QFT is here of no meaning. The proportionality constant in (11) is non-universal and depends in general on κ. Note that the scaling dimension of both σ and μ is 1/8, and that of ε is 1.

Remark that the quantum chain observable σ^z_n −⟨vac|σ^z_n|vac⟩_{critical} is identified with the field ±2iψ(x)ψ̄(x), similarly to the identification displayed in the first line of (10) but without normal ordering. Its expectation value is negative and logarithmically divergent (this is the logarithmic divergence of the shift of the non-critical σ^z_n expectation value from its critical value).

In the following, we will set v_F = 1.

2.2 Form factors and correlation functions

The evaluation of correlation functions of interacting fields in massive relativistic QFT is a rather complicated task. In the context of integrable QFT, one may use factorized scattering theory, based on the fact that the scattering matrix factorizes into two-particle scattering matrices [1, 2, 3, 4] (see also the book [5]). Then, a very powerful method for vacuum correlation functions is that using the spectral decomposition and the exact evaluation of matrix elements involved [1, 67, 3]. For a QFT with a spectrum of K particle types, the set of asymptotic states (say in states) is described by giving the number of particles N ∈ N in the state, and the associated rapidities θ_j ∈ R and particle types ϵ_j ∈ {1, . . . , K}, |θ_1, . . . , θ_N ⟩_{ϵ1,...,ϵN} , θ_1 > · · · > θ_N . The spectral decomposition follows from the statement that the basis of asymptotic states can be used to resolve the identity. From standard relativistic and translation invariance, correlation functions in the vacuum at space-like distances r = √ x^2 − t^2 > 0 are then expressed as infinite series: ⟨vac|O^†(x, t)O(0, 0)|vac⟩ = ∞∑ N=0 ∑ ϵ_1,...,ϵ_N ∫ θ_1>···>θ_N dθ_1 · · · dθ_N |⟨vac|O|θ_1, . . . , θ_N ⟩_{ϵ1,...,ϵN} |^2e^− ∑ j rm_{ϵj} cosh θ_j . (13) In (13), the term with k = 0 is simply |⟨vac|O|vac⟩|^2, and in ⟨vac|O|θ_1, . . . , θ_N ⟩_{ϵ1,...,ϵN} the local field O is implicitly at the space-time point (0, 0). This expansion is believed to form a convergent series. Form factors f^O_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ) in the context of massive integrable models of QFT are analytic extensions of matrix elements of local fields ⟨vac|O|θ_1, . . . , θ_N ⟩_{ϵ1,...,ϵN} and can be evaluated exactly by solving a system of equations and analytic properties, the so-called form-factor equations [1, 67, 3]. We note that form factors are analytic for rapidities in a neighbourhood of the real lines, and that the extension from the region θ_1 > . . . > θ_N , where they correspond to in states, to regions with different orderings (analytic exchange), gives rise to factors of the two-particle scattering matrix; this is Watson’s lemma, part of the form-factor equations.

The spectrum of the Ising model contains only one particle type. The space of in states is a Fock space H over the canonical anti-commutation relations {a(θ), a(θ^′)} = 0, {a(θ), a^†(θ^′)} = δ(θ − θ^′) (14) with the asymptotic states identified as

|θ_1, . . . , θ_N ⟩ = a^†(θ_1) · · · a^†(θ_N )|vac⟩

(we will denote |θ_1, . . . , θ_N ⟩^† = ⟨θ_1, . . . , θ_N |), where the canonical algebra is in agreement with the analytic exchange property of form factors (that is, the two-particle scattering matrix is −1). Naturally, the free fermion fields of the Ising model ψ(x, t) and ψ̄(x, t) can be expressed linearly in terms of the operators a(θ) and a^†(θ): ψ(x, t) = 1 2 √ m π ∫ dθ e^{θ/2} ( a(θ) e^{ipθ x−iEθ t} + a^†(θ) e^{−ipθ x+iEθt} )

ψ̄(x, t) = − i 2 √ m π ∫ dθ e^{−θ/2} ( a(θ) e^{ipθ x−iEθt} − a^†(θ) e^{−ipθ x+iEθt} ) (15)

where p_θ = m sinh θ, E_θ = m cosh θ (16)

are the relativistic momentum and energy associated to the rapidity θ and with mass m. The Hamiltonian and momentum operators are H = ∫ dθ E_θ a^†(θ)a(θ), P = ∫ dθ p_θ a^†(θ)a(θ). (17) The fields σ and μ in the Ising model are twist fields associated to the Z_2 symmetry (8).

Since σ couples to even numbers of particles, it is of bosonic statistics; while μ is of fermionic statistics. With a cut running towards the right we will denote them by σ_+ and μ_+, while with a cut running towards the left, by σ_− and μ_−. Their twist conditions, including the statistics, are a direct consequence of the Jordan-Wigner transformation, and are given by

σ_±(x)ψ(x^′) = { ±ψ(x^′)σ_±(x) (x > x^′) ∓ψ(x^′)σ_±(x) (x < x^′) , μ_±(x)ψ(x^′) = { ∓ψ(x^′)μ_±(x) (x > x^′) ±ψ(x^′)μ_±(x) (x < x^′) (18)

and similar conditions hold with the replacement ψ → ψ̄. Along with the condition that σ_± and μ_± be of the lowest scaling dimension, this uniquely defines them up to normalization.

Although the Ising model is a free-fermion model, hence has a trivial scattering matrix, the order and disorder fields σ_± and μ_± are not “free field”, hence have nontrivial form factors for all (even or odd, respectively) particle numbers (contrary to the field ε). The nonzero form factors of the fields σ_±, μ_± [67, 8, 28] and ε are given by

f^{σ±} (θ_1, . . . , θ_N )^{N even}= ( i √ 2π )_N ⟨σ⟩ ∏ 1≤i<j≤N tanh ( θ_j − θ_i 2 )

f^{μ±} (θ_1, . . . , θ_N )^{N odd}= ± 1 √ i ( i √ 2π )_N ⟨σ⟩ ∏ 1≤i<j≤N tanh ( θ_j − θ_i 2 )

f^ε(θ_1, θ_2) = − m 2π sinh ( θ_2 − θ_1 2 ) (19)

where ⟨σ⟩ := ⟨vac|σ_±|vac⟩ is the vacuum expectation value. Note that all other matrix elements can be evaluated by using crossing relations [1, 67, 3, 8], and that [28]

σ^†_± = σ_±, μ^†_± = ±μ_±. (20)

We note finally that form factors of the twist fields σ_± may equivalently be evaluated using Wick’s theorem on the particles, with a contraction given by the two-particle form factor. This is an indication that σ_± are normalized exponentials of bilinear expressions in fermion operators (the overall normalization is made finite by normal ordering). The twist conditions (18) along with the requirement that σ_± be exponentials of bilinear expressions uniquely define, up to normalization, the fields σ_±. Something similar holds for the disorder fields μ_±.

2.3 Liouville space

Evaluating correlation functions of Ising twist fields in a mixed state is, however, more involved. One usually describes mixed-state averages ⟨· · ·⟩_ρ via a density matrix ρ: ⟨· · ·⟩_ρ := Tr (ρ · · ·) Tr (ρ) . For instance, the (un-normalized) density matrix representing a Gibbs ensemble at a nonzero temperature is ρ = ρ_β := e^{−βH} , where β is the inverse temperature, and with a chemical potential there is the extra factor e^{−μβ} ∫_∞ −∞ dθ a^†(θ)a(θ). The density matrix representing a non-

equilibrium steady state sustaining a constant energy flow is [14] (a similar form has been shown in general massice QFT [16], and see also [17])

ρ = ρ_{ness} := e^{−βl} ∫_∞ 0 dθ E_θ a^†(θ)a(θ)−β_r ∫_0 −∞ dθ E_θ a^†(θ)a(θ) (21) where β^{−1}_l and β^{−1}_r are the left- and right-temperatures of the asymptotic baths driving the steady state. Further, it has been argued that after quantum quenches, the density matrix becomes the exponential of a linear combination of local conserved charges (generalized Gibbs ensemble) [9, 10], and this has been shown in the Ising model [12, 13]. Since it is well known that local conserved charges in the Ising model have the form ∫ dθ e^{sθ} a^†(θ)a(θ), also in this case ρ is the exponential of an integral over particle densities a^†(θ)a(θ).

Note that the main elements necessary to obtain the large-distance form factor expansion (13) are the completeness of the basis of asymptotic states and the fact that the average is evaluated in the vacuum. Thanks to the Gelfand-Naimark-Segal (GNS) construction (see for instance the book [51]), associated to a density matrix (or more precisely to a state, seen as a linear functional on a C^∗-algebra) there is a vacuum above which one can construct a Hilbert space. The resulting Hilbert space is basically the space of operators (more precisely, a certain completion of a certain quotient of the C^∗-algebra), and averages with respect to the density matrix are vacuum expectation values in that new Hilbert space. This vacuum expectation value can be expanded using the resolution of the identity, so a “form factor expansion” can naturally be obtained for mixed-state two-point functions. We use these basic ideas here: we form the space of operators on H, which we will referred to as the Liouville space (sometimes referred to as the associated Hilbert space) [43, 44, 45], and we construct an inner product such that ⟨·⟩_ρ becomes a vacuum expectation value in the Liouville space. This will allow us to obtain a full form factor expansion for mixed-state two-point functions. We will not go into the delicate details of how to actually construct a C^∗-algebra in order to mathematically have the ingredients necessary for the application of the GNS construction; we will rather provide physical explanations for some of the subtleties involved in the process of obtaining a form factor expansion. These simple Liouville-space ideas are at the basis of the theory of thermofield dynamics (see for instance [47, 48]). To our knowledge, the first time form factors were considered in the Liouville space is in [28, 33], for the Ising thermal Gibbs state.

We consider End(H) as the space of operators with basis formed by a^{ϵ1} (θ_1) · · · a^{ϵN} (θ_N ) for θ_1 > . . . > θ_N , ϵ_j = ± and N ∈ N. Here a^+(θ) := a^†(θ) and a^−(θ) := a(θ), and we will include in this space local fields like σ(x) and μ(x), which can be seen as infinite linear combination (we omit questions completion and of convergence). Our Liouville space L_ρ is the inner-product space based on End(H), with inner product specified by the density matrix ρ. With A, B ∈ End(H), we denote the corresponding Liouville states by |A⟩^ρ, |B⟩^ρ respectively, and we set the inner product to be ρ⟨A|B⟩^ρ = Tr ( ρ A^†B ) Tr (ρ)

. (22)

We restrict ourselves to density matrices ρ that are diagonal on the asymptotic state basis:

ρ = exp [ − ∫ dθ W (θ) a^†(θ)a(θ) ] . (23)

The function W (θ) should ensure that the result is a well-defined density matrix. We will consider two cases for it: the untwisted and the twisted cases. Let V (θ) be a function of rapidity that is integrable on the real line, and uniformly positive:

inf_{θ∈R} V (θ) > 0. (24)

In the untwisted case, we simply choose W (θ) = V (θ). In the twisted case, we consider in ρ the presence of the unitary operator e^{iπ ∫ dθa†(θ)a(θ)} that implements the Z_2 symmetry (8). That is,

W (θ) = V (θ) or W (θ) = iπ + V (θ). (25)

This choice of density matrix includes the usual Gibbs state at finite temperature or chemical potential, as well as the non-equilibrium steady state (21) and the generalized Gibbs ensembles. It may be necessary for convergence of our form factor expansion to also impose that W (θ) grows fast enough at large |θ|, although we will not go into such details (in all examples that we consider, it grows at least linearly).

For convenience, we choose basis elements formed out of the usual annihilation and creation operators, but with a particular normalization: |vac⟩^ρ ≡ 1, |θ_1, . . . , θ_N ⟩^ρ_{ϵ1,...,ϵN} ≡ Q^ρ_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ) a^{ϵ1} (θ_1) · · · a^{ϵN} (θ_N ), (26) where the normalization factors are simply related to the Fermi filling fractions, Q^ρ_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ) := N∏ i=1 ( 1 + e^{−ϵiW (θi)} ) . (27)

This choice leads to nice analytic properties as will be clear below. In order not to overcount basis elements, we need an ordering, for instance θ_1 > . . . > θ_N .

Such a structure is sometimes referred to as a “Liouville-Fock” space [46], and we will refer to a doublet (θ, ϵ) as representing a “Liouville particle” of rapidity θ and type ϵ. There is of course a hermitian structure inferred from the inner product (the hermitian conjugation still being denoted by^†). One may evaluate the inner products of basis states using the cylic property of the trace and the canonical algebra (14): ρ ϵ_1,...,ϵ_N ⟨θ1, . . . , θN |θ ′ 1, . . . , θ^′_N ⟩^ρ_{ϵ′1,...,ϵ′N} = N∏ i=1 [( 1 + e^{−ϵiW (θi)} ) δ_{ϵi,ϵ}′_i δ(θ_i − θ^′_i) ] (28)

where we assume the ordering θ_1 > · · · > θ_N and θ^′_1 > · · · > θ^′_N (note in particular that the states are not “canonically” normalized). Let a_±(θ) and its hermitian conjugate a^†_±(θ) be operators on L_ρ (sometimes referred to as “superoperators”) satisfying the anti-commutation relations

{a_ϵ(θ), a_ϵ′ (θ^′)} = {a^†_ϵ(θ), a^†_ϵ′ (θ^′)} = 0, {a_ϵ(θ), a^†_ϵ′ (θ^′)} = ( 1 + e^{−ϵW (θ)} ) δ_{ϵ,ϵ}′ δ(θ − θ^′). (29) The space L_ρ can be identified with the Fock space over this algebra,

a_ϵ(θ)|vac⟩^ρ = 0, |θ_1, . . . , θ_N ⟩^ρ_{ϵ1,...,ϵN} = a^†_{ϵ1} (θ_1) · · · a^†_{ϵN} (θ_N )|vac⟩^ρ. (30)

The choice of the ordering θ_1 > . . . > θ_N for describing the basis is important, for instance, in the resolution of the identity in terms of basis states. It will be convenient however to define |θ_1, . . . , θ_N ⟩^ρ_{ϵ1,...,ϵN} for every θ_j ∈ R by the fact that a sign (−1) is obtained upon exchange of two Liouville particles (θ_i, ϵ_i) and (θ_j, ϵ_j ). Then the resolution of the identity can be re-expressed through integrals over the full line, 1 = ∞∑ N=0 ∑ ϵ_1,...,ϵ_N ∫_∞ −∞ dθ_1 · · · dθ_N N! ∏_N j=1 ( 1 + e^{−ϵj W (θj )} )|θ_1, . . . , θ_N ⟩^ρ_{ϵ1,...,ϵN}^ρ_{ϵ1,...,ϵN} ⟨θ_1, . . . , θ_N |. (31)

Here it is crucial to note that upon such an exchange of the position of Liouville particles, there is, by definition, no delta-function “contact” term; by contrast, such contact terms arise upon changing the order of operators a^+(θ) and a^−(θ^′) thanks to the anti-commutation relations (14). The Liouville space is formed by a continuous basis without discrete (or delta-function) part at colliding rapidities, so that the colliding-rapidity submanifold of R^N has zero measure in a decomposition of the identity. There is a caviat to this in the case of the twist fields, to which we will come back.

See Appendix A for more on the formal structure of L_ρ.

2.4 Definition of mixed-state form factors

To every operator A ∈ End(H) one can associate the Liouville left-action

A^ℓ ∈ End(L_ρ) : A^ℓ|B⟩^ρ = |AB⟩^ρ. (32)

In particular, the left-action linear map A → A^ℓ is an algebra homomorphism, (AB)^ℓ = A^ℓB^ℓ. Evidently, averages in the density matrix ρ are then vacuum expectation values in L_ρ:

⟨A⟩_ρ =^ρ⟨vac|A^ℓ|vac⟩^ρ. (33)

Hence, using (31), two-point functions should have a spectral decomposition on L_ρ where leftaction matrix elements are involved. This justifies the following definition of mixed-state form factors associated to ρ (generalizing [28, 33]): they are (analytic extensions of) matrix elements f^{ρ;O}_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ) :=^ρ⟨vac|O^ℓ|θ_1, . . . , θ_N ⟩^ρ_{ϵ1,...,ϵN} . (34) Again, O is implicitly at the space-time point (0, 0). These form factors satisfy the relation f^{ρ;O}_{ϵ1,...,ϵN} (θ_1, . . . , θ_j, θ_{j+1}, · · · , θ_N ) = −f^{ρ;O}_{ϵ1,...,ϵN} (θ_1, . . . , θ_{j+1}, θ_j , · · · , θ_N ) (35) and the cyclic property of the trace implies ρ ϵ_1,...,ϵ_N ⟨θ1, . . . , θN |O|vac⟩ ρ = f^{ρ;O}_{−ϵN ,...,−ϵ1} (θ_N , . . . , θ_1). (36) Mixed-state form factors are essentially traces with insertions of operators a^ϵ(θ), up to an overall factor and up to the subtraction of contact terms at colliding rapidities. Let us make this more explicit. Traces of products of creation and annihilation operators are evaluated by using Wick’s theorem (this follows from cyclicity of the trace and the canonical algebra (14)) with contractions given by (here with the normalization factor (27))

Q_{ϵ1,ϵ2} (θ_1, θ_2)⟨a^{ϵ1} (θ_1)a^{ϵ2} (θ_2)⟩_ρ =^ρ_{−ϵ2} ⟨θ_2|θ_1⟩^ρ_{ϵ1} .

Traces with a further insertion of a local field, expressed themselves through creation and annihilation operators, are evaluated similarly. This leads in a standard way to a diagrammatic expression, associating a single vertex to the local field. Then, form factors are obtained, by definition, by summing over connected diagrams, f^{ρ;O}_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ) = [ Q_{ϵ1,...,ϵN} (θ_1, . . . , θ_N )⟨O a^{ϵ1} (θ_1) · · · a^{ϵN} (θ_N )⟩_ρ ] connected .

For instance,

f^{ρ;O}_{ϵ1,ϵ2} (θ_1, θ_2) = Q_{ϵ1,ϵ2} (θ_1, θ_2)⟨O a^{ϵ1} (θ_1)a^{ϵ2} (θ_2)⟩_ρ − ⟨O⟩_ρ^ρ_{−ϵ2} ⟨θ_2|θ_1⟩_{ϵ1} . (37)

Note that the latter can be re-written as ρ ϵ_2 ⟨θ2|O ℓ|θ_1⟩^ρ_{ϵ1} = f^{ρ;O}_{ϵ1,−ϵ2} (θ_1, θ_2) + ⟨O⟩_ρ^ρ_{ϵ2} ⟨θ_2|θ_1⟩^ρ_{ϵ1} . (38)

Similar equations generalize (36) and (38) to many particles both on the left and on the right.

A natural physical interpretation of the Liouville space is as the space of particles and holes excitations created from the Liouville vacuum consisting of a finite density of particles with statistical distribution determined by ρ. In this sense, a basis element |θ_1, . . . , θ_N ⟩^ρ_{ϵ1,...,ϵN} represents the presence of N Liouville particles, i.e. particles (ϵ_j = +) or holes (ϵ_j = −) above the finite density. A similar construction to that above can in principle be done for general (at least integrable) QFT, where these particles and holes can scatter. We do not know yet of a clear scattering theory generalizing the usual one to the Liouville space. However, like for the usual pure-state case, we may assume that the form factors (34), as analytic functions of the rapidities continued from the region θ > . . . > θ_N , will allow us to extract this scattering matrix: the analytic continuation to different orderings should give rise to particle-exchange properties. We will see below that the choice of a minus sign under permutation of Liouville particles in the vectors |θ_1, . . . , θ_N ⟩^ρ_{ϵ1,...,ϵN} is in agreement with the analytic structure of mixed state form factors for the Ising model: the Ising Liouville scattering theory is, expectedly, still that of free fermions (but with twice as many particles).

3 Main results

3.1 Mixing

Consider local fields O that are normal-ordered products of fermion fields ψ, ψ̄ and of their derivatives. It is a simple matter to evaluate the traces defining mixed-state form factors (or to evaluate any correlation functions) for such fields O by using Wick’s theorem as explained above. Although these fields are not of immediate physical interest, we believe it is instructive to describe a bit more the result of such calculations (see Subsection 5.1 for proofs of the statements below).

It turns out that the resulting mixed-state form factors of normal-ordered products of fermions and their derivatives are simply related to ordinary matrix elements of similar fields on the Hilbert space H. For instance,

f^{ρ;ψ}_ϵ (θ) = { ⟨vac|ψ|θ⟩ (ϵ = +) ⟨θ|ψ|vac⟩ (ϵ = −) , f^{ρ;ε}_{ϵ1,ϵ2} (θ_1, θ_2) =

⟨vac|ε|θ_1, θ_2⟩ (ϵ_1 = ϵ_2 = +) ⟨θ_2|ε|θ_1⟩ (ϵ_1 = +, ϵ_2 = −) ⟨θ_2, θ_1|ε|vac⟩ (ϵ_1 = ϵ_2 = −)

and the zero-particle form factor of the field ε (i.e. its expectation value) is

f^{ρ;ε}() = ⟨ε⟩_ρ = m π ∫_∞ 0 dθ 1 1 + e^{W (θ)}

(all other form factors are zero). These formulas mean that the mixed-state form factors of ψ and of ε are equal to the matrix elements on H of the fields

U(ψ) := ψ, U(ε) := ε + ⟨ε⟩_ρ1 (39)

respectively, where the matrix element taken depends on the configuration of Liouville particle types. This phenomenon is in fact completely general. That is, mixed-state form factors of normal-ordered products of fermion fields and their derivatives are equal to matrix elements on H of linear combinations of such local normal-ordered products with equal and less fermion fields. This is a phenomenon of “mixing”, a local field is transformed into a linear combination involving its “ascendants” under the free fermion algebra. More formally, there is a mixing map U on the space of local fields such that the following relation holds: f^{ρ;O}_{+,...,+,−,...,−}(θ_1, . . . , θ_j, θ_{j+1}, . . . , θ_N ) = ⟨θ_N , . . . , θ_{j+1}|U(O)|θ_1, . . . , θ_j⟩ (40) where there are j plus signs and N − j minus signs as indices on the left-hand side.

One consequence of (40) is that mixed-state form factors of normal-ordered product of fermions and their derivatives are entire functions of the rapidities, no matter the analytic properties of W (θ). This is the reason for our choice of the normalization factor (27).

The map U simply implements the additional “internal” contractions present in evaluating the trace that are not present in evaluating usual matrix elements of normal-ordered products. It can be represented conveniently using the Liouville space formalism. Indeed, given a field O, we can think of the corresponding Liouville state |O⟩^ρ. Then the map U can be represented by the action of an operator on the Liouvile space: |U(O)⟩^ρ = U|O⟩^ρ. It turns out that the operator U performing the necessary Wick contractions is simply

U = exp [∫ dθ a_−(θ)a_+(θ) 1 + e^{W (θ)} ] . We may also see these additional contractions as occurring as a consequence of a change of normal ordering, from one with respect to the usual vacuum |vac⟩ to one with respect to the Liouville vacuum |vac⟩^ρ. If we denote by^∘ ·^∘ the normal ordering with respect to |vac⟩^ρ, then we have |O⟩^ρ =^∘ U(O)^{ℓ ∘} |vac⟩^ρ.

In fact, all fields U(O) may also be evaluated simply as follows. One first evaluates them for all fermion linears and bilinears O; only fermion bilinears get extra contributions, proportional to the identity (one internal contraction). Then, the map U on all normal-ordered fields with higher number of fermions can be evaluated recursively by using

[ψ(x), U(O)] = U ([ψ(x), O]) , [ψ̄(x), U(O)] = U ( [ψ̄(x), O] ) , (41)

where [·, ·] is either the commutator (O bosonic) or the anti-commutator (O fermionic).

We would like to mention that the use of the map U in order to evaluate mixed-state form factors is in parallel with the exponential conformal change of coordinates in conformal field theory, which allows finite-temperature correlation functions to be computed from zero-temperature correlation functions. But this is here in a massive model, and with general density matrices of the form (23). It would be interesting to gain a fuller geometric or algebraic understanding of it. 3.2 Exact mixed-state form factors for twist fields

The map U in principle allows us to calculate mixed-state form factors from the known matrix elements on H. However, for the twist fields σ and μ, this requires an infinite re-summation: twist fields are infinite linear combinations of normal-ordered products (since they have nonzero matrix elements for arbitrary large number of particles), hence there are infinitely many internal contractions. This re-summation in principle gives rise to two effects: first, the normalization, encoded into the expectation value ⟨σ_±⟩_ρ =^ρ⟨vac|σ^ℓ_±|vac⟩^ρ, is modified from its vacuum value ⟨σ⟩; second, the dependence on the rapidities θ_j of the form factors is affected. Here we will only consider the dependence on the rapidities.

Using techniques that do not actually involve the map U, we will show the following (here an below, multiple sign possibilities are correlated in any given equation, unless otherwise stated):

Proposition 3.1 The mixed-state form factors of order and disorder fields are given by

f^{ρ;μ±}_ϵ (θ) = 1 √ i h^±_ϵ (θ) ⟨σ_±⟩_ρ f^{ρ;σ±}_{ϵ1,ϵ2} (θ_1, θ_2) = h^±_{ϵ1} (θ_1)h^±_{ϵ2} (θ_2) ( tanh θ_2 − θ_1 ± i(ϵ_2 − ϵ_1)0 2 )_{ϵ1ϵ2} ⟨σ_±⟩_ρ (42)

where

h^+_ϵ (θ) = √ i 2π e^{ϵ iπ4} g(θ + ϵi0)^ϵ, g(θ) = exp [∫_∞ −∞ dθ^′ 2πi 1 sinh(θ − θ^′) log ( tanh

W (θ^′) 2 )] (43) and h^−_ϵ (θ) = 1 i h^+_{−ϵ}(θ). (44)

Here 0 > 0 is infinitesimally close to 0, and the above defines form factors for real rapidities, in general, as distributions obtained from boundary values of analytic functions. In particular, form factors of σ_± and μ_± are analytic functions, except for the kinematic poles at equal rapidities, in the strip determined by Im(θ_j) ∈ (0, π) for ϵ_j = ± and Im(θ_j ) ∈ (−π, 0) for ϵ_j = ∓. Further, for θ ∈ R the functions h^±_ϵ (θ) are ordinary integrable functions obtained by continuous continuation from these analyticity regions.

By standard arguments, form factors with higher numbers of particles can be evaluated by using Wick’s theorem on the particles. The overall normalization is ⟨σ_±⟩_ρ, the contraction of two particles (θ_1, ϵ_1) and (θ_2, ϵ_2) is given by the normalized two-particle form factor f^{ρ;σ±}_{ϵ1,ϵ2} (θ_1, θ_2)/⟨σ_±⟩_ρ, and the remaining single particle (θ, ϵ), if any, gives a factor f^{ρ;μ±}_ϵ (θ)/⟨σ_±⟩_ρ; further, there is a minus sign for every crossing of contractions, as is usual for fermions. One can check using complex conjugation and (20) that the above expressions are in agreement with (36).

The functions h^±_ϵ (θ) can be referred to as “leg-factors” borrowing a terminology of [27]. The fact that mixed-state form factors have the structure of standard form factors times leg-factors associated to the individual particles (θ_j, ϵ_j ) is a consequence of the symmetries of the Ising model (although we will not make use of this fact in our proof). This was first observed in [27] in the case of Ising form factors on the cylinder, but the symmetry arguments are based on properties of local fields and on simple dynamical properties of the states, hence they hold as well for form factors on the line in any mixed state considered here. That is, the only nontrivial part of our proposition is the expression for the leg factors (43) and (44).

The analytic function h^±_ϵ (θ) may be analytically continued from the strip

I^±_ϵ := { θ ∈ C : Im(θ) ∈ (0, π) (ϵ = ±) Im(θ) ∈ (−π, 0) (ϵ = ∓) } , (45)

where it is analytic, to an extended region, extending on both sides of the strip a Re(θ)-dependent amount determined by the analyticity of W (θ) around the real line. Let us assume that W (θ) is analytic on some parts of the real line: around these parts, it has regions of analyticity. If θ lies in such a region, and either θ or θ ± ϵiπ lies in I^±_ϵ , then the analytic continuation is obtained from h^±_ϵ (θ)h^±_ϵ (θ ± ϵiπ) = − ϵ 2π coth W (θ) 2 . (46)

Further, leg-factors with different values of ϵ are related to each other:

h^±_+(θ)h^±_−(θ) = ± i 2π coth W (θ) 2 (47)

this being valid for all θ ∈ R and all values of θ in the analyticity region of W (θ). This along with (46) implies that h^±_−(θ) = ∓ih^±_+(θ ± iπ) (48)

whenever the arguments lie in the analytic region of the leg factors. In turn, this implies f^{ρ;ω±}_{ϵ1,ϵ2,...,ϵN} (θ_1 ± ϵ_1iπ, θ_2, . . . , θ_N ) = ±ϵ_1i f^{ρ;ω±}_{−ϵ1,ϵ2,...,ϵN} (θ_1, θ_2, . . . , θ_N ). (49) This can be seen as a kind of “crossing symmetry”.

Proposition 3.1 was derived in [28, 33] in the case of a thermal Gibbs state, both for W (θ) = α cosh θ (untwisted) and W (θ) = iπ + α cosh θ (twisted) and for any α = mβ > 0 (where β is the inverse temperature). There, a system of equations and analytic conditions was derived using the underlying free-fermion algebra, and its “minimal” solution, assumed to be the correct one for the twist fields σ_± and μ_±, was shown to be (42) (with these W (θ)). General QFT arguments also suggest a relation between nonzero-temperature form factors and form factors on the circle [28]. The latter were independently calculated before [52, 54, 27], and the minimal solution (42) was shown to be in agreement [33].

However such techniques (analyticity, relation with form factors on the circle) do not work for general W (θ), because we do not assume any particular analytic properties for W (θ) and because there is no alternative quantization scheme reproducing it. Our proof is based on novel arguments: we derive from the definitions a system of functional differential equations for form factors of twist fields as functionals of W . Its solution is unique once an initial condition, which can be taken to be at Re(W (θ)) = ∞, has been fixed. The form factors given by Proposition 3.1 do reproduce the correct usual Hilbert space form factors at Re(W (θ)) = ∞, and we will show that they satisfy the system of functional differential equations; see Subsection 5.2. This, in particular, provides an alternative proof of the expression for thermal form factors, which does not require “minimality” assumptions (but which requires the knowledge of the usual Hilbert space form factors).

In order to gain some intuition into the function (43), we will also provide “thermodynamic” arguments in order to explain the main features of the leg factors h^+_ϵ (θ), see Subsection 5.3.

Analyticity conditions may be used in certain situations beyond the thermal case. We will also show that the analytical properties of form factors from Conjecture 3.1 agree with a “nonequilibrium KMS relation” that we will derive in Subsection 4.2 for a non-equilibrium steady state describing an energy flow; see Subsection 5.4.

Finally, for completeness, we will derive an exact integral-operator expression for mixed-state form factors of general exponential of bilinear expressions in Subsection 5.5.

3.3 Mixed-state correlation functions

3.3.1 Finite expansions

The resolution of the identity on the Liouville space, expressed in (31), can be used in order to obtain a series expression for two-point functions in terms of form factors (34), leading to an expansion similar to (13). Formally, then, taking into account the state normalization (28), we expect to have ⟨O(x, t)O^†(0, 0)⟩_ρ = ∞∑ N=0 ∑ ϵ_1,...,ϵ_N ∫_∞ −∞ dθ_1 · · · dθ_N N! e ∑_N j=1 ( iϵ_j p_{θj} x−iϵ_j E_{θj} t ) ∏_N j=1 ( 1 + e^{−ϵj W (θj )} ) | f^{ρ;O}_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ) |_2 . (50) Whenever O is a field whose form factors are zero for large enough numbers of particles, for instance the fermion fields ψ and ψ̄ or the field ε, then this is indeed a correct expression. In these cases, as we noted, form factors are entire functions of the rapidities. The integral over θ_j is convergent if ϵ_j < 0; it is conditionally convergent if ϵ_j > 0. Assuming without loss of generality that x > 0, in the latter case the integral can be made into a convergent integral, for space-like distances (x^2 > t^2), if W (θ) is analytic on parts of the real line far enough from θ = 0. Indeed, this is done by the shift θ_j → θ_j + iη in the region |Re(θ_j)| > K, for K > 0 large enough and η > 0 small enough in such a way that θ_j remains in the analyticity region of W (θ_j).

3.3.2 Twist fields two-point functions

For twist fields σ_± and μ_±, the form factor expansion is infinite. It turns out that (50) is modified in various ways due to the presence of the semi-infinite cuts that emanate from their position.

First, consider the general form of the expansion ∑ s ρ⟨vac|O(x, t)|s⟩^{ρ ρ}⟨s|O^†(0, 0)|vac⟩^ρ. If this is to be a large distance expansion, then we should interpret the intermediate states |s⟩^{ρ ρ}⟨s| as lying, or carrying correlations, over the region between the fields, and the vacuum states^ρ⟨vac| and |vac⟩^ρ as representing what is happening far on the right and left, respectively (recall x > 0). Where there is a cut due to a twist field, the density matrix is effectively modified, ρ → ρ^♯, with

W (θ) → W^♯(θ) := W (θ) + iπ. (51)

It was argued in [33], in the case of the finite-temperature form factors and via a comparison with form factors on the circle, that the intermediate states must lie in a region that is not affected by the cuts. This is in order for the space of excited states constructed, and the form factors obtained, to correspond to the sector represented by ρ, and not the modified one ρ^♯. Hence, again in the space-like region x^2 > t^2 and with x > 0, form factor expansions can be obtained for ⟨σ_+(x, t)σ_−(0, 0)⟩_ρ, ⟨μ_+(x, t)μ_−(0, 0)⟩_ρ;

note that the cuts are emanating away from the region between 0 and x. On the other hand, the scaling limit of lattice correlation functions of the σ^x_n Pauli matrices, in a state ρ_{lat} that is the lattice correspondent to ρ, naturally lead (see the table (10)) to the correlation functions ⟨σ_+(x, t)σ_+(0, 0)⟩_ρ (ordered regime) or ⟨μ_+(x, t)μ_+(0, 0)⟩_ρ (disordered regime): in the Jordan- Wigner transformation, the Pauli spin matrices are written in terms of infinite products of fermion operators starting at the matrix’s site and going in a fixed direction. That is,

lim_{h→1}(mξ)^{2d}⟨σ^x_nσ^x_n′ ⟩_{ρlat} ∝ ⟨ω_+(x, 0)ω_+(y, 0)⟩_ρ, ω = { σ (ordered regime) μ (disordered regime).

(52)

Hence in order to obtain form factor expansions for these, we need to use

⟨ω_+(x, t)ω_+(0, 0)⟩_ρ = ⟨ω_+(x, t)ω_−(0, 0)⟩_ρ♯ (ω = σ or ω = μ). (53)

Note that these correlation functions should be real.

Second, the presence of a cut affects the translation covariance property of x-dependent matrix elements. This property can be expressed as ρ⟨vac|ω_±(x, t)|θ_1, . . . , θ_N ⟩^ρ_{ϵ1,...,ϵN} = e^{±xE} e ∑_N j=1 ( iϵ_j p_{θj} x−iϵ_j E_{θj} t ) f^{ρ;ω}_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ) (54) (where ω = σ or ω = μ), with E = ∫_∞ −∞ dθ 2π m cosh θ log ( coth W (θ) 2 ) . (55)

The factor e^{±xE} can be understood physically by the fact that the trace in the region where a cut lies contributes a different free energy to that where no cut lies, so that, after appropriate normalization with respect to the point x = 0, a shift of the cut end-point gives rise to the exponential of the twist-field free energy deficit. We will provide a thermodynamic argument for it in Subsection 5.3. Note that if E^♯ is associated to W^♯, we have

E^♯ = −E. (56)

The final subtlety is that the form factors of twist fields are not entire functions of the rapidities – they are distributions defined as boundary values of analytic functions, and it appears to be important, in order to obtain a well-defined form factor expansion, to be able to shift contours towards the analyticity regions. Hence, we need to further require that W (θ) be analytic on a neighborhood of R. This requirement will be carefully lifted in the particular case of the non-equilibrium steady state (21).

Putting these subtleties together, we obtain the following.

Conjecture 3.1 With ω = σ or ω = μ, and with W (θ) analytic for θ ∈ R, we have

⟨ω_+(x, t)ω_+(0, 0)⟩_ρ (57) = e^{−xE} ∞∑ N=0 ∑ ϵ_1,...,ϵ_N ∫ dθ_1 · · · dθ_N N! e ∑_N j=1 ( iϵ_j p_{θj} x−iϵ_j E_{θj} t ) ∏_N j=1 ( 1 − e^{−ϵj W (θj )} )f^{ρ♯;ω+}_{ϵ1,...,ϵN} (θ1 · · · θN )f^{ρ♯;ω−}_{−ϵN ,...,−ϵ1} (θN · · · θ1)

Recall that ρ^♯ is the density matrix corresponding to W^♯ in (51).

We used (53), then from this the expansion obtained from (31), then (54) and (36), and finally the ♯ modifications given by (56) and (51). As before, in order to obtain a large-distance expansion from the conditionally convergent integrals, we can shift the θ_j contour in (57) by iϵ_j η for η > 0 small enough in such a way that θ_j remains in the analyticity region of W (θ_j). Note that these shifts keep the rapidities in the analyticity region of the form factors involved. This means that

⟨ω_+(x, 0)ω_+(0, 0)⟩_ρ = e^{−xE} ⟨σ_+⟩_{ness}⟨σ_−⟩_{ness} · { 1 + O(e^{−2mx sin |θ⋆| cosh α}) (ω = σ) O(e^{−mx sin |θ⋆| cosh α}) (ω = μ) (58)

as x → ∞, where z := α+iθ^⋆, with θ^⋆ ∈ [−π/2, π/2]\{0}, is the position on the upper boundary of the analyticity region of (1 − e^{−W (θ)})^{−1}, or on the lower boundary of the analyticity region of (1 − e^{W (θ)})^{−1}, making the exponential least decaying (note that sin |θ^⋆| cosh α = |Im(sinh z)|). Here, O(e^{−kmx sin |θ⋆| cosh α}) includes possible algebraic or other non-exponential factors in mx. These factors are determined by the type of singularity at α + iθ^⋆. We provide examples of this in our analysis of a particular generalized Gibbs ensemble in Sub-section 4.1, and in our analysis of the non-equilibrium steady state in Sub-section 4.2.

We may re-write (57) explicitly, for any sign of x (in the space-like region), as

⟨σ_+(x, t)σ_+(0, 0)⟩_ρ ± ⟨μ_+(x, t)μ_+(0, 0)⟩_ρ = e^{−|x|E} ∞∑ N=0 (±1)^N N! ∑ ϵ_1,...,ϵ_N ∫ N∏ j=1 dθ_j K_{ϵj} (θ_j) e^{∑Nj=1} ( iϵ_j p_{θj} |x|−iϵ_j E_{θj} t ) ×

× ∏ j<k ( tanh θ_j − θ_k + i(ϵ_j − ϵ_k) 2 )_{2ϵj ϵk} (59)

where K_ϵ(θ) = i^{ϵ−1} g(θ + iϵ0)^{−2ϵ} 2π ( 1 − e^{−ϵW (θ)} ) and g(θ) is given in (43). We provide in Appendix B a check to one-particle order that the result is a real function, as it should be from general arguments.

Conjecture (3.1) was shown to be correct in the thermal Gibbs state in [33] by showing, through contour shifts, that it reproduces the correct form factor expansion in the quantization on the circle.

As we mentioned, in the case of the non-equilibrium steady state, because of the nonanalyticity at θ = 0, care must be taken in performing the shifts, and this affects the largedistance behaviour (see Subsection 4.2). In particular, although the form of the leading exponential decay is still valid, the subleading terms are slower than exponential. Note that the factor e^{−xE} is in agreement with the result of [42] in the anisotropic XY model out of equilibrium.

4 Applications

4.1 Quantum quenches

Quantum quenches are physical setups where, in the usual convention, one suddenly modifies one or more parameters (couplings, etc.) of a system, usually initially in its ground state, and let it evolve. Hence in general, one has two hamiltonians H and H^′ which do not commute with each other, and the ground state of H (or some low-energy excitation, or some natural mixed state) is unitarily evolved with the evolution operator e^{−itH′} . The main problem is to determine what happens after a large evolution time t; for instance: is there thermalization? A ground breaking experiment [68] showed that dimensionality plays a crucial role, and suggested that conservation laws may have a strong influence on the result. A large body of work has been done in this subject (for a comprehensive summary, see for instance [11]). When measuring averages of local operators in infinite volume, one would indeed expect the large-time results to be consistent with thermalization, with a temperature that depends on the actual quench performed and on the initial state. It has been observed that, starting with ground states, thermalization indeed occurs in non-integrable systems, but that the infinite number of conserved quantities in integrable systems restrict the dynamics enough so that usual thermalization does not occur. In integrable systems, the final state is rather one described by a generalized Gibbs ensemble (GGE) [9, 10]. A GGE has a density matrix of the form

ρ_{GGE} = e^{− ∑∞n=1 βnHn} (60)

where H_n are the local conserved quantities, and β_n are the associated generalized inverse temperatures. The generalized temperatures are determined by the requirement that the averages of the conserved densities in the GGE be equal to those in the initial state. Note that we only expect conserved quantities that are bounded from below to appear, and usually there are no flow of energy, particle, etc. In these cases, although the state is not strictly at equilibrium (because we do not have a standard Gibbs’ ensemble), it is in a natural “generalized” equilibrium. In the Ising model, a precise study of quenches shows that indeed the GGE occurs [12, 13, 41].

Our results can be applied directly to GGEs in the Ising model thanks to the trivial observation that in the Ising model, conserved quantities are linear combinations (integrals) of a^†(θ)a(θ) (a similar statement holds for general integrable QFT). One usually may construct generalized hamiltonians using fixed-spin charges Q_n via H_n = (Q_n + Q_{−n})/2, with

Q_n = ∫ dθ e^{nθ} a^†(θ)a(θ) (61) (and in particular H_1 is the usual hamiltonian), and one has, according to (23),

W (θ) = ∞∑ n=1 β_n cosh(nθ). (62)

Naturally, more general linear combinations of the Q_ns are possible. Hence our results (50) (for fermion fields and all their descendants) and (57) (for order and disorder fields) give, in principle, the full large-distance expansion of correlation functions in the Ising model in any GGE.

A particular quench corresponding to an abrupt change of the external magnetic field from h_0 to h was considered in [12, 13, 41]. In the scaling limit, with both h_0 and h near to 1, this corresponds to a change of mass from m_0 to m. The result of these works can be expressed, in the scaling limit, by the following choice of W (θ):

tanh W (θ) 2 = sinh^2 θ + η m_0/m

cosh θ √ sinh^2 θ + m^2_0/m^2

=: U (63)

where η = + for a quench from ferromagnetic to ferromagnetic or from anti-ferromagnetic to anti-ferromagnetic regimes, and η = − for the other cases. We see that for η = − this is out of the context that we considered, since then W (θ) < 0 for small enough values of θ. However for η = + this can be treated with the present formalism. In particular, we find that 1 1 − e^{−W} = 1 2 (1 + U^{−1}), 1 1 − e^W = 1 2 (1 − U^{−1}).

Both of these have poles at sinh θ = ±i √ m_0/m and branch points at sinh θ = ±i m_0/m. Hence, this implies that our expansion (57) (or (59)) provides a full large-distance expansion for correlation functions of ordered and disordered fields in the universal stationary regime occurring after such magnetic-field quenches, and in particular that the leading next-order decay is (58) with sin |θ^⋆| cosh α = √ m_0/m or m_0/m. We may perform a short analysis in order to show that our results agree with the general features of the results of [41]. First, in the ordered (ferromagnetic) regime, we must use the order field σ_+. According to (58), we then see a pure exponential decay controlled by E. Indeed a pure exponential decay was derived in [41]. In the disordered (anti-ferromagnetic) regime, we must use the disorder field μ_+. We now see in (58) an exponential decay, with a possible algebraic factor. In order to evaluate the possible algebraic factor, we simply need to deform the θ contours, and look at the singularities, at points z, making |Im(sinh z)| minimum. If m_0/m > 1, then √ m_0/m < m_0/m, hence the poles are these singularities. Poles provide a pure exponential behavior, so we have a pure exponential decay. A pure exponential behavior is indeed what was found in [41] for h_0 > h in the anti-ferromagnetic regime. If m_0/m < 1, then √ m_0/m > m_0/m, and the branch point is the nearest singularity. Hence we have an exponential decay, but branch cuts give additional algebraically decaying factors. Indeed, an algebraic decay is obtained in [41] in this situation as well. The branch cut is of square-root type, so that, after our contour shifts, we have to evaluate integrals of the type e^{−m0x} ∫_∞ 0 dβ √ βe^{−Cmx} ∝ (mx)^{−3/2} e^{−m0x}. An algebraic decay with exponent −3/2 was indeed found in [41].

We may also describe the correction terms, which were not described in [41]. We should have for instance, in the ordered regime, considering the two-particle contributions of the form factor expansion, the main exponentially decaying behavior times

1 + O ( (mx)^{−3/2} e^{−(√m0m+m0)x} ) ordered, m_0 > m 1 + O ( (mx)^{−5} e^{−m0x} ) ordered, m_0 < m.

A similar, but simpler, analysis may be done for the field ε, using the finite-sum exact expression (50).

We note that our context may in principle be generalized to cases with W (θ) < 0; the difficulty to overcome will be to deal with singularities in the denominator of (57).

Hence, a simple form factor analysis provides the main features of some results of [41] as well as some simple corrections. A detailed analysis of the large-distance expansion from our exact result (57), further confirming and generalizing [41], would be very interesting, but is beyond the scope of this paper.

4.2 Non-equilibrium steady states

A non-equilibrium steady state (NESS) can be seen as a state which is steady with respect to the dynamics of the model, but where there are flows of energy, particles, charge, etc with constant rate. Non-equilibrium steady states can be “created” by evolving unitarily, for an infinite time, two semi-infinite halves of a system initially separately thermalized. If the two halves are thermalized at different temperatures β^{−1}_l and β^{−1}_r (left and right halves respectively), but no bias in any other chemical potential, then the steady state obtained possesses energy flows but no other flows. This state was exactly described in critical systems in [15] using conformal field theory, near to criticality in [16] using general massive quantum field theory, and in the XY quantum chain in [14] (see also [17]). The latter two results can be stated, in our present notation, by saying that the function W (θ) is specialized to

W_{ness}(θ) := β_lE_θΘ(θ) + β_rE_θΘ(−θ) (64)

where Θ(x) is the Heavyside step function (we denote by ρ_{ness} the associated density matrix). This associates an inverse temperature β_l to right-moving particles, and an inverse temperature β_r to left-moving ones. Physically, this formula is justified by the fact that right-moving particles come from the far left, which was thermalized at temperature β^{−1}_l , and vice versa.

Note that we may also consider the twisted density matrix ρ^♯_{ness}. Although this does not have as clear a physical meaning in the context of the Ising spin chain, it is this twisted density matrix that is needed in the form factor expansion (57) of the physical correlation functions.

4.2.1 Non-equilibrium form factors have branch cuts

Since the function W_{ness}(θ) is analytic on Re(θ) < 0 and on Re(θ) > 0 but not at θ = 0, it does not satisfy the assumptions that we made for the form factor expansion. This means that we can analytically continue form factors f^{ρness;ω±}_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ), for ω = μ or ω = σ, from their analyticity strip θ_j ∈ I^±_{ϵj} (45) whenever Re(θ) < 0 or Re(θ) > 0 using (46), but not from the point θ = 0. For β_l ≠ β_r, we can see from (46) that there is a jump, in this analytic continuation, in going from positive to negative real part of θ. This means that the functions h^±_ϵ (θ) (hence also all form factors) have branch points at θ = 0 and θ ± ϵiπ with branch cuts running away from the analyticity region. The jump through these branch cuts can be evaluated using (46) and (64), and is given by

h^±_ϵ (θ − 0) h^±_ϵ (θ + 0) = coth mβ_r cosh θ 2 tanh mβ_l cosh θ 2 (for W_{ness})

tanh mβ_r cosh θ 2 coth mβ_l cosh θ 2 (for W^♯_{ness})

(65)

for Re(θ) = 0 and θ ± ϵiπ ∈ I^±_ϵ . In fact, one can evaluate the leading small-θ behavior by extracting the pole 1/(θ − θ^′) from the factor 1/ sinh(θ − θ^′) in (43), thus obtaining h^±_ϵ (θ) ∝ { θ^{∓iϵγ} (for W_{ness}) θ^{±iϵγ} (for W^♯_{ness}) , γ := 1 2π log ( coth mβ_r 2 tanh mβ_l 2 ) . (66)

4.2.2 Expansion for two-point functions: oscillations in log(mx)

We can attempt to make the expansion (57) into a large-distance expansion by shifting contours. This is obtained by shifting the θ_j-contours towards the positive imaginary direction by an amount +iπ, for every rapidity associated with ϵ_j = +. In shifting the contour, poles are picked up from the factors 1 − e^{−ϵj Wness(θj )} in the denominator; and the segment running from 0 to iπ is surrounded in such a way that the contour passes by 0, because the factors 1 − e^{−ϵj W (θj )} are not continuous at 0. Fully shifted contours with ϵ = + cancel unshifted contours with ϵ = − thanks to (49), so that one is left with pole contributions and integrals along the segment from

0 to iπ. The result is (see Appendix C for some details)

⟨ω_+(x, t)ω_+(0, 0)⟩_{ρness} = e^{−xEness} ∞∑ N,M=0 ∑ n_1,...,n_N ∈Z\{0} ∫_π 0 dθ_1 · · · dθ_M N!M! (2π)^N i^M ×

× N∏ j=1 e^{−mx cosh(α(nj ))+2πnj t/β(nj )} mβ(n_j) cosh α(n_j ) ×

× M∏ k=1 [ e^{−mx sin(θk)−imt cos(θk)} ( 1 1 − e^{−mβl cos(θk −i0)} − 1 1 − e^{−mβr cos(θk+i0)} )] × × F ( α(n_1) + iπ 2 , . . . , α(n_N ) + iπ 2 , iθ_1, . . . , iθ_N ) (67)

where F (u_1, . . . , u_K ) = f^{ρ♯ness;ω+}_{+,...,+} (u_1, . . . , u_K )f^{ρ♯ness;ω−}_{−,...,−} (u_K , . . . , u_1) (68) and α(n) = arcsinh ( 2πn β(n)m ) , β(n) = { β_l (n > 0) β_r (n < 0)

. (69)

Here again, either ω = σ or ω = μ.

We see that the standard Matsubara frequencies of finite-temperature correlation functions appear on the second line of the right-hand side in (67); however here there are two temperatures, hence two frequencies, depending on the sign of n_j. The Matsubara frequencies can be interpreted as coming from the quantization of the momentum in a quantum system on the circle, as a finite-temperature state can be interpreted as a condition of (quasi-)periodicity in imaginary time, with extent given by the inverse temperature. Here, we see that we have the remnant of this in our non-equilibrium steady state, but with two different circumferences, for right- and left-moving particles. This does not make full sense in the massive theory, as rightand left-movers do not separate (fields do not factorize). This is why we have extra integrals on finite intervals; these can be interpreted as providing the bridge for right- and left-moving modes to jump from the circle of circumference β_l to that of circumference β_r and vice versa.

The leading exponential decay e^{−xEness} is in agreement with the result of [42] obtained in the (anisotropic) XY model out of equilibrium, after one performs the scaling limit. The nonequilibrium “free energy deficit” E_{ness} can be written as the average of the free energy deficits E_β associated to equilibrium thermal density matrices,

E_{ness} = 1 2 (E_{βl} + E_{βr} ) , E_β := ∫_∞ −∞ dθ 2π m cosh θ log ( coth mβ cosh(θ) 2 ) . (70)

The form of the leading or subleading terms multiplying this exponential decay can be obtained from the one- or two-particle integral and zero-particle sum, M = 1, 2 and N = 0; these are not exponential, hence we can neglect all exponentially decaying terms coming from higher values of N. They are evaluated by approximating the integral over [0, π] of e^{−mx sin(θ)}c(θ) by the integral over [0, ∞) of e^{−mxθ}(c(θ) + c(π − θ)). Let us take t = 0 for simplicity. Using (66) and (46), and the fact that the two-point function is real, this gives in the case of the disorder field (M = 1):

⟨μ_+(x, 0)μ_+(0, 0)⟩_{ρness} = e^{−xEness} ⟨σ_+⟩_{ρness} ⟨σ_−⟩_{ρness} ( A mx cos(2γ log(mx) + B) + . . . ) (71)

where γ is defined in (66). The constants A and B can also be evaluated from the M = 1 integral after a somewhat tedious analysis (see Appendix C for the answer). However, we do not expect this M = 1 evaluation of the constants A and B to be meaningful. Indeed, the omitted part in (71), corresponding to higher values of N and M, contain terms of exactly the same form as the first subleading term written in (71), but with different constants A and B, with A possibly logarithmically divergent. These come from higher values of M still with N = 0, and arise due to the “kinematic poles”: the singularities of the coth((θ_1 − θ_2)/2 factors – see Appendix C for some details. Yet we expect that the oscillating form obtained from the M = 1 analysis be correct, and the possible divergences to be re-absorbable into the normalization of the field. Note that other subleading terms are terms with higher oscillating frequency in log(mx) and with higher power of 1/(mx) (coming from higher values of M with N = 0), as well as exponentially decaying terms.

A similar analysis for the order field is obtained from M = 2. In this case, the first subleading term is O(1); this is for the same reason as that for which the next subleading term in the disorder-field case are of the same form as the first subleading term. Hence, also in this case, the vacuum expectation value ⟨σ_±⟩_{ρness} does not reproduce the correct normalization for the leading exponential decay of the two-point function, ⟨σ_+(x, 0)σ_+(0, 0)⟩_{ρness} ∼ C e^{−xEness} with in general C ≠ ⟨σ_+⟩_{ρness} ⟨σ_−⟩_{ρness} . Here the full physical meaning, beyond its involvement in the form factor expansion (67), of the “expectation value” ⟨σ_±⟩_{ρness} is not entirely clear – such expectation values are usually determined from the large-distance asymptotic under the condition of conformal normalization at small distances.

An important conclusion, however, is that in general, both for the order and disordered regimes, we expect to have oscillatory terms in log(mx) with frequencies that are multiple of 2γ. Yet it would be interesting to understand more fully the large-distance expansion.

4.2.3 “Non-equilibrium KMS relation” and analytic properties

In an equilibrium Gibbs state at temperature β^{−1}, the two-point function of fermion fields G_β(x, τ) = ⟨ψ(x, τ)ψ(0, 0)⟩_{ρβ} at imaginary time t = −iτ, τ ∈ R satisfies the quasi-periodicity relation (KMS relation, see for instance [18]) G_β (x, τ) = −G_β (x, τ + β). This relation is obtained by using the cyclic property of the trace and the relation e^{βH} ψ(x, τ)e^{−βH} = ψ(x, τ + β). It is at the basis of the description of the Gibbs state in terms of Euclidean (imaginary-time) fields on a cylinder of circumference β (for fermions: with anti-periodic conditions). This relation is however broken out of equilibrium. In the case of the present free fermion theory there is a straightforward “nonequilibrium KMS relation”. Recall the mode expansion (15) for the fermion fields. We may define non-local fermion operators by integration over rapidity half-lines, ψ^{l,r}(x, t) = 1 2 √ m π ∫ θ≷0 dθ e^{θ/2} ( a(θ) e^{ipθ x−iEθ t} + a^†(θ) e^{−ipθ x+iEθ} )

ψ̄^{l,r}(x, t) = − i 2 √ m π ∫ θ≷0 dθ e^{−θ/2} ( a(θ) e^{ipθ x−iEθ t} − a^†(θ) e^{−ipθ x+iEθt} ) . (72)

Then, with G_{ness}(x, τ) = ⟨ψ(x, τ)ψ(0, 0)⟩_{ρness} and G^{l,r}_{ness}(x, τ) = ⟨ψ^{l,r}(x, τ)ψ(0, 0)⟩_{ρness} , the nonequilibrium KMS relation for two-point fermion correlation functions is G_{ness}(x, τ) = −G^l_{ness}(x, τ+ β_l) − G^r_{ness}(x, τ + β_r). This is a non-local relation, hence does not (a priori) have a natural geometric interpretation.

Yet when considering instead the two-point function

g_{ness}(x, τ) := ⟨ψ(x, τ)μ_+(0, 0)⟩_{ρness}

such a generalized KMS relation is useful as it allows us to establish analytic properties of form factors. Indeed, similar arguments, using the exchange relations with the disorder field μ_+ (recall that it has a branch cut towards its right), lead in the non-equilibrium steady state to the non-local relations

g_{ness}(x, τ) = sgn(x) ( g^l_{ness}(x, τ + β_l) + g^r_{ness}(x, τ + β_r) ) . (73)

Here we can use a form factor expansion like (50), since the field ψ one has only one-particle form factors that are nonzero. In particular, in the present case of the non-equilibrium steady state (64), integrals exist on the real line, and the large-distance expansion can be obtained exactly. The non-equilibrium KMS relation (73) combined with the form factor expansion then leads to nontrivial conditions on the analyticity properties of form factors; in particular, it implies the presence of a branch cut, with prescribed jump. As we show in Subsection 5.4, this is in agreement with (65).

5 Calculations

5.1 Mixing

First, note that the pure-state limit of form factors can be defined by taking the limit V (θ) → ∞ (uniformly on θ) of mixed-state form factors; recall (25). By using the cyclic property of the trace in order to bring all operators a(θ) to the left while keeping all operators a^†(θ) to the right of O, we see that lim_{V →∞} f^{ρ;O}_{+,...,+,−,...,−}(θ_1, . . . , θ_j, θ_{j+1}, . . . , θ_N ) = ⟨θ_N , . . . , θ_{j+1}|O|θ_1, . . . , θ_j ⟩ (74) where there are j plus signs and N − j minus signs as indices on the left-hand side. This holds for all values of rapidities such that θ_j ≠ θ_k for j ≠ k, and thanks to (35) we may evaluate the limit for other choices of signs. This suggests that matrix elements of O in H with rapidities both on the right and on the left be gathered into the function f^O_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ) := lim_{V →∞} f^{ρ;O}_{ϵ1,...,ϵN} (θ_1, . . . , θ_N ). (75)

In particular, the usual form factors, with excited states on the right and the vacuum on the left, are f^O(θ_1, . . . , θ_N ) = f^O_{+,...,+}(θ_1, . . . , θ_N ).

It will be convenient in order to express formally our result to use a notation for form factors with general Liouville states |A⟩^ρ: f^{ρ;O} [ |A⟩^ρ ] =^ρ⟨vac|O^ℓ|A⟩^ρ. (76)

We will also use the notation f^O [ |A⟩^ρ ] := lim_{V →∞} f^{ρ;O}[|A⟩^ρ ] . (77)

Proposition 5.1 There is a linear map

U : End(H) → End(H) O → U(O) (78)

satisfying U(O^†) = U(O)^†, (79) and an operator U on L_ρ, such that for all |A⟩^ρ ∈ L_ρ and all O ∈ End(H),

|U(O)⟩^ρ = U|O⟩^ρ, (80) and f^{ρ;O} [ |A⟩^ρ ] = f^{U(O)} [ |A⟩^ρ ] = f^O [ U^†|A⟩^ρ ] . (81) We have U = exp [∫ dθ a_−(θ)a_+(θ) 1 + e^{W (θ)} ] . (82)

Further, if O is a local fermionic descendant of the identity (i.e. the identity itself, the fermion fields ψ(x) and ψ̄(x), their x-derivatives, or normal-ordered products of such), then U(O) is a linear combination of such local fermionic descendants with equal and lower numbers of fermion fields.

In order to prove Proposition 5.1, let us consider the operators

O = a^†(θ_n) · · · a^†(θ_{k+1})a(θ_k) · · · a(θ_1) =: ∏ i a^{ϵi} (θ_i) (83)

for fixed k, n. These, for all nonnegative integers n ≥ k, form a basis in End(H) according to our assumptions.

Recall the canonical creation and annihilation operators a_ϵ(θ) and a^†_ϵ(θ) on L_ρ, with anticommutation relations (29). Let us introduce the normal-ordering operation^∘ ·^∘ on L_ρ which takes the operators a_ϵ(θ) to the right of the operators a^†_ϵ(θ) in the usual way. Then, using (122), we have ∘ ∘ O^{ℓ ∘} |vac⟩^ρ = ∏ i a^†_{ϵi} (θ_i) C_{−ϵi} (θ) |vac⟩^ρ (84)

ρ⟨vac|^∘ O^{ℓ ∘} =^ρ⟨vac| ∏ i a_{−ϵi} (θ_i) C_{ϵi} (θ) (85) where C_ϵ(θ) := 1 + e^{ϵW (θ)}. (86) Using (29), (30) and (85) we immediately see that ρ⟨vac|^∘ O^{ℓ ∘} |θ_1, . . . , θ_j , θ_{j+1}, . . . , θ_N ⟩^ρ_{+,...,+,−,...,−} = ⟨θ_N , . . . , θ_{j+1}|O|θ_1, . . . , θ_j ⟩ (87) (in particular, both sides are nonzero if and only if k = j and n = N). This implies (see (77)) f^O [ |A⟩^ρ ] =^ρ⟨vac|^∘ O^{ℓ ∘} |A⟩^ρ (88)

for all A ∈ End(H).

From (82), we find Ua^†_ϵ(θ)U^{−1} = a^†_ϵ(θ) + ϵ C_{−ϵ}(θ) C_+(θ) a_{−ϵ}(θ). (89)

Hence, using (84),

U^∘ O^{ℓ ∘} |vac⟩^ρ = k+1∏ i=n ( a^†_+(θ_i) C_−(θ_i) + a_−(θ_i) C_+(θ_i)

)_1 ∏ i=k ( a^†_−(θ_i) C_+(θ_i) − a_+(θ_i) C_+(θ_i) ) |vac⟩^ρ

= k+1∏ i=n ( a^†_+(θ_i) C_−(θ_i) + a_−(θ_i) C_+(θ_i)

)_1 ∏ i=k ( a^†_−(θ_i) C_+(θ_i) + a_+(θ_i) C_−(θ_i) ) |vac⟩^ρ = O^ℓ|vac⟩^ρ = |O⟩^ρ (90)

where we used the facts that {a^†_−(θ), a_+(θ^′)} = 0 and that a_+(θ)|vac⟩^ρ = 0. Taking (80) as a definition of the map U, we have found

O^ℓ|vac⟩^ρ =^∘ U(O)^{ℓ ∘} |vac⟩^ρ. (91)

From (36) we observe that (^ρ⟨A|U(O)⟩^ρ)^∗ =^ρ⟨Ã|U(O)^†⟩^ρ where Ã is obtained by expressing |A⟩^ρ in the Liouville particle basis, and in every term conjugating the coefficient, inverting the order of the rapidities, and flipping the particle types (note that this does not give |A^†⟩^ρ). Since U is invariant under these operations, we find (^ρ⟨A|U(O)⟩^ρ)^∗ = (^ρ⟨A|U|O⟩^ρ)^∗ =^ρ⟨Ã|U|O^†⟩^ρ = ρ⟨Ã|U(O^†)⟩^ρ, which implies (79). In particular, from (91), we then have

ρ⟨vac|O^ℓ =^ρ⟨vac|^∘ U(O)^{ℓ ∘} (92)

Putting together (88) and (92) we obtain

f^{U(O)} [ |A⟩^ρ ] =^ρ⟨vac|^∘ U(O)^{ℓ ∘} |A⟩^ρ =^ρ⟨vac|O^ℓ|A⟩^ρ (93)

which shows the first equation in (81). The second is obtained similarly but using the hermitian conjugate of (90), f^O [ U^†|A⟩^ρ ] =^ρ⟨vac|^∘ O^{ℓ ∘} U^†|A⟩^ρ =^ρ⟨vac|O^ℓ|A⟩^ρ. (94) Finally, in order to show the last part of the proposition, we only need to show locality (it is clear that U reduces the number of fermion operators, and in fact that it preserves the parity of this number). For this, we note that using (122) and (89), given any linear combination A = ∫ dθ ( u(θ)a^†(θ) + v(θ)a(θ) ) , we find

U^{−1}A^ℓU = A^ℓ + R, U^{−1}A^rU = A^r + R(−1)^{nℓ−nr} (95)

for some operator R (that depends on u and v). Hence,

U^{−1}(A^ℓ − A^r(−1)^{nℓ−nr} )U = A^ℓ − A^r(−1)^{nℓ−nr} . (96)

That is, with [A, ·] being a commutator if · is bosonic and an anti-commutator if it is fermionic, we deduce |[A, U(O)]⟩^ρ = (A^ℓ − A^r(−1)^{nℓ−nr} )|U(O)⟩^ρ = U(A^ℓ − A^r(−1)^{nℓ−nr} )|O⟩^ρ = |U([A, O])⟩^ρ. (97) This gives (41). Let us now take O = O(x^′) to be a normal-ordered product of fermion fields at the point x^′. Then [ψ(x), O(x^′)] = [ψ^†(x), O(x^′)] = 0 for all x ≠ x^′. Hence also [ψ(x), U(O(x^′))] = [ψ^†(x), U(O(x^′))] = 0 for all x ≠ x^′. Given that U(O(x^′)) is composed of normal-ordered terms each with finitely many factors of creation / annihilation operators, it must be a linear combination of normal-ordered product of fermion fields at the point x^′, plus possibly a term proportional to the identity. By translation covariance, this latter term is independent of x^′. It is clear from the form of U that the term with the highest number of fermion field is the original field itself. By dimensional analysis, we have

U(O(x)) = O(x) + ∑ Ψ:d_Ψ<d_O

m^{dO −dΨ} F^Ψ_O Ψ(x) (98)

where Ψ are normal-ordered products of fermion fields or the identity field (not involving explicitly the mass), d_Ψ are their dimensions and d_O is the dimension of O; the sum is finite. In the limit where V → ∞, the coefficients F^Ψ_O tend to zero.

5.2 Mixed-state form factors of twist fields

We prove Proposition 3.1 by establishing a system of functional differential equations for the one- and two-particle form factors of the field μ_+ and σ_+ (something similar can be done for μ_−, σ_−), and by showing that (42), (43) satisfy it. The differential equations are obtained using, in particular, the fact that Wick’s theorem, as described after Proposition 3.1, applies for mixedstate form factors with higher numbers of particles (and also for traces with insertion of one twist field and many creation / annihilation operators). Wick’s theorem is a consequence of the fact that the twist fields σ and μ are simply related to normal-ordered exponentials of bilinear expressions in the creation / annihilation operators. For instance the order field σ_+ is ⟨σ⟩ times

: exp [ ∑ ϵ_1,ϵ_2 ∫ dθ_1dθ_2 F_{ϵ1,ϵ2} (θ_1, θ_2)a^{ϵ1} (θ_1)a^{ϵ2} (θ_2) ] : (99)

where F_{ϵ1,ϵ2} (θ_1, θ_2) = −^1_{2⟨σ⟩} f^{σ+}_{ϵ1,ϵ2} (θ_1, θ_2) are essentially the matrix elements on the Hilbert space. Hence the equations we derive hold in general for operators of the form (99). The differential equations are nonlinear first-order differential equations for the form factors seen as functionals of the function W : θ → W (θ) that characterizes the density matrix. With the initial condition at V (θ) = Re(W (θ)) = ∞, given by the matrix elements of the twist fields on the Hilbert space, the solution is unique. Indeed, these matrix elements fully characterize the kernel F_{ϵ1,ϵ2} (θ_1, θ_2) in the bilinear expression.

5.2.1 Nonlinear functional differential system of equations

Let (see (27))

f̃_ϵ(θ) := Q_ϵ(θ)Tr (ρ μ^+ a^ϵ(θ)) Tr (ρ σ_+)

, f̃_{ϵ1,ϵ2} (θ_1, θ_2) := Q_{ϵ1,ϵ2} (θ_1, θ_2)

Tr (ρ σ_+ a^{ϵ1} (θ_1)a^{ϵ2} (θ_2)) Tr (ρ σ_+)

(100)

and similarly for higher numbers of insertions of creation and annihilation operators. Using δρ/δW (β) = −a^†(β)a(β) ρ, we find δ δW (β) Tr (ρ μ_+ a^ϵ(θ)) Tr (ρ σ_+) = − Tr ( ρ μ_+ a^ϵ(θ)a^†(β)a(β) ) Tr (ρ σ_+) + Tr (ρ μ_+ a^ϵ(θ)) Tr (ρ σ_+) Tr ( ρ σ_+ a^†(β)a(β) ) Tr (ρ σ_+) . Simplifying the right-hand side through Wick’s theorem, f̃_ϵ(θ)f̃_{+,−}(β, β) − f̃_{ϵ,+,−}(θ, β, β) = f̃_+(β)f̃_{ϵ,−}(θ, β) − f̃_−(β)f̃_{ϵ,+}(θ, β), this implies, from the definition (27), ( δ δW (β) + ϵδ(β − θ) 1 + e^{ϵW (β)} ) f̃_ϵ(θ) = f̃_+(β)f̃_{ϵ,−}(θ, β) − f̃_−(β)f̃_{ϵ,+}(θ, β) 4 cosh^{2 W (β)}_2

. (101)

Likewise, differentiating Tr (ρ σ_+ a^{ϵ1} (θ_1)a^{ϵ2} (θ_2)) /Tr (ρ σ_+), we find ( δ δW (β) + ϵ_1δ(β − θ_1) 1 + e^{ϵ1W (β)} + ϵ_2δ(β − θ_2) 1 + e^{ϵ2W (β)} ) f̃_{ϵ1,ϵ2} (θ_1, θ_2) = f̃_{ϵ1,+}(θ_1, β)f̃_{ϵ2,−}(θ_2, β) − f̃_{ϵ1,−}(θ_1, β)f̃_{ϵ2,+}(θ_2, β)

4 cosh^{2 W (β)}_2

. (102)

Equation (102) gives a continuous family of non-linear first-order functional differential equations for the W -functionals f̃_{++}(θ_1, θ_2), f̃_{+−}(θ_1, θ_2), f̃_{−+}(θ_1, θ_2) and f̃_{−−}(θ_1, θ_2) (θ_1, θ_2 ∈ R). Once this system of equations is solved, the solution can be fed into (102) to provide a continuous family of linear first-order differential equations for the W -functionals f̃_+(θ) and f̃_−(θ) for all θ ∈ R. The continuous families can be slightly simplified using anti-symmetry under interchange of the particles (which is consistent with (101) and (102)).

This system of equations can be translated into a system for the mixed-state form factors themselves using (37), since we have, using the notation f_ϵ(θ) := ⟨σ⟩^{−1}_ρ f^{ρ;μ+}_ϵ (θ), f_{ϵ1,ϵ2} (θ_1, θ_2) := ⟨σ⟩^{−1}_ρ f^{ρ;σ+}_{ϵ1,ϵ2} (θ_1, θ_2),

f̃_ϵ(θ) = f_ϵ(θ), f̃_{ϵ1,ϵ2} (θ_1, θ_2) = f_{ϵ1,ϵ2} (θ_1, θ_2) + ( 1 + e^{−ϵ1W (θ1)} ) δ_{ϵ1+ϵ2,0} δ(θ_1 − θ_2). (103)

This gives δf_ϵ(θ) δW (β) = f_+(β)f_{ϵ,−}(θ, β) − f_−(β)f_{ϵ,+}(θ, β) 4 cosh^{2 W (β)}_2

(104)

δf_{ϵ1,ϵ2} (θ_1, θ_2) δW (β) = f_{ϵ1,+}(θ_1, β)f_{ϵ2,−}(θ_2, β) − f_{ϵ1,−}(θ_1, β)f_{ϵ2,+}(θ_2, β) 4 cosh^{2 W (β)}_2

. (105)

We see that the delta-function terms have all disappeared.

5.2.2 Unicity

From the trace definition of mixed-state form factors, or more explicitly from the expression (81) of mixed-state form factors in terms of ordinary form factors, we can deduce the form of the large-Re(W (θ)) expansion. We have f_{{ϵ}}({θ}) = f^{(0)}_{{ϵ}}({θ})+ ∫ dβ_1 e^{−W (β1)} f^{(1)}_{{ϵ}}({θ}, β_1)+ ∫ dβ_1dβ_2 e^{−W (β1)−W (β2)} f^{(2)}_{{ϵ}}({θ}, β_1, β_2)+. . .

where {ϵ} = ϵ or ϵ_1, ϵ_2, and {θ} = θ or θ_1, θ_2 · = ϵ_1, ϵ_2. Then, equations (104), (105) provide uniquely the solutions order by order, once the zeroth order has been fixed. For instance,

f^{(1)}_{ϵ1,ϵ2} (θ_1, θ_2, β) = f^{(0)}_{ϵ1,+}(θ_1, β)f^{(0)}_{ϵ2,−}(θ_2, β) − f^{(0)}_{ϵ1,−}(θ_1, β)f^{(0)}_{ϵ2,+}(θ_2, β).

Since the expressions for mixed-state form factors given in Proposition 3.1 agree with the usual pure-state form factors at Re(W (θ)) = ∞, then we only have to verify that they satisfy the system of equations (104), (105) in order to prove that they are correct.

5.2.3 Solution

In order to verify that the expressions for mixed states form factors of Proposition 3.1 give rise to a solution to (104) and (105), it is sufficient to take θ_1 and θ_2 in their analyticity region, as the system of equations (104), (105) is itself analytic. Hence we consider θ_1 ∈ I^+_{ϵ1} and θ_2 ∈ I^+_{ϵ2} , see (45). We then have

f_ϵ(θ) = 1 √ i h^+_ϵ (θ)

f_{ϵ1,ϵ2} (θ_1, θ_2) = h^+_{ϵ1} (θ_1)h^+_{ϵ2} (θ_2) ( tanh θ_2 − θ_1 2 )_{ϵ1ϵ2}

δ δW (β) h^+_ϵ (θ) = ϵ 2πi 1 sinh W (β) 1 sinh(θ − β) h^+_ϵ (θ). (106)

Consider (104). On the left-hand side, we find ϵ 2πi 1 sinh W (β) 1 sinh(θ − β) 1 √ i h^+_ϵ (θ) and on-the right-hand side, using (47), − 1 4πi 1 sinh W (β) (( tanh β − θ 2 )_{−ϵ} − ( tanh β − θ 2 )_ϵ) 1 √ i h^+_ϵ (θ).

These are equal thanks to the relation 1 sinh x = 1 2 ( coth x 2 − tanh x 2 ) . Similarly, consider (105). On the left-hand side, we find 1 2πi 1 sinh W (β) ( ϵ_1 sinh(θ_1 − β) + ϵ_2 sinh(θ_2 − β) ) ( tanh θ_2 − θ_1 2 )_{ϵ1ϵ2} h_{ϵ1} (θ_1)h_{ϵ2} (θ_2)

whereas on the right-hand side, again using (47), − 1 4πi 1 sinh W (β) × × (( tanh β − θ_1 2 )_{ϵ1} ( tanh β − θ_2 2 )_{−ϵ2} − ( tanh β − θ_1 2 )_{−ϵ1} ( tanh β − θ_2 2 )_{ϵ2} ) × × h_{ϵ1} (θ_1)h_{ϵ2} (θ_2). (107)

Again, these are equal thanks to the relations ( 1 sinh(θ_1 − β) + 1 sinh(θ_2 − β) ) tanh θ_2 − θ_1 2 = 1 2 ( tanh β − θ_2 2 coth β − θ_1 2 − tanh β − θ_1 2 coth β − θ_2 2 ) ( 1 sinh(θ_1 − β) − 1 sinh(θ_2 − β) ) coth θ_2 − θ_1 2 = 1 2 ( coth β − θ_2 2 coth β − θ_1 2 − tanh β − θ_1 2 tanh β − θ_2 2 )

The latter relations can be verified by looking at both sides as analytic functions of β. In the first relation, both sides have poles at β = θ_1 and β = θ_2 with residues tanh^{θ1−θ2}_2 , and in the second the residues are ± coth^{θ1−θ2}_2 respectively. In all cases, both sides change sign under β → β + iπ and no other poles than those mentioned are found in any strip of width iπ.

5.3 A thermodynamic argument Consider the one-particle mixed-state form factor

f^{ρ;μ+}_+ (θ) = (1 + e^{−W (θ)}) Tr ( ρ μ_+a^†(θ) ) Tr (ρ)

. (108)

The idea for the thermodynamic argument is to evaluate the traces by taking the product over the one-particle subspaces of all rapidities. This is clear for the denominator since ρ is diagonal: (1 + e^{−W (θ)}) Tr(ρ) = 1 ∏ θ^′≠θ(1 + e −W (θ^′)) . For the numerator, the argument is less clear, as μ_+ is not diagonal. Nevertheless, we may imagine at each rapidity that we look at the region far to the right, where there is a cut. Looking at this region will be corresponding to a slight imaginary shift in the rapidity, to be implemented below. Looking at the other region should give a factor of 1 by the argument presented here.

Taking the product over the rapidities and taking into account the sign change due to the cut, this should give ∏ θ^′ (1 − e

−W (θ^′)) on the numerator. However, the presence of the particle

at the rapidity θ will affect the density of rapidities θ^′ over which we take the product, as well as what we obtain at θ^′ = θ. Considering a region at a distance L to the right of the origin, we expect there to be a factor representing the effect of the branch point, given by ⟨vac|σ_+|θ, θ^′⟩e^{−ipθ′ L} ∝ tanh θ − θ^′ 2 e^{−ipθ′ L}, in evaluating the trace on the θ^′ subspace, when one particle at θ^′ is present. The dominant contribution will be obtained when this factor is equal to 1; then in particular we do get 1 − e^{−W (θ′)} in evaluating the trace. At θ^′ = θ this is not possible as the tanh function is zero – there the denominator is simply equal to 1. Hence we must evaluate ∏ θ^′≠θ 1 − e^{−W (θ′)} 1 + e^{−W (θ′)} = exp ∑ θ^′≠θ log ( tanh

W (θ^′) 2 )

with a density obtained from 1 L = − 1 2πiL d log ( tanh θ − θ^′ 2 ) + 1 2π dp_θ′ . In fact, near to θ this argument fails, and the fact that we were looking at the far right region must be taken into account. This appears to mean that we must replace θ^′ by θ^′ − i0 (thus making e^{−ipθ′ L} decaying at large L), and that we must the sum over all values of θ^′, including the value θ.

Then, the part corresponding to Δp_θ′ gives an infinite contribution. But if the twist field is at position x instead of 0, then we must replace L by L − x, and this corresponds to the finite change exp [ x ∫ dp_θ′ 2π log ( coth

W (θ^′) 2 )]

in agreement with (54), (55).

The other part gives exp [ 1 2πi ∫ dθ^′ ∂ ∂θ^′ log ( coth θ − θ^′ + i0 2 ) log ( tanh

W (θ^′) 2 )] . This is in agreement with (43).

Of course, this argument is far from a satisfying derivation, but it does explain the main features of (43).

5.4 Analytic structure from non-equilibrium KMS relation We re-write the equality (73) using a form factor expansion like (50) (and simplifying common factors): ∑ ϵ ∫ dθ e^{θ/2} e^{iϵpθx−ϵEθτ} 1 + e^{−ϵWness(θ)} h^+_{−ϵ}(θ) = sgn(x) ∑ ϵ ∫ dθ e^{θ/2} e^{iϵpθ x−ϵτ (Eθ+Wness(θ))} 1 + e^{−ϵWness(θ)} h^+_{−ϵ}(θ). In order to establish the equality, we shift the θ-contour by ϵiπ/2 for x > 0 and by −ϵiπ/2 for x < 0, taking care of surrounding the segment from 0 to ±ϵiπ/2. Let us denote by

g^r_ϵ (θ) := h^+_{−ϵ}(θ) 1 + e^{−ϵβrEθ} , g^l_ϵ(θ) := h^+_{−ϵ}(θ) 1 + e^{−ϵβlEθ} . Let us consider for instance the case x > 0. Equality will be obtained if the ϵ = + and ϵ = − shifted contours cancel each other except at the points where the extra factor e^{−ϵτ Wness(θ)} is sgn(x) = 1. That is, we require e^{iπ/4}g^{r,l}_+ ( θ + iπ 2 ) + e^{−iπ/4}g^{r,l}_− ( θ − iπ 2 ) = 0 (109)

except for the values of θ satisfying e^{imβr,l sinh θ} = 1 where the functions g^{r,l}_+ ( θ +^{iπ}_2 ) and g^{r,l}_− ( θ −^{iπ}_2 ) may have poles. One can check that with (43), these do have poles at the those values and that (109) holds elsewhere. Further, equality requires that the parts of the contours surrounding the segments emanating from the origin also cancel. On the right-hand side, these four terms are

∫_0 iπ/2 dθ e^{θ/2}g^r_+(θ − 0)e^{ipθ x−Eθ (τ +βr)} + ∫_{iπ/2} 0 dθ e^{θ/2}g^l_+(θ + 0)e^{ipθ x−Eθ (τ +βl)} + + ∫_0 −iπ/2 dθ e^{θ/2}g^r_−(θ − 0)e^{ipθ x−Eθ (τ +βr)} + ∫_{−iπ/2} 0 dθ e^{θ/2}g^l_−(θ + 0)e^{ipθ x−Eθ(τ +βl)} (110) and on the left-hand side they are the same except for setting β_{r,l} to zero. Equality on the segment from 0 to iπ/2, and equality on the segment from 0 to −iπ/2, then give the two equations (for ϵ = ± respectively) g^r_ϵ (θ − 0)e^{−ϵβrEθ} − g^l_ϵ(θ + 0)e^{−ϵβlEθ} = g^r_ϵ (θ − 0) − g^l_ϵ(θ + 0) which imply g^r_ϵ (θ − 0) g^l_ϵ(θ − 0) = 1 − e^{−ϵβlEθ} 1 − e^{−ϵβrEθ} . This gives exactly (65) in the case of h^+_− for ϵ = +, and in the case of h^+ for ϵ = − (and with W_{ness}).

A similar analysis can be done with x < 0, giving a pole structure in agreement with (43) and showing that h^+(θ) has no jump through the segment from 0 to iπ/2, and that h^+_−(θ) has no jump through the segment from 0 to −iπ/2, again in agreement with our results.

5.5 General solution as integral-operator kernel The nonlinear functional differential equation (105) presented in Subsection 5.2 is valid for general normal-ordered exponential fields of the form (99). However, the solution we presented is a special solution, for the twist fields σ_+. It is not clear a priori that a general solution will have the leg-factor structure found. Nevertheless, we may express the general solution of (105) as an integral-operator kernel constructed out of the functions F_{ϵ1,ϵ2} (θ_1, θ_2) involved in (99).

We may proceed as follows. Denote : e^S : the operator (99), with S = ∑ ϵ_1,ϵ_2 ∫ dθ_1dθ_2 F_{ϵ1,ϵ2} (θ_1, θ_2)a^{ϵ1} (θ_1)a^{ϵ2} (θ_2),

and consider its two-particle mixed-state form factors, for convenience here taking the twoparticle state on the left,^ρ_{ϵ1,ϵ2} ⟨θ_1, θ_2|(: e^S :)^ℓ|vac⟩^ρ. We have ρ ϵ_1,ϵ_2 ⟨θ1, θ2|(: e S :)^ℓ|vac⟩^ρ =^ρ_{ϵ1,ϵ2} ⟨θ_1, θ_2|U^∘ e^{Sℓ ∘} |vac⟩^ρ =^ρ_{ϵ1,ϵ2} ⟨θ_1, θ_2|Ue^{S̃} |vac⟩^ρ

=^ρ_{ϵ1,ϵ2} ⟨θ_1, θ_2|e^{US̃U−1} |vac⟩^ρ.

In the first step we used (91). In the second step we use the left-action expressions (122) and the Liouville-space normal ordering in order to simplify the action on the vacuum, defining

S̃ = ∑ ϵ_1,ϵ_2 ∫ dθ_1dθ_2 C_{−ϵ1} (θ_1)C_{−ϵ2} (θ_2)

F_{ϵ1,ϵ2} (θ_1, θ_2) a^†_{ϵ1} (θ_1)a^†_{ϵ2} (θ_2) (111)

(see (86)). In the last step we used U|vac⟩^ρ = 0. Using (89) we then obtain ρ ϵ_1,ϵ_2 ⟨θ1, θ2|(: e S :)^ℓ|vac⟩^ρ =^ρ_{ϵ1,ϵ2} ⟨θ_1, θ_2|e^D|vac⟩^ρ (112)

where D = ∑ ϵ_1,ϵ_2 ∫ dθ_1dθ_2 F_{ϵ1,ϵ2} (θ_1, θ_2) ( a^†_{ϵ1} (θ_1) C_{−ϵ1} (θ_1) + ϵ_1 a_{−ϵ1} (θ_1)

C_+(θ_1) ) ( a^†_{ϵ2} (θ_2) C_{−ϵ2} (θ_2) + ϵ_2 a_{−ϵ2} (θ_2) C_+(θ_2) ) . (113)

On the right-hand side of (112) we now have a matrix element of a pure exponential, so that we may use standard Bogoliubov-transformation techniques.

One way to implement such techniques is as follows. Consider a general canonical anticommutation algebra with basis b_j , b^∗_j , taking discrete indices j = 1, 2, . . . for simplicity, with {b^∗_j , b_k} = δ_{j,k}, other anti-commutators being zero. Denote by |0⟩ the associated Fock vacuum. Denote by V the column vector divided into two blocks, whose elements are

V = (b_1, b_2, . . . ; b^∗_1, b^∗_2, . . .)^T , V^∗ = (b^∗_1, b^∗_2, . . . ; b_1, b_2, . . .).

For general 2-block by 2-block matrix J, we are interested in evaluating the matrix ⟨0|V V^∗e^{V ∗JV} |0⟩ ⟨0|e^{V ∗JV} |0⟩ = W := ( W_{11} W_{12} 0 0 ) (114) where on the right-hand side we extracted the block structure. In particular, for the form factor problem at hand, we are looking for W_{12}. We evaluate (114) by first solving a more general problem, writing ⟨0|e^{V ∗JV} |0⟩ W = lim_{β→∞} Tr ( V V^∗e^{V ∗JV} e^{−βN} ) , N = 1 2 V^∗σ_zV (115)

where σ_z acts on the block space. The trace may be evaluated as usual by using its cyclic property, moving V along one cycle, and the commutation relations {V, V^∗} = 1, [N, V ] = −σ_zV, [V^∗JV, V ] = MV, M = σ_xJ^T σ_x − J. The result is ( 1 + e^{βσz} e^M ) Tr ( V V^∗e^{V ∗JV} e^{−βN} ) = e^{βσz} e^M Tr ( e^{V ∗JV} e^{−βN} ) . We take the large-β limit, keeping only the divergent terms proportional to e^β on both sides. For this, we use e^{βσz} → e^β P_1 where P_1 is the projector onto the first block. Hence we find

P_1e^M W = P_1e^M ⇒ (e^M )_{11}W_{12} = (e^M )_{12} ⇒ W_{12} = ( (e^M )_{11} )_{−1} (e^M )_{12}

which is the standard expression.

We now apply this to our form factor problem. Using (113) and canonically normalized operators

b^∗_ϵ (θ) = √ C_+(θ) C_{−ϵ}(θ) a^†_ϵ(θ), b_ϵ(θ) = 1 √ C_+(θ) a_ϵ(θ)

we find D = ∑ ϵ_1,ϵ_2 ∫ dθ_1dθ_2 √ C_+(θ_1)C_+(θ_2)

F_{ϵ1,ϵ2} (θ_1, θ_2) ( b^†_{ϵ1} (θ_1) + ϵ_1 b_{−ϵ1} (θ_1) ) ( b^†_{ϵ2} (θ_2) + ϵ_2 b_{−ϵ2} (θ_2) ) . (116) This gives rise to the matrix of integral operators J by identifying D = V^∗JV and then to M. In the 4 by 4 form taking into account the blocks discussed above as well as the internal particle-type ϵ block structure, we obtain

M = x −y −y −x z x^t x^t −z −z −x^t −x^t z x −y −y −x (117)

where the integral operators x, y, z have kernels

x(θ_1, θ_2) =

F_{+−}(θ_1, θ_2) − F_{−+}(θ_2, θ_1) √ C_+(θ_1)C_+(θ_2)

y(θ_1, θ_2) =

F_{++}(θ_1, θ_2) √ C_+(θ_1)C_+(θ_2)

z(θ_1, θ_2) =

F_{−−}(θ_1, θ_2) √ C_+(θ_1)C_+(θ_2) and x^t(θ_1, θ_2) = x(θ_2, θ_1) is the transposed kernel. We note that M is nilpotent, M^2 = 0, so that its exponential can be calculated trivially,

e^M = 1 + M.

By direct calculations one then finds

Z := W_{12} = ( −(1 + q)^{−1} y (1 + x^t)^{−1} −q (1 + q)^{−1} −q^t (1 + q^t)^{−1} (1 + q^t)^{−1} z (1 + x)^{−1} ) , q = x + y (1 + x^t)^{−1} z.

This gives the form factors via the kernel of this operator, ρ ϵ_1,ϵ_2 ⟨θ1, θ2|(: e S :)^ℓ|vac⟩^ρ = √ C_+(θ_1)C_+(θ_2) Z_{ϵ1,ϵ2} (θ_1, θ_2)

where ϵ_{1,2} = + is on the first row / column and ϵ_{1,2} = − is on the second.

6 Conclusion and discussion

6.1 Work done

Generalizing the thermal (or finite-temperature) form factors of [28, 33], we have defined mixedstate form factors and evaluated them explicitly in the Ising model, and we have shown how to obtain a full large-distance expansion for mixed-state two-point correlation functions of order and disorder fields from these form factors. Our method, like that of [28, 33], differs in an important way from other methods more widely used in the literature on massive integrable models: we do not “explicitly” perform the trace defining the two-point function with ordinary form factors and matrix elements (necessitating a delicate cancelation of divergencies), but rather we define mixed-state form factors as simpler traces, evaluated essentially using the cyclic property, and show that these traces can be used as building blocks for correlation functions, paralleling the ordinary vacuum Källen-Lehmann expansion. Our basic idea essentially follows from the GNS construction of C^∗-algebras.

We evaluated mixed-state form factors using a novel technique, showing how to derive for them a system of non-linear functional-differential equations. Knowing the vacuum form factors, these equations provide uniquely all mixed state form factors up to normalization. These techniques appear similar to techniques used in classical integrable models in order to obtain bilinear differential equations for tau-functions, which are however usually associated to correlation functions instead of form factors (see for instance [69]). But we do not know yet if there is a full technical equivalence. Our new technique is a departure from the standard techniques based on solving a Riemann-Hilbert problem for vacuum or thermal form factors. It is more powerful as it does not require any strong analyticity property for the eigenvalues of the density matrix.

We have indicated how to apply our form factor expansions to some physical situations of interest: quantum quenches and thermal-flow non-equilibrium steady states. In particular, we have found a particular oscillating behaviour in log(mx) in the latter situation, with a frequency determined by the temperatures of the asymptotic baths.

Our form factor expansion can be trivially re-expressed as the determinant of a matrix linear integral operator, generalizing for instance the ideas of [70] (as was done in [28] for the thermal case). From this perspective, we note that techniques of [71] for obtaining such representations of thermal correlation functions in the XY model are likely to be applicable as well to the case of general diagonal density matrices.

6.2 Further developments

There are many directions that the current work has left to be explored.

First, a development of both applications to quantum quenches and to the non-equilibrium energy-flow steady state are clearly desirable. In particular, this will require a full extension of our formalism to more general functions W (θ), including with discontinuities and with regions of negativity.

Second, and related to the above, it would be most interesting to understand what generalizes the “quantization on the circle” viewpoint of thermal correlation functions, and the Matsubara frequencies. From our analysis of the quantum quench and non-equilibrium steady state applications, it appears that the generalization will be based on a study of the singularity structure of the filling factors associated to the density matrix (bosonic or fermionic, depending on the semilocality structure of the field considered). That is, there should be a correspondence between the spectrum in an alternative quantization scheme, where mixed-state correlation functions are reproduced by vacuum expectation values, and the singularity structure of these filling factors. It would also be interesting to see how these principles, here understood in the context of the Ising model, can be applied to more general QFT in mixed states.

Third, by the symmetry arguments of [26] (or generalizing the arguments of [70]), one can easily see that the mixed-state correlation functions we considered satisfy a system of bilinear partial differential equations which are essentially the Hirota form of the sinh-Gordon equation. As was discovered in [34], the thermal form factors of the Ising model can be seen as the initial scattering data for the associated inverse scattering problem. We expect the same to hold in the cases of more general mixed states. In particular, it is possible that the choices of density matrices be in correspondence with the possible initial conditions for the sinh-Gordon equation.

Fourth, it would be most interesting to analyze the large-time expansion of correlation functions. The aforementioned sinh-Gordon equation method may be of use, as well as, for instance, the virial expansion method of [30].

Fifth, we note that although we have not evaluated the normalization of form factors (and in the non-equilibrium steady-state case, some subtleties arise), it is likely that our techniques of deriving non-linear functional differential equations can be used similarly for the normalization, along with a careful cancellation of divergencies, in order to evaluate it exactly.

Finally, not only our techniques can be immediately applied to any other free-fermion (or freeboson) model, like the sine-Gordon model at the free-fermion point, but also we expect similar techniques to provide an interesting new approach to the study of thermal and more generally mixed-state correlation functions in integrable models with non-trivial scattering matrix. For instance, it is likely that one can obtain in a very efficient way the low-temperature expansion of thermal correlation functions, and more generally there is a hope, using thermodynamic arguments combined with exact functional-differential equations, to obtain exact mixed-state form factors.

Acknowledgments BD would like to thank Denis Bernard, John Cardy, Oleg Lisovyy, Robert Konik, Sergei Lukyanov, Gabor Takács and Alexei Tsvelik for discussions and comments, as well as the Simons Center for Geometry and Physics for hospitality and support during the last stages of this work.

A Simple properties in the Liouville space

A.1 Left- and right-actions

The Liouville left-action is defined in (32). Similarly, to every B ∈ EndH one can define a right-action B^r by B^r|A⟩^ρ = |AB⟩^ρ. The right-action linear map B → B^r is an algebra antihomomorphism (AB)^r = B^rA^r. Using Definition (22), one can see that on conjugate vectors we have_ρ ⟨A|B^ℓ =^ρ⟨B^†A|,^ρ⟨A|B^r =^ρ⟨A ρB^†ρ^{−1}|. (118) Clearly, left- and right-action Liouville operators commute with each other, A^ℓB^r = B^rA^ℓ.

A.2 Hermitian conjugations

It is a simple matter to translate more generally the Hermitian conjugation of operators on H onto that of operators on L_ρ (as we mentioned, we denote the Hermitian conjugation in both cases by^†). In particular, conjugating the equations (118), we find, for every B ∈ End(H), ( B^ℓ )_† = ( B^† )_ℓ , ( B^r )_† = ( ρB^†ρ^{−1} )_r . (119)

That is, the Hermitian conjugation commutes with the left-action map, but not with the rightaction map. Specializing to operators a^ϵ(θ) and using

ρ a^ϵ(θ) ρ^{−1} = e^{−ϵW (θ)}a^ϵ(θ) (120)

as well as linearity of the right-action map, we obtain ( a^ϵ(θ)^r )_† = e^{ϵW (θ)}a^{−ϵ}(θ)^r. (121)

A.3 Creation and annihilation operators

We can of course express the left- and right-actions of the Hilbert space creation and annihilation operators a^ϵ(θ) in terms of the operators a_ϵ(θ), a^†_ϵ(θ) (29). Let (−1)^n = (−1)^{∫ dθ a†(θ)a(θ)} ∈ End(H) be the operator that gives the parity of the number of Hilbert-space particles. Then (−1)^{nℓ−nr} ∈ End(L_ρ) is the operator that gives the parity of the number of Liouville particles, which can also be written (−1)^n = (−1)^{∑ϵ ∫ dθ a†ϵ (θ)aϵ(θ)/(1+e−ϵW (θ) )}. From (26) and (27), it is clear that we should have a^ϵ(θ)^ℓ =^{a†ϵ (θ)}_{1+e−ϵW (θ)} + q_ϵa_{−ϵ}(θ) and a^ϵ(θ)^r(−1)^{nℓ−nr} =^{a†ϵ (θ)}_{1+e−ϵW (θ)} + q̃_ϵa_{−ϵ}(θ), where in both cases, the second term must be present in order to account for the fact that no delta-function contact term is obtained in permuting Liouville particles, but that such contact terms appear in commuting Hilbert-space annihilation and creation operators. The values of q_ϵ and q̃_ϵ can be fixed uniquely using the Hermitian structure of L_ρ, more precisely (119) and (121) (which imply in particular (n^ℓ)^† = n^ℓ, (n^r)^† = n^r). We find

a^ϵ(θ)^ℓ = a^†_ϵ(θ) 1 + e^{−ϵW (θ)} + a_{−ϵ}(θ) 1 + e^{ϵW (θ)} a^ϵ(θ)^r(−1)^{nℓ−nr} = 1 1 + e^{−ϵW (θ)} ( a^†_ϵ(θ) + a_{−ϵ}(θ) ) . (122)

A.4 Hamiltonian and momentum operators

Finally, we note that our choice (23) of density matrix ρ guarantees that space and time translation invariance hold as well in L_ρ (however, of course, we do not have in general Poincaré invariance). Indeed, we can define operators

H := H^ℓ − H^r = ∑ ϵ ∫ dθ ϵ E_θ a^†_ϵ(θ)a_ϵ(θ) 1 + e^{−ϵW (θ)} P := P^ℓ − P^r = ∑ ϵ ∫ dθ ϵ p_θ a^†_ϵ(θ)a_ϵ(θ) 1 + e^{−ϵW (θ)} (123)

which commute with each other, are Hermitian, and are diagonalized on the basis |θ_1, . . . , θ_N ⟩^ρ_{ϵ1,...,ϵN} , with in particular H|vac⟩^ρ = P|vac⟩^ρ = 0. For any A ∈ End(L_ρ), space and time translations are given by A(x, t) = e^{iHt−iPx}Ae^{−iHt+iPx}. (124) This is in agreement with the left- and right-action maps: with A(x, t) = e^{iHt−iP x}Ae^{−iHt+iP x} we have A(x, t)^ℓ = A^ℓ(x, t), A(x, t)^r = A^r(x, t) (125) where we used the homomorphism and anti-homomorphism properties of the left- and rightaction maps, respectively, as well as the fact that left- and right-action Liouville operators commute with each other. It is also in agreement with the correspondence between Hilbert space operators and Liouville space vectors: |A(x, t)⟩^ρ = e^{iHt−iPx}|A⟩^ρ. (126) B Reality of correlation function

The order and disorder two-point correlation functions should be real functions. This is a nontrivial fact that encompasses information both about the hermitian conjugation properties of the fields, and about their locality. Reality is not explicit in the form factor expansion (59). We provide a simple check here that the one-particle term is indeed real. The verification to higher particles is more involved and we defer it to another paper.

In order to verify that the one-particle order of the form factor expansion is real, we note that K_ϵ(θ)^∗ = e^{ϵW (θ)}K_{−ϵ}(θ). Hence, after changing variable to ϵ_j → −ϵ_j, the imaginary part of the one-particle integral on right-hand side of (59) is proportional to ∑ ϵ ∫ dθ ( 1 − e^{−ϵW (θ)} ) K_ϵ(θ)e^{iϵpθ|x|−iϵEθt}. (127)

The function J_ϵ(θ) = (1 − e^{−ϵW (θ)})K_ϵ(θ) = i^{ϵ−1}g(θ + iϵ0)^{−2ϵ}/(2π) can be analytically continued, and satisfies J_+(θ + iπ/2) = −J_−(θ − iπ/2). Hence, shifting the θ-contour by iϵπ/2 (no pole is crossed), we find that (127) is zero.

C Non-equilibrium steady-state form factor expansion

We start with the expression (57). In order to obtain convergent integrals, we shift towards imaginary directions. Let us consider one term in the sum ∑ ϵ_1,...,ϵ_N . It is convenient to shift

all θ_j-contours with ϵ_j = + by a quantity +iπ, and not to shift at all the integral contours with ϵ_k = −. Using crossing symmetry (49) (more precisely, similar identities for all rapiditiez θ_j), we see that on the shifted contours the integrand in (57) becomes

(−1)^J e ∑_N j=1 ( ip_{θj} x−iE_{θj} t ) ∏_N j=1 ( 1 − e^{−W (θj )} )f^{ρ♯;ω+}_{−,...,−}(θ1 · · · θN )f^{ρ♯;ω−}_{+,...,+}(θN · · · θ1) where the number of minus signs J is the number of shifted contours (the number of indices j with ϵ_j = +). Further, the shifting gives rise to residue contributions coming from the poles of the factors (1−e^{−Wness(θj )})^{−1}, and to an integral running on both sides of the imaginary segment between 0 and iπ because the point θ_j = 0 is not analytic (discontinuity of W_{ness}(θ_j)). This means that we may replace every θ_j-integral by ∫ dθ_j → ∫ dθ_j (ϵ_j = −) − ∫ dθ_j + residues + imaginary segment (ϵ_j = +).

Hence, under the sum over ϵ_1, . . . , ϵ_N , only the residues and imaginary segment contributions remain. By exchanging particles, we may assume that we take residues for the first P particles and we integrate on imaginary segments for the remaining Q = N − P particles, taking care of putting the extra combinatorial factor N!/(P !Q!).

The pole in θ_j whose residue is taken is at position iπ/2 + α(n) for all n ∈ Z \ {0} (see (69)). Evaluating the residues and putting together the imaginary segment contributions, after a change to an integration over a real variable, one obtains (67).

In order to evaluate the leading large-mx behavior (setting t = 0 for simplicity) for the disorder two-point function, we consider N = 0 and M = 1, and only the part of the integral near 0 and π is sufficient. Hence we consider ⟨σ⟩_{ρness} 2 e^{−xEness} ∫_π 0 dθ e^{−mx sin θ} sinh (_{βl−βr} 2 cos θ ) sinh (_{βl} 2 cos θ ) sinh (_{βr} 2 cos θ )h^{♯+}(iθ) h^{♯−}(iθ). (128)

The large-mx behavior is evaluated by expanding for θ near to 0 and π. We can then use h^{♯+}(iθ) h^{♯−}(iθ) ∝ (iθ)^{2iγ} near to θ = 0 from (66), and similarly ∝ (iπ − iθ)^{−2iγ} near to θ = π, using (48). Omitting the overall finite, real (temperature-dependent) factor, we then obtain, asymptotically, e^{iB} ∫_∞ 0 dθ e^{−mxθ}θ^{2iγ} + c.c. ∝ 1 mx cos(2γ log(mx) + B)

for some phase e^{iB} . A more careful calculation gives (71) with

A = 2 sinh^{(βl−βr)m}_2 sinh^{βlm}_2 sinh^{βrm}_2

|Γ(1 + 2iγ)| (129)

B = arg ( Γ(1 + 2iγ) ) + + 1 2π ∫ |θ|>1 dθ 1 sinh θ log coth

W_{ness}(θ) 2 + 1 2π ∫ |θ|<1 dθ ( 1 sinh θ − 1 θ ) log coth

W_{ness}(θ) 2 . Higher values of M are likely to lead to contributions of exactly the same form. Indeed, we will have integrals of the type ∫_π 0 dθ_1dθ_2 ( tan θ_1 − θ_2 2 )_2 e^{−mx(sin θ1+sin θ2)} × leg factors.

For θ_1 ∼ 0 and θ_2 ∼ π, and vice versa, the integrand has a second-order pole. This leads to logarithmic divergences, which we expect can be re-absorbed into the normalization of the field.

References

[1] M. Karowski and P. Weisz: Exact form-factors in (1+1)-dimensional field theoretic models with soliton behaviour, Nucl. Phys. B139, 455 (1978).

[2] A. B. Zamolodchikov and Al. B. Zamolodchikov: Factorized S-matrices in two dimensions as the exact solutions of certain relativistic quantum field theory models, Ann. Phys. 120, 253 (1979).

[3] F. Smirnov: Form factors in completely integrable models of quantum field theory, Adv.

Series in Math. Phys. 14, World Scientific, Singapore (1992).

[4] G. Delfino: Integrable field theory and critical phenomena: the Ising model in a magnetic field, J. Phys. A 37, R45 (2004), arXiv:hep-th/0312119v1 .

[5] G. Mussardo: Statistical Field Theory: An Introduction to Exactly Solved Models in Statistical Physics, Oxford University Press, New York (2010).

[6] F. H. L. Essler and R. M. Konik: Applications of massive integrable quantum field theories to problems in condensed matter physics, in: From Fields to Strings: Circumnavigating Theoretical Physics, Ian Kogan Memorial Collection, Volume 1, ed. Misha Shifman, Arkady Vainshtein and John Wheater, World Scientific (2004).

[7] Al.B. Zamolodchikov: Two-point correlation function in scaling Lee-Yang model, Nucl.

Phys. B 348, 619 (1991).

[8] V. P. Yurov and Al. B. Zamolodchikov: Correlation functions of integrable 2D models of relativistic field theory: Ising model, Int. J. Mod. Phys. 6, 3419 (1991).

[9] M. Rigol, V. Dunjko, V. Yurovsky and M. Olshanii: Relaxation in a Completely Integrable Many-Body Quantum System: An Ab Initio Study of the Dynamics of the Highly Excited States of Lattice Hard-Core Bosons, Phys. Rev. Lett. 98, 50405 (2007), arXiv:cond-mat/0604476v2 .

[10] M. Rigol, V. Dunjko, and M. Olshanii: Thermalization and its mechanism for generic isolated quantum systems, Nature 452, 854 (2008), arXiv:0708.1324v2 .

[11] A. Polkovnikov, K. Sengupta, A. Silva and M. Vengalattore: Nonequilibrium dynamics of closed interacting quantum systems, Rev. Mod. Phys. 83, 863 (2011), arXiv:1007.5331v2 [cond-mat.stat-mech] .

[12] P. Calabrese, F.H.L. Essler and M. Fagotti: Quantum Quench in the Transverse Field Ising Chain, Phys. Rev. Lett. 106, 227203 (2011), arXiv:1104.0154v1 .

[13] P. Calabrese, F. H. L. Essler and M. Fagotti: Quantum Quench in the Transverse Field Ising chain I: Time evolution of order parameter correlators, J. Stat. Mech. (2012) P07016, arXiv:1204.3911v3 .

[14] W. H. Aschbacher and C.-A. Pillet: Non-equilibrium steady states of the XY Chain, J.

Stat. Phys. 112, 1153 (2003).

[15] D. Bernard and B. Doyon: Energy flow in non-equilibrium conformal field theory, J. Phys.

A: Math. Theor. 45, 362001 (2012), arXiv:1202.0239.

[16] B. Doyon: Nonequilibrium density matrix for thermal transport in quantum field theory, lecture notes, Les Houches School on Strongly Interacting Quantum Systems Out of Equilibrium (2012), arXiv:1212.1077v1.

[17] A. De Luca, J. Viti, D. Bernard and B. Doyon: Non-equilibrium thermal transport in the quantum Ising chain, in preparation.

[18] J. I. Kapusta: Finite Temperature Field Theory, Cambridge University Press, Cambridge, 1989.

[19] A. Leclair, F. Lesage, S. Sachdev and H. Saleur: Finite temperature correlations in the one-dimensional quantum Ising model, Nucl.Phys. B482 (1996) 579-612 ,arXiv:cond-mat/9606104v2 .

[20] S. Sachdev and A. P. Young: Low temperature relaxational dynamics of the Ising chain in a transverse field Subir Sachdev, Phys. Rev. Lett. 78, 2220 (1997), arXiv:cond-mat/9609185v2 .

[21] K. Damle and S. Sachdev: Non-zero temperature transport near quantum critical points, Rev. B 56, 8714 (1997), arXiv:cond-mat/9705206v3 .

[22] A. Leclair and G. Mussardo: Finite temperature correlation functions in integrable QFT, Nucl. Phys. B 552, 624 (1999), arXiv:hep-th/9902075v1 .

[23] H. Saleur: A comment on finite temperature correlations in integrable QFT, Nucl. Phys. B 567, 602 (2000), arXiv:hep-th/9909019v1 .

[24] G. Mussardo: On the finite temperature formalism in integrable quantum field theories, J.

Phys. A 34, 7399 (2001), arXiv:hep-th/0103214 .

[25] R. Konik: Haldane gapped spin chains: exact low temperature expansions of correlation functions, Phys. Rev. B 68, 104435 (2003), arXiv:cond-mat/0105284 .

[26] P. Fonseca and A. B. Zamolodchikov: Ward identities and integrable differential equations in the Ising field theory, hep-th/0309228 .

[27] P. Fonseca and A. B. Zamolodchikov: Ising field theory in a magnetic field: analytic properties of the free energy, J. Stat. Phys. 110, 527 (2003), arXiv:hep-th/0112167 .

[28] B. Doyon: Finite-temperature form factors in the free Majorana theory, J. Stat. Mech.

(2005) P11006, hep-th/0506105 .

[29] B. L. Altshuler, R. M. Konik and A. M. Tsvelik: Low temperature correlation functions in integrable models: derivation of the large distance and time asymptotics from the form factor expansion, Nucl. Phys. B 739, 311 (2006), arXiv:cond-mat/0508618v3 .

[30] S. A. Reyes and A. M. Tsvelik: Finite-temperature correlation function for the onedimensional quantum Ising model: the virial expansion, Phys. Rev. B 73, 220405(R) (2006), arXiv:cond-mat/0605040v1 .

[31] K. Damle and S. Sachdev: Universal relaxational dynamics of gapped one-dimensional models in the quantum sine-Gordon universality class, Phys. Rev. Lett. 95, 187201 (2005), arXiv:cond-mat/0507380v2 .

[32] A. Rapp and G. Zarand: Dynamical correlations and quantum phase transition in the quantum Potts model, Phys. Rev. B 74, 014433 (2006), arXiv:cond-mat/0507390v6 .

[33] B. Doyon: Finite-temperature form factors: a review, SIGMA 3, 011 (2007), hep-th/0611066, in: Proceedings of the O’Raifeartaigh Symposium on Non-Perturbative and Symmetry Methods in Field Theory (Budapest, 2006).

[34] B. Doyon and A. Gamsa: Integral equations and long-time asymptotics for finite-temperature Ising chain correlation functions, J. Stat. Mech. (2008) P03012, arXiv:0711.4619v1 .

[35] B. Pozsgay and G. Takács: Form factors in finite volume I: form factor bootstrap and truncated conformal space, Nucl. Phys. B 788, 167 (2008), arXiv:0706.1445v2 .

[36] B. Pozsgay and G. Takács: Form factors in finite volume II: disconnected terms and finite temperature correlators, Nucl. Phys. B 788, 209 (2008), arXiv:0706.3605v1 .

[37] F. H. L. Essler and R. M. Konik: Finite-temperature lineshapes in gapped quantum spin chains, Phys. Rev. B78, 100403 (2008), arXiv:0711.2524v2 .

[38] F. H. L. Essler and R. M. Konik: Finite-temperature dynamical correlations in massive integrable quantum field theories, J. Stat. Mech. 0909 (2009) P09018, arXiv:0907.0779v2 .

[39] B. Pozsgay and G. Takacs: Form factor expansion for thermal correlators, J. Stat. Mech.

(2010) P11012, arXiv:1008.3810v3 .

[40] I.M. Szécsényi and G. Takács: Spectral expansion for finite temperature two-point functions and clustering, arXiv:1210.0331v1 .

[41] P. Calabrese, F. H. L. Essler and M. Fagotti: Quantum Quench in the Transverse Field Ising Chain II: Stationary State Properties, J. Stat. Mech. (2012) P07022, arXiv:1205.2211v2 .

[42] W. H. Aschbacher and J.-M. Barbaroux: Out of equilibrium correlations in the XY chain, Lett. Math. Phys. 77, 11 (2006), arXiv:math-ph/0505062v2 .

[43] U. Fano: Description of states in quantum mechanics by density matrix and operator techniques, Rev. Mod. Phys. 29, 74 (1957).

[44] J. A. Crawford: An alternative method of quantization: the existence of classical fields, Nuovo Cim. 10, 698 (1958).

[45] U. Fano: Liouville Representation of Quantum Mechanics with Application to Relaxation Processes, in Lectures on the Many-Body Problem, ed. E. R. Caianiello, Academic Press, New York, p. 217 (1964)

[46] M. Schmutz: Real-time Green’s functions in many-body problems, Z. Physik B 30, 97 (1978).

[47] H. Umezawa, H. Matsumoto and M. Tachiki: Thermo Field Dynamics and Condensed States, North-Holland, Amsterdam, 1982.

[48] T. Arimitsu and H. Umezawa: Non-equilibrium Thermo Field Dynamics, Prog. Theo. Phys.

77, 32 (1987)

[49] I. M. Gelfand and M. A. Naimark: On the imbedding of normed rings into the ring of operators on a Hilbert space, Math. Sbornik 12, 197 (1943).

[50] I. E. Segal: Irreducible representations of operator algebras, Bull. Am. Math. Soc. 53, 73 (1947).

[51] W. Arveson: An Invitation to C*-Algebra, Springer-Verlag, 1981.

[52] A. I. Bugrij: Form Factor Representation of the Correlation Functions of the two Dimensional Ising Model on a Cylinder, in Integrable Structures of Exactly Solvable Two- Dimensional Models of Quantum Field Theory, ed. S. Pakuliak. and G. Gehlen, NATO Science Series, Springer Netherlands, Volume 35, p. 65, 2001.

[53] A. I. Bugrij: Correlation function of the two-dimensional Ising model on the finite lattice.

I, Theor. Math. Phys. 127, 528 ,(2001).

[54] A. I. Bugrij and O. Lisovyy: Magnetic susceptibility of the two-dimensional Ising model on a finite lattice, JETP 94, 1140 (2002).

[55] A. I. Bugrij and O. Lisovyy: Spin matrix elements in 2D Ising model on the finite lattice, Phys. Lett. A 319, 390 (2003), arXiv:0708.3625v1 .

[56] A. I. Bugrij and O. Lisovyy: Correlation function of the two-dimensional Ising model on a finite lattice. II, Theor. Math. Phys. 140, 987 (2004), arXiv:0708.3643v1 .

[57] N. Iorgov and O. Lisovyy: Finite-lattice form factors in free-fermion models, J. Stat. Mech.

(2011) P04011, arXiv:1102.2145v2 .

[58] N. Iorgov: Form-factors of the finite quantum XY-chain, J. Phys. A 44, 335005 (2011), arXiv:0912.4466v2 .

[59] E. Lieb, T. Schultz and D. Mattis: Two soluble models of an antiferromagnetic chain, Ann.

Physics 16, 407 (1961).

[60] S. Katsura: Statistical Mechanics of the Anisotropic Linear Heisenberg Model, Phys. Rev.

127, 1508 (1962).

[61] P. Jordan and W. Wigner: Über das Paulische Äquivalenzverbot, Z. Physik 47, 631 (1928). [62] B. McCoy: Spin Correlation Functions of the X-Y Model, Phys. Rev. 173, 531 (1968). [63] P. Pfeuty: The one-dimensional Ising model with a transverse field, Ann. Phys. (N. Y.) 57, 79 (1970).

[64] E. Barouch and B.M. McCoy: Statistical mechanics of the XY model. II. Spin-correlation functions, Phys.Rev. A 3, 786 (1971).

[65] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov: Infinite conformal symmetry in two dimensional quantum field theory, Nucl. Phys. B241, 333 (1984).

[66] C. Itzykson and J.M. Drouffe: Statistical field theory, Cambridge University Press, 1989

[67] B. Berg, M. Karowski and P. Weisz: Construction of Green’s functions from an exact S-matrix. Phys. Rev. D19, 2477 (1979).

[68] T. Kinoshita, T. Wenger and D. S. Weiss: A quantum Newtons cradle, Nature 440, 900 (2006).

[69] O. Babelon, D. Bernard and M. Talon: Introduction to classical integrable systems, Cambridge University Press, 2003

[70] O. Babelon and D. Bernard: From Form Factors to Correlation Functions: The Ising Model, Phys. Lett. B 288, 113 (1992), arXiv:hep-th/9206003v1 .

[71] A. G. Izergin, V. S. Kapitonov and N. A. Kitanine: Equal-time temperature correlators of the one-dimensional Heisenberg XY chain, Zap. Nauchn. Semin. POMI 245, 173 (1997), arXiv:solv-int/9710028v1 .